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Abstract

where processes have internal and external variables.
A game-theoretic property arises naturally: can the system resolve its internal choices so that the satisfaction of a
property is guaranteed no matter how the environment resolves the external choices? For example, if P1 and P2 are
processes that assign values to the variables x and y, we
wish to verify properties like “it is possible for P1 to make
x always bigger than y, no matter how P2 behaves” or “it
is possible for P1 to eventually prevent P2 from making y
positive”. Such an alternating satisfaction can be viewed
as a winning condition in a two-player game between the
system and the environment [24].
Alternating transition systems (ATSs) model reactive
components and their interactions, providing a general
framework for verification of systems composed from reactive components [1]. Alternating temporal logics (ATLs)
logically characterize ATSs and have, in addition to the
usual universal and existential path quantifiers, a path quantifier that is parameterized by a set Ω of agents1 . The path
quantifier ranges over those paths that the agents in Ω can
force the system into no matter how the other agents behave.
For example, the ATL formula hhΩii f(x = y) means that
the agents in Ω can cooperate to make x and y equal in the
next state. Dually, [[Ω]] f(x = y) means that the agents in Ω
cannot prevent the next values of x and y from being equal.
The game theoretic-approach, which is the essence of
ATS and ATL, has turned out to be very useful. In particular, games are used in compositional verification [9],
reasoning about security protocols [19], multi-agent planning [28, 29], control and synthesis [24], and more. The
complexity of game solving, however, is higher than that of
model checking [1]. Thus, methods for coping with large
state spaces are even more crucial than in verification of
closed systems.
A key technique for coping with very large or even infinite state spaces is abstraction. Abstraction frameworks
in the 3-valued semantics [3] are typically based on modal
transition systems (MTS). Such systems have two types of
transitions: may transitions, which over-approximate the
transitions of the concrete system, and must transitions,

Abstraction is a key technique for reasoning about systems with very large or even infinite state spaces. When a
system is composed of reactive components, the interaction
between the components is modeled by a multi-player game
and verification corresponds to finding winners in the game.
We describe an abstraction-refinement framework for multiplayer games, with respect to specifications in the alternating µ-calculus (AMC). Our framework is based on abstract
alternating transition systems (AATSs). Each agent in an
AATS has transitions that over-approximate its power and
transitions that under-approximate its power. We define the
framework, define a 3-valued semantics for AMC formulas
in an AATS, study the model-checking problem, define an
abstraction preorder between AATSs, suggest a refinement
procedure (in case model checking returns an indefinite answer), and study the completeness of the framework. For
the case of predicate abstraction, we show how reasoning
can be automated with a theorem prover.
Abstractions of multi-player games have been studied in
the past. Our main contribution with respect to earlier work
is that we study general (rather than only turn-based) ATSs,
we add a refinement procedure on top of the model checking
procedure, and our abstraction preorder is parameterized
by a set of agents.

1

Introduction

We consider how to verify systems composed from reactive
components. Each component is an open system, which interacts with its environment and whose behavior depends
on the state of the system as well as the behavior of the environment. Modeling languages for open systems, such as
CSP [16] and I/O Automata [22], distinguish between internal nondeterminism — choices made by the system, and
external nondeterminism — choices made by the environment. Such a distinction exists naturally also in software,
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which under-approximate the transitions of the concrete
system. Accordingly, verification of universal and existential properties is done with respect to may and must transitions, respectively. One can extend the abstraction framework to an abstraction-refinement framework, in which an
indefinite answer carries with it information that enables the
refinement of the abstract system. In the case of 3-valued
semantics, the information comes from analyzing the source
of the answer being unknown [25, 26].
We describe an abstraction-refinement framework for
games, based on ATSs and ATL. Our abstraction framework for games is based on lifting the notions of may
and must transitions to abstract alternating transition systems (AATSs), where the may transitions over-approximate
the power of the agents, and the must transitions underapproximate them. Accordingly, must transitions are helpful for the verification of properties referring to the ability
of the agents to achieve a goal (hh ii properties), and may
transitions are helpful for the verification of properties referring to their disability ([[ ]] properties).
Two earlier works in this direction are [15] and [8].
In [15], the authors describe an abstract interpretation of
game properties: the basic modalities hhΩii f and [[Ω]] f of
ATL correspond to the predicate transformers CPre Ω and
UPre Ω , which take as an argument a set of agents and return the controllable and uncontrollable predecessors of it.
These predicates are extended in [15] to predicates that operate on sets of abstract states, and are used in an abstract
model-checking procedure for the alternating µ-calculus.
In [8], the authors suggest an abstraction framework for
turn-based games. In a turn-based game, a single agent proceeds in each position. Thus, turn-based games can model
systems with a limited type of concurrency – one in which
a single component proceeds in each transition. As noted in
[8], the extension of the turn-based setting described there
to general concurrent games is technically difficult. As we
explain below, the extension carries with it interesting theoretical observations and significantly extends the type of
systems for which abstraction can be applied2 .
In addition to defining AATSs, a 3-valued semantics for
the alternating µ-calculus with respect to them, and a corresponding model-checking procedure, we make the following contributions. In case the model-checking procedure
returns an indefinite answer, we accompany the answer by
a suggestion for a refinement. Such an automatic refinement procedure does not exist in previous works on abstract
games. As in the case of MTS, our procedure analyzes the
sources to the “unknown” answer [25, 26]3 .
2 In addition, the abstraction in the turn-based setting are limited to
agent-preserving abstractions, where concrete states that correspond to the
same abstract state agree on the agent that proceeds in them. Such a limitation does not exist in our general case.
3 Note that the standard method of counterexample-based refinement
cannot be applied in the 3-valued semantics.

