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Abstract

In the synthesis problem, we are given a specification, and we automat-
ically generate a system that satisfies the specification in all environments.
We introduce and study synthesis with guided environments (SGE, for
short), where the system may harness the knowledge and computational
power of the environment during the interaction. The underlying idea in
SGE is that in many settings, in particular when the system serves or
directs the environment, it is of the environment’s interest that the speci-
fication is satisfied, and it would follow the guidance of the system. Thus,
while the environment is still hostile, in the sense that the system should
satisfy the specification no matter how the environment assigns values
to the input signals, in SGE the system assigns values to some output
signals and guides the environment via programs how to assign values to
other output signals. A key issue is that these assignments may depend
on input signals that are hidden from the system but are known to the
environment, using programs like “copy the value of the hidden input sig-
nal x to the output signal y." SGE is thus particularly useful in settings
where the system has partial visibility.

We solve the problem of SGE, show its superiority with respect to
traditional synthesis, and study theoretical aspects of SGE, like the com-
plexity (memory and domain) of programs used by the system, as well as
the connection of SGE to synthesis of (possibly distributed) systems with
partial visibility.

1 Introduction
Synthesis is the automated construction of a system from its specification [6].
Given a linear temporal logic (LTL) formula ϕ over sets I and O of input and
output signals, the goal is to return a transducer that realizes ϕ. At each
moment in time, the transducer reads a truth assignment, generated by the
environment, to the signals in I, and generates a truth assignment to the signals
in O. This process continues indefinitely, generating an infinite computation in
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(2I∪O)ω. The transducer realizes ϕ if its interactions with all environments
generate computations that satisfy ϕ [27].

The fact the system has to satisfy its specification in all environments has led
to a characterization of the environment as hostile. In particular, in the game
that corresponds to synthesis, the objective of the environment is to violate
the specification ϕ. In real-life applications, the satisfaction of the specification
is often also in the environment’s interest. In particular, in cases where the
system serves or guides the environment, we can expect the environment to
follow guidance from the system. We introduce and study synthesis with guided
environments (SGE, for short), where the system may harness the knowledge
and computational power of the environment during the interaction, guiding it
how to assign values to some of the output signals.

Specifically, in SGE, the set O of output signals is partitioned into sets C
and G of controlled and guided signals. Then, a system that is synthesized
by SGE assigns values to the signals in C and guides the environment how to
assign values to the signals in G. Clearly, not all output signals may be guided
to the environment. For example, physical actions of the system, like closing
a gate or raising a robot arm, cannot be performed by the environment. In
addition, it may be the case that the system cannot trust the environment to
follow instructions for some of the output signals. As argued above, however,
in many cases we can expect the environment to follow the system’s guidance,
and require the system to satisfy the specification only when the environment
follows its guidance. Indeed, when we go to the cinema and end up seeing a bad
movie, we cannot blame a recommendation system that guided us not to choose
this movie. The recommendation system is bad (violates its specification, in our
synthesis story) only if a user that follows its guidance is disappointed.1

One advantage of SGE is that it enables a decomposition of the satisfaction
task between the system and the environment. We will get back to this point
after we describe the setting in more detail. The main advantage of SGE,
however, has to do with partial visibility, namely the setting where the set I of
input signals is partitioned into sets V and H of visible and hidden signals, and
the systems views only the signals in V . Partial visibility makes synthesis much
harder, as the hidden signals still appear in the specification, yet the behavior
of the system should be independent of their truth values.

Synthesis with partial visibility has been the subject of extensive research.
One line of work studies the technical challenges in solving the problem [29,
23, 9]. Essentially, in a setting with full visibility, the interaction between the
system and the environment induces a single computation and hence a single

1Readers who are still concerned about harnessing the environment towards the satisfaction
of the specification, please note that the environment being hostile highlights the fact that
the system has to satisfy the specification for all input sequences. This is still the case also
in SGE: While we expect the environment to obey instructions received from the system,
these instructions do not limit the input sequences that the environment may generate. Thus,
there are no assumptions on the environment or collaboration between the system and the
environment in the senses studied in [7, 4]: the setting is as in traditional synthesis, only
with assignments to some output signals being replaced by programs that the environment is
expected to follow.
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run of a deterministic automaton for the specification. Partial visibility forces
the algorithm to maintain subsets of states of the automaton. Indeed, now the
interaction induces several computations, obtained by the different possible as-
signments to the hidden signals. This makes synthesis with partial visibility
exponentially harder than synthesis with full visibility for specifications given
by automata. When the specification is given by an LTL formula, this expo-
nential price is dominated by the doubly-exponential translation of LTL for-
mulas to deterministic automata, thus LTL synthesis with partial visibility is
2EXPTIME-complete, and is not harder than LTL synthesis with full visibility
[30].

A second line of work studies different settings in which partial visibility is
present. This includes, for example, distributed systems [28, 24, 32], systems
with controlled sensing [11, 2] or with assumptions about visibility [16], and
systems that maintain privacy [36, 21]. Finally, researchers have studied alter-
native forms of partial visibility (e.g., perspective games, where visibility of all
signals is restricted in segments of the interaction), as well as partial visibility
in richer settings (e.g., multi-agent [3, 5, 18] or stochastic [19, 10] systems) or in
problems that are strongly related to synthesis (e.g., control [20], planning [12],
and rational synthesis [8, 15]).

To the best of our knowledge, in all settings in which synthesis with partial
visibility has been studied so far, there is no attempt to make use of the fact
that the assignments to the hidden signals are known to the environment. In
SGE, the instructions that the system sends to the environment may refer to
the values of the hidden signals. Thus, the outcome of SGE is a transducer
with a guided environment (TGE): a transducer whose transitions depend only
on the assignments to the signals in V , it assigns values to the signals in C,
and instructs the environment how to assign values to the signals in G using
programs that may refer to the values of the signals in H.

Consider, for example, a system in a medical clinic that directs patients “if
you come for a vaccine, go to the first floor; if you come to the pharmacy, go
to the second floor”. Such a system is as correct as a system that asks cus-
tomers for the purpose of their visit and then outputs the floor to which they
should go. Clearly, if the customers prefer not to reveal the purpose of their
visit, we can direct them only with a system of this type. This is exactly what
SGE does: it replaces assignments that depend on hidden signals or are com-
plicated to compute with instructions to the environment. As another example,
consider a smart-home controller that manages various smart devices within a
home by getting inputs from devices like thermostats and security cameras, and
generating outputs to devices like lighting systems or smart locks. When it is
desirable to hide from the controller information like sleep patterns or number
of occupants, we can do that by limiting its input, and guiding the user about
the activation of some output devices, for example with instructions like, “if you
expect guests, unlock the backyard gate". In Examples 2.1 and 2.2, we describe
more elaborated examples, in particular of a server that directs users who want
to upload data to a cloud. The users may hide from the server the sensitivity
level of their data, and we can expect them to follow instructions that the server
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issues, for example instructions to use storage of high security only when the
data they upload is sensitive.

We study several aspects of SGE. We start by examining the memory used
by the environment. Clearly, this memory can be used to reduce the state space
of the TGE. To see this, note that in an extreme setting in which the TGE can
guide all output signals, it can simply instruct the environment to execute a
transducer that realizes the specification. Beyond a trade-off between the size
of the TGE and the memory of the environment, we discuss how the size of
the memory depends on the sets of visible and guided signals. For example,
we show that, surprisingly, having more guided signals does not require more
memory, yet having fewer guided signals may require more memory.

We then describe an automata-based solution for SGE. The main challenge
in SGE is as follows. Consider a system that views only input signals in V .
Its interactions with environments that agree on the signals in V generate the
same response. In synthesis with partial visibility, this is handled by univer-
sal tree automata that run on trees with directions in 2V , thus trees whose
branches correspond to the interaction from the point of view of the system
[23]. In the setting of SGEs, the interactions with different environments that
agree on the signals in V still generate the same response, but this response
now involves programs that guide the environment on how to assign values to
signals in G based on the values assigned to the signals in H. As a result, the
computations induced by these interactions may differ (not only on H but also
on G). This differences between SGE and traditional synthesis with partial vis-
ibility is our main technical challenge. We show that we can still reduce SGE
to the nonemptiness problem of universal co-Büchi tree automata, proving that
SGE for LTL specifications is 2EXPTIME-complete. In more detail, given an
LTL formula ϕ and a bound k on the memory that the environment may use,
the constructed automaton is of size exponential in |ϕ| and linear in k, making
SGE doubly-exponential in |ϕ| and exponential in k. Finally, we prove a doubly-
exponential upper bound on the size of the memory needed by the environment,
leading to an overall triply-exponential upper bound for the SGE problem with
unbounded environment memory.

We continue and study the domain of programs that TGEs use. Recall that
these programs instruct the environment how to update its memory and as-
sign values to the guided signals, given a current memory state and the current
assignment to the hidden signals. Thus, for a memory state space M , each
program is of the form p : M × 2H → M × 2G. We study ways to reduce the
domain 2H , which is the most dominant factor. The reduction depends on the
specification ϕ we wish to synthesize. We argue that the SGE algorithm can
restrict attention to tight programs: ones whose domain is a set of predicates
over H obtained by simplifying propositional sub-formulas of ϕ. Further sim-
plification is achieved by exploiting the fact that programs are called after an
assignment to the signals in V ∪C has been fixed, and exploiting dependencies
among all signals.

