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Model checking is a method for the verification of systems with respect to their specifications.
Symbolic model-checking, which enables the verification of large systems, proceeds by calculating
fixed-point expressions over the system’s set of states. The µ-calculus is a branching-time temporal logic with fixed-point operators. As such, it is a convenient logic for symbolic model-checking
tools. In particular, the alternation-free fragment of µ-calculus has a restricted syntax, making
the symbolic evaluation of its formulas computationally easy. Formally, it takes time that is linear in the size of the system. On the other hand, specifiers find the µ-calculus inconvenient. In
addition, specifiers often prefer to use linear-time formalisms. Such formalisms, however, cannot
in general be translated to the alternation-free µ-calculus, and their symbolic evaluation involves
nesting of fixed-points, resulting in time complexity that is quadratic in the size of the system.
In this article, we characterize linear-time properties that can be specified in the alternationfree µ-calculus. We show that a linear-time property can be specified in the alternation-free
µ-calculus iff it can be recognized by a deterministic Büchi automaton. We study the problem
of deciding whether a linear-time property, specified by either an automaton or an LTL formula,
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1. INTRODUCTION
The importance of verifying the correctness of hardware and software designs
dates back to the early realization of the prevalence of design errors, that is,
“bugs”. While testing has once been considered a satisfying method for detecting
bugs, today’s rapid development of complex and safety-critical systems requires
more reliable methods. Model checking is such a more reliable method. In model
checking [Clarke et al. 1986; Lichtenstein and Pnueli 1985; Vardi and Wolper
1986], we check that a system meets a desired requirement by checking that a
mathematical model of the system satisfies a formal specification that describes
the requirement. The algorithmic nature of model checking makes it fully automatic, convenient to use, and very attractive to practitioners. At the same time,
model checking is very sensitive to the size of the mathematical model of the
system. Commercial model-checking tools need to cope with the exceedingly
large state-spaces that are present in real-life designs, making the so-called
state-explosion problem one of the most challenging areas in computer-aided
verification. One of the most important developments in this area is the discovery of symbolic model-checking methods [Burch et al. 1992; McMillan 1993]. In
particular, the use of BDDs [Bryant 1986] for model representation has yielded
model-checking tools that can handle systems with 10120 states and beyond.
For a survey, see Clarke et al. [1999].
Typically, symbolic model-checking tools proceed by computing fixed-point
expressions over the model’s set of states. For example, to find the set of states
from which a state satisfying some predicate p is reachable, the model checker
starts with the set S of states in which p holds, and repeatedly add to S the set
∃ eS of states that have a successor in S. Formally, the model checker calculates
the least fixed-point of the expression S = p ∨ ∃ eS. The µ-calculus is a logic
that contains the modal operators ∃ e and ∀ e, and the fixed-point operators
µ and ν [Kozen 1983]. As such, it describes fixed-point computations in a natural form. In particular, the alternation-free fragment of µ-calculus (AFMC,
for short) [Emerson and Lei 1986] has a restricted syntax that does not allow nesting of fixed-point operators, making the evaluation of expressions very
simple. Formally, the model-checking problem for AFMC can be solved in time
that is linear in both the size of the model and the length of the formula
[Cleaveland and Steffen 1991]. The µ-calculus, however, is less ideal for specifiers. For them, logics with explicit temporal operators, such as  (“always”) and
3 (“eventually”) are much more readable and convenient. Consequently, modelchecking tools often offer as their user interface a temporal logic that includes
explicit temporal operators. The evaluation of these formulas by means of fixed
points is then transparent to the user [Cadence].
When, as in the model-checking tools SMV and VIS [McMillan 1993; Brayton
et al. 1996], the interface logic is the branching-time temporal logic CTL, the
transition from the input formulas to fixed-point expressions is simple: each
operator of CTL can be expressed also be means of fixed points. Formally,
one can translate a CTL formula to an AFMC formula with a linear blow
up. For example, the CTL formula ∀∃3 p is equivalent to the AFMC formula
ν X . (µY. p ∨ ∃ eY ) ∧ ∀ eX . Designers, however, often prefer to specify their
systems using linear-time formalisms. Indeed, model-checking tools such as
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COSPAN and SPIN [Kurshan 1994; Hardin et al. 1996; Holzmann 1997] handle specifications that are given as automata on infinite words or LTL formulas.
Since linear-time formalisms such as LTL can express properties that are not
expressible in AFMC (e.g., it follows from the results in Rabin [1970], Muller
et al. [1986], and Kupferman et al. [2000], that the LTL formula 3 p is not
expressible in AFMC), symbolic model-checking methods become more complicated. For example, symbolic model checking of LTL involves a translation of
LTL formulas to µ-calculus formulas of alternation depth 2, where nesting of
fixed-point operators is allowed [Emerson and Lei 1986]. The evaluation of such
µ-calculus formulas takes time that is quadratic in the size of the model. Since
the models are very large, the difference with the linear complexity of AFMC
is very significant [Hardin et al. 2001].
In this article, we consider the problem of translating linear-time formalisms
to AFMC; formally, we characterize ω-regular languages for which there exist
equivalent AFMC formulas. Note that while each ω-regular language L describes a set of infinite words, each AFMC formula ψ describes a set of infinite
trees. When we say that ψ is equivalent to L, we mean that ψ is satisfied in
exactly these trees all of whose paths are in L. The ω-regular languages can be
specified by either an automaton on infinite words or an LTL formula. We consider the problem of deciding whether a given automaton or formula meets this
characterization, and the problem of translating a given automaton or formula
to an equivalent AFMC formula when it exists.
Beyond the relevance of this problem to symbolic model checking, the study
of the relationship between linear-time and branching-time formalisms goes
back to the 1980’s. Clarke and Draghicescu [1988] characterized CTL formulas
that can be translated to LTL. The opposite direction, of characterizing LTL
formulas that can be translated to CTL, turned out to be much harder and
the problem has stayed open since then. The computational advantage of CTL
model checking over LTL model checking makes this opposite direction the more
interesting one. Indeed, a translation of LTL formulas to CTL formulas could be
used in order to model check linear-time properties using CTL model-checking
tools. A partial success for the above approach is presented in Kupferman and
Grumberg [1996], and Schneider [1997], which identify certain fragments of
LTL that can be easily translated to CTL. Recently, Maidl [2000] gave a characterization of LTL formulas that can be translated into the universal fragment
of CTL. A study of the possible use of CTL model-checking tools for the verification of such properties without first translating them to CTL is described in
Kupferman and Vardi [1998], and Bloem et al. [1999]. By characterizing LTL
formulas that can be translated to AFMC, we solve a closely related problem. In
fact, since symbolic CTL model checkers proceed by translating the specification to AFMC, our characterization is the more interesting one from a practical
point of view.
In order to characterize ω-regular languages that can be translated to AFMC,
we first characterize AFMC by means of tree automata. We show that a
branching-time property can be specified in AFMC iff it can be specified by
a weak alternating tree automaton. Weak alternating tree automata were first
introduced in Muller et al. [1986], where they were related to weakly definable
ACM Transactions on Computational Logic, Vol. 6, No. 2, April 2005.
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sets [Rabin 1970]. The relevance of weak alternating automata to model checking was demonstrated in Kupferman et al. [2000]. The equivalence of AFMC
and weak alternating automata is proved also in Arnold and Niwiński [1992],
where both formalisms are shown to be equivalent to the weak monadic secondorder theory of trees [Rabin 1970; Muller et al. 1986]. Our proof is simpler and
direct, and we describe linear translations between the two formalisms. Also,
while the result in Arnold and Niwiński [1992] refers to directed trees (i.e., the
next-time operator of AFMC is parameterized with a direction), our result here
refers to general trees and symmetric tree automata [Janin and Walukiewicz
1995; Wilke 1999]. We then use known relations between automata on infinite
words and trees [Kupferman et al. 1996] in order to show that an ω-regular
language L can be translated to an AFMC formula iff L can be recognized by a
deterministic Büchi word automaton [Büchi 1962; Landweber 1969].
It follows from our results that deciding whether a linear-time property P
can be translated to an AFMC formula can be reduced to the problem of deciding whether P can be recognized by a deterministic Büchi word automaton. The
complexity of this problem depends on the form in which P is given. We show
that the problem is NLOGSPACE-complete when P is given as a deterministic
parity automaton, is PTIME-complete when P is given as a deterministic Rabin
or Streett automaton, and is PSPACE-complete when P is given as a nondeterministic Büchi, parity, Rabin, or Streett automaton. When P is given as an
LTL formula, the problem is in EXPSPACE and is PSPACE-hard. We then turn
to consider the relative succinctness of the various formalisms. We describe
translations to AFMC that is linear for deterministic automata, exponential
for nondeterministic automata, and doubly exponential for LTL formula (when
such translations exist), and we prove that the translation from LTL formulas
must involve at least an exponential blow-up. It should be noted that the translation of LTL formulas to µ-calculus formulas of alternation depth 2 involves
only a single exponential blow up [Emerson and Lei 1986]. Typically, however,
the computational complexity of model checking is dominated by the size of the
model, rather than the size of the specification. As model checking µ-calculus
formulas of alternation depth 2 is quadratic in the size of the model, while model
checking of AFMC formulas is linear in the size of the model, we conclude that
symbolic model checking of LTL formulas by first translating them to AFMC
might be a practical approach. As we discuss in Section 6, the question whether
our doubly exponential translation can be improved to an exponential one is
still open.
2. DEFINITIONS
2.1 Temporal Logics
A system S = P, W, win , R, L consists of a set P of atomic propositions, a set
W of states, an initial state win ∈ W , a total transition relation R ⊆ W × W (i.e.,
for every state w ∈ W , there exists at least w with R(w, w )), and a labeling
function L : W → 2 P . A computation of S is a sequence of states, π = w0 , w1 , . . .
such that for every i ≥ 0, we have that R(wi , wi+1 ). The computation π is initial
if w0 = win . We denote the ith state in π by π [i].
ACM Transactions on Computational Logic, Vol. 6, No. 2, April 2005.
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Formulas of the linear-time temporal logic LTL describe computations of
systems [Pnueli 1981]. Given a set P of atomic propositions, an LTL formula is
true, false, p, ¬ϕ, ϕ ∨ ψ, ϕ, 3ϕ, eϕ, or ϕU ψ, where p ∈ P , and ϕ and ψ are
LTL formulas. The temporal operators  (“always”), 3 (“eventually”), e(“next”),
and U (“until”) enable convenient description of time-dependent events. For
example, the LTL formula (request → 3grant) states that every request is
followed by a grant. In order to define formally the semantics of LTL, consider
a computation π of a system. We use π i to denote the suffix π [i], π [i + 1], . . .
of π, and we use π |= ψ to indicate that the computation π satisfies the LTL
formula ψ. The relation |= is inductively defined as follows1 :
— For all π, we have that π |= true and π |= false.
— For an atomic proposition p ∈ AP , π |= p iff p ∈ L(π [0]).
— π |= ¬ψ1 iff π |= ψ1 .
—π |= ψ1 ∨ ψ2 iff π |= ψ1 or π |= ψ2 .
— π |= eψ1 iff π 1 |= ψ1 .
— π |= ψ1 U ψ2 iff there exists k ≥ 0 such that π k |= ψ2 and π i |= ψ1 for all
0 ≤ i < k.
The alternation-free µ-calculus (AFMC, for short) is a fragment of the modal
logics µ-calculus [Kozen 1983]. We define the AFMC by means of equational
blocks, as in Cleaveland and Steffen [1991]. Formulas of AFMC are defined
with respect to a set P of atomic propositions and a set Var of atomic variables.
We consider here formulas in a positive normal form, where negation can be
applied to atomic propositions only. A basic AFMC formula is either p, ¬ p, X ,
ϕ ∨ ψ, ϕ ∧ ψ, ∃ eϕ, or ∀ eϕ, for p ∈ P , X ∈ Var, and basic AFMC formulas ϕ
and ψ. Basic AFMC formulas appear in equational blocks. An equational block
has two forms, ν{E} or µ{E}, where E is a list of equations of the form X i = ϕi ,
where ϕi is a basic AFMC formula and the X i are all distinct atomic variables.
Each variable X i can be in the left-hand side of at most one equational block.
An atomic variable X that appears in the right-hand size of an equation in some
block B may appear in the left-hand side of an equation in some other block B .
We then say that B depends on B . Such dependencies cannot be circular (note
that B and B are distinct). This ensures that the formula is free of alternations.
A variable X is free in B if it appears only in the right-hand side of the equations
in B. An AFMC formula is of the form X (S), for a variable X and a system S.
If ψ1 and ψ2 are AFMC formulas, then ψ1 ∨ ψ2 , ψ1 ∧ ψ2 , ∃ eψ1 , and ∀ eψ1 are
also AFMC formulas.
The semantics of AFMC formulas is defined with respect to a system S =
P, W, win , R, L and a valuation V = {X 1 , W1 , . . . , X n , Wn } that assigns
subsets of W to the variables in Var ; that is, for all 1 ≤ i ≤ n, we have Wi ⊆ W .
Each basic AFMC formula defines a subset of the states of S in the standard
way. We denote by ϕVS the set of states define by ϕ under the evaluation V.
Formally,
temporal operators  and 3 are defined in terms of the operator U . Specifically, 3ϕ = trueU ϕ
and ϕ = ¬3¬ϕ.