We define an abstraction preorder between AATSs. An
alternating-simulation preorder between ATSs is defined
in [2]. The preorder there is parameterized by a set Ω of
agents and S ≤Ω S 0 reflects the fact that the agents in Ω
are more powerful in S than in S 0 . That is, if an alternating
µ-calculus formula ψ that expresses the ability of the agents
in Ω to achieve some goal is satisfied in S 0 , it also is satisfied in S. In contrast, our order reflects the abstraction level
of the agents in Ω. Thus, if ψ has a definite value in S 0 ,
and this value may be either “true” or “false”, then it would
have a definite value also in S. Our order also is different
from the one in [8], which does not take a set of agents as a
parameter.
We argue that our definition is the appropriate one in the
context of abstraction. In particular, we show that our order, when parameterized with a set Ω of agents, is logically
characterized by the fragment of the alternating µ-calculus
in which all hh ii and [[ ]] quantifiers are parameterized by
sets Ω0 ⊆ Ω of agents4 .
Finally, for the special case of predicate abstraction of
software, we show how a theorem prover can be used in order to automatically generate the may and must transitions
of the AATS. This involves an extension of the traditional
notions of weakest precondition to programs with internal
nondeterminism and expressing the existence of may and
must transitions by means of first order logic formulas that
use the extended notions. We demonstrate our approach
by verifying properties of a program composed of two processes that concurrently assign variables to integers.
A nice theoretical contribution of our framework is that
it unifies three games: the model-checking game (cf. [27]),
the abstraction game (cf. [7]), and the game between the
different agents. In particular, though the may and must
transitions of an AATS have the same structure, which is
similar to the one of an ATS, the special case of an AATS
with a single agent corresponds to an MTS with hypermust transitions. Thus, AATSs provide a good explanation,
based on the game nature of model checking and abstraction, of the asymmetry between must and may transitions.
The appropriateness of the model is also reflected in the
fact that AATSs enjoy monotonicity [26] and completeness
[6]. From a practical point of view, handling general ATSs
broadens the scope of abstraction to systems with full concurrency. In particular, the success of the game-theoretic
approach in the verification of security protocols and multiagent planning is in systems with full concurrency [19, 29],
thus the richer setting is the interesting one.
Due to the lack of space, some details are omitted. A full
version can be found in the authors’ URLs.
4 Note

that we allow the formulas to refer to both the abilities and disabilities of the agents of Ω. This is in contrast to the “Ω-universal” fragment of [2], where the simulation relation refers to the truth-value lattice
(rather than the information lattice), and only the hh ii quantifier is allowed.

2
2.1

The Model
Alternating transition systems

In ordinary transition systems, each transition corresponds
to a possible step of the system. In alternating transition
systems (ATSs, for short) [1], each transition corresponds to
a possible move in a game between the underlying components of the system. We refer to the components as agents.
In each move of the game, every agent chooses a set of successor states. The game then proceeds to the state in the
intersection of the sets chosen by all agents. Equivalently,
each agent puts a constraint on the choice of the successor
state, and the game proceeds to a state that satisfies the constraints imposed by all the agents.
Formally, an ATS is a 6-tuple S = hΠ, Σ, S, sin , π, δi,
where Π is a set of propositions, Σ is a finite set of agents, S
is a set of states, sin is an initial state, π : S × Π → {T, F}
maps each state and proposition to the truth value of the
S
proposition in the state, and δ : S × Σ → 22 is a transition
function that maps a state and an agent to a nonempty set
of moves, where each move is a set of possible next states.
Whenever the system is in state s, each agent σ chooses
a set Sσ ∈ δ(s, σ). In this way, an agent σ ensures that
the next state of the system will be in its move Sσ . However, which state in Sσ will be next depends on the moves
made by the other agents,
T because the successor of s must
lie in the intersection σ∈Σ Sσ of the moves made by all
the agents. We require that the transition function is nonblocking and that the agents together choose a unique next
state: assuming Σ = {σ1 , . . . , σn }, for every state s ∈ S
and every set S1 , . . . , Sn of moves Si ∈ δ(s, σi ), the intersection S1 ∩ . . . ∩ Sn is a singleton.
For two states s and s0 , we say that s0 is a successor of s
if whenever the system S is in state s, the agents in Σ can
cooperate so that s0 will be the next state. Thus,
T for each
σ ∈ Σ, there is Sσ ∈ δ(s, σ) such that {s0 } = σ∈Σ Sσ .
Consider a state s ∈ S, an agent σ ∈ Σ, and a set A ∈
δ(s, σ). If A contains a state s0 such that the transition to
s0 is disabled no matter how the other agents proceed, we
can remove s0 from A. Accordingly, we assume that the
transitions of the ATS contains no redundancy, in the sense
that all the states in A are successors of s.
Example 2.1 Consider two variables x and y ranging over
the integers Z. We use the predicate s to indicate whether
x and y agree on their sign (that is, they are both positive
or both negative) and the predicate p to indicate whether x
and y agree on their parity (that is, they are both odd or both
even). Figure 1 describes a program that assigns values to
x and y. For clarity, the next values of x and y are termed
x0 and y 0 , respectively. The program is a synchronous composition of two processes P1 and P2 . The processes have
internal nondeterministic choices. For example, when P1

P1 :
while true do
if s ∧ p then x0 := x − 1 | x ; y 0 := y − 1 | y;
if ¬s ∧ p then x0 := x − 1 | x | x + 1;
if s ∧ ¬p then x0 := x − 1 | x | x + 1
P2 :
while true do
if ¬s ∧ p then y 0 := y | y + 1;
if ¬s ∧ ¬p then x0 := x | x + 1 ; y 0 := y | y + 1
Figure 1. The processes P1 and P2 .
executes x0 := x − 1 | x | x + 1, it can resolve the nondeterministic choice in three possible ways and it can make x0
either x − 1, x, or x + 1.
Note that in some cases both P1 and P2 assign values to
the variables (for example, when ¬s ∧ p then P1 assigns a
value to x and P2 assigns a value to y) and in some cases
only P1 or P2 assigns value (for example, when s∧¬p, only
P1 assigns a value to x, and the value of y is unchanged).
The ATS that corresponds to the composition of P1 with
P2 has state space Z × Z and has the following transitions:
• If s ∧ p, then
– δ((x, y), P1 ) = {{(x − 1, y − 1)}, {(x −
1, y)}, {(x, y − 1)}, {(x, y)}}.
– δ((x, y), P2 ) = {{(x − 1, y − 1), (x −
1, y), (x, y − 1), (x, y)}}.
• If ¬s ∧ p, then
– δ((x, y), P1 ) = {{(x − 1, y), (x − 1, y +
1)}, {(x, y), (x, y + 1)}, {(x + 1, y), (x + 1, y +
1)}}.
– δ((x, y), P2 ) = {{(x − 1, y), (x, y), (x +
1, y)}, {(x−1, y +1), (x, y +1), (x+1, y +1)}}.
• If s ∧ ¬p, then
– δ((x, y), P1 ) = {{(x − 1, y)}, {(x, y)}, {(x +
1, y)}}.
– δ((x, y), P2 ) = {{(x − 1, y), (x, y), (x + 1, y)}}.
• If ¬s ∧ ¬p, then
– δ((x, y), P1 ) = {{(x, y), (x, y + 1), (x +
1, y), (x + 1, y + 1)}}.
– δ((x, y), P2 ) = {{(x, y)}, {(x, y + 1)}, {(x +
1, y)}, {(x + 1, y + 1)}}.