Finally, we compare our solution with one that views a TGE as two dis-
tributed processes that are executed together in a pipeline architecture: the
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TGE itself, and a transducer with state space M that implements the instruc-
tions of the TGE to the environment. We argue that the approach we take is
preferable and can lead to a quadratic saving in their joint state spaces, simi-
lar to the saving obtained by defining a regular language as the intersection of
two automata. Generating programs that manage the environment’s memory
efficiently is another technical challenge in SGE.

We conclude with directions for future research. Beyond extensions of the
many settings in which synthesis has been studied to a setting with guided
environments, we discuss two directions that are more related to “the guided
paradigm” itself: settings with dynamic hiding and guidance of signals, thus
when H and G are not fixed throughout the interaction; and bounded SGE,
where, as in traditional synthesis [33, 22], beyond a bound on the memory used
by the environment, there are bounds on the size of the state space of the TGE
and possibly also on the size of the state space of its environment.

2 Preliminaries
We describe on-going behaviors of reactive systems using the linear temporal
logic LTL [26]. We consider systems that interact via sets I and O of input
and output signals, respectively. Formulas of LTL are defined over I ∪O using
the usual Boolean operators and the temporal operators G (“always") and F
(“eventually"), X (“next time”) and U (“until”). The semantics of LTL is defined
with respect to infinite computations in (2I∪O)ω. Thus, each LTL formula ϕ
over I ∪O induces a language Lϕ ⊆ (2I∪O)ω of all computations that satisfy ϕ.

The length of an LTL formula ϕ, denoted |ϕ|, is the number of nodes in the
generating tree of ϕ. Note that |ϕ| bounds the number of sub-formulas of ϕ.

We model reactive systems that interact with their environments by finite-
state transducers. A transducer is a tuple T = 〈I,O, S, s0, δ, τ〉, where I and O
are sets of input and output signals, S is a finite set of states, s0 ∈ S is an initial
state, δ : S × 2I → S is a transition function, and τ : S × 2I → 2O is a function
that labels each transition by an assignment to the output signals. Given an
infinite sequence wI = i1 · i2 · · · ∈ (2I)ω of assignments to input signals, T
generates an infinite sequence wO = o1 · o2 · · · ∈ (2O)ω of assignments to output
signals. Formally, a run of T on wI is an infinite sequence of states s0 ·s1 ·s2 · · ·,
where for all j ≥ 1, we have that sj = δ(sj−1, ij). Then, the sequence wO is
obtained from the assignments along the transitions that the run traverses. Thus
for all j ≥ 1, we have that oj = τ(sj−1, ij). We define the computation of T on
wI to be the word T (wI) = (i1 ∪ o1) · (i2 ∪ o2) · · · ∈ (2I∪O)ω.

For a specification language Lϕ ⊆ (2I∪O)ω, we say that T (I,O)-realizes
Lϕ if for every input sequence wI ∈ (2I)ω, we have that T (wI) ∈ Lϕ. In the
synthesis problem, we are given a specification language Lϕ and a partition of
the signals to I and O, and we have to return a transducer that (I,O)-realizes
Lϕ (or determine that Lϕ is not realizable). The language Lϕ is typically given
by an LTL formula ϕ. We then talk about realizability or synthesis of ϕ (rather
than Lϕ).
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In synthesis with partial visibility, we seek a system that satisfies a given
specification in all environments even when it cannot observe the assignments
to some of the input signals. Formally, the set of input signals is partitioned
into visible and hidden signals, thus I = V ∪ H. The specification ϕ is still
over V ∪H ∪ O, yet the behavior of the transducer that models the system is
independent ofH. Formally, T = 〈V,H,O, S, s0, δ, τ〉, where now δ : S×2V → S
and τ : S × 2V → 2O. Given an infinite sequence wI = (v1 ∪ h1) · (v2 ∪ h2) · · · ∈
(2V ∪H)ω, the run and computation of T on wI is defined as in the case of full
visibility, except that now, for all j ≥ 1, we have that sj = δ(sj−1, vj) and
oj = τ(sj−1, vj).

We can now define a transducer with a guided environment (TGE for short).
TGEs extend traditional transducers by instructing the environment how to
manage its guided signals. A TGE may be executed in a setting with partial
visibility, thus I = V ∪H. It uses the fact that the assignments to the signals in
H are known to the environment, and it guides the assignment to some of the
output signals to the environment. As discussed in Section 1, in practice not all
output signals can be guided. Formally, the set of output signals is partitioned
into controlled and guided signals, thus O = C ∪ G. In each transition, the
TGE assigns values to the signals in C and instructs the environment how to
assign values to the signals in G. The environment may have a finite memory,
in which case the transducer also instructs the environment how to update the
memory in each transition. The instructions that the transducer generates are
represented by programs, defined below.

Consider a finite setM of memories, and sets H ⊆ I and G ⊆ O of input and
output signals. Let PM,H,G = (M × 2G)M×2H

denote the set of propositional
programs that update the memory state and assign values to signals in G, given
a memory in M and an assignment to the signals in H. Note that each member
of PM,H,G is of the form p : M × 2H →M × 2G. For a program p ∈ PM,H,G, let
pM : M×2H →M and pG : M×2H → 2G be the projections of p ontoM and G
respectively. Thus, p(m,h) = 〈pM (m,h), pG(m,h)〉 for all 〈m,h〉 ∈M × 2H . In
Section 5 we discuss ways to restrict the set of programs that a TGE may suggest
to its environment without affecting the outcome of the synthesis procedure.

Now, a TGE is T = 〈V,H,C,G, S, s0, δ,M,m0, τ〉, where V and H are sets
of visible and hidden input signals, C and G are sets of controlled and guided
output signals, S is a finite set of states, s0 ∈ S is an initial state, δ : S×2V → S
is a transition function, M is a set of memories that the environment may use,
m0 ∈ M is an initial memory, and τ : S × 2V → 2C × PM,H,G labels each
transition by an assignment to the controlled output signals and a program.
Note that δ and τ are independent of the signals in H, and that τ assigns values
to the signals in C and instructs the environment how to use the signals in H
in order to assign values to the signals in G. The latter reflects the fact that
the environment does view the signals in H, and constitute the main advantage
of TGEs over standard transducers.

Given an infinite sequence wI = (v1∪h1) ·(v2∪h2) · · · ∈ (2V ∪H)ω, the run of
T on wI is obtained by applying δ on the restriction of wI to V . Thus, r = s0 ·
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s1 ·s2 · · ·, where for all j ≥ 1, we have that sj = δ(sj−1, vj). The interaction of T
with the environment generates an infinite sequence wC = c1·c2·c3 · · · ∈ (2C)ω of
assignments to the controlled signals, an infinite sequence wM = m0·m1·m2 · · · ∈
Mω of memories, and an infinite sequence wP = p1 · p2 · p3 · · · ∈ (PM,H,G)ω of
programs, which in turn generates an infinite sequence wG = d1 · d2 · d3 · · · ∈
(2G)ω of assignments to the guided signals. Formally, for all j ≥ 1, we have
that 〈cj , pj〉 = τ(sj−1, vj) and 〈mj , dj〉 = pj(mj−1, hj). The computation of T
on wI is then T (wI) = (v1∪h1∪ c1∪d1) · (v2∪h2∪ c2∪d2) · · · ∈ (2V ∪H∪C∪G)ω.

Note that while the domain of the programs in PM,H,G is M × 2H , pro-
grams are chosen in T along transitions that depend on 2V . Thus, effectively,
assignments made by programs depend on signals in both H and V .

For a specification language Lϕ ⊆ (2I∪O)ω, partitions I = V ∪ H and
O = C ∪ G, and a bound k ≥ 1 on the memory that the environment may
use, we say that a TGE T , (V,H,C,G)-realizes Lϕ with memory k, if T =
〈V,H,C,G, S, s0, δ,M,m0, τ〉, with |M | = k, and T (wI) ∈ Lϕ, for every input
sequence wI ∈ (2I)ω. Then, in the synthesis with guided environment problem
(SGE, for short), given such a specification Lϕ ⊆ (2I∪O)ω, a bound k ≥ 1 and
partitions I = V ∪H and O = C ∪G, we should construct a TGE with memory
k that (V,H,C,G)-realizes Lϕ (or determine that no such TGE exists).

Let us consider the special case of TGEs that operate in an environment with
no memory, thus M = {m}, for a single memory state m. Consider first the
setting where T has full visibility, thus V = I andH = ∅. Then, programs are of
the form p : {m} × 2∅ → {m} × 2G, and so each program is a fixed assignment
to the signals in G. Hence, TGEs that have full visibility and operate in an
environment with no memory coincide with traditional transducers. Consider
now a setting with partial visibility, thus V 6= I. Now, programs are of the form
p : {m} × 2H → {m} × 2G, allowing the TGE to guide the environment in a
way that depends on signals in H.

In Examples 2.1 and 2.2 below, we demonstrate how collaboration from the
environment can lead to the realizability of specifications that are otherwise
non-realizable.

