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We introduce and study coverage games – a novel framework for multi-agent planning in settings in5

which a system operates several agents but do not have full control on them, or interacts with an6

environment that consists of several agents.7

The game is played between a coverer, who has a set of objectives, and a disruptor. The coverer8

operates several agents that interact with the adversarial disruptor. The coverer wins if every9

objective is satisfied by at least one agent. Otherwise, the disruptor wins.10
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games, including determinacy, and the ability to a priori decompose the objectives among the agents.16
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complexity, and consider useful special cases.18
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1 Introduction23

Synthesis is the automated construction of a system from its specification [23]. A reactive24

system interacts with its environment and has to satisfy its specification in all environments25

[15]. A useful way to approach synthesis of reactive systems is to consider the situation as26

a two-player game between the system and the environment [3]. The game is played on a27

graph whose vertices are partitioned between the players. Starting from an initial vertex,28

the players jointly move a token and generate a play, namely a path in the graph, with each29

player deciding the successor vertex when the token reaches a vertex she owns. The system30

wins if it has a strategy to ensure that no matter how the environment moves the token, the31

generated play satisfies an objective induced by the specification.32

Reactive systems typically have to satisfy a conjunction of requirements, giving rise to33

games with multiple objectives. For example, in games with generalized Büchi objectives34

[6], the specification to the system induces a set {α1, . . . , αm} of subsets of vertices, and a35

play satisfies the specification if it visits infinitely often each of the sets αl, for 1 ≤ l ≤ m.36

Researchers have also considered generalized parity [7], generalized reachability [13], and37

generalized reactivity (GR(1)) [22, 6] objectives. In addition to the deterministic turn-based38

setting, games with multiple objectives have been studied in various richer settings, like39

concurrent, stochastic, and energy games [4, 8, 5, 29], and also allow weighted multiple40

objectives [19].41

The need to satisfy multiple objectives is also at the heart of planning in multi-agent42

systems [25]. In a typical setting there, the agents constitute a fleet of robots, drones, or43

autonomous cars that needs to accomplish various tasks, such as exploring an unknown44

terrain or accommodating requests from users at different locations [10, 25, 9, 24, 26]. For45

example, in adversarial patrolling [20], a fleet of robots needs to detect penetrations into a46

guarded area; in the offline-coverage problem [1], the robots are required to visit every point47

in a work area, typically within the shortest possible time [8, 25, 9]; and in pursuit evasion48

[17], a robot aims to perform some task while avoiding a collision with an adversarial robot.49

While the problems studied in planning in multi-agent systems involve adversarial factors50

such as physical limitations of the agents, bounded resources, or possible collisions, they51

assume full control over the agents. That is, they do not include an adversarial behavior of52

the agents themselves in the form studied in reactive synthesis.53

We introduce and study coverage games – a framework for reasoning about planning54

tasks in which the system does not have full control over the agents. Formally, a coverage55

game is a two-player game with a set β = {α1, . . . , αm} of objectives, in which one player –56

the covering player (named Coverer) operates a number k of agents that together aim to57

cover all the objectives in β. In the beginning of the game, k tokens are placed on the initial58

vertex. Each agent is responsible for one token, and as in standard two-player games, the59

interaction of each agent with the second player – the disrupting player (named Disruptor)60

generates a play in the graph. The outcome of the game is then a set of k plays — one for61

each agent. The goal of Coverer is for these plays to cover all the objectives in β. That is,62

for all 1 ≤ l ≤ m, there is an agent 1 ≤ i ≤ k such that αl is satisfied in the play generated63

by the interaction of Agent i with Disruptor.64

A covering strategy for Coverer is a vector of strategies, one for each agent, that ensures65

that no matter how Disruptor behaves, each objective is satisfied in at least one play in the66

outcome. In the coverage problem, we are given a game graph G, a set β of objectives, and a67

number k ≥ 1 of agents, and we have to decide whether Coverer has a covering strategy.68