For example, if the current values of x and y are
(−6, 2), thus ¬s and p, then P1 can either decrease x by
1 and force (x0 , y 0 ) to be in {(−7, 2), (−7, 3)}, leave x unchanged and force (x0 , y 0 ) to be in {(−6, 2), (−6, 3)}, or increase x by 1 and force (x0 , y 0 ) to be in {(−5, 2), (−5, 3)}.
Process P1 , however, cannot influence the next value
of y and it therefore cannot influence which values inside the sets would be the next ones. Process P2 can
either leave y unchanged and force (x0 , y 0 ) to be in
{(−7, 2), (−6, 2), (−5, 2)}, or increase y by 1 and force
(x0 , y 0 ) to be in {(−7, 3), (−6, 3), (−5, 3)}. As with P1 ,
process P2 cannot influence the next value of x and it therefore cannot influence which values inside these sets would
be the next ones. Once P1 and P2 have made their choices,
(x0 , y 0 ) is fixed.
An ordinary labeled transition system, or Kripke structure,
is the special case of an ATS where the set Σ = {sys} of
agents is a singleton set. In this special case, the sole agent
sys can always determine the successor state: for all states
q ∈ S, the transition δ(q, sys) must contain a nonempty set
of moves, each of which is a singleton set.
Often, we are interested in the cooperation of a subset
Ω ⊆ Σ of the agents. Given Ω, we define δ(q, Ω) =
{T
T : for each σ ∈ Ω there exists Sσ ∈ δ(q, σ) and T =
For example, if Σ
=
{a, b, c},
σ∈Ω Sσ }.
δ(q, a) = {{q1 , q2 , q5 }, {q3 , q4 }} and δ(q, b) =
{{q1 , q4 , q5 }, {q2 , q3 }},
then
δ(q, {a, b})
=
{{q1 , q5 }, {q2 }, {q4 }, {q3 }}. Intuitively, whenever the
system is in state q, the agents in Ω can choose a set
T ∈ δ(q, Ω) such that, no matter what the other agents do,
the next state of the system is in T . In particular, when
all agents cooperate, they can decide the next state, thus,
δ(q, Σ) is a set of singletons. Likewise, δ(q, ∅) contains the
single set of all successors of q.
2.2

Alternating µ-calculus

The temporal logic AMC (Alternating µ-calculus) is the
alternating extension of the µ-calculus [18]. Formulas of
AMC are defined with respect to a finite set Π of propositions and a finite set Σ of agents. Formulas of AMC are
interpreted over states of an ATS. The ∀ f and ∃ f modalities of the µ-calculus are replaced in AMC by the modality hhΩii f, for a set Ω of agents. The path quantifier hhΩii
ranges over computations that the agents in Ω can force the
system into. Thus, the AMC formula hhΩii fθ intuitively
means that the agents in Ω can cooperate to make θ true
in the next state (they can “enforce” the next state to satisfy θ). Formally, q |= hhΩii fθ iff there is T ∈ δ(q, Ω)
such that q 0 |= θ for all q 0 ∈ T . It is often useful to express an AMC formula in a dual form. For this purpose,
we use the path quantifier [[Ω]], for a set Ω of agents. Then,
[[Ω]] fθ means that the agents in Ω cannot cooperate to make

θ false in the next state (they cannot avoid θ). Note that5
[[Ω]] fθ = ¬hhΩii f¬θ. The least and greatest fixed-point
operators µz.θ(z) and νz.θ(z) can be applied to monotonic
AMC formulas and enable the specification of global properties. For a full definition of the syntax and semantics of
AMC see [1].

Example 2.2 Consider the ATS from Example 2.1. The
state (1, −1) satisfies hhP1 ii f(x 6= y). Indeed, by increasing x by 1 (or leaving it unchanged), the process P1
can guarantee that, no matter how P2 modifies the value
of y, the next values of x and y would be different. The
state (1, −1) also satisfies hhP2 ii f(x 6= y). Indeed, by
decreasing y by 1 (or leaving it unchanged), the process
P2 can guarantee that, no matter how P1 modifies the
value of x, the next values of x and y would be different. Finally, (1, −1) also satisfies hh{P1 , P2 }ii fνz.(x =
y) ∧ hh{P1 }ii fz. Indeed, by decreasing x by 1 and increasing y by 1, the two processes can collaborate and make
x = y = 0, and then P1 can keep x = y = 0 forever.
We would like to be able to answer questions like “can
P1 make sure that x and y eventually always agree on their
parity?”, “Can P2 make y eventually negative?”, “can P1
and P2 collaborate so that eventually x and y never have
the same sign?”, and so on. The way we do it is by reasoning about a finite state AATS that abstracts the interaction
between the two processes.