Example 2.1 [TGEs for simple specifications] Let I = {i}, O = {o}, and
consider the simple specification ϕ1 = G(i ↔ o). Clearly, ϕ1 is realizable in a
setting with full visibility, yet is not realizable in a setting with partial visibility
and H = {i}. A TGE can realize ϕ1 even in the setting with partial visibility.
Indeed, even when the environment has no memory, it can guide the assignment
to o to the environment and instruct it to copy the value of i into o. Formally, ϕ1

is realizable by the T1 = 〈∅, {i}, ∅, {o}, {s}, {s}, δ, {m},m, τ〉, with δ(s, ∅) = s
and τ(s, ∅) = 〈∅, p〉, where the program p ∈ P{m},{i},{o} is the command o := i.

Consider now the specification ϕ2 = G(i ↔ Xo). Here, a TGE in a setting
in which i is not visible needs an environment with at least one register, inducing
a memory of size 2. Then, the TGE can instract the environment to store the
value of i in the register, and use the stored value when assigning a value to
the signal o in the next round. Formally, ϕ2 is realizable by the TGE T2 =
〈∅, {i}, ∅, {o}, {s}, {s}, δ, {m0,m1},m0, τ〉,with δ(s, ∅) = s and τ(s, ∅) = 〈∅, p〉,
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where p ∈ P{m0,m1},{i},{o} instructs the environment to move to m0 when i = F

and to m1 when i = T, and to assigns F to o when it is in m0 and T when it is
in m1.

Example 2.2 [A TGE implementing a server] Consider a server that di-
rects users who want to upload data to a cloud. The set of input signals is
I = {req , sens}, where req holds when a user requests to upload data, and sens
holds when the data is sensitive. The set of output signals is O = {open, high},
where open holds when the cloud is open for uploading, and high holds when
the storage space is of high security. Users pay more for storage of high se-
curity. Therefore, in addition to guaranteeing that all requests are eventually
responded by open, we want the server to direct the users to use storage of high
security only when the data they upload is sensitive. In addition, the cloud can-
not stay always open to uploads. Formally, we want to synthesize a transducer
that realizes the conjunction ϕ of the following LTL formulas.

• ϕ1 = G((req ∧ sens)→ ((¬open)U(open ∧ high))).

• ϕ2 = G((req ∧ ¬sens)→ ((¬open)U((open ∧ ¬high) ∨ (req ∧ sens))).

• ϕ3 = GF¬open.

A server that has full visibility of I can realize ϕ. To see this, note that a
server can open the cloud for uploading whenever a request arrives, storing the
data in a storage of high security iff it is sensitive. Then, in order to satisfy ϕ3,
the server should delay the response to successive requests, but this does not
prevent it from satisfying ϕ1 and ϕ2.

Users may prefer not to share with the server information about the sensi-
tivity of their data. In current settings of synthesis with partial visibility, this
renders ϕ to be unrealizable. Indeed, when the sensitivity of the data is hidden
from the scheduler, thus when V = {req} and H = {sens}, the behavior of the
server is independent of sens, making it impossible to assign values to high in a
way that satisfies ϕ in all environments.

While the output signal open controls access to the cloud, the output sig-
nal high only directs the user which type of storage to use, and it is of the
user’s interest to store her data in a storage of an appropriate security level.
Accordingly, the environment can be guided with the assignment to high. Thus,
C = {open} and G = {high}.

s0 s1 s2

¬req/[open := F ]

req/[open := T, high := sens]

¬req/[open := F ]

req/[open := F, r := sens]

¬req/[open := T, high := r]
req/[open := T, high := r ∨ sens]

Figure 1: A transducer with a guided environment.
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In Figure 1, we present a TGE that implements such a guidance and realizes
ϕ. Each transition of the TGE is labeled by a guarded command of the form
v/[c, p], where v ∈ 2V is an assignment to the visible input signals (or a predicate
describing several assignments), c ∈ 2C is an assignment to the controlled output
signals, and p is a program that instructs the environment how to assign values
to the guided signals and how to update its memory.2 The environment uses
a memory with one register r. Accordingly, the transitions of the TGE are
guarded by the truth value of req , they include an assignment to open, and
then a program that instructs the environment how to assign a value to high
and to the register r. The key advantage of TGEs is that these instructions
may depend on the hidden input signals. Indeed, the environment does know
their values. For example, when the TGE moves from s1 to s2, it instructs the
environment to assign to r the value of sens. Then, when the TGE moves from
s2 to s1, it instructs the environment to use the value stored in r (as well as the
current value of sens) when it assigns a value to high.

3 On the Memory Used by the Environment
In this section we examine different aspects of the memory used by the environ-
ment. We discuss a trade-off between the size of the memory and the size of the
TGE, and how the two depend on the partitions I = V ∪H and O = C ∪G of
the input and output signals.

Example 3.1 In order to better understand the need for memory and the tech-
nical challenges around it, consider the tree appearing in Figure 2.

ε

h1 h2

h1.h1 h1.h2 h2.h1 h2.h2

(v, h1) (v, h2)

(v, h1) (v, h2) (v, h1) (v, h2)

Figure 2: Two rounds of interaction with a TGE T .

The tree describes two rounds of an interaction between a TGE T and its
environment. In both rounds, T views the assignment v ∈ 2V . Consider two
assignments h1, h2 ∈ 2H . The tree presents the four possible extensions of
the interaction by assignments in {h1, h2}. Since the signals in H are hidden,
T cannot distinguish among the different branches of the tree. In particular,
it has to suggest to the environment the same program in all the transitions

2For clarity, in the TGE in Figure 1, the assignment to high is missing in transitions with
open = F, where high can be assigned arbitrarily, and the assignment to the register r is
missing in transitions that are taken when there are no pending requests, in which case r can
be assigned arbitrarily.
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from the root to its successors, and the same program in all the transitions
from these successors to the leaves. While these programs may depend on H,
a program with no memory would issue the same assignment to the signals
in G along the two dashed transitions 〈h1, h1.h2〉 and 〈h2, h2.h2〉. Indeed, in
both transitions, the environment assigns h2 ∈ 2H to the hidden signals. Using
memory, T can instruct the environment to maintain information about the
history of the computation, and thus distinguish between computations with
the same visible component and the same current assignment to the hidden
signals. For example, by moving to memory state m1 with h1 and to memory
state m2 with h2, a program may instruct the environment to assign different
values along the dashed lines.

We first observe that in settings in which all output signals can be guided,
the TGE can instruct the environment to simulate a transducer that realizes the
specification. Also, in settings with full visibility, the advantage of guided en-
vironments is only computational, thus specifications do not become realizable,
yet may be realizable by smaller systems. Formally, we have the following.

Theorem 3.2 Consider an LTL specification ϕ over I ∪O.

1. If ϕ is realizable by a transducer with n states, then ϕ is (∅, I, ∅, O)-
realizable by a one-state TGE with memory n.

2. For every partition I = V ∪H and O = C∪G, if ϕ is (V,H,C,G)-realizable
by a TGE with n states and memory k, then ϕ is (I,O)-realizable (in a
setting with full visibility) by a transducer with n · k states. In particular,
if ϕ is (∅, I, ∅, O)-realizable by a one-state TGE with memory k, then ϕ
is (I,O)-realizable (in a setting with full visibility) by a transducer with k
states.

Proof: We start with the first claim. Given a transducer T = 〈I,O, S, s0, δ, τ〉,
we define a program p ∈ PS,I,O that instructs the environment to simulate T .
Formally, for every s ∈ S and i ∈ 2I , we have that p(s, i) = 〈δ(s, i), τ(s, i)〉.
Consider the TGE T ′ = 〈∅, I, ∅, O, {s}, s, δ′, S, s0, τ

′〉, with δ′(s, ∅) = s and
τ ′(s, ∅) = 〈∅, p〉. It is easy to see that for every wI ∈ (2I)ω, we have that
T (wI) = T ′(wI). In particular, if T realizes ϕ, then so does T ′.

We continue to the second claim. Note that the special case where V = C =
∅ is the “only if” direction of the first claim. Given a TGE T = 〈V,H,C,G, S, s0,
δ,M , m0, τ〉, consider the transducer T ′ = 〈H∪V,C∪G,S×M, 〈s0,m0〉, δ′, τ ′〉,
where for all 〈s,m〉 ∈ S ×M and i ∈ 2H∪V with τ(s, i ∩H) = 〈c, p〉, we have
that δ′(〈s,m〉, i) = 〈δ(s, i ∩ V ), pM (i ∩ H)〉 and τ ′(〈s,m〉, i) = c ∪ pG(i ∩ H).
It is easy to see that for every wI ∈ (2I)ω, we have that T (wI) = T ′(wI). In
particular, if T realizes ϕ, then so does T ′.

Note that Theorem 3.2 also implies that an optimal balance between con-
trolled and guided signals in a setting with full visibility can achieve at most
a quadratic saving in the combined states space of the TGE and its memory.
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This is similar to the quadratic saving in defining a regular language by the in-
tersection of two automata. Indeed, handling of two independent specifications
can be partitioned between the TGE and the environment. Formally, we have
the following.

Theorem 3.3 For all k ≥ 1, there exists a specification ϕk over I = {i1, i2}
and O = {o1, o2}, such that ϕk is ({i1}, {i2}, {o1}, {o2})-realizable by a TGE
with k states and memory k, yet a transducer that (I,O)-realizes ϕk needs at
least k2 states.

Proof: For a proposition p, let F1p = Fp, and for j ≥ 1, let Fj+1p = F(p ∧
X(Fjp)). Thus, Fjp holds in a computation π iff p holds in at least j positions
in π.