Note that when k = 1, a coverage game coincides with a standard two-player game with69
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XX:2 Coverage Games

multiple objectives. Also, it is not hard to see that when k ≥ m, namely there are more70

agents than objectives, then a dominant strategy (in the game-theoretic sense) for Coverer71

allocates each objective to a different agent. The interesting cases are when 1 < k < m, in72

which case the objectives need to be partitioned, possibly dynamically, among the agents.73

Coverage games significantly extend the settings addressed in current studies of planning.74

For example, with Büchi underlying objectives, one can reason about multi-robot surveillance,75

where we need to ensure that each set of critical locations is visited infinitely often in at least76

one robot’s patrol route. There, vertices owned by Disruptor correspond to locations in which77

we cannot control the movement of the robots, as well as positions in which the robots may78

encounter obstacles or experience a change in the landscape. Then, in cyber-security systems,79

the agents represent defense mechanisms, and the goal is to ensure that each set of potential80

attack vectors is mitigated infinitely often by at least one defense, countering an adversarial81

hacker. As another example, in multi-threaded systems, the agents are the processes, and82

we may want to ensure that each set of critical resources is accessed infinitely often, in all83

environments. Likewise, in testing, we want to activate and cover a set of functionalities of a84

software in all input sequences [11].85

Unlike traditional two-player games, where the environment can be viewed as a system86

that aims to realize the negation of the specification, in coverage games Disruptor’s objective87

is not to cover the negation of the objectives in β, but rather to prevent Coverer from covering88

all the objectives in β. Formally, a disrupting strategy for Disruptor is a strategy such that89

for all strategies of Coverer, there is at least one objective in β that is not satisfied in each90

of the k generated plays. Note that while Coverer activates several agents, Disruptor follows91

a single strategy. This corresponds to environments that model the physical conditions of a92

landscape or servers whose response to users depends only on the interaction and not on93

the identity of the user. Then, in the disruption problem, we are given G, β, and k, and we94

have to decide whether Disruptor has a disrupting strategy. While two-player games are95

determined, in the sense that in all games, one of the two players has a winning strategy, we96

are going to see that coverage games need not be determined.97

Viewing Disruptor as the system and the agents as operated by the environment further98

motivates the study of coverage games. For example, in intrusion detection systems, the99

agents of the environment are potential intruders, and the system must ensure that at least100

one set of critical access points remains blocked. In cloud computing, the environment consists101

of client processes competing for resources, and the system’s goal is to prevent resource102

exhaustion. Finally, in traffic management, the environment agents are the vehicles, and103

the system ensures that at least one route remains uncongested. Note that now, Disruptor104

following a single strategy corresponds to systems like traffic controllers or vending machines,105

where the same policy is applied to all cars or customers that exhibit identical behavior.106

A model related to coverage games from the point of view of the disruptor is population107

games [2]. These games focus on controlling a homogeneous population of agents that have108

the same non-deterministic behavior (see also [12, 14]). The edges of a two-player population109

game graph are labeled by actions. The game is nondeterministic, thus different edges that110

leave the same vertex may be labeled by the same action. As in the disruption problem, each111

agent moves a token along the graph. In each turn, a controller chooses the same action for112

all agents, and each agent decides how to resolve nondeterminism and proceeds to a successor113

vertex along an edge labeled with the action. The goal of the controller is to synchronize114

all the agents to reach a target state. The technical details of population games are very115

different from those of coverage games. Indeed, there, the controller takes the same action116

in all of its interactions with the agents, and the type of objectives are different from the117
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coverage and disruption objectives in coverage games.118

We study the coverage and disruption problems in coverage games with Büchi and co-119

Büchi objectives. We first study the theoretical aspects of coverage games. We warm up120

with games in which the number of agents enables an easy reduction to usual two-player121

games, and continue to one-player coverage games, where all vertices are owned by one player.122