3

Abstraction

For finite state systems, abstraction frameworks often are
based on modal transition systems (MTS) [20]. Traditional MTS have two types of transitions: must (underapproximating transitions) and may (over-approximating
transitions). The idea is that universal properties of a concrete system can be proven by referring to the may transitions of the abstract systems whereas existential properties
can be proven by referring to the must transitions. In the
case of multi-agent systems, we do not consider universal
and existential properties. Instead, we refer to properties
that the agents can force the system to satisfy and properties they cannot avoid. Accordingly, rather than using may
and must transitions in order to under- and over- approximate the transitions, we are going to use them in order to
under- and over- approximate the power of the agents.
5 On the other hand, note that the path quantifiers hh ii and [[ ]] are not
semantically dual with respect to the set of agents: if the agents in Ω can
enforce a set τ of successor states, then the agents in Σ \ Ω cannot avoid τ .
Therefore, q |= hhΩii fψ implies q |= [[Σ \ Ω]] fψ. The converse of this
statement, however, is not necessarily true.

3.1

Abstract ATS

An AATS is an ATS S 0 = hΠ, Σ, SA , sin , π, δmust , δmay i
in which the labeling function π : SA × Π → {T, F, ⊥} is
three-valued, and there are two types of transitions, δmust :
S
S
SA × Σ → 22 A and δmay : SA × Σ → 22 A .
The elements of {T, F, ⊥} can be arranged in an “information lattice” [17] in which ⊥ v T and ⊥ v F. Note
that for two values v1 , v2 ∈ {T, F, ⊥}, we have v1 v v2 iff
v1 6= ⊥ implies v1 = v2 .
Consider an ATS S = hΠ, Σ, SC , cin , π, δi. Let SA be a
set of abstract states and let ρ : SC → SA be an abstraction
function6 . We extend
S ρ to subsets of SC in the expected
way, thus ρ(C) = c∈C ρ(c). We also use c ∈ a to indicate
that ρ(c) = a.
An AATS S 0 = hΠ, Σ, SA , ain , π 0 , δmust , δmay i is an
abstraction of S if for all concrete states c ∈ Sc , we have
π 0 (ρ(c)) v π(c), and for all abstract states a ∈ SA and
agents σ ∈ Σ, the following hold:
• δmust (a, σ) = {AS⊆ SA : for all c ∈ a there is Cc ∈
δ(c, σ), and A = c∈a ρ(Cc )}.
• δmay (a, σ) = {A ⊆ SA : there is c ∈ a and Cc ∈
δ(c, σ) and A = ρ(Cc )}.
Intuitively, A ∈ δmust (a, σ) if for each c ∈ a, the agent
σ can force the successor of c to correspond to a state in
A. Likewise, A ∈ δmay (a, σ) if for some c ∈ a, the agent
σ can force the successor of c to correspond to a state in
A. Recall that in MTS, must transitions are used in order
to prove existential properties or refute universal properties,
whereas may transitions are used in order to prove universal
properties or refute existential ones. In AATSs, must transitions are used in order to prove hh ii properties and refute
[[ ]] properties, whereas may transitions are used in order to
prove [[ ]] properties and refute hh ii properties.
As with the usual transitions of an ATS, we can refer
to the must and may transitions of a set of agents in an
AATS. Thus, δmust (q, Ω) underapproximates the power of
the agents in Ω when they cooperate, and δmay (q, Ω) overapproximates their power.

of model checking and abstraction “built in”: each of the
sets A ∈ δmust (a, sys) corresponds to a choice the system
is making from each of the concrete states that correspond
to a. In order for an existential property to hold in a, each
of the concrete states should have a successor that satisfies
the existential property, and thus δmust (a, sys) should have
a set A all of whose states satisfy the property.
We define a 3-valued semantics of AMC formulas with
respect to AATSs. The value of a formula θ in a state a
of an AATS A = hΠ, Σ, SA , ain , π 0 , δmust , δmay i, denoted
[(A, a) |= θ], is defined as follows. Due to the lack of space,
we do not include the semantics of fixed-point operators7 .
The latter is similar to the one described for 3-valued µcalculus in [4], where the semantics we give below to the
hh ii operator, replaces the one described there for the usual
modal operators of µ-calculus.
[(A, a) |= p] = π(a,
 p).
 T if [(A, a) |= θ] = F.
F if [(A, a) |= θ] = T.
[(A, a) |= ¬θ] =

⊥ otherwise.
T if [(A, a) |= θ1 ] = T and




[(A, a) |= θ2 ] = T.

F if [(A, a) |= θ1 ] = F or
[(A, a) |= θ1 ∧ θ2 ] =


[(A, a) |= θ2 ] = F.



⊥
otherwise.

T
if there is A ∈ δmust (a, Ω)




such
that [(A, a0 ) |= θ] = T




for all a0 ∈ A.

F if for all A ∈ δmay (a, Ω),
[(A, a) |= hhΩii fθ] =


we have[(A, a0 ) |= θ] = F




for some a0 ∈ A.



⊥ otherwise.
Abstracting an ATS may cause the truth value of some
formulas to become indefinite, but definite values are consistent with the values in the concrete ATS. Formally, we
have the following:
Theorem 3.2 Consider an ATS S, an AATS A that is an
abstraction of S, a state a of A, and an AMC formula θ.
For all c ∈ a, we have [(S, c) |= θ] w [(A, a) |= θ].

Remark 3.1 An MTS can be viewed as a special case of an
AATS – one with a single agent sys. Recall that then, the
ATS S is such that δ(c, sys) is a set of singletons. Accordingly, in an abstraction of S, we have A ∈ δmust (a, sys)
iff forSevery c ∈ a, there exists {c0c } ∈ δ(c, sys) and
A = c∈a ρ(c0c ). Also, {a0 } ∈ δmay (a, sys) iff there is
c ∈ a and {c0 } ∈ δ(c, sys) such that a0 = ρ(c0 ). Thus, the
definition coincides with the standard definition for hypermust and may transitions [21]. The fact that we get hypermust highlights that AATSs naturally have the game nature

Remark 3.3 The semantics of the hhΩii f operator corresponds to our intuition, where in order to prove that the
agents in Ω can force the concrete system to a set of states
that satisfy θ, one should check that they can achieve this
task in the abstraction even if we under-approximate their
power and over-approximate the power of the complementary set of agents. Indeed, the semantics of the hhΩii f operator is equivalent to one in which the agents in Ω proceed with their must transitions and the agents in Σ \ Ω

6 Note that since S is a general ATS, we do not have to limit ρ to an
agent preserving function, as is the case with the restricted case of turnbased ATSs [8].