1 The
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— pVS = {w ∈ W : p ∈ L(w)},
— ¬ pVS = {w ∈ W : p ∈ L(w)},
— X i VS = Wi ,
— (ϕ ∨ ψ)VS = ϕVS ∪ ψVS ,
— (ϕ ∧ ψ)VS = ϕVS ∩ ψVS ,
— (∃ eϕ)VS = {w ∈ W : there exists w ∈ ϕVS such that R(w, w )}.
— (∀ eϕ)VS = {w ∈ W : for all w with R(w, w ), we have w ∈ ϕVS }.
For the nonbasic formulas, the semantics is as above for formulas of the form
ψ1 ∨ψ2 , ψ1 ∧ψ2 , ∃ eψ1 , and ∀ eψ1 . For a formula of the form X (S), the semantics
is defined as follows. The variable X is in the left-hand side of some block B.
A block of the form ν{E} represents the greatest fixed-point of E, and a block
of the form µ{E} represents the least fixed-point of E. Formally, let B be a
block containing the equations X 1 = ϕ1 , . . . , X n = ϕn . Given a valuation V
S
: (Var × 2W )n → (Var ×
to the free variables in B, we define a function f B,V
W n
2 ) that transfers a valuation V of X 1 , . . . , X n to the valuation obtained by
solving the equations in B with respect to the valuation V ∪ V (note that the
valuation V ∪ V assigns values to all the variables in the right-hand side of
equations in B; indeed, each variable in the right-hand side is either free, in
which case it is assigned to a value by V, or is not free, in which case it is some
S
X i and is assigned to a value by V ). Formally, f B,V
({X 1 , W1 , . . . , X n , Wn }) =
S
{X 1 , W1 , . . . , X n , Wn }, where for all 1 ≤ i ≤ n, we have that Wi = ϕi V∪V
.
Then, the assignment to the variables in the left hand side of the equations in
S
ν{E} is the greatest fixed point of f B,V
, and the assignment to the variables in
S
the left hand side of the equations in µ{E} is the least fixed point of f B,V
. Note
that the operators of basic formulas are monotonic. Hence, by Tarski–Knaster
Theorem, both fixed points exist, and, for a finite S, can be computed iteratively.
For example, ν{X = p ∧ ∃ eX } defines the set of states in S from which there
exists a computation in which p always holds.
For a set of blocks, evaluation proceeds so that whenever a block B is evaluated, all the blocks B for which B depends on B are already evaluated, thus all
the free variables in B have values in V. Since there is no circular dependency
among the blocks, such an order exists. As detailed in Cleaveland and Steffen
[1991], the evaluation can be completed in linear time (see also Kupferman
et al. [2000]).
Given a system S and an LTL formula ϕ, the model-checking problem for S
and ϕ is to determine whether all the initial computations of S satisfy ϕ. When ϕ
is an AFMC formula with no free variables, the problem is to determine whether
the initial state of S satisfies ϕ, that is, whether win ∈ ϕ∅S . The semantics of
AFMC, as well as our results here can be easily extended to systems with
multiple initial states.
2.2 Automata
For an integer d ≥ 1, let [d ] = {1, . . . , d }. An infinite d -tree is the set T = [d ]∗ .
The elements of [d ] are directions, the elements of T are nodes, and the empty
ACM Transactions on Computational Logic, Vol. 6, No. 2, April 2005.
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word  is the root of T . For every x ∈ T , the nodes x · c, for c ∈ [d ], are the
successors of x. A path of T is a set ρ ⊆ T such that  ∈ ρ and for each x ∈ ρ,
exactly one successor of x is in ρ. Given an alphabet , a -labeled d -tree is
a pair T, V , where T is a d -tree and V : T →  maps each node of T to a
letter in . A -labeled 1-tree is a word over . For a language L of words over
, the derived language of L, denoted der(L) is the set of all -labeled trees
all of whose paths are labeled by words in L. For d ≥ 2, we denote by derd (L)
the set of -labeled d -trees in der(L). For a system S with a fixed branching
degree d , we denote by tree(S) the 2 P -labeled d -tree obtained by unwinding S
from its initial state. Formally, given S = P, W, win , R, L and a state w ∈ S,
let succ R (w) = w1 , . . . , wk  be an ordered tuple of the successors of w in S (as
we elaborate below, the assumptions that the branching degree is fixed to d
and that the successors are ordered is of technical convenience. Our results
hold also without these assumptions). Unwinding of S results in the W -labeled
d -tree [d ]∗ , V  in which V () = win , and for every x ∈ [d ]∗ with V (x) = w, we
have V (x · 1), . . . , V (x · d ) = succ R (w). Then, tree(S) is the 2 P -labeled d -tree
[d ]∗ , V  with V (x) = L(V (x)), for every x ∈ [d ]∗ .
An alternating tree automaton [Muller and Schupp 1987] A = , d , Q,
q0 , δ, α runs on -labeled d -trees. It consists of a finite set Q of states, an
initial state q0 ∈ Q, a transition function δ, and an acceptance condition α (a
condition that defines a subset of Q ω ). For a given set X , let B + (X ) be the set of
positive Boolean formulas over X (i.e., Boolean formulas built from elements
in X using ∧ and ∨), where we also allow the formulas true and false and, as
usual, ∧ has precedence over ∨. For a set Y ⊆ X and a formula θ ∈ B + (X ), we
say that Y satisfies θ iff assigning true to elements in Y and assigning false to
elements in X \Y makes θ true. The transition function δ : Q × → B + ([d ]× Q)
maps a state and an input letter to a formula that suggests a new configuration
for the automaton. For example, when d = 2, having
δ(q, σ ) = ((1, q1 ) ∧ (1, q2 )) ∨ ((1, q2 ) ∧ (2, q2 ) ∧ (2, q3 ))
means that when the automaton is in state q and reads the letter σ , it can
either send two copies, in states q1 and q2 , to direction 1 of the tree, or send a
copy in state q2 to direction 1 and two copies, in states q2 and q3 , to direction 2.
Thus, the transition function may require the automaton to send several copies
to the same direction or allow it not to send copies to all directions.
A run of an alternating automaton A on an input -labeled d -tree T, V 
is a labeled tree Tr , r (without a fixed branching degree) in which the root is
labeled by q0 and every other node is labeled by an element of [d ]∗ × Q. Each
node of Tr corresponds to a node of T . A node in Tr , labeled by (x, q), describes
a copy of the automaton that reads the node x of T and visits the state q. Note
that many nodes of Tr can correspond to the same node of T . The labels of a
node and its children have to satisfy the transition function. Formally, Tr , r is
a r -labeled tree where r = [d ]∗ × Q and Tr , r satisfies the following:
(1)  ∈ Tr and r() = (, q0 ), for some q0 ∈ Q 0 .
(2) Let y ∈ Tr with r( y) = (x, q) and δ(q, V (x)) = θ . Then there is a (possibly empty) set S = {(c1 , q1 ), (c2 , q2 ), . . . , (cn , qn )} ⊆ [d ] × Q, such that the
ACM Transactions on Computational Logic, Vol. 6, No. 2, April 2005.
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following hold:
— S satisfies θ, and
— for all 1 ≤ i ≤ n, we have y · i ∈ Tr and r( y · i) = (x · ci , qi ).
For example, if T, V  is a 2-tree with V () = a and δ(q0 , a) = ((1, q1 ) ∨ (1, q2 )) ∧
((1, q3 ) ∨ (2, q2 )), then the nodes of Tr , r at level 1 include the label (1, q1 ) or
(1, q2 ), and include the label (1, q3 ) or (2, q2 ). Note that if θ = true, then y need
not have children. This is the reason why Tr may have leaves. Also, since there
exists no set S as required for θ = false, we cannot have a run that takes a
transition with θ = false. Each infinite path ρ in Tr , r is labeled by a word