We define ϕk = ϕ1
k ∧ ϕ2

k, where for l ∈ {1, 2}, we have that ϕlk = (Fkil) ↔
Fol. That is, ϕlk is over {il, ol}, and it holds in a computation π if ol is always
F in π, unless there are k positions in π in which il is T, in which case ol has to
be T in at least one position.

We prove that an (I,O)-transducer that realizes ϕk needs k2 states, yet there
is a TGE that ({i1}, {i2}, {o1}, {o2})-realizes ϕk with state space and memory
set both of size k.

It is easy to see that ϕk is ({il}, {ol})-realizable by a transducer T kl with k
states {s0, . . . , sk−1}. The state space serves like a counter. Transitions from
state sj , for 0 ≤ j < k − 1, assign F to ol, looping when i1 is F and moving to
sj+1 when i1 is T. From state sk−1, the transducer always loops, copying the
value of il to ol.

A TGE that ({i1}, {i2}, {o1}, {o2})-realizes ϕk can have the state space of
T k1 , and label its transitions by a program p that instructs the environment to
simulates T k2 , with memory that corresponds to the state space of T k2 . The
details are similar to the simulation described in the proof of Theorem 3.2 (1).

On the other hand, a transducer that (I,O)-realizes ϕk needs to maintain
both a counter for i1 and a counter for i2, and so it needs at least k2 states. The
formal proof is similar to the proof that an automaton for F ki1 ∧F ki2 needs k2

states. Essentially, a transducer with fewer states would reach the same state
s after reading two input sequences that differ in the number of occurrences of
i1 or i2, and would then err on the output of at least one continuation of these
sequences.

Unsurprisingly, larger memory of the environment enables TGEs to synthe-
size more specifications. Formally, we have the following.

Theorem 3.4 For every k ≥ 1, the LTL specification ϕk = G(i ↔ Xko) is
(∅, {i}, ∅, {o})-realizable by a TGE with memory 2k, and is not with memory
2k−1.

Proof: We first describe a TGE with memory that is composed of k registers
{r1, r2, . . . , rk}, that (∅, {i}, ∅, {o})-realize ϕk. The TGE has a single state in
which it instructs the environment to assign to o the value stored in rk, and to
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shift the stored values to the right, thus with r1 getting the current value of i
and rj+1 getting the value stored in rj , for 1 ≤ j < k. This guarantees that
the value assigned to o agrees with the value that i was assigned with k rounds
earlier, and so ϕk is satisfied in all environments.

We continue and prove the lower bound. I.e., that a TGE with less than
2k−1 memory states cannot (∅, {i}, ∅, {o})-realize ϕk. Consider a TGE T that
(∅, {i}, ∅, {o})-realizes ϕ with memory setM . As T has no visibility, it generates
the same sequence 〈∅, p1〉, 〈∅, p2〉, 〈∅, p3〉, . . . ∈ (2{∅} ×PM,{i},{o})

ω, for all input
sequences. Consider the function f : (2{i})∗ → M that maps a finite input
sequence x ∈ (2{i})∗ to the memory in M that is reached after the environment
generated x. Thus, f(ε) = m0, and for every x ∈ (2{i})∗ and a ∈ 2{i}, we have
f(x · a) = p

|x|+1
M (f(x), a).

We prove that f is injective on (2{i})k. That is, we prove that for every two
input sequences x, y ∈ (2{i})k, if x 6= y, then f(x) 6= f(y). It will then follow
that |M | ≥ 2k, as required.

Assume by way of contradiction that there are two input sequences x =
x1 · x2 · · ·xk−1 ∈ (2{i})k−1 and y = y1 · y2 · · · yk−1 ∈ (2{i})k−1, such that x 6= y,
yet f(x) = f(y) = m. Since x 6= y, there is some position t ≤ k − 1 such that
xt 6= yt.

Consider the infinite input sequences x′ = x · ∅ω and y′ = y · ∅ω. By our
assumption, T reaches the same memory state m after the first k− 1 rounds of
its interaction with environments that generate x′ and y′. Since x′ and y′ agree
on their suffix after these rounds, we have that T (x′) and T (y′) agree on the
assignment to o on all positions after k. In particular, T (x′) and T (y′) agree
on the assignment to o in position k+ t, contradicting the fact that i holds only
in one of the assignments xt and yt. Thus, T does not (∅, {i}, ∅, {o})-realizes
ϕ, and we have reached a contradiction.

We turn to consider how changes in the partition of the input signals to
visible and hidden signals, and the output signals to controlled and guided
ones, may affect the required memory. In Theorem 3.5, we show that increasing
visibility or decreasing control, does not require more states or memory. On the
other hand, in Theorem 3.6, we show that increasing control by the system may
require the environment to use more memory. Thus, surprisingly, guiding more
signals does not require more memory, yet guiding fewer signals may require
more memory.

Theorem 3.5 Consider an LTL specification ϕ that is (V,H,C,G)-realizable
by a TGE with n states and memory k.

1. For every I ′ ⊆ H, we have that ϕ is (V ∪ I ′, H \ I ′, C,G)-realizable by a
TGE with n states and memory k.

2. For every O′ ⊆ C, we have that ϕ is (V,H,C \O′, G ∪O′)-realizable by a
TGE with n states and memory k.
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Proof: Let T = 〈V,H,C,G, S, s0, δ,M,m0, τ〉 be a TGE that (V,H,C,G)-
realizes ϕ. We start with the first claim. Given I ′ ⊆ H, consider the TGE T ′ =
〈V ∪I ′, H \I ′, C,G, S, s0, δ

′,M,m0, τ
′〉, where for every s ∈ S and u ∈ 2V ∪I

′
, we

have that δ′(s, u) = δ(s, u∩V ), and if τ(s, u∩V ) = 〈c, p〉, then τ ′(s, u) = 〈c, p′〉,
where for all g ∈ 2H\I

′
, we have that p′(g) = p(g ∪ (u ∩ I ′)). It is easy to see

that T ′ has the same size and memory as T , and that for every wI ∈ (2I)ω, we
have that T (wI) = T ′(wI). In particular, if T realizes ϕ, then so does T ′.

We continue to the second claim. Given O′ ⊆ C, consider the TGE T ′ =
〈V,H,C \O′, G∪O′, S, s0, δ,M,m0, τ

′〉, where for every s ∈ S and v ∈ 2V with
τ(s, v) = 〈c, p〉, we have that τ ′(s, v) = 〈c \O′, p′〉, where for every h ∈ 2H with
p(h) = 〈m, d〉, we have p′(h) = 〈m, d ∪ (c ∩ O′)〉. It is easy to see that T ′ has
the same size and memory as T , and that for every wI ∈ (2I)ω, we have that
T (wI) = T ′(wI). In particular, if T realizes ϕ, then so does T ′.

Theorem 3.6 There is an LTL specification ϕ over {i, o1, o2} such that the
following hold:

1. ϕ is (∅, {i}, ∅, {o1, o2})-realizable by a TGE with memory 1.

2. ϕ is (∅, {i}, {o1}, {o2})-realizable by a TGE with memory 2.

3. ϕ is not (∅, {i}, {o1}, {o2})-realizable by a TGE with memory 1.

Proof: We define ϕ = ϕ1 ∨ ϕ2, with ϕ1 = G(i ↔ o1) and ϕ2 = G(i ↔
Xo2). A TGE with no memory that (∅, {i}, ∅, {o1, o2})-realizes ϕ, instructs the
environment to always copy i into o1, and thus realizes ϕ1. A TGE that does
not guide o1, cannot satisfy ϕ1, as i is hidden, and should thus instruct the
environment in a way that causes the realization of ϕ2. This, however, must
involve a register that maintain the previous value of i.

4 Solving the SGE Problem
Recall that in the SGE problem, we are given an LTL specification ϕ over I∪O,
partitions I = V ∪ H and O = C ∪ G, and a bound k ≥ 1, and we have to
return a TGE that (V,H,C,G)-realizes ϕ with memory k. The main challenge
in solving the SGE problem is that it adds to the difficulties of synthesis with
partial visibility the fact that the system’s interactions with environments that
agree on the visible signals may generate different computations. Technically,
the system should still behave in the same way on input sequences that agree on
the visible signals. Thus, the interaction should generate the same assignments
to the controlled output signals and the same sequence of programs. However,
these programs may generate different computations, as they also depend on
the hidden signals.

Our solution uses alternating tree automata, and we start by defining them.
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4.1 Words, trees, and automata
An automaton on infinite words is A = 〈Σ, Q, q0, η, α〉, where Σ is an alphabet,
Q is a finite set of states, q0 ∈ Q is an initial state, η : Q×Σ→ 2Q is a transition
function, and α is an acceptance condition to be defined below. If |η(q, σ)| = 1
for every state q ∈ Q and letter σ ∈ Σ, then A is deterministic.