7 Note that this makes the description of the semantics much cleaner
as we do not have to view a formula as a mapping from environments (3valued assignments to the free variables) to mappings of SA to {T, F, ⊥}.

proceed with their may transitions. Formally, [(A, a) |=
hhΩii fϕ] = T iff there is A ∈ δmust (a, Ω) such that for all
A0 ∈ δmay (a, Σ \ Ω), we have that [(A, a0 ) |= θ] = T for
all a0 ∈ A ∩ A0 .
Example 3.4 Consider the Processes P1 and P2 described in Example 2.1.
We define an AATS Ss
according to the predicate s.
Thus, Ss has two
states, which we denote by s and −.
Formally
Ss = {{s}, {P1 , P2 }, {s, −}, s, π 0 , δmust , δmay }, where
π 0 (s, s) = T, π 0 (−, s) = F, and the transitions are as follows.
•δmust (s, P1 ) = {{s}}
•δmust (s, P2 ) = {{s, −}}
•δmay (s, P1 ) = {{s}, {−}} •δmay (s, P2 ) = {{s}}
•δmust (−, P1 ) = {{s, −}}
•δmust (−, P2 ) = {{s, −}}
•δmay (−, P1 ) = {{s}, {−}} •δmay (−, P2 ) = {{s}, {−}}
Let us explain the δmust transition of P1 from s. By the
definition of δmust , we have that {s} ∈ δmust (s, P1 ) iff for
all (x, y) that satisfy s, the process P1 can force (x0 , y 0 ) to
satisfy s. This is true, as for all x and y that satisfy s, the
set δmust ((x, y), P1 ) contains the set {(x, y)}.
Note that the must transitions underapproximate the
power of the processes and the may transitions overapproximate their power. For example, while the only must transition of P1 from s is to {s}, it is possible for P1 to resolve
the nondeterminism in the state (0, 0), which satisfies s, so
that the next state will be (−1, 0), which does not satisfy s.
This is reflected in the may transitions, which overapproximate the power of the processes, and also contains the set
{−}. Likewise, while the only must transition of P2 from s
is to {s, −}, indicating P2 cannot influence the next values,
there are states (in fact, all states except for those in which
x = 0 or y = 0) that satisfy s for which s is guaranteed
to stay true in the next state no matter how P1 resolves its
internal nondeterminism, thus {s} ∈ δmay (s, P2 ).
Even though our abstraction is based on a single predicate, we can verify some properties. For example, since
[(Ss , s) |= hhP1 ii fs] = T, Theorem 3.2, implies that
c |= hhP1 ii fs for all concrete states c that satisfy s. In
fact, [(Ss , s) |= νz.s ∧ hhP1 iiz] = T; thus once in a s state,
P1 can force s forever.
3.2

AMC model checking

The standard symbolic µ-calculus model-checking algorithm of [11] can be extended to a symbolic model-checking
algorithm for AMC formulas with respect to ATSs. As we
show now, this can be done also with respect to AATSs,
yielding a symbolic model-checking algorithm with respect
to the abstraction. In more details, the algorithm starts
with the innermost subformulas of the specification and
computes, for each subformula θ, the sets |θ|T and |θ|F

of abstract states a such that [(A, a) |= θ] = T and
[(A, a) |= θ] = F, respectively. For Boolean and fixedpoint operators, the algorithm proceeds as known symbolic
multi-valued model-checking algorithms (c.f., [5]). For the
symbolic operator hhΩii, the algorithm proceeds according
to the following characterization:
• |hhΩii fθ|T = {a : ∃A ∈ δmust (a, Ω) s.t. A ⊆ |θ|T },
• |hhΩii fθ|F = {a : ∀A ∈ δmay (a, Ω), A ∩ |θ|F 6= ∅}.
As discussed in [8], an alternative algorithm reduces the
model checking of an AMC formula θ in an AATS A to
model checking of an AMC formula θ0 in an ATS S such
that the transition from θ and A to θ0 and S involves only a
linear blow up. Such a reduction is possible also in our case
(and is in fact simpler than the one described in [8], as our
reduction does not have to end up in a turn-based ATS and
does not need the technicality that the latter involves).
3.3

Completeness of abstraction

We now show that our abstraction framework is complete in
the sense discussed in [6, 7]. Thus, we can model check a
specification θ in an infinite ATS, by reasoning about finite
abstractions of it. It is shown in [2] that two states of an
ATS satisfy the same AMC formulas iff they are alternating bisimilar. An infinite ATS can, in general, have an infinite number of alternating-bisimulation equivalence classes.
When, however, we are concerned with the ability of a finite
number of AMC formulas to distinguish between states of
an ATS, the number of equivalence classes is finite. This
finiteness is the key to our completeness result.
In case θ is a safety property (in particular, if θ is in safeAMC — the syntactic fragment of AMC in which formulas
are in positive normal form and only the greatest fixed-point
operator is allowed), things are simple, as θ induces a finite set of equivalence classes, each consisting of concrete
states that are indistinguishable by the subformulas of θ.
Formally, we have the following:
Theorem 3.5 Consider an ATS S, a state c of S, and a safeAMC formula θ. There is a finite AATS A such that A is an
abstraction of S and [(A, ρ(c)) |= θ] ∈ {T, F}.
Once we allow θ to include least fixed-points, things are
more complicated, as the alternating-bisimulation equivalence classes described above are with respect to an AATS
augmented with a fairness condition [1]. Thus, completeness is achievable, but goes beyond the model we study
here.