r(ρ) in ([d ]∗ × Q)ω . Let inf (ρ) denote the set of states in Q that appear in r(ρ)
infinitely often. Thus,
inf (ρ) = {q : r( y) ∈ [d ]∗ × {q} for infinitely many y ∈ ρ}.
A run Tr , r is accepting iff all its infinite paths satisfy the acceptance condition.
We consider four types of acceptance conditions:
— Büchi, where α ⊆ Q, and an infinite path ρ satisfies α iff inf (ρ) ∩ α = ∅.
— parity,
where α = {G 1 , . . . , G k } is a partition of Q into disjoint sets; that is
Q = 1≤i≤k G i , and G i ∩ G j = ∅ for all 1 ≤ i = j ≤
k. An infinite path ρ
satisfies α iff the minimal index i for which inf (ρ) ∩ ( 1≤ j ≤i G j ) = ∅ is even.
— Rabin, where α ⊆ 2 Q × 2 Q , and an infinite path ρ satisfies an acceptance
condition α = {G 1 , B1 , . . . , G k , Bk } iff there exists 1 ≤ i ≤ k for which
inf (ρ) ∩ G i = ∅ and inf (ρ) ∩ Bi = ∅.
—Streett, where α ⊆ 2 Q × 2 Q , and an infinite path ρ satisfies an acceptance
condition α = {G 1 , B1 , . . . , G k , Bk } iff for all 1 ≤ i ≤ k, if inf (ρ) ∩ G i = ∅
then inf (ρ) ∩ Bi = ∅.
An automaton accepts a tree iff there exists an accepting run on it. We denote
by L(A) the language of the automaton A; that is, the set of all labeled trees
that A accepts.
When d = 1, we say that A is a word automaton, we omit d from the specification of the automaton, and we describe its transitions by formulas in B + (Q).
We say that A is a nondeterministic automaton iff all the transitions of A have
only disjunctively related atoms sent to the same direction; that is, if the transitions are written in DNF, then every disjunct contains at most one atom of
the form (c, q), for all c ∈ [d ]. Note that a transition of nondeterministic word
automata is a disjunction of states in Q, and we denote it by a set. We say that A
is a deterministic automaton iff all the transitions of A have only disjunctively
related atoms, all sent to different directions.
While tree automata run on trees with a fixed branching degree, branchingtime temporal logic formulas define trees of variable branching degrees. Indeed,
when a tree automaton reads a node x in the input d -tree, it knows that x has
exactly d successors, and its transition function depends on d . On the other
hand the formula ∀ eϕ can be evaluated on states with an arbitrary number of
successors. In addition, while automata can distinguish between the different
successors of a node (e.g., refer to the leftmost successor), formulas cannot. Symmetric automata [Janin and Walukiewicz 1995; Wilke 1999] are tree automata
ACM Transactions on Computational Logic, Vol. 6, No. 2, April 2005.
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in which successors are sent in either an existential or a universal manner, and
they are suitable for reasoning about temporal logic.
Let
= {, 3}. A symmetric alternating automaton is an alternating tree
automaton in which the transition function δ : Q × → B + ( × Q) maps a state
and a letter to a formula in B + ( × Q). Intuitively, an atom , q corresponds
to d copies of the automaton in state q, sent to all the successors of the current
node (d is the number of successors of the current node, which may not be
known in advance). An atom 3, q corresponds to a copy of the automaton in
state q, sent to some successor of the current node. When, for instance, the
automaton is in state q, reads a node x with successors x · c1 , . . . , x · cd and
δ(q, V (x)) = (, q1 ) ∧ (3, q2 ) ∨ (3, q2 ) ∧ (3, q3 ),
it can either send d copies in state q1 to the nodes x · c1 , . . . , x · cd and send a
copy in state q2 to some node in x · c1 , . . . , x · cd , or send one copy in state q2
to some node in x · c1 , . . . , x · cd and send one copy in state q3 to some node in
x · c1 , . . . , x · cd . Thus, symmetric automata cannot distinguish between left and
right and can send copies to successor nodes only in either a universal or an
existential manner.
A run of a symmetric automaton is defined in a way similar to the way a run
of an alternating automaton is defined, only that here, for a node y ∈ Tr with
r( y) = (x, q), δ(q, V (x)) = θ , and successors x · c1 , . . . , x · cd of x in T, V , for
d ≥ 0, there is a (possibly empty) set S ⊆ × Q, such that S satisfies θ , and
for all (c, s) ∈ S, the following hold:
— If c = , then for each 1 ≤ i ≤ d , we have y · i ∈ Tr and r( y · i) = (x · ci , s).
— If c = 3, then for some 1 ≤ i ≤ d , we have y · i ∈ Tr and r( y · i) = (x · ci , s).
Muller et al. [1986] introduce weak alternating tree automata (AWT). In an
AWT, the acceptance condition is α ⊆ Q and there exists a partition of Q into
disjoint sets, Q i , such that for each set Q i , either Q i ⊆ α, in which case Q i is an
accepting set, or Q i ∩ α = ∅, in which case Q i is a rejecting set. In addition, there
exists a partial order ≤ on the collection of the Q i ’s such that for every q ∈ Q i
and q ∈ Q j for which q occurs in δ(q, σ ) for some σ ∈ , we have Q j ≤ Q i .
Thus, transitions from a state in Q i lead to states in either the same Q i or a
lower one. It follows that every infinite path of a run of an AWT ultimately gets
“trapped” within some Q i . The path then satisfies the acceptance condition if
and only if Q i is an accepting set.
We denote each of the different types of automata by three letter acronyms
in {D, N , A} × {F, B, P, R, S, W } × {W, T }, where the first letter describe the
branching mode of the automaton (deterministic, nondeterministic, or alternating), the second letter describes the acceptance condition (finite, Büchi, parity,
Rabin, Streett, or weak), and the third letter describes the object over which
the automaton runs (words or trees). We use the acronyms also to refer to the
set of words (or trees) that can be defined by the various automata. For example, DBW denotes deterministic Büchi word automata, as well as the set of
ω-regular languages that can be recognized by a deterministic word automaton.
Which interpretation we refer to would be clear from the context.
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We define the size |A| of an alternating automaton A = , Q, q0 , δ, α as
|Q| + |α| + |δ|, where |Q| and |α| are the respective cardinalities of the sets Q
and α, and where |δ| is the sum of the lengths of the satisfiable (i.e., not false)
formulas that appear as δ(q, σ ) for some q and σ .
3. FREEDOM, WEAKNESS, AND DETERMINISM
In this section, we show that the expressive power of the AFMC coincides with
that of AWT. We then characterize ω-regular languages L for which der(L) can
be expressed by an AFMC formula.
We start by relating AFMC and AWT. While tree automata run on trees with
some finite fixed set of branching degrees and can distinguish between the different successors of a node (e.g., refer to the leftmost successor), AFMC formulas
define trees of variable branching degrees and cannot distinguish between different successors. Accordingly, discussion is restricted to symmetric automata.
Alternatively, we could restrict attention to trees over some fixed branching
degree and directed AFMC, where the next-time operator is annotated with an
explicit direction [Hafer and Thomas 1987]. In addition, as AFMC formulas are
interpreted with respect to systems in which each state is labeled by a set of
atomic propositions, we consider automata with alphabet  = 2 P for some set
P of atomic propositions.
THEOREM 3.1.