A run of A on an infinite word w = σ1 · σ2 · · · ∈ Σω is an infinite sequence
of states r = r0 · r1 · r2 · · · ∈ Qω, such that r0 = q0, and for all i ≥ 0, we
have that ri+1 ∈ η(ri, σi+1). The acceptance condition α defines a subset of
Qω, indicating which runs are accepting. We consider here the Büchi, co-Büchi,
and parity acceptance conditions. All conditions refer to the set inf (r) ⊆ Q
of states that r traverses infinitely often. Formally, inf (r) = {q ∈ Q : q =
ri for infinitely many i’s}. In a Büchi automaton, the acceptance condition is
α ⊆ Q and a run r is accepting if inf (r)∩α 6= ∅. Thus, r visits α infinitely often.
Dually, in a co-Büchi automaton, a run r is accepting if inf (r) ∩ α = ∅. Thus,
r visits α only finitely often. Finally, in a parity automaton α : Q → {1, ..., k}
maps states to ranks, and a run r is accepting if the maximal rank of a state in
inf (r) is even. Formally, maxq∈inf (r){α(q)} is even. A run that is not accepting
is rejecting.

Note that when A is not deterministic, it has several runs on a word. If
A is a nondeterministic automaton, then a word w is accepted by A if there
is an accepting run of A on w. If A is a universal automaton, then a word w
is accepted by A if all the runs of A on w are accepting. The language of A,
denoted L(A), is the set of words that A accepts.

Given a set Υ of directions, the full Υ-tree is the set T = Υ∗. The elements
of T are called nodes, and the empty word ε is the root of T . An edge in T is a
pair 〈x, x · a〉, for x ∈ Υ∗ and a ∈ Υ. The node x · a is called a successor of x.
A path π of T is a set π ⊆ T such that ε ∈ π and for every x ∈ π, there exists
a unique a ∈ Υ such that x · a ∈ π. We associate an infinite path π with the
infinite word in Υω obtained by concatenating the directions taken along π.

Given an alphabet Σ, a Σ-labeled Υ-tree is a pair 〈T, `〉, where T = Υ∗ and
` labels each edge of T by a letter in Σ. That is, `(x, x ·a) ∈ Σ for all x ∈ T and
a ∈ Υ. Note that an infinite word in Σω can be viewed as a Σ-labeled {a}-tree.

A universal tree automaton over Σ-labeled Υ-trees is A = 〈Σ,Υ, Q, q0, η, α〉,
where Σ, Q, q0, and α are as in automata over words, Υ is the set of directions,
and η : Q×Υ× Σ→ 2Q is a transition function.

Intuitively, A runs on an input Σ-labeled Υ-tree 〈T, `〉 as follows. The run
starts with a single copy of A in state q0 that has to accept the subtree of 〈T, `〉
with root ε. When a copy of A in state q has to accept the subtree of 〈T, `〉
with root x, it goes over all the directions in Υ. For each direction a ∈ Υ, it
proceeds according to the transition function η(q, a, σ), where σ is the letter
written on the edge 〈x, x · a〉 of 〈T, `〉. The copy splits into |η(q, a, σ)| copies:
for each q′ ∈ η(q, a, σ), a copy in state q′ is created, and it has to accept the
subtree with root x · a.

Formally, a run of A over a Σ-labeled Υ-tree 〈T, `〉, is a tree with directions
in Υ × Q and nodes labeled by pairs in T × Q that describe how the different
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copies of A proceed. Formally, a run is a pair 〈Tr, r〉, where Tr ⊆ (Υ×Q)∗ and
r : Tr → T ×Q are defined as follows.

• ε ∈ Tr and r(ε) = 〈ε, q0〉. Thus, the run starts with a single copy of A
that reads the root of 〈T, `〉 and is in state q0.

• Consider a node y ∈ Tr with r(y) = 〈x, q〉. Recall that y corresponds to a
copy of A that reads the node x of 〈T, `〉 and is in state q. For a direction
a ∈ Υ let σa = `(x, x · a). For every state q′ ∈ η(q, a, σa), we have that
y · 〈a, q′〉 ∈ Tr and r(y · 〈a, q′〉) = 〈x ·a, q′〉. Thus, the run sends |η(q, a, σa)|
copies to the subtree with root x · a, one for each states in η(q, a, σa).

Acceptance is defined as in automata on infinite words, except that now we
define, given a run 〈Tr, r〉 and an infinite path π ⊆ Tr, the set inf(π) ⊆ Q as
the set of states that are visited along π infinitely often, thus q ∈ inf(π) if and
only if there are infinitely many nodes y ∈ π for which r(y) ∈ T × {q}. We
denote by L(A) the set of all Σ-labeled Υ-trees that A accepts.

We denote the different classes of automata by three-letter acronyms in
{D,N,U} × {B,C,P} × {W,T}. The first letter stands for the branching mode
of the automaton (deterministic, nondeterministic, or universal); the second
for the acceptance condition type (Büchi, co-Büchi, or parity); and the third
indicates we consider automata on words or trees. For example, UCTs are
universal co-Büchi tree automata.

4.2 An automata-based solution
Each TGE T = 〈V,H,C,G, S, s0, δ,M,m0, τ〉 induces a (2C ×PM,H,G)-labeled
2V -tree 〈(2V )∗, `〉, obtained by simulating the interaction of T with all input
sequences. Formally, let δ∗ : (2V )∗ → S be an extension of δ to finite sequence
in (2V )∗, starting from s0. Thus, δ∗(w) is the state that T visits after reading
w ∈ (2V )∗. Formally, δ∗(ε) = s0, and for w ∈ (2V )∗ and v ∈ 2V , we have
that δ∗(w · v) = δ(δ∗(w), v). Then, the tree 〈(2V )∗, `〉 is such that `(w,w · v) =
τ(δ∗(w), v).

Given wV = v1 ·v2 ·v3 · · · ∈ (2V )ω, let `(wV ) = 〈c1, p1〉 · 〈c2, p2〉 · 〈c3, p3〉 · · · ∈
(2C × PM,H,G)ω be the sequence of labels along the path induced by wV . For
every j ≥ 1, 〈cj , pj〉 = `(〈v1, v2, . . . vj−1〉, 〈v1, v2, . . . , vj〉). It is convenient to
think of `(wV ) as the operation of T while interacting with an environment
that generates an input sequence (v1 ∪ h1) · (v2 ∪ h2) · (v2 ∪ h2) · · ·, for some
wH = h1 ·h2 ·h3 · · · ∈ (2H)ω. T sees only V , knowing its assignments to C and
the programs for the environment, but not the H assignments, and thus neither
the memory state nor the G assignments.

The environment, which does know wH , can complete `(wV ) to a compu-
tation in (2V ∪H∪C∪G)ω. Indeed, given a current memory state m ∈ M and
assignment h ∈ 2H to the hidden signals, the environment can apply the last
program sent p ∈ PM,H,G, p(m,h) = 〈m′, g〉, and thus obtain the new memory
state and assignment to the guided signals. Formally, for all j ≥ 1, we have
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that 〈mj , gj〉 = pj(mj−1, hj). Then, the operation of `(wV ) on wH , denoted
`(wV )◦wH , is the sequence (v1∪h1∪c1∪g1)·(v2∪h2∪c2∪g2) · · · ∈ (2V ∪H∪C∪G)ω.

For an LTL specification ϕ, we say that a (2C × PM,H,G)-labeled 2V -tree
〈(2V )∗, `〉 is ϕ-good if for all wV ∈ (2V )ω and wH ∈ (2H)ω, we have that
`(wV ) ◦ wH satisfies ϕ. By definition, a TGE (V,H,C,G)-realizes ϕ iff its
induced (2C × PM,H,G)-labeled 2V -tree is ϕ-good.

Theorem 4.1 Given an LTL specification ϕ over I ∪O, partitions I = V ∪H
and O = C ∪ G, and a set M of memories, we can construct a UCT A with
2|ϕ| ·|M | states such that Aϕ runs on (2C×PM,H,G)-labeled 2V -trees and accepts
a labeled tree 〈(2V )∗, `〉 iff 〈(2V )∗, `〉 is ϕ-good.

Proof: Given ϕ, let Aϕ = 〈2I∪O, Q, q0, η, α〉 be a UCW over the alphabet
2I∪O that recognizes Lϕ. We can construct Aϕ by dualizing an NBW for ¬ϕ.
By [35], the latter is of size exponential in |ϕ|, and thus, so is Aϕ.

We define A = 〈2C×PM,H,G, 2
V , Q×M, 〈q0,m0〉, η′, α×M〉, where m0 ∈M

is arbitrary, and η′ is defined for every 〈q,m〉 ∈ Q ×M , v ∈ 2V , and 〈c, p〉 ∈
2C × PM,H,G, as follows.

η′(〈q,m〉, v, 〈c, p〉) =
⋃
h∈2H

η(q, v ∪ h ∪ c ∪ pG(m,h))× {pM (m,h)}.

Thus, to direction v ∈ 2V , the UCT A sends copies that correspond to all
possible assignments in 2H , where for every h ∈ 2H , a copy is sent for each state
in η(q, v∪h∪c∪pG(m,h)), all with the same memory pM (m,h). Accordingly, for
all 2C ×PM,H,G-labeled 2V -tree 〈(2V )∗, `〉, there is a one to one correspondence
between every infinite branch in the run tree 〈Tr, r〉 of A over 〈(2V )∗, `〉, and
an infinite run of the UCW Aϕ over `(wV ) ◦ wH , for some wV ∈ (2V )ω and
wH ∈ (2H)ω. It follows that A accepts a tree 〈(2V )∗, `〉 iff 〈(2V )∗, `〉 is ϕ-good.