4

Abstraction preorder

An alternating simulation preorder between two AATSs is
defined in [2]. The order is parameterized by a set Ω of

agents and corresponds to the ability of the agents in Ω to
restrict the ATS to a smaller set of behaviors in the simulated ATS. In this section we define an abstraction preorder
that also is parameterized by a set of agents. Our order,
however, corresponds to the agents in Ω being less abstract
in the simulated ATS.
S
For a set S, consider two sets ∆ and ∆0 in 22 . We say
0
that ∆ is more refined than ∆ if for every set A0 ∈ ∆0 ,
there is A ∈ ∆ such that A ⊆ A0 . Thus, each of the
sets in ∆0 can be restricted to a set in ∆. For example, if
S = {q1 , q2 , q3 , q4 } then {{q1 }, {q2 }, {q3 }}} is more refined than {{q1 , q2 }, {q2 , q3 }}. Intuitively, if both ∆ and
∆0 describe the transitions of some agent σ from state q,
then σ is more refined with the transitions in ∆ than with
these in ∆0 , as it can force the ATS into smaller sets (and
possibly more sets) of next successors.
Every must transition is a may transition in the sense that
if the agent can force a set in a must transition, it can force
a subset of it in a corresponding may transition. Formally,
we have the following:
Lemma 4.1 For every state a and agent σ, we have that
δmay (a, σ) is more refined than δmust (a, σ).
We can now define a preorder Ω between AATSs. The
preorder is parameterized by a set Ω of agents. Intuitively,
S Ω S 0 if the behavior of each of the agents in Ω is less
abstract in S than in S 0 .
We first extend the definition of “more refined” to
sets over different, but related, domains. Consider two
sets S and S 0 , and a relation H ⊆ S × S 0 . For a set
S
∆ ∈ 22 , we use H(∆) to denote the set of sets obtained by replacing each member s of a set in ∆ by all
elements s0 ∈ S 0 with H(s,Ss0 ). Thus, A0 ∈ H(∆) if
there is A ∈ ∆ and A0 = s∈A {s0 : H(s, s0 )}. Now,
we say that ∆ is more refined than ∆0 with respect to
H (more H-refined, for short) iff H(∆) is more refined
than ∆0 . Thus, each of the sets in ∆0 has a set in ∆
that corresponds to it. Likewise, ∆0 is more H-refined
than ∆ iff ∆0 is more refined than H(∆). Thus, each of
the sets in ∆ has a set in ∆0 that corresponds to it. For
example, if S = {q1 , q2 , q3 , q4 , q5 }, S 0 = {a1 , a2 , a3 }, and
H
=
{(q1 , a1 ), (q2 , a1 ), (q3 , a2 ), (q4 , a3 ), (q5 , a3 )},
then {{q1 , q2 }, {q4 }} is more H-refined than
{{a1 , a2 }} and {{a1 }, {a2 }} is more H-refined than
{{q1 , q2 , q3 }, {q3 , q4 }}.
Lemma 4.2 Consider two sets S and S 0 , and a relation
S
H ⊆ S × S 0 . Consider four sets ∆1 , ∆2 ∈ 22 and
0
S
∆01 , ∆02 ∈ 22 . If ∆1 is more H-refined than ∆01 and
∆2 is more H-refined than ∆02 , then {A1 ∩ A2 : A1 ∈
∆1 and A2 ∈ ∆2 } is more H-refined than {A01 ∩A02 : A01 ∈
∆01 and A02 ∈ ∆02 }.

Consider two AATSs S = hΠ, Σ, S, sin , π, δmust , δmay i
0
0
and S 0 = hΠ0 , Σ, S 0 , s0in , π 0 , δmust
, δmay
i. For a subset
Ω ⊆ Σ of agents, a relation H ⊆ S × S 0 is an Ω-abstraction
relation from S to S 0 if for all pairs hs, s0 i ∈ H, the following conditions hold:
(1) π(s) w π 0 (s0 ).
(2) For all σ ∈ Ω, we have that δmust (s, σ) is more H0
refined than δmust
(s0 , σ).
0
(3) For all σ ∈ Ω, we have that δmay
(s0 , σ) is more Hrefined than δmay (s, σ).

If H is an Ω-abstraction from S to S 0 and hs, s0 i ∈ H,
we write (S, s) Ω (S 0 , s0 ), which indicates that the agents
in Ω are less abstract in (S, s) than in (S 0 , s0 ). That is,
the must transitions, which under-approximate the agents’
power, are more refined in S than in S 0 (so in S, the underapproximation is “less under”). Dually, the may transitions,
which over-approximate their power, are more refined in S 0
than in S (so in S, the over-approximation is “less over”).
When (S, sin ) Ω (S 0 , s0in ), we write S Ω S 0 . Note
that the definition of Ω refers to the individual agents in
Ω. Thus, by Lemma 4.2, we have the following:
Lemma 4.3 Let H be an Ω-abstraction from S to S 0 . For
all hs, s0 i ∈ H and Ω0 ⊆ Ω, the following holds:
0
(s0 , Ω0 ).
(2) δmust (s, Ω0 ) is more H-refined than δmust
0
(3) δmay
(s0 , Ω0 ) is more H-refined than δmay (s, Ω0 ).

When S σ S 0 for all agents σ, we say that S is less abstract than S 0 , denoted S  S 0 .
Remark 4.4 It may be that S Ω1 S 0 , S 6Ω2 S 0 , S 0 Ω2
S, and S 0 6Ω1 S. For example, suppose that Px assigns
values to x, Py assigns values to y, in S we maintain the
concrete value of x and the parity of y, and in S 0 we maintain the parity of x and the concrete value of y. Then,
S Px S 0 , S 6Py S 0 , S 0 Py S, and S 0 6Px S.
Remark 4.5 Recall that our definition refers to the abstraction level of the agents, and not the power of the agents with
respect to each other. To emphasize this fact further, consider two programs, each being a composition of two processes P1 and P2 . In the first program, P1 can increase or
decrease by 1 the value of both x and y, and P2 does nothing. In the second program, P1 can increase or decrease by
1 the value of x, and P2 can increase or decrease by 1 the
value of y. Clearly, P1 is more powerful in the first program, and the simulation order of [2] would show that. On
the other hand, the first program is not less abstract, with respect to either P1 or P2 , than the second program. Accordingly, if we examine two AATSs, abstracted, say, according
to a predicate referring to the parity of x and y, then there is
no abstraction relation between the two AATSs.