Symmetric AWT = AFMC.

PROOF. A linear translation of AFMC formulas to symmetric AWT is given
in Kupferman et al. [2000]. For the other direction, we describe a linear translation of symmetric AWT to AFMC formulas. The translation is similar to
the one described in Bhat and Cleavland [1996], where ABT are translated
to µ-calculus formulas of alternation depth 2. Here, we consider AWT, and
alternation between fixed points is not required. Consider a symmetric AWT
A = , Q, q0 , δ, α. Let Q 0 ≤ Q 1 ≤ · · · ≤ Q n be the partition of Q into sets.
Recall that  = 2 P for some set P of atomic
 propositions.
 For σ ∈ , we use
σ to abbreviate the propositional formula ( p∈σ p) ∧ ( p∈σ ¬ p). We define an
AFMC formula ψA such that for every system S = P, W, win , R, L, we have
tree(S) ∈ L(A) iff S satisfies ψA . The formula ψA has P as its set of atomic
propositions. Each state q ∈ Q induces an atomic variable X q . Intuitively, once
a fixed point is reached, a state w of S is a member of X q iff the tree obtained
from S by unwinding it from w is accepted by the automaton A with initial
state q. Accordingly, the equations for atomic variables follow from the transition function δ. For a formula θ ∈ B + ({, 3} × Q), let f (θ ) be the AFMC formula
obtained from θ by replacing an atom (3, q) by the formula ∃ eX q , and replacing
an atom (, q) by the formula ∀ eX q . Each state q ∈ Q induces the equation