In particular, when all vertices are owned by Coverer, the coverage problem boils down to123

finding k paths that cover all the objectives in β, and our complexity results are aligned124

with the NP-hardness of different variants of the coverage path planning problem for robot125

swarms [1].126

We then continue to the general setting, show that it is undetermined, and examine the127

problem of an a-priori decomposition of the objectives in β among the agents. We show128

that the objectives cannot be allocated in advance, and characterize covering strategies for129

Coverer as ones in which all agents satisfy all objectives, as long as such decomposition is130

impossible. The characterization is the key to our upper bounds for the complexity of the131

coverage problem. We prove that the coverage problem is PSPACE-complete (Theorems 10132

and 11), and that the disruption problem is ΣP
2 -complete (Theorems 15, 20, and 21), for133

both Büchi and co-Büchi objectives.134

From a technical point of view, for the upper bounds, the main challenging results are the135

characterization of the decomposability of objectives and the recursive algorithm it entails136

(Theorems 9 and 10), as well as the ability to work with a short symbolic representation of137

strategies that are not memoryless (Lemma 19). For the lower bounds, the main technical138

issue is utilizing the agents to model satisfying assignments in Boolean satisfaction problems.139

In Section 7 we discuss possible variants and extensions of coverage games. Beyond140

classical extensions of the underlying two-player games (e.g., concurrency, stochastic settings,141

partial visibility, etc.) and to the objectives (e.g., richer winning conditions, weighted142

objectives, etc.), as well as classical extensions from planning (optimality of agents and143

their resources), we focus on elements that have to do with the operation of several agents:144

communication among the agents (in our setting, the strategies of the agents are independent145

of each other), and the ability of Disruptor to also use different agents.146

2 Preliminaries147

2.1 Two-player games148

A two-player game graph is a tuple G = 〈V1, V2, v0, E〉, where V1, V2 are disjoint sets of149

vertices, owned by Player 1 and Player 2, respectively, and we let V = V1∪V2. Then, v0 ∈ V150

is an initial vertex and E ⊆ V × V is a total edge relation, thus for every v ∈ V , there is151

u ∈ V such that 〈v, u〉 ∈ E. The size of G, denoted |G|, is |E|, namely the number of edges152

in it. When we draw game graphs, the vertices in V1 and V2 are drawn as circles and squares,153

respectively.154

In a beginning of a play in the game, a token is placed on v0. Then, in each turn, the155

player that owns the vertex that hosts the token chooses a successor vertex and moves the156

token to it. Together, the players generate a play ρ = v0, v1, . . . in G, namely an infinite path157

that starts in v0 and respects E: for all i ≥ 0, we have that 〈vi, vi+1〉 ∈ E.158

A strategy for Player i is a function fi : V ∗ · Vi → V that maps prefixes of plays that end159

in a vertex owned by Player i to possible extensions of the play. That is, for every ρ ∈ V ∗160

and v ∈ Vi, we have that 〈v, fi(ρ · v)〉 ∈ E. Intuitively, a strategy for Player i directs her161

how to move the token, and the direction may depend on the history of the game so far. A162

strategy is memoryless if its choices depend only on the current vertex and are independent163
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XX:4 Coverage Games

of the history of the play. Accordingly, we describe a memoryless strategy for Player i by a164

function fi : Vi → V .165

A profile is a tuple π = 〈f1, f2〉 of strategies, one for each player. The outcome of a profile166

π = 〈f1, f2〉 is the play obtained when the players follow their strategies in π. Formally,167

outcome(π) = v0, v1, . . . ∈ V ω is such that for all j ≥ 0, we have that vj+1 = fi(v0, v1, . . . , vj),168

where i ∈ {1, 2} is such that vj ∈ Vi.169

A two-player game is a pair G = 〈G,ψ〉, where G = 〈V1, V2, v0, E〉 is a two-player game170

graph, and ψ is an objective for Player 1, specifying a subset of V ω, namely the set of plays171

in which Player 1 wins. We discuss different types of objectives below. The game is zero-sum,172

thus Player 2 wins when the play does not satisfy ψ. A strategy f1 is a winning strategy173

for Player 1 if for every strategy f2 for Player 2, we have that Player 1 wins in 〈f1, f2〉, thus174

outcome(〈f1, f2〉) satisfies ψ. Dually, a strategy f2 for Player 2 is a winning strategy for175