The construction of Aϕ allows us to conclude the following complexity result
of the SGE problem.

Theorem 4.2 The LTL SGE problem is 2EXPTIME-complete. Given an LTL
formula ϕ over sets of signals V , H, C, and G, and a integer k, deciding whether
ϕ is (V,H,C,G)-realizable by a TGE with memory k can be done in time doubly
exponential in |ϕ| and exponential in k.

Proof: We start with the lower bound which follows immediately by the fact
that traditional LTL synthesis is 2EXPTIME-complete [30]. The traditional
synthesis of a specification ϕ above I ∪ O is cleary reduced to the synthesis
of a TGE that (I, ∅, O, ∅)-realizes ϕ. Indeed, a TGE with H = ∅ and G = ∅
is simply a traditional transducer as its transmitted programs are redundant
and do not affect the generated computation. Thus, since LTL synthesis is
2EXPTIME-hard, we conclude that so is the SGE problem.
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We continue and prove the upper bound. Let M be a memory of size k, and
let A be the UCT constructed for ϕ, V,H,C,G, and M in Theorem 4.1. As A
accepts exactly all ϕ-good (2C ×PM,H,G)-labeled 2V -trees, we can reduce SGE
to the non-emptiness problem for A, returning a witness when it is non-empty.

In [25] the authors solved the non-emptiness problem for UCTs by translating
a UCT A into an NBT A′ such that L(A′) ⊆ L(A) and L(A′) 6= ∅ iff L(A) 6= ∅.
The translation goes from a UCT with n states to an NBT with 2O(n2 logn)

states.3
Consider an NBT with state space S that runs on Σ-labeled Υ-trees. Each

nondeterministic transition of the NBT maps an assignment ΣΥ (of labels along
the branches that leave the current node) to a set of functions in SΥ (describing
possible labels by states of the successors of the current node in the run tree).
Accordingly, non-emptiness of the NBT can be solved by deciding a Büchi game
in which the OR-vertices are the states in S, and the AND-vertices are functions
in SΥ [17].

In our case, as A has k · 2|ϕ| states, we have that S is of size 2O(k2 log k2O(|ϕ|))

and |Υ| = 2|V |. Hence, |SΥ|, which is the main factor in the size of the game,
is 2O(k2 log k2O(|ϕ|)2|V |). Since |V | ≤ |ϕ| and since Büchi games can be solved in
quadratic time [34], we end up with the required complexity.

4.3 Bounding the size of M
As discussed in Example 3.1, programs that can only refer to the current as-
signment of the hidden signals may be too weak: in some specifications, the
assignment to the guided output signals have to depend on the history of the
interaction so far. The full history of the interaction is a finite word in (2I∪O)∗,
and so apriori, an unbounded memory is needed in order to remember all pos-
sible histories. A deterministic automaton Dϕ for ϕ partitions the infinitely
many histories in (2I∪O)∗ into finitely many equivalence classes. Two histories
w,w′ ∈ (2I∪O)∗ are in the same equivalence class if they reach the same state
of Dϕ, which implies that w · t |= ϕ iff w′ · t |= ϕ for all t ∈ (2I∪O)ω. In the
case of traditional synthesis, we know that a transducer that realizes ϕ does
not need more states than Dϕ. Intuitively, if two histories of the interaction
are in the same equivalence class, the transducer can behave the same way after
processing them.

In the following theorem we prove that the same holds for the memory used
by a TGE: if two histories of the interaction reach the same state of Dϕ, there is
no reason for them to reach different memories. Formally, we have the following.

Theorem 4.3 Consider a specification ϕ, and let Q be the set of states of a
DPW for ϕ. If there is a TGE that (V,H,C,G)-realizes ϕ with memory M ,
then there is also a TGE that (V,H,C,G)-realizes ϕ with memory Q.

3The construction in [25] refers to automata with labels on the nodes rather than the edges,
but it can be easily adjusted to edge-labeled trees.
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Proof: Let T = 〈V,H,C,G, S, s0, δ,M,m0, τ〉 be a TGE that (V,H,C,G)-
realizes ϕ, and let T(V/C) = 〈V,C, S, s0, δ, τC〉 be the (V,C)-transducer induced
by T . The labeling function τC : S × 2V → 2C is obtained by projecting
τ on its 2C component. Let Dϕ = 〈2I∪O, Q, q0, η, α〉 be a DPW for ϕ. We
show that there exists a labeling function τG : S × 2V → PQ,H,G such that
TQ = 〈V,H,C,G, S, s0, δ, Q, q0, τ

′〉, with τ ′(s, v) = 〈τC(s, v), τG(s, v)〉 is a TGE
that (V,H,C,G)-realizes ϕ.

Consider the following two player game G T ,Dϕ
played on top of the prod-

uct of T(V/C) with Dϕ. The game is played between the environment, which
proceeds in positions in S ×Q, and the system, which proceeds in positions in
S × Q × 2I . The game is played from the initial position 〈s0, q0〉, which be-
longs to the environment. From a position 〈s, q〉, the environment chooses an
assignment i ∈ 2I and moves to 〈s, q, i〉. From a position 〈s, q, i〉, the system
chooses an assignment g ∈ 2G and moves to 〈s′, q′〉, where s′ = δ(s, i ∩ V ) and
q′ = η(q, i∪ τC(s, i∩ V )∪ g). The system wins the game if the Q component of
the generated play satisfies α.

Note that the system wins iff there exists a strategy f : (2I)∗ → 2G that
generates for each wI ∈ (2I)ω, a word f(wI) ∈ (2G)ω such that wI |H ⊕
T(V/C)(wI |V ) ⊕ f(wI) ∈ L(Dϕ). Indeed, the Q-component in the outcome
of the game when the environment plays wI ∈ (2I)ω is precisely the run of
Dϕ on the word w = wI ∪ wC ∪ f(wI), where wC is the word generated
by the (V/C)-transducer T(V/C) on the input word wI |V , and, by definition
T(V/C)(wI |V ) = wI |V ⊕ wC . Moreover, by the memoryless determinacy of par-
ity games, such a strategy f exists iff there exists a winning positional strategy
g : S × Q × 2I → 2G. Thus, instead of considering the entire history in (2I)∗,
the system has a winning strategy that only depends on the current position in
S ×Q.

For all s ∈ S and v ∈ 2V , let ps,v : Q × 2H → Q × 2G be defined by
ps,v(q, h) = 〈q′, d〉, where d = g(s, q, v ∪ h) and q′ = η(q, v ∪ h ∪ τC(s, v) ∪ d).
Finally, let τQ : S × 2V → PQ,H,G be defined by τQ(s, v) = ps,v, and TQ =
〈V,H,C,G, S, s0, δ, Q, q0, τQ〉 be the TGE with memory Q that is obtained from
T by replacing M , m0, and τ with Q, q0, and τQ, respectively.

It is not hard to see that for all wI ∈ (2I)ω, the computation TQ(wI) is
exactly the outcome of the game when Sys plays with the winning strategy g.
I.e., TQ(wI) = wI |H ⊕ T(V/C)(wI |V )⊕ g(wI). Hence, TQ(wI) ∈ L(Dϕ), for all
wI ∈ (2I)ω, as required.

Theorem 4.4 If there is a TGE that (V,H,C,G)-realizes an LTL specification
ϕ, then there is also a TGE that (V,H,C,G)-realizes ϕ with memory doubly
exponential in |ϕ|, and this bound is tight.

Proof: The upper bound follows from Theorem 4.3 and the doubly-exponential
translation of LTL formulas to DPWs [35, 31, 14]. The lower bound follows from
the known doubly-exponential lower bound on the size of transducers for LTL
formulas [30], applied when I = H and O = G.
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While Theorem 4.4 is of theoretical interest, we find the current formulation
of the SGE problem, which includes a bound on M , more appealing in practice:
recall that SGE is doubly-exponential in |ϕ| and exponential in |M |. As |Dϕ| is
already doubly exponential in |ϕ|, solving SGE with no bound on M results in
an algorithm that is triply-exponential in |ϕ|. Thus, it makes sense to let the
user provide a bound on the memory.

5 Programs
Recall that TGEs generate in each transition a program p : M × 2H →M × 2G

that instructs the environment how to update its memory and assign values to
the guided output signals. In this section we discuss ways to represent pro-
grams efficiently, and, in the context of synthesis, restrict the set of programs
that a TGE may suggest to its environment without affecting the outcome
of the synthesis procedure. Note that the number of programs in PM,H,G is
2(log |M |+|G|)·|M |·2|H|

. Our main goal is to reduce the domain 2H , which is the
most dominant factor.

Naturally, the reduction depends on the specification we wish to synthesize.
For an LTL formula ψ, let prop(ψ) be the set of maximal predicates over I ∪O
that are subformulas of ψ. Formally, prop(ψ) is defined by an induction on the
structure of ψ as follows.

• If ψ is a propositional assertions, then prop(ψ) = {ψ}.

• Otherwise, ψ is of the form ∗ψ1 or ψ1 ∗ ψ2 for some (possibly temporal)
operator ∗, and prop(ψ) = prop(ψ1) ∪ prop(ψ2).