Xq =
σ ∧ f (δ(q, σ ))
σ ∈

in ψA . The set of equations is partitioned into blocks with each set Q i in the
partition of Q inducing a block that contains the equations of X q for q ∈ Q i . Accepting sets Q i induce greatest fixed-point blocks ν{Ei } and rejecting blocks Q i
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induce least fixed-point blocks µ{Ei }. Since A is weak, the structure of the blocks
in ψA satisfies the syntactic restrictions of the AFMC. Then, ψA is X q0 (B0 ).
We prove that for every system S, we have tree(S) ∈ L(A) iff S satisfies ψA .
Recall the partition Q 0 ≤ · · · ≤ Q n on the states of A. For a state q ∈ Q, let
Wq ⊆ W be such that w ∈ Wq iff the tree obtained by unwinding S from w
is accepted by the automaton A with initial state q. Consider a block λi {Ei }
associated with Q i (λi ∈ {ν, µ}). We prove by induction on i that the fixed point
(greatest, in case λ = ν, and least, in case λ = µ) of the equations in Ei is
obtained by assigning to a variable X q with q ∈ Q i the set Wq (recall that the
variables on the left-hand side of the equations in Ei correspond to states in
Q i ).
We start with Q 0 . Note that since the transitions from states in Q 0 involve
only states in Q 0 , there are no free variables in E0 , thus its evaluation is done
with respect to no valuation. Assume first that λ0 = µ. The valuation of the least
fixed point of E0 proceeds in iterations as follows. For each variable X q , for
q ∈ Q 0 and j ≥ 0, let X q [ j ] denote the value of X q after the j th iteration
of the valuation. Since λ0 = µ, all variables are empty at initialization. Thus,
X q [0] = ∅ for all q ∈ Q 0 . At the end of the first iteration, each variable X q ,
for q ∈ Q 0 , contains states w for which δ(q, L(w)) = true. Thus, X q [1] =
{w : δ(q, L(w)) = true}. Then, in the ( j + 1)th iteration, the assignment to
each variable X q is extended to states w for which δ(q, L(w)) is satisfied by
some set {(c1 , X q1 ), . . . , (cl , X ql )} ⊆ {, 3} × Q such that for every 1 ≤ k ≤ l , if
ck = , then X qk [ j ] contains all the successors of w, and if ck = 3, then X qk [ j ]
already contains some successor of w. Thus, after the j th iteration, the set
X q [ j ] contains all states w for which there is a run r of A with initial state q
on the tree obtained by unwinding S from w such that all the paths of r gets to
a state where the transition function imposes no obligations within at most j
transitions. When we reach a fixed point and X q [ j ] = X q [ j + 1], the set X q [ j ]
is Wq as required. Indeed, as Q 0 is rejecting, Wq is the set of states w for which
there is a run r of A with initial state q on the tree obtained by unwinding S
from w such that all the path of r eventually gets to a state where the transition
function imposes no obligations.
Assume now that λ0 = ν. The valuation of the greatest fixed point of E0
proceeds as follows. Now, X q [0] = W , and at the end of the first iteration,
each variable X q , for q ∈ Q 0 , contains states w for which δ(q, L(w)) = false.
Thus, X q [1] = {w : δ(q, L(w)) = false}. Then, in the ( j + 1)th iteration,
the set X q [ j + 1] is restricted to states w for which δ(q, L(w)) is satisfied by
some set {(c1 , X q1 ), . . . , (cl , X ql )} ⊆ {, 3} × Q such that for every 1 ≤ k ≤ l ,
if ck = , then X qk [ j ] contains all the successors of w, and if ck = 3,
then X qk [ j ] contains some successor of w. When we reach a fixed point and
X q [ j ] = X q [ j + 1], the set X q [ j ] is Wq as required. Indeed, as Q 0 is accepting,
Wq is the set of states w for which there is a run r of A with initial state q on
the tree obtained by unwinding S from w such that r stays forever in states
in Q 0 .

For the induction step, consider the valuations Vi = q∈Q 0 ∪···∪Q i−1 {X q , Wq },
for 1 ≤ i ≤ n. By the induction hypothesis, Vi is the assignment in ψA to the
free variables in Ei , which are associated with states in sets lower than Q i .
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Now, when λi = µ, the valuation of the least fixed point of Ei is such that at the
end of the first iteration, each variable X q , for q ∈ Q i , contains the set of states
w for which δ(q, L(w)) is evaluated to true with respect to Vi . The ( j + 1)th
iteration is as described above for the case i = 0 (only that the X qk variables
can be free and have their assignments in Vi ). Since Q i is rejecting, this set
is Wq as required (indeed, a run cannot stay in Q i forever). When λ0 = ν, the
valuation of the greatest fixed point of Ei is such that at the end of the first
iteration, each variable X q , for q ∈ Q i , contains the set of states w for which
the formula obtained from δ(q, L(w)) by replacing variables that correspond to
states in Q i with true is not evaluated to false with respect to Vi . Again, the
( j + 1)th iteration is as described above for the case i = 0. Since Q i is accepting,
this set is Wq as required. Indeed, now the run can get stuck in Q i or move to
a lower set from which it accepts.
Remark 3.2. It is proved in Kupferman and Vardi [2001] that alternating
Büchi word automata can be translated to weak alternating automata with
a quadratic blow up. By replacing the branching modal operator ∀ e with the
linear model operator e, the translation described in the proof of Theorem 3.1
can therefore be used in order to translate alternating Büchi word automata
to the linear AFMC with a quadratic blow up. This is a doubly exponential
improvement of the translations that follow from Arnold and Niwiński [1992]
and Vardi and Wolper [1994].
We now characterize ω-regular languages L for which der(L) can be characterized by an AFMC formula. Our characterization involves DBW, and we first
need the following lemma.
LEMMA 3.3. Given a DBW A with n states, there is a symmetric AWT A with
O(n) states such that L(A ) = der(L(A)).
PROOF. Let A = , Q, q0 , M , α. We first translate A into an NWW U for
 ω \ L(A), then expand U to a symmetric NWT U that accepts a tree iff it
contains a path labeled by a word in L(U). The automaton A is then obtained
by dualizing U . Equivalently, one could use Kupferman and Vardi [2001] in
order to translate A into a UWW and then expand the UWW into an AWT for
der(L(A)).
Intuitively, U accepts a word w not in L(A) by guessing the position when the
single run of A on w no longer visits states in α. For that, U has two copies of
A, where the second copy does not contain states in α. A run of U is accepting if
it eventually moves to the second copy, from which is cannot return to the first
copy [Kurshan 1987]. Formally,
U = , (Q × {1}) ∪ ((Q \ α) × {2}), q0 , 1, δ, (Q \ α) × {2},
where for all q ∈ Q and σ ∈ , we distinguish between two cases. If M (q, σ ) =
q ∈ α, then δ(q, 1, σ ) = {q , 1, q , 2} and δ(q, 2, σ ) = {q , 2}. Otherwise
(that is, M (q, σ ) = q ∈ α, then δ(q, 1, σ ) = {q , 1} and δ(q, 2, σ ) = ∅. It is
easy to see that U is indeed weak. Now, the symmetric NWT is obtained
from U

by replacing a transition δ(s, σ ) = S by the transition δ(s, σ ) = s ∈S (3, s ).
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Given an ω-regular language L, the following are equivalent.

(1) der(L) can be characterized by an AFMC formula.
(2) L can be characterized by a DBW.
PROOF. Assume first that der(L) has an equivalent AFMC formula. Then, by
Theorem 3.1, der(L) can be recognized by a symmetric AWT, and der2 (L) can be
recognized by the restriction of this automaton to trees of branching degree 2.
It is proved in Muller et al. [1986] that if a language of trees can be recognized
by an AWT, then it can also be recognized by an NBT. It follows that der2 (L)
can be recognized by an NBT. By Kupferman et al. [1996], for every ω-regular
language R, if der2 (R) can be recognized by an NBT, then R can be recognized
by a DBW. It follows that L can be recognized by a DBW.
Assume now that L can be recognized by a DBW. Let A = , Q, q0 , δ, α be
a DBW that recognizes L. As described in Lemma 3.3, we can translate A to a
symmetric AWT A for der(L). By Theorem 3.1, we can then translate A into
an AFMC formula, and we are done.
For completeness, we describe below the direct construction of the AFMC
formula. We define an AFMC formula ψL such that for every system S, we
have tree(S) ∈ der(L) iff S satisfies ψL . Recall that  = 2 P for some set of
atomic propositions. The formula ψL has P as its set of atomic propositions.
Each state q ∈ Q induces two atomic variables X q and X q with the following
two equations:

Xq =
σ ∧ ∀ eX δ(q,σ ) ∧ ∀ eX
.
δ(q,σ )

σ ∈


Xq =

if q ∈ α,
eX
σ
∧
∀
σ ∈
δ(q,σ ) if q ∈ α.