By viewing a concrete ATS as an AATS whose may and
must transition relations are equivalent to the transition relation of the ATS, we can use the abstraction preorder to
relate a concrete system and its abstraction, with respect to
all subsets of agents. Formally, we have the following:
Theorem 4.6 Consider an ATS S = hΠ, Σ, SC , cin , π, δi,
a set of abstract states SA , and a function ρ : SC → SA .
Let the AATS S 0 = hΠ0 , Σ, SA , ain , π 0 , δmust , δmay i be the
abstraction of S according to ρ, and let H ⊆ SC × SA be
such that H(c, a) iff ρ(c) = a. For all sets Ω of agents, H
is an Ω-abstraction relation from S to S 0 .
While the µ-calculus logically characterizes the abstraction preorder on MTSs [13], AMC characterizes the abstraction preorder on AATSs. Formally, for a set Ω of
agents, let AMCΩ be the fragment of AMC in which all
hh ii and [[ ]] quantifiers are parameterized by a set Ω0 ⊆ Ω
of agents. Note that we do not require the formulas to be in
a positive normal form. Thus, AMCΩ formulas refer both
to the strength and weakness of the agents of Ω. This is in
contrast to the fragment Ω-AMC of [2], where the simulation relation refers to the truth-value lattice rather than the
information lattice, and accordingly Ω-AMC formula are in
positive normal form and can refer only to the power of the
agents of Ω.

indefinite (with respect to some subformula), and then refines the AATS in a way that makes the satisfaction of this
subformula definite. We first show that our model of AATSs
enjoys monotonicity, thus the refined AATS gives a definite
truth value to at least all formulas that have a definite truth
value in the AATS before the refinement.
5.1

As argued in [26], refining an MTS by splitting a state into
two states may result in an MTS with fewer must transitions. As a result, formulas that have a definite value in the
original MTS may have an indefinite value in the refined
MTS. The solution to this annoying fact is to have hypermust transitions. As we now show, splitting states of an
AATS S1 that abstracts a concrete ATS results in an AATS
S2 such that S2  S1 . Thus, by Theorem 4.7, monotonicity
holds in our framework.
Theorem 5.1 Consider an ATS S = hΠ, Σ, S, cin , π, δi.
Let S1 and S2 be sets of abstract states and let ρ1 : S → S1
and ρ2 : S → S2 be such that for all c, c0 ∈ S, if
ρ2 (c) = ρ2 (c0 ), then ρ1 (c) = ρ1 (c0 ). Let S1 and S2 be the
AATSs induced by ρ1 and ρ2 , respectively. Then, S2  S1 .
5.2

Theorem 4.7 Let S = hΠ, Σ, S, sin , π, δmust , δmay i and
0
0
S 0 = hΠ0 , Σ, S 0 , s0in , π 0 , δmust
, δmay
i be two AATSs. Consider a set Ω of agents. For every two states a ∈ S and
a0 ∈ S 0 , we have that (S, a) Ω (S 0 , a0 ) iff [(S, a) |= θ] w
[(S 0 , a0 )) |= θ] for all AMLΩ formulas θ.
Note that, by Theorem 4.6, we have that Theorem 3.2 is
a special case of Theorem 4.7.
As with usual simulation relations and alternatingsimulation relations [23, 2], a maximal Ω-abstraction relation H between two AATSs can be calculated as a fixedpoint of intermediate relations (the sequence H0 , H1 , . . .
used in the proof of Theorem 4.7). Accordingly, we have
the following:
Theorem 4.8 Given two AATSs S and S 0 and a set Ω of
agents, deciding whether S Ω S 0 can be done in polynomial time.

5

Refinement

In case the model-checking procedure returns an indefinite
answer, we accompany the answer by a suggestion for a refinement. As in the case of MTS, our procedure analyzes
the sources to the “unknown” answer. Technically, as in
[25, 26], the refinement procedure first finds a failure state
– a state in which the evaluation of the specification became

Monotonicity

Refinement based on failure states

We can now turn to the problem of finding failure states and
using them for refining the AATS. For simplicity, we first
handle alternating modal logic (AML), that is, AMC without the fixed-point operator. We then discuss, in Section 5.3,
the treatment of fixed points.
For an abstract state a and a formula ϕ, we say that a
is a failure state with respect to ϕ if [(A, a) |= ϕ] = ⊥
even though A has definite value for subformulas of ϕ in the
relevant states. Formally, a is a failure state with respect to
ϕ if [(A, a) |= ϕ] = ⊥, and in addition, either ϕ = p ∈ Π
or ϕ = hhΩii fθ and [(A, a0 ) |= θ] ∈ {T, F}, for all the
successors a0 of a.
Note that if a is a failure state with respect to hhΩii fθ,
then for all A ∈ δmust (a, Ω), there is a0 ∈ A with
[(A, a0 ) |= θ] = F, and there is A ∈ δmay (a, Ω) such that
for all a0 ∈ A, we have that [(A, a0 ) |= θ] = T.
The drawback of the above definition is that it defines
a to be a failure state with respect to θ even if the indefinite value of θ in a is irrelevant to the indefinite value of
the specification in the initial state of the AATS. In order
to restrict attention to relevant failure states, the procedure
that searches for failure states proceeds in a top-down manner. The procedure FRFS (find relevant failure states) we
describe is similar to the one in [26], only that the treatment of the ∀ f modality there is generalized to our hhΩii f
modality.