Note that the definition is sensitive to syntax. For example, the formulas
(i1 ∨ o) ∧Xi2 and (i1 ∧Xi2) ∨ (o ∧Xi2) are equivalent, but have different sets
of maximal propositional assertions. Indeed, prop((i1 ∨ o)∧Xi2) = {i1 ∨ o, i2},
whereas prop((i1 ∧Xi2) ∨ (o ∧Xi2)) = {i1, i2, o}.

It is well known that the satisfaction of an LTL formula ψ in a computation
π ∈ (2I∪O)ω depends only on the satisfaction of the formulas in prop(ψ) along
π: if two computations agree on prop(ψ), then they also agree on ψ. Formally,
for two assignments σ, σ′ ∈ 2I∪O, and a set Θ of predicates over I ∪ O, we say
that σ and σ′ agree on Θ, denoted σ ≈Θ σ′, if for all θ ∈ Θ, we have that σ |= θ
iff σ′ |= θ. Then, two computations π = σ1 ·σ2 · · · and π′ = σ′1 ·σ′2 · · · in (2I∪O)ω

agree on Θ, denoted π ≈Θ π′, if for all j ≥ 1, we have σj ≈Θ σ′j .

Proposition 5.1 Consider two computations π, π′ ∈ (2I∪O)ω. For every LTL
formula ψ, if π ≈prop(ψ) π

′, then π |= ψ iff π′ |= ψ.

As we shall formalize below, Proposition 5.1 enables us to restrict the set
of programs so that only one computation from each equivalence class of the
relation ≈prop(ψ) may be generated by the interaction of the system and the
environment.
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For an LTL formula ψ, let clH(ψ) be the set of maximal subformulas of for-
mulas in prop(ψ) that are defined only over signals in H. Formally, clH(ψ) =⋃
θ∈prop(ψ) clH(θ), where clH(θ) is defined for a propositional formula θ as fol-

lows.

• If θ is only over signals in H, then clH(θ) = {θ}.

• If θ is only over signals in V ∪O, then clH(θ) = ∅.

• Otherwise, θ is of the form ¬θ1 or θ1 ∗ θ2 for ∗ ∈ {∨,∧}, in which case
clH(θ) = clH(θ1) or clH(θ) = clH(θ1) ∪ clH(θ2), respectively.

For example, if H = I = {i1, i2, i3} and O = {o}, then clH((i1 ∨ i2) ∧
(i3 ∨ o)) = {i1 ∨ i2, i3}. Note that formulas in clH(ψ) are over H, and that
the relation ≈clH(ψ) is an equivalence relation on 2H . We say that a program
p : M × 2H → M × 2G is tight for ψ if for every memory m ∈ M and two
assignments h, h′ ∈ 2H , if h ≈clH(ψ) h

′, then p(m,h) = p(m,h′).
In Theorem 5.2 below, we argue that in the context of LTL synthesis, one

can always restrict attention to tight programs (see Example 5.3 for an example
for such a restriction).

Theorem 5.2 If ϕ is (V,H,C,G)-realizable by a TGE, then it is (V,H,C,G)-
realizable by a TGE that uses only programs tight for ϕ.

Proof: Let T = 〈V,H,C,G, S, s0, δ,M,m0, τ〉 be a TGE that realizes ϕ with
arbitrary programs. We define a labeling function τ ′ : S × 2V → 2C × PM,H,G

that uses only programs tight for ϕ, and argue that the TGE T ′ = 〈V,H,C,G,
S, s0, δ,M , m0, τ

′〉, obtained from T by replacing τ by τ ′, realizes ϕ.
Recall that the relation ≈clH(ϕ) is an equivalence relation on 2H . Let rep :

2H → 2H map each assignment h ∈ 2H to an assignment that represents the
≈clH(ϕ)-equivalence class of h; for example, we can define the representative
assignment to be the minimal equivalent assignment according to some order
on 2H .

We define τ ′ such that for every s ∈ S and v ∈ 2V with τ(s, v) = 〈c, p〉,
we have τ ′(s, v) = 〈c, p′〉, where the program p′ is such that for all m ∈ M
and h ∈ 2H , we have that p′(m,h) = p(m, rep(h)). Clearly, T ′ uses only tight
programs. Indeed, all the assignments in the same equivalence class of ≈clH(ϕ)

are mapped to the same program.
We continue and prove that T ′ realizes ϕ. Consider an input sequence

wI = 〈v1, h1〉 · 〈v2, h2〉 · 〈v3, h3〉 · · · ∈ (2V × 2H)ω. Let r = s0 · s1 · s2 · · · ∈ Sω be
the run of T on wI , and let 〈c1, p1〉·〈c2, p2〉·〈c3, p3〉 · · · ∈ (2C×PM,H,G)ω be the
sequence of labels along the transitions of r. Thus, 〈cj , pj〉 = τ(sj−1, vj) for all
j ≥ 1. Since T ′ differs from T only in the programs that τ ′ generates, the run r
is also the run of T ′ on wI , and the sequence of labels along the transitions in it
is 〈c1, p′1〉 · 〈c2, p′2〉 · 〈c3, p′3〉 · · ·, where 〈cj , p′j〉 = τ ′(sj−1, vj) for all j ≥ 1. Hence,
if we let 〈mj , dj〉 = p′j(mj−1, hj) for all j ≥ 1, then wG = d1 · d2 · d3 · · · ∈ (2G)ω

is sequence of assignments to the output signals in G that T ′ instructs the
environment to perform when it reads wI .
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Consider now the input sequence w′I = 〈v1, rep(h1)〉, 〈v2, rep(h2)〉, 〈v3, rep(h3)〉,
. . . ∈ (2V × 2H)ω. Since wI and w′I agree on the input signals in V , and since δ
and τ depend only on the input signals in V , the run of T on w′I is also r, and
the sequence of labels along r is also 〈c1, p1〉, 〈c2, p2〉, 〈c3, p3〉, . . . ∈ (2C×PH,G)ω.
Thus if we define m′0 = m0 and 〈m′j , d′j〉 = pj(m

′
j−1, rep(hj)), for all j ≥ 1, then

w′G = d′1 ·d′2 ·d′3 · · · ∈ (2G)ω is the sequence of assignments to the output signals
in G that T instructs the environment to perform when it reads w′I .

We prove that 〈mj , dj〉 = 〈m′j , d′j〉 for all j ≥ 1. Recall that by definition of
τ ′, for all m ∈ M and h ∈ 2H , we have that p′j(m,h) = pj(m, rep(h)). Hence,
for all j ≥ 1 we have 〈m′j , d′j〉 = pj(m

′
j−1, rep(hj)) = p′j(m

′
j−1, hj). Thus, as

m′0 = m0, it follows by induction that 〈mj , dj〉 = p′j(m
′
j−1, hj) = p′j(mj−1, hj) =

〈m′j , d′j〉, for all j ≥ 1. In particular, w′G = wG, and so T generates on w′I the
same assignments to the signals in G as T ′ generates on wI .

Thus, for the input sequence w′I , the TGE T generates the computation
T (w′I) = σ1 ·σ2 ·σ3 · · · ∈ (2I∪O)ω, with σj = vj ∪ rep(hj)∪ cj ∪ dj , for all j ≥ 1.
Since T realizes ϕ, we know that π |= ϕ. Then, for the input sequence wI , the
TGE T ′ generates the computation T ′(wI) = σ′1 · σ′2 · σ′3 · · · ∈ (2I∪O)ω, with
σ′j = vj ∪ hj ∪ cj ∪ dj , for all j ≥ 1.

Note that the computations T (w′I) and T ′(wI) agree on V ∪ O, and also
agree on all the formulas in clH(ϕ). Hence, as all the formulas in prop(ϕ) are
composed of predicates over V ∪ O ∪ clH(ϕ), we have that T (w′I) ≈prop(ϕ)

T ′(wI). By Proposition 5.1, we thus have that T ′(wI) |= ϕ, and we are done.

Example 5.3 [Simplifying programs] Let H = {i1, i2} and G = {o}. Con-
sider the propositional specification ϕ = (i1 ∧ i2)↔ ¬o. Consider the program
p : 2H → {T, F} that assigns values to o as follows (note that in a setting with
no memory and a single guided output signal, programs are indeed of this type).

i1 i2 p(i1, i2)

F F T
F T T
T F F
T T T

Let θ = i1 ∧ i2. Note that clH(ϕ) = {θ}, and so p above is not tight, as
{i1} ≈{θ} {i2}, yet p1({i1}) 6= p1({i2}). Also, while there are 16 programs in
P{i1,i2},{o}, there are only four tight programs in it:

θ p1(θ) p2(θ) p3(θ) p4(θ)

F F F T T
T F T F T

Among these tight programs, program p3 satisfies the specification, in the sense
that ϕ is valid for all assignments in 2I . Indeed, program p3 induces the following
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assignments:
i1 i2 θ o ϕ

F F F T T
F T F T T
T F F T T
T T T F T

Thus, ϕ can be realized by a TGE that uses a tight program.

Theorem 5.2 enables us to replace the domainM×2H by the more restrictive
domainM×2clH(ϕ). Below we discuss how to reduce the domain further, taking
into account the configurations in which the programs are going to be executed.