true


The set of equations is partitioned into two blocks. Equations with a left-hand
side variable X q constitute a greatest fixed-point block ν{E1 }, and equations
with a left had side variable X q constitute a least fixed-point block µ{E2 }.
We prove that for every system S, we have tree(S) ∈ der(L) iff S satisfies ψL .
For a state q ∈ Q, let Wq ⊆ W be such that w ∈ Wq iff all the computations of S
that start in w are accepted by the automaton A with initial state q. We prove
that the greatest fixed point of the equations in E1 is obtained by assigning Wq
to the variable X q .
It is easy to see that the least fixed point of the equations in E2 is obtained
by assigning to a variable X q the set of states w such that the run of A with
initial state q on each of the computations starting at w eventually visits a
state in α. Each variable X q has one disjunct for every σ ∈ . Its conjunct
of the form ∀ eX t follows the transition function, and its conjunct of the form
∀ eX t guarantees that a state from α is eventually visited. Since all variables
X q have a conjunct of the form ∀ eX t in all the disjuncts in their equations, it
is guaranteed that α is visited infinitely often.
Example 3.5. Consider the DBW A for the LTL formula 3 p. Formally,
A = {{ p}, ∅}, {s, t}, s, δ, {t}, with δ(s, { p}) = δ(t, { p}) = t and δ(s, ∅) = δ(t, ∅) = t.
The equivlanet AFMC formula generated as above consists of the following two
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blocks (simplified by replacing X t with true).

X s = ( p ∧ ∀ eX t ) ∨ (¬ p ∧ ∀
ν
X t = ( p ∧ ∀ eX t ) ∨ (¬ p ∧ ∀

eX s ∧ ∀
eX s ∧ ∀

eX ). 
s
eX ).
s

µ{X s = ( p ∨ ∀ eX s )}.
Remark 3.6. Note that the AWT constructed in Lemma 3.3 is actually a
UWT. As can also be seen in the direct construction of ψL described above, this
implies that the AFMC formula we get is in the universal fragment ∀AFMC
of AFMC, in which the only next-time operator allowed is ∀ e. It follows that
∀AFMC is sufficiently strong to express all LTL formulas that have an equivalent AFMC formula. We note that while the above may seem expected, the corresponding problem is still open for CTL. That is, it is still not known whether
the intersection of LTL and universal fragment ∀CTL of CTL is a strict fragment
of the intersection of LTL and CTL [Maidl 2000].
Remark 3.7. Note that while DBW is not closed under complementation,
the AFMC is closed under complementation. When, however, we complement a
language der(L), we do not get the language der(L̃). Rather, we get the language
of trees in which at least one path is in L̃.
In Sections 4 and 5, we use the characterization and the translations above in
order to study the transition from various linear-time formalisms to the AFMC.
4. FROM ω-REGULAR AUTOMATA TO AFMC
In this section, we consider the case where specifications are given by ω-regular
automata. We first study the problem of deciding whether a given automaton A
can be translated to a DBW. By Theorem 3.4, the latter holds iff the specification
given by A can be translated to the AFMC. We start, in Theorem 4.1, with the
case where A is a deterministic automaton, and continue, in Theorem 4.2, with
the case where A is a nondeterministic automaton.
In our proofs, we consider languages over an alphabet  × {0, 1}. For a word
w ∈ ( × {0, 1})ω , let w1 ∈  ω is the word obtained from w by projecting its
letters on , and similarly for w2 and {0, 1}. For words x1 ∈  ω and x2 ∈ {0, 1}ω ,
let x1 .x2 denote the word w ∈ ( × {0, 1})ω with w1 = x1 and w2 = x2 . For a word
w and an index n, let w[1 · · · n] be the prefix of length n of w. Finally, let Lfm be
the language over {0, 1} consisting of all words with only finitely many 0’s.
THEOREM 4.1.
(1) Deciding DPW → DBW is NLOGSPACE-complete.
(2) Deciding {DRW, DSW} → DBW is PTIME-complete.
PROOF. We start with the upper bounds. The proof for Rabin and Streett automata is given in Krishnan et al. [1994]. Consider a DPW A = , Q, q0 , δ, α.
We say that a set of states S ⊆ Q is accepting if every run r with inf (r) = S
satisfies the acceptance condition α. A state q ∈ Q is called final iff all the
cycles that visit q are accepting. According to Landweber [1969], a deterministic automaton A recognizes a language that is in DBW iff for every accepting
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strongly connected component C of A, all the strongly connected component C
with C ⊃ C are also accepting. This condition is used in Krishnan et al. [1994]
in order to prove that A is in DBW iff the automaton A obtained from A by
changing α to be the set of final states is equivalent to A. Since L(A ) is always
contained in L(A), checking whether A is in DBW can be reduced to checking whether L(A) ⊆ L(A ). As suggested in Krishnan et al. [1994], the latter
check can be performed by checking whether the automaton obtained from A
by deleting its final states is nonempty. Since the emptiness problem for DPW
is in NLOGSPACE, and since deciding whether a state q is final can be reduced
to the emptiness problem, we are done.
We now prove the lower bounds. We start with DPW, where we do a reduction
from the graph reachability problem, proved to be NLOGSPACE-hard in Jones
[1975]. Given a directed graph G = V , E and two designated nodes s and t,
we describe a DPW AG such that AG is in DBW iff t is not reachable from s in G.
Let A = {0, 1}, {q0 , q1 }, q0 , δ, {{q0 }, {q1 }} be a DPW for Lfm (from both states, the
transition function δ moves to q0 when it reads 0 and moves to q1 when it reads
1). Intuitively, AG is obtained by concatenating A to the vertex t of G. Let d
be the maximal branching degree in G. The alphabet of AG is {0, 1, . . . , d + 1}.
Its state space is V ∪ {q0 , q1 , vacc }, where vacc is a new state. The d letters
2, . . . , d + 1 label the edges of G so that all the edges that leave a vertex are
labeled differently. In addition, if a vertex v has less than d successors, we add
an edge from v to vacc labeled by all the letters not yet labeling edges that leave
v. The state vacc has a self loop labeled by all the letters 2, . . . , d + 1. An edge
labeled 1 is added from t to the state q1 of A. Finally, the initial state of AG is s,
and its parity acceptance condition is {{q0 }, V ∪ {q1 , vacc }}. It is easy to see that
AG is a DPW and that L(AG ) ⊆ {2, . . . , d + 1}ω ∪ {2, . . . , d + 1} · Lfm . We prove
that AG is in DBW iff t is not reachable from s.
Assume first that t is not reachable from s. For all v ∈ V ∪ {vacc } and σ ∈
{2, . . . , d 1 }, there is a transition from v to V ∪{vacc } labeled σ . Also, as long as the
run stays in V ∪ {vacc }, it cannot read the letters 0 or 1. Since a run of AG that
stays forever in V ∪ {vacc } is accepting, it follows that when t is not reachable
from s, the language of AG is {2, . . . , d + 1}ω , so AG is in DBW. Assume now that
t is reachable from s. Let w ∈ {2, . . . , d +1}∗ be a word labeling a path from s to t.
Assume, by way of contradiction, that L(AG ) is in DBW. Then, by Landweber
[1969], there exists a regular language F such that L(AG ) = lim(F); that is
L(A) = {w : w has infinitely many prefixes in F}. Since w · 1ω is in L(AG ), there
exists some p1 such that w · 1ω [1 · · · p1 ] is in F. Since w · 1 p1 · 0 · 1ω is in L(A)G ,
there exists some p2 such that w · 1 p1 · 0 · 1ω [1 · · · p1 + 1 + p2 ] is in F. We can
continue and obtain an infinite sequence of finite words w · 1 p1 · 0 · 1 p2 · 0 · · · 0 ·
1 pk−1 · 0 · 1ω [1 · · · p1 + 1 + p2 + 1 + · · · + 1 + pk ] (k = 1, 2, 3, . . .), all in F. Hence,
the infinite word w · 1 p1 · 0 · 1 p2 · 0 · 1 p3 · 0 · 1 p4 · · · is in lim(F) and thus in L(AG ).
On the other hand, L(AG ) contains only words with finitely many 0’s, and we
reach a contradiction.
It is left to prove the lower bound for Rabin and Streett automata. For
Streett automata, we do a reduction from DSW emptiness, proved to be
PTIME-complete in Emerson and Lei [1985]. Given a DSW S, we define another DSW A such that S is empty iff A is in DBW. Let S = , Q, q0 , δ, α,
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and let S = {0, 1}, Q , q0 , δ , α  be a DSW for Lfm . We define A =
 × {0, 1}, Q × Q , q0 , q0 , δ , α , where
—δ (q, q , σ, σ ) = δ(q, σ ), δ (q , σ ), and
—α = {L × Q , R × Q  : L, R ∈ α} ∪ {Q × L , Q × R  : L , R  ∈ α }.
It is easy to see that
L(A) = {w : w1 ∈ L(S) and w2 ∈ Lfm }.
We prove that S is empty iff A is DBW. First, if S is empty, so is A, and hence
it is clearly in DBW. Assume now that S is not empty, we show that L(A) is
not in DBW. The proof is very similar to the one showing that Lfm is not in
DBW (c.f., Thomas [1990]), only that we have to accompany the words in {0, 1}ω
with some word accepted by S. Assume, by way of contradiction, that L(A) is
in DBW. Then, by Landweber [1969], there exists a regular language F such
that L(A) = lim(F). Let w be a word accepted by S. Since w.1ω is in L(A), there
exists some p1 such that w.1ω [1 · · · p1 ] is in F. Since w.1 p1 · 0 · 1ω is in L(A),
there exists some p2 such that w.1 p1 · 0 · 1ω [1 · · · p1 + 1 + p2 ] is in F. We can
continue and obtain an infinite sequence of finite words w.1 p1 · 0 · 1 p2 · 0 · · · 0 ·
1 pk−1 · 0 · 1ω [1 · · · p1 + 1 + p2 + 1 + · · · + 1 + pk ] (k = 1, 2, 3, . . .), all in F. Hence,
the infinite word w.1 p1 · 0 · 1 p2 · 0 · 1 p3 · 0 · 1 p4 · · · is in lim(F) and thus in L(A),
and we reach a contradiction.
For Rabin automata, we do a reduction from DRW universality, which is
dual to DSW emptiness, and is therefore PTIME-complete. Given a DRW R, we
define a DRW A such that R is universal iff A is in DBW. Let R = , Q, q0 , δ, α,
and let R = {0, 1}, Q , q0 , δ , α  be a DRW for the language Lfm . We define A
as above. Here, however,
L(A) = {w : w1 ∈ L(R) or w2 ∈ Lfm }.
We prove that R is universal iff A is DBW. First, if R is universal, so is A,
and hence it is clearly in DBW. Assume now that R is not universal, we show
that L(A) is not in DBW. The proof is very similar to the one showing that Lfm
is not in DBW, only that, similarly to the case of Streett detailed above, we have
to accompany the words in {0, 1}ω with some word rejected by R.
THEOREM 4.2.
complete.