Player 2 if for every strategy f1 for Player 1, we have that Player 2 wins in 〈f1, f2〉. We say176

that Player i wins in G if she has a winning strategy. A game is determined if Player 1 or177

Player 2 wins it.178

For a play ρ = v0, v1, . . ., we denote by inf(ρ) the set of vertices that are visited infinitely179

often along ρ. That is, inf(ρ) = {v ∈ V : there are infinitely many i ≥ 0 such that vi = v}.180

For a set of vertices α ⊆ V , a play ρ satisfies the Büchi objective α iff inf(ρ) ∩ α 6= ∅. The181

objective dual to Büchi is co-Büchi. Formally, a play ρ satisfies a co-Büchi objective α iff182

inf(ρ) ∩ α = ∅. We use γ ∈ {B,C} to denote the different objective types.183

For a play ρ and a set of objectives β = {α1, . . . , αm}, we denote by sat(ρ, β) the set of184

objectives αi ∈ β that are satisfied in ρ. An All objective is a set β of objectives, all of the185

same type. A play ρ satisfies an All objective β iff ρ satisfies every objective in β. That is,186

if sat(ρ, β) = β. The objective dual to All is Exists.2 Formally, a play ρ satisfies an Exists187

objective β iff ρ satisfies at least one objective in β. That is, if sat(ρ, β) ∩ β 6= ∅. Note that188

an All-co-Büchi objective β is equal to the co-Büchi objective ∪β.189

2.2 Two-player multi-agent coverage games190

In coverage games, Player 1 operates a number of agents. All agents play against Player 2,191

and so the outcome of the game is a set of plays – one for each agent. Player 1 has multiple192

objectives, and her goal is to cover all the objectives, in the sense that each objective is193

satisfied in at least one of the plays in the outcome. Accordingly, we refer to Player 1 as194

the covering player, named Coverer, and refer to Player 2 as the disrupting player, named195

Disruptor.196

Formally, for γ ∈ {B,C}, a two-player multi-agent γ-coverage game (γ-CG, for short) is197

a tuple G = 〈G, k, β〉, where G is a two-player game graph, k ∈ N is the number of agents198

Coverer operates, and β = {α1, . . . , αm} is a set of objectives of type γ. When γ is not199

important or is clear from the context, we omit it and refer to G as a CG.200

For k ≥ 1, let [k] = {1, . . . , k}. A strategy for Coverer is a tuple F1 = 〈f1
1 , . . . , f

k
1 〉 of201

k strategies for Coverer in the game graph G. We assume that Disruptor uses the same202

strategy f2 against all the agents of Coverer. A profile is a tuple π = 〈F1, f2〉 of strategies203

F1 = 〈f1
1 , . . . , f

k
1 〉 for Coverer and f2 for Disruptor. The outcome of π is the tuple of the204

k plays generated when Coverer’s agents and Disruptor follow their strategies. Formally,205

outcome(π) = 〈ρ1, . . . , ρk〉, where ρi = outcome(〈f i1, f2〉), for every i ∈ [k].206

2 All-Büchi objectives are traditionally referred to as generalized Büchi. Then, their dual Exists co-Büchi
objectives are referred to as generalized co-Büchi [18]. We opt to follow a terminology with All and
Exists, making the quantification within the satisfaction requirement clearer.
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We say that a profile π covers β iff every objective in β is satisfied in at least one play in207

outcome(π). That is, if ∪{sat(ρ, β) : ρ ∈ outcome(π)} = β. Equivalently, for every j ∈ [m],208

there exists i ∈ [k] such that αj is satisfied in outcome(〈f i1, f2〉). A strategy F1 for Coverer209

is a covering strategy in G iff for every strategy f2 for Disruptor, the profile 〈F1, f2〉 covers210