Recall that whenever a TGE instructs the environment which program to
follow, the signals in V and C already have an assignment. Indeed, τ : S×2V →
2C ×PM,H,G, and when 〈c, p〉 ∈ δ(s, v), we know that the program p is going to
be executed when the signals in V and C are assigned v and c. I

Below we discuss and demonstrate how the known assignments to V and
C can be used to make the equivalence classes of 2H coarser. Note that the
formulas in clH(θ) are over H, thus the assignment to the signals in V ∪ C
does not affect them. Rather, it can “eliminate" from prop(ϕ) formulas that are
evaluated to T or F. For example, if prop(ϕ) = {(v1∧h1∧h3)∨d1, (c1∨h2)∧d2},
then an assignment of T to v1 and c1 simplifies the formulas to {(h1∧h3)∨d1, d2}.
Formally, we have the following.

For a set Θ of propositional formulas over I∪O and an assignment f ∈ 2V ∪C ,
let Θ|f be the set of non-trivial (that is, different from T or F) propositional
formulas over H ∪G obtained by simplifying the formulas in Θ according to the
assignment f to the signals in V ∪C. For example, if Θ = {(v1 ∧ h1)∨ d1, (c1 ∨
h2) ∧ d2}, and f(v1) = f(c1) = F, then Θ|f = {d1, h2 ∧ d2}.

For an LTL formula ψ, and an assignment f ∈ 2V ∪C , let clH,f (ψ) be the set
of maximal subformulas of formulas in prop(ψ)|f defined only over signals in H.
Formally, clH,f (ψ) =

⋃
θ∈prop(ψ)|f

clH(θ). For example, for ϕ with prop(ϕ) =

{(v1 ∧ h1 ∧ h3) ∨ d1, (c1 ∨ h2) ∧ d2}, while clH(ϕ) = {h1 ∧ h3, h2}, we have the
simplification presented in the table below.

f(v1) f(c1) clH,f (ϕ)

F F {h2}
F T ∅
T F {h1 ∧ h3, h2}
T T {h1 ∧ h3}

Now, we say that a program p : M × 2H → M × 2G is f -tight if for ev-
ery memory m ∈ M and two assignments h, h′ ∈ 2H , if h ≈clH,f (ϕ) h

′, then
p(m,h) = p(m,h′).

Then, a TGE is tight if for every state s ∈ S and assignments v ∈ V
with δ(s, v) = 〈c, p〉, we have that p is (v ∪ c)-tight. It is easy to extend the
proof of Theorem 5.2 to tight TGEs. Indeed, now, for every position j ≥ 1 in
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the computation, the equivalence class of hj ∈ 2H is defined with respect to
clH,vj∪cj (ϕ), and all the considerations stay valid.

Remark 5.1 Typically, a specification to a synthesized system is a conjunction
of sub-specifications, each referring to a different functionality of the system.
Consequently, the assignment to each output signal may depend only on a small
subset of the input signals – these that participate in the sub-specifications of the
output signal. For example, in the specification ϕ = G(o1 ↔ i1) ∧G(o2 ↔ i2),
the two conjuncts are independent of each other, and so the assignment to o1

can depend only on i1, and similarly for i1 and o2. Accordingly, further re-
ductions to the set of programs can be achieved by decomposing programs to
sub-programs in which different subsets of H are considered when assigning
values to different subsets of G. In addition, by analyzing dependencies within
each sub-specification, the partition of the output signals and their correspond-
ing “affecting sets of hidden signals” can be refined further, and as showed in
[1], finding dependent output signals may lead to improvements in state of the
art synthesis algorithms.

6 Viewing a TGE as a Distributed System
Consider a TGE T with memoryM that (V,H,C,G)-realizes a specification. As
shown in Figure 3 (left), the TGE’s operation can be viewed as two distributed
processes executed together: the TGE T itself, and a transducer TG with state
spaceM , implementing T ’s instructions to the environment. In each round, the
transducer TG receives from the environment an assignment to the signals in H,
received from T a program, and uses both in order to generate an assignment
to the signals in G and update its state.

TGT

HV

GC

PM,H,G
P2P1

HVV

GC

Figure 3: A TGE that interacts with a guided environment (left) and the cor-
responding distributed system architecture (right).

We examine whether viewing TGEs this way can help reduce SGE to known
algorithms for the synthesis of distributed systems. We argue that the approach
here, where we do not view TG as a process in a distributed system, is prefer-
able. In distributed-systems synthesis, we are given a specification ϕ and an
architecture describing the communication channels among processes. The goal
is to design strategies for these processes so that their joint behavior satisfies
ϕ. Synthesis of distributed systems is generally undecidable [28], primarily due
to information forks – processes with incomparable information (e.g., when the
environment sends assignments of disjoint sets of signals to two processes) [32].
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The SGE setting corresponds to the architecture in Figure 3: Process P1 is
the TGE T , which gets assignments to V and generates assignments to C. In-
stead of designing P1 to generate instructions for the environment, the synthesis
algorithm also returns P2, which instructs the environment on generating assign-
ments to G. The process P2 gets (in fact generates) assignments to both V and
H, eliminating information forks, making SGE solvable by solving distributed-
system synthesis for this architecture. A solution in the TGE setting, that is
composed of a TGE T and an environment transducer TG, induces a solution
in the distributed setting: P1 follows T , and P2 simulates the joint operation of
T and TG, assigning values to G as instructed by T . Conversely, a TGE can
encode through PM,H,G the current assignment to V together with a description
of the structure of P2, achieving the architecture in Figure 3 (right).

Using programs in PM,H,G goes beyond sending V ’s values, which are al-
ready known to the environment. Programs leverage the TGE’s computation,
particularly its current state, to save resources and utilize less memory. Not
using the communication channel between the TGE and the environment could
result in a significant increase in the size of process P2. For example, when
|M | = 1 (specifications where G’s assignment depends only on V ’s history and
H’s current assignment), the process P2 is redundant. An explicit example is
in Theorem 6.1, similar to the proof of Theorem 3.3. As demonstrated in Sec-
tion 5, programs in PM,H,G can be described symbolically. Formally, we have
the following.

Theorem 6.1 For every k ≥ 1, there exists a specification ϕk over V ∪H ∪G,
such that ϕk is (V,H,C,G)-realizable by a TGE with a set of states and a
memory set both of size O(k), yet the size of P2 in a distributed system that
realizes ϕk is at least Ω(k2).

Proof: Let V = {v}, H = {h}, and G = {d}. Consider the specification
ϕk = Fd ↔ ((F kv) ∧ (F kh)), where the operator F k stands for “at least k
occurrences in the future” (see formal definition in Theorem 3.3). Accordingly,
the specification ϕk requires that d is eventually turned on iff both signals v
and h are turned on at least k times.

We prove that in the distributed setting, Process P2 needs to implement
two k-counters simultaneously, while a TGE may decompose the two counters
between the system and the environment, implying the stated quadratic saving.

Note that the synthesis of ϕk in a distributed setting forces the process P2 to
implement two k-counters, one for the number of times v is on, and one for the
number of times h is on. Accordingly, P2 needs at Ω(k2) states. On the other
hand, synthesis of ϕk by a TGE enables a decomposition of the two counters:
The TGE T maintains a counter for v, and the environment transducer TG
needs to implement only a counter for h. Indeed, as long that the v counter has
a value below k, the TGE T sends to TG a program that instruct it to assign
d with F, and update its state according to h. Once the counter of v reaches k,
the TGE instructs TG to turn d on if its counter of h reached k. Thus, there is
a TGE with state space and memory set both linear in k.
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7 Discussion
We introduced synthesis with guided environments, where the system can utilize
the knowledge and computational power of the environment. Straightforward
directions for future research include extensions of the many settings in which
synthesis has been studied to the “the guided paradigm”. Here we discuss two
directions that are more related to the paradigm itself.

Dynamic hiding and guidance. In the setting studied here, the partition
of I and O into visible, hidden, controlled, and guided signals is fixed through-
out the computation. In some settings, these partitions may be dynamic. For
example, when visibility depends on sensors that the system may activate and
deactivate [2] or when signals are sometimes hidden in order to maintain the
privacy of the system and the environment [21]. The decision which signals
to hide in each round may depend on the system (e.g., when it instructs the
environemnt which signals to hide in order to maintain its privacy), the envi-
ronment (e.g., when it prefers not to share sensitive information), or an external
authority (e.g., when signals become hidden due to actual invisibility). As for
output signals, their guidance may depend on the history of the interaction (e.g.,
we may be able to assume amenability from the environment only after some
password has been entered).

Bounded SGE. SGE involves a memory that can be used by the environ-
ment. As in the study of traditional bounded synthesis [33, 22], it is interesting
to study SGE with given bounds on both the state spaces of the system and
the environment. In addition to better modeling the setting, the bounds are
used in order to improve the complexity of the algorithm, and they can also
serve in heuristics, as in SAT-based algorithms for bounded synthesis [13]. In
the setting of SGE, it is interesting to investigate the tradeoffs among the three
involved bounds. It is easy to see that the two bounds that are related to the
environment, namely the bound on its state space and the bound on the mem-
ory supervised by the system, are dual: an increase in the memory supervised
by the system makes more specifications realizable, whereas an increase in the
size of the state space of the environment makes fewer specifications realizable.

Another parameter that is interesting to bound is the number of different
programs that a TGE may use, or the class of possible programs. In particular,
restricting SGE to programs in which guided output signals can be assigned
only the values of hidden signals or values stored in registers, will simplify an
implementation of the algorithm. Likewise, the update of the memory during
the interaction may be global and fixed throughout the computation.
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