Deciding {NBW, NPW, NRW, NSW} → DBW is PSPACE-

PROOF. We start with the upper bound. We show that all the four types of
automata can be translated to DPW with an exponential blow up. Since the
translation can be done on-the-fly, it would follow from Theorem 4.1 that checking whether an automaton of these types is in DBW can be done in polynomial
space. Since Büchi and parity automata are special cases of Rabin and Streett
automata, we describe the translation for NRW and NSW. Let N be either a
NRW or a NSW with n states and h pairs. By Safra [1988, 1989], in both cases
we can translate N to a DRW with 2 O(nh log nh) states and nh pairs. It is shown in
Krishnan et al. [1995b] that a DRW with m states and k pairs can be translated
to a DPW with at most m·2k log k states and k sets. Accordingly, we can translate
N also to a DPW with 2 O(nh log nh) states and nh sets.
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We now prove the lower bound. Since Büchi automata are a special case of
parity, Rabin, and Streett automata, we describe the proof for NBW. We do a
reduction from NBW universality, proved to be PSPACE-hard in Meyer and
Stockmeyer [1972], and Wolper [1982]. Given an NBW B, we define another
NBW A such that B is universal iff A is in DBW. Let B = , Q, q0 , δ, α,
and let B = {0, 1}, Q , q0 , δ , α  be an NBW for the language Lfm . We define
A =  × {0, 1}, Q × Q , q0 , q0 , δ , α , where
— δ (q, q , σ, σ ) = {s, s  : s ∈ δ(q, σ ) and s ∈ δ (q , σ )}, and
— α = (α × Q ) ∪ (Q × α ).
It is easy to see that L(A) = {w : w1 ∈ L(B) or w2 ∈ Lfm }. Proving that B is
universal iff A is DBW follows exactly the same arguments as in the proof of
Theorem 4.1.
By Theorems 3.4, 4.1, and 4.2, we have the following corollary.
COROLLARY 4.3
(1) Deciding DPW → AFMC is NLOGSPACE-complete.
(2) Deciding {DRW, DSW} → AFMC is PTIME-complete.
(3) Deciding {NBW, NPW, NRW, NSW} → AFMC is PSPACE-complete.
Theorems 4.1 and 4.2 consider the problem of checking whether a specification given by an automaton can be translated to a DBW, and hence also to an
AFMC formula. We now consider the blow-up in the translation. For a blow-up
f (e.g., linear, exponential), we say that a translation is tightly f if f is both
an upper and lower bound for the blow-up of the translation.
THEOREM 4.4.

When possible, the translation

(1) {DBW, DPW, DRW} → AFMC is tightly linear.
(2) DSW →
 AFMC is tightly polynomial.
(3) {NBW, NPW, NRW, NSW} → AFMC is tightly exponential.
PROOF. A linear translation of DBW to AFMC is described in the proof of
Theorem 3.4. It is proved in Krishnan et al. [1994], that if a DRW A is in DBW,
then it has a DBW of the same size. When A is in DSW, its translation to DBW,
when possible, involves a polynomial blow-up Krishnan et al. [1995a]. Hence the
bounds for DPW, DRW, and DSW. All the types of nondeterministic automata
A in (3) have an exponential translation to DRW [Safra 1988, 1992]. Therefore,
by (1), if A is in DBW, it has an equivalent AFMC formula of exponential
length.
By Wilke [1999], the exponential blow-ups in Theorem 4.4 cannot be improved: the LTL specification ψn =  p1 ∨  p2 ∨ · · · ∨  pn has an NBW of size
O(n) but the smallest AFMC formula for it is of length exponential in n [Wilke
1999].
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5. FROM LTL TO AFMC
In this section, we consider the case where specifications are given by LTL formulas. As in Section 4, we first consider the problem of checking whether a given
LTL formula can be translated to a DBW and hence, also to an AFMC formula.
THEOREM 5.1.
hard.

Deciding LTL → DBW is in EXPSPACE and is PSPACE-

PROOF. Given an LTL formula ψ of length n, let Bψ be an NBW that recognizes ψ. By Vardi and Wolper [1994], Bψ has 2 O(n) states. Membership in EXPSPACE then follows from Theorem 4.2. For the lower bound, we do a reduction
from LTL satisfiability. Given an LTL formula ψ over some set P of propositions,
let p be a proposition not in P . We prove that ψ is not satisfiable iff ψ ∧ 3 p is in
DBW. Assume first that ψ is not satisfiable. Then, ψ ∧ 3 p is not satisfiable as
well and is in DBW. Assume now that ψ ∧ 3 p is in DBW. Then, by Landweber
[1969], there exists a regular language F such that ψ ∧ 3 p = lim(F). Assume, by way of contradiction, that ψ is satisfiable. Let π be a computation in
(2 P )ω that satisfies ψ. Then, using the same arguments as in the proof of Theorem 4.1, we can annotate the labels of some of the states along π with p and
get a computation π ∈ (2 P ∪{ p} )ω that does not satisfy 3 p and still belongs to
lim(F).
By Theorems 3.4 and 5.1, we have the following corollary.
COROLLARY 5.2.
hard.