β. Then, we say that Coverer wins G iff she has a covering strategy in G. A strategy f2 for211

Disruptor is a disrupting strategy in G iff for every strategy F1 for Coverer, the profile 〈F1, f2〉212

does not cover β. Then, we say that Disruptor wins G iff she has a disrupting strategy in213

G. Finally, we say that a γ-CG G is determined if Coverer has a covering strategy in G or214

Disruptor has a disrupting strategy in G.215

In the coverage problem for CGs, we have to decide whether Coverer has a covering216

strategy in a given CG. In the disruption problem for CGs, we have to decide whether217

Disruptor has a disrupting strategy in a given CG.218

I Example 1. Consider the Büchi CG G = 〈G, 2, β〉, with β = {α1, α2, α3}, for the game219

graph G appearing in Figure 1, and α1 = {u1, u2, u3} (red), α2 = {m1, u2, d3} (green), and220

α3 = {d1, d2, d3} (yellow). Thus, Coverer should direct two agents in a way that ensures221

that the three colors are visited infinitely often.222

v0

u1

m1

d1

v1

v2

u2

d2

u3

d3

 

Figure 1 The Büchi CG G.

Coverer has a covering strategy in G: In v0, the tokens of both agents move together,223

visiting the three colors in a round-robin fashion. If the play stays forever in the left sub-game,224

β is covered. If Disruptor decides to leave the left sub-game and directs the tokens to v1 or225

v2, the agents split β between them. One agent covers two colors (green and red in u2, in226

case the tokens are in v1, or green and yellow in d3, in case the tokens are in v2), and the227

second agent covers one color (yellow or red, respectively). Thus, β is covered in this case228

too. J229

3 Special Cases of Coverage Games230

As a starter, in this section we examine two special cases of CGs: game graphs in which231

there is only one player, and games in which the number of agents enables an easy reduction232

to traditional two-player games.233

3.1 One-player CGs234

We start with one-player CGs, thus when one of the players owns all the vertices. Formally,235

G = 〈G, k, β〉, with G = 〈V1, V2, v0, E〉 is such that V2 = ∅ (equivalently, V = V1) or V1 = ∅236

(equivalently, V = V2). Note that one-player CGs are determined, in the sense that whenever237

Coverer does not have a covering strategy, Disruptor has an (empty) disrupting strategy,238

and vice versa.239

Consider first the case Coverer has full control. Thus, G = 〈V, ∅, v0, E〉. It is easy to see240

that there, covering β amounts to finding k paths in G such that each objective αi ∈ β is241
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XX:6 Coverage Games

satisfied in at least one path. A path in G is lasso-shaped if it is of the form p · qω, with242

p ∈ V ∗ and q ∈ V +. The length of p · qω is defined as |p|+ |q|.243

I Theorem 2. The coverage problem for Büchi or co-Büchi CGs with V = V1 is NP-complete.244

Proof. We start with the upper bounds. Consider a CG G = 〈G, k, β〉 with V = V1. An245

NP algorithm guesses k lasso-shaped paths in G of length of at most |V | · |β|, and checks246

that every objective αi ∈ β is satisfied in at least one of them. Clearly, if such k paths exist,247

then Coverer has a covering strategy. Also, checking lasso-shaped paths of length |V | · |β|248

is sufficient. Indeed, for both γ ∈ {B,C}, if there exists a path in G that satisfies a subset249

β′ ⊆ β of γ objectives, then there also exists a cycle in G of length of at most |V | · |β′| that250

visits or avoids all the sets in β′. Since |β′| ≤ |β|, the bound follows.251

For the lower bound, we describe (easy) reductions from the vertex-cover problem.252

Consider an undirected graph G = 〈V,E〉, and k ≤ |V |. Recall that a vertex cover for G253

is a set U ⊆ V such that for all edges {u, v} ∈ E, we have that {u, v} ∩ U 6= ∅. For both254

γ ∈ {B,C}, we construct a γ-CG G = 〈G′