The procedure FRFS(a, ψ) gets as input an abstract state
a and a formula ψ such that [(A, a) |= θ] = ⊥ and return
an abstract state a0 and a subformula ψ 0 of ψ such that a0 is
a failure state with respect to ψ 0 , and the indefinite value of
ψ 0 in a0 is relevant to the value of ψ in a being indefinite.
Formally, FRFS(a, ψ) proceeds as follows.
• If ψ = p, then return ha, ψi.
• If ψ = ¬θ, then return FRFS(a, θ).
• If ψ = θ1 ∨ θ2 , then let i be min{1, 2} such that
[(A, a) |= θi ] = ⊥; return FRFS(a, θi ).
• If ψ = hhΩii fθ, then if for all the successors a0 of a,
we have [(A, a) |= θ] ∈ {T, F}, return ha, ψi. Otherwise, let a0 be a successor of a for which [(A, a) |=
θ] = ⊥; return FRFS(a0 , θ).
It is not hard to see that since the initial call to FRFS is
with a pair ha, ψi for which [(A, a) |= ψ] = ⊥, the “let”
statements in the procedure are guaranteed to be satisfied,
and it eventually returns a relevant failure state.
Let a be a relevant failure state with respect to ϕ. We
describe a separation of a into two abstract states aT and aF
such that the value of ϕ in both states is definite. Intuitively,
aT abstracts the set of concrete states in a that satisfy ϕ, and
aF abstracts those states that do not satisfy ϕ. Formally, we
have the following:
• If ϕ = p, then conc T (a) = {c ∈ a : p ∈ L(c)} and
conc F (a) = {c ∈ a : p 6∈ L(c)}.
• If ϕ = hhΩii fθ, we define
– conc T (a) = {c ∈ a : there is Cc ∈ δ(c, Ω)
such that [(A, a0 ) |= θ] = T] for all a0 ∈ ρ(Cc )}.
– conc F (a) = {c ∈ a : for all Cc ∈ δ(c, Ω),
there is a0 ∈ ρ(Cc ) with [(A, a0 ) |= θ] = F]}.
Note that conc T and conc F form a partition of the concrete states in a. We refine ρ to map the states in conc T (a)
to aT and map states in conc F (a) to aF .
Theorem 5.2 Iterating the abstraction-refinement process
with respect to an abstraction of a finite ATS is guaranteed
to terminate with a definite answer.
The proof, detailed in the full version, shows that in each
of the cases, the suggested separation of a causes the value
of ϕ in aT and aF to become definite. In addition, the
monotonicity of our framework implies that no truth value
of other formulas with respect to other states becomes indefinite.

5.3

Handling fixed-points

Consider a fixed-point formula ψ = µz.θ(z). The modelchecking algorithm in Section 3.2 calculates the set |ψ|T as
the fixed point of the sequence |ψ|0T = ∅, |ψ|1T = θ(|ψ|0T ),
i
. . ., |ψ|i+1
T = θ(|ψ|T ), and it calculates |ψ|F as the fixed
point of the sequence |ψ|0F = SA , |ψ|1F = ¬θ(|ψ|1F ), . . .,
i
|ψ|i+1
F = ¬θ(|ψ|F ). If |ψ|T ∪ |ψ|F 6= SA , then there is
a minimal index i such that |ψ|iT ∪ |ψ|iF 6= SA . Accordingly, when we define a to be a failure state with respect to
a fixed-point formula ψ with variable z, we parameterize the
definition also with an integer i – the iteration in which the
value of the variable z becomes indefinite. The reasoning
then is along the same lines described for AML formulas.
In fact, every refinement algorithm of MTSs that is based
on a symbolic model-checking procedure can be adjusted
to AATSs. Indeed, as demonstrated above, such an adjustment replaces the treatment of the modal operator ∀ f with
the one described in Section 5.2 for hhΩii f. We note, however, that while such a refinement procedure exists for the
temporal logic CTL [26], the refinement procedure for the
µ-calculus is based on Zielonka’s enumerative algorithm for
solving parity games, and thus it is not symbolic [14].

6

Predicate Abstraction

In this section we focus on the special case where the ATS
models several concurrent processes, each given as a program. Each program location is associated with a statement
s = s1 | s2 | · · · | sn , which denotes an internal nondeterminism: when the process executes s, it chooses 1 ≤ i ≤ n
and executes si .
When each abstract state is associated with a program
location, and thus it also is associated with a statement, we
can calculate the may and must transitions by a theorem
prover. For a statement s and a predicate e over the state
space, the weakest precondition WP(s, e) is such that the
execution of s from every state that satisfies WP(s, e) results in a state that satisfies e, and WP(s, e) is the weakest predicate for which the above holds [10]. For example, for an assignment statement x := v, we have that
WP(x := v, e) = e[x/v] (that is, e with all occurrences
of x replaced by v). In the case of MTSs, weakest preconditions can be used in order to automate the generation of
must and may transitions [12]. As we show now, the same
can be done in AATSs, given a definition of weakest precondition that takes internal nondeterminism into an account.
For a statement s = s1 | s2 | · · · | sn with
W internal nondeterminism, we have that WP(s, e) = 1≤i≤n WP(si , e).
Note that since the nondeterminism is internal, taking the
disjunctions of the different weakest preconditions reflects
the fact that satisfying one of them is sufficient in order
to guarantee that the process can resolve the nondetermin-

istic choices and reach a state satisfying e. For example,
WP(x := x + 2 | x := x − 4, x = 5) is x = 3 ∨ x = 9. In
other words, if the agent can choose between increasing x
by 2 or decreasing x by 4, the weakest condition with which
it can force the system into a state satisfying x = 5 is that
x = 3 or x = 9.
For a concrete state c, let s = sc1 | sc2 | · · · | scnc be the
statement that agent σ can choose at c. For a set τ of abstract
states, τW∈ δmust (a, σ) iff for all c ∈ a, we have that c
implies 1≤i≤nc WP(s, τ ). W
Also, τ ∈ δmay (a, σ) iff there
is c ∈ a for which c implies 1≤i≤nc WP(s, τ ).
Example 6.1 Consider again the ATS from Example 2.1.
We define an AATS Ss,p according to the predicates s and p.
Thus, the AATS has four states, which we denote by sp, s,
p, and −. In the full version, we describe the Ss,p in detail.
Finding the transitions of Ss,p is not an easy task, and we
used a theorem prover to generate them. For example, the
fact that {−} does not belong to δmay (s, P1 ) follows from
the validity of the FOL formula ¬∃x, y.s(x, y) ∧ ¬p(x, y) ∧
[(¬s(x − 1, y) ∧ ¬p(x − 1, y)) ∨ (¬s(x, y) ∧ ¬p(x, y)) ∨
(¬s(x + 1, y) ∧ ¬p(x + 1, y))].
In the full version, we show how useful properties of
the program from Example 2.1 can be proven by reasoning
about Ss,p . We also relate the AATS Ss,p with the AATS Ss
described in Example 3.4, and show that Ss,p  Ss .
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