Deciding LTL → AFMC is in EXPSPACE and is PSPACE-

We now discuss the blow-up involved in translating a given LTL formula
ψ to an equivalent AFMC formula (when possible). One possibility is to first
translate ψ to a DBW. Below we show that such an approach is inherently
doubly exponential.
THEOREM 5.3.
exponential.

When possible, the translation LTL → DBW is tightly doubly

PROOF. Let ψ be an LTL formula of length n and let Bψ be an NBW that
recognizes ψ [Vardi and Wolper 1994]. The automaton Bψ has 2n states. By
O(n)
determinizing Bψ , we get a DRW Rψ with 22 states [Safra 1988]. By Krishnan
O(n)
et al. [1994], if Rψ is in DBW, it can be translated to a DBW with 22 states.
Hence, the upper bound.
For the lower bound, consider the regular language
Ln = {{0, 1, #}∗ · # · w · # · {0, 1, #}∗ · $ · w · #ω : w ∈ {0, 1}n }.
A word τ is in Ln iff the suffix of length n that comes after the single $ in
τ appears somewhere before the $. By Chandra et al. [1981], the smallest den
terministic automaton on finite words that accepts Ln has at least 22 states.
(The proof in Chandra et al. [1981] considers the language of the finite words
obtained from Ln by omitting the #ω suffix. The proof, however, is independent
of this technical detail: reaching the $, the automaton should remember the
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possible set of words in {0, 1}n that have appeared before). We can specify Ln
with an LTL formula of length quadratic in n. The formula makes sure that
there is only one $ in the word and that eventually there exists a position in
which # is true and the ith letter from this position, for 1 ≤ i ≤ n, agrees with
the ith letter after the $. Formally, the formula is
n
[(¬$)U ($
∧ e((0 ∨ 1) ∧ e(0 ∨ 1)∧ · · · e((0 ∨ 1) ∧ e#))) · · ·)] ∧
ei 0 ∧ ($ → ei 0)) ∨ ( ei 1 ∧ ($ → ei 1)))].
3[# ∧
1≤i≤n ((

Note that the argument about the size of the smallest deterministic automaton that recognizes Ln is independent of the automaton’s acceptance condition.
Thus, the theorem holds for DPW, DRW, and DSW as well.
Translating LTL to AFMC by going through DBW involves a doubly exponential blow up. Closing this gap is an open problem.
THEOREM 5.4. When possible, the translation LTL → AFMC is doubly exponential and is at least exponential.
PROOF. Since, by Theorem 4.4, DBW can be linearly translated to AFMC,
the upper bound follows from Theorem 5.3. Also, as proved in Wilke [1999], the
smallest AFMC formula equivalent to ψn =  p1 ∨  p2 ∨ · · · ∨  pn is of length
exponential in n.
Remark 5.5. While the tightest upper bound known for the translation of
LTL to AFMC is, as described in Theorem 5.4, doubly exponential, many LTL
formulas that are used in practice have equivalent AFMC formulas of linear
size. In particular, for many LTL formulas, prefixing each temporal operator
with the universal path quantifier ∀ results in an equivalent ∀CTL formula,
which can be easily and linearly translated into the AFMC. For example, the
LTL formula 3 p is equivalent to the ∀CTL formula ∀∀3 p, and hence also to the
AFMC formula ν X .((µY. p ∨ ∀ eY ) ∧ ∀ eX ). The problem of deciding whether
an LTL formula ψ is equivalent to the ∀CTL formula ψ∀ obtained as above is
PSPACE-complete, and a syntactic characterization of such formulas is given
in Maidl [2000]. For other LTL formulas ψ, it may be that ψ is not equivalent
to ψ∀ and still ψ has an equivalent short CTL formula. For example, the LTL
formula ep ∨ eq is not equivalent to ∀ ep ∨ ∀ eq, but is equivalent to the ∀CTL
formula ∀ e( p ∨ q). Finally, some LTL formulas do not have equivalent CTL formulas, but do have short equivalent AFMC formulas. For example, the formula
3( p∧ ep) does not have an equivalent CTL formula [Emerson and Halpern 1986]
and is equivalent to the AFMC formula µX .((¬ p∧∀ eX )∨( p∧∀ eµY.( p∨∀ eX )).
An additional discussion on LTL formulas that have short equivalent formulas
can be found in Kupferman and Vardi [1998], and Bloem et al. [1999].
6. DISCUSSION
We considered the translation of linear-time specification formalisms into
AFMC. We first showed that AFMC is as expressive as AWT, and concluded
that a linear property ψ can be specified in AFMC iff ψ can be recognized by
a DBW. We then studied the problem of deciding, for a specification formalism
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Fig. 1. Summary of results.

F, whether a property in F can be translated into the AFMC, and the blow up
that such a translation may involve. Our results are summarized in Figure 1.
All the results except for these about LTL are tight. In the case of LTL, the
gaps follow from the fact that the best approach we now have is to first translate
the LTL property into an NBW, then check whether the NBW can be translated
into a DBW, and finally obtain an AFMC formula from this DBW, when possible. While the translation of LTL into DBW is tightly doubly exponential, it
may well be that one could circumvent such a translation. In particular, an
improvement of the upper bound would follow from an exponential translation
of LTL into UBW (when possible). Indeed, the linear translation of DBW into
AFMC described in Theorem 3.4 can be applied also for UBW. While UBW
are as expressive as DBW, they are exponentially more succinct (in fact, as
NFW are exponentially more succinct than DFW [Rabin and Scott 1959], the
above holds already for automata on finite words, thus UFW are exponentially
more succinct than DFW). An equivalent open problem is to find an exponential
translation of LTL into nondeterministic co-Büchi automata (when possible).
Given the ease of symbolic AFMC model checking, a positive reply to these open
problems could be of practical interest.
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ARNOLD, A. AND NIWIŃSKI, D. 1992. Fixed point characterization of weak monadic logic definable
sets of trees. In Tree Automata and Languages, M. Nivat and A. Podelski, Eds. Elsevier, Amsterdam, The Netherlands, 159–188.
BHAT, G. AND CLEAVLAND, R. 1996. Efficient model checking via the equational µ-calculus. In
Proceedings of the 11th IEEE Symposium on Logic in Computer Science. IEEE Computer Society
Press, Los Alamitos, Calif., 304–312.
BLOEM, R., RAVI, K., AND SOMENZI, F. 1999. Efficient decision procedures for model checking of
linear time logic properties. In Computer-Aided Verification, Proceedings of the 11th International
Conference. Lecture Notes in Computer Science, vol. 1633. Springer-Verlag, New York, 222–
235.
BRAYTON, R., HACHTEL, G., SANGIOVANNI-VINCENTELLI, A., SOMENZI, F., AZIZ, A., CHENG, S.-T., EDWARDS,
S., KHATRI, S., KUKIMOTO, T., PARDO, A., QADEER, S., RANJAN, R., SARWARY, S., SHIPLE, T., SWAMY, G., AND
VILLA, T. 1996. VIS: a system for verification and synthesis. In Computer-Aided Verification,
Proceedings of the 8th International Conference. Lecture Notes in Computer Science, vol. 1102.
Springer-Verlag, New York, 428–432.
BRYANT, R. 1986. Graph-based algorithms for Boolean-function manipulation. IEEE Trans. Comput. C-35, 8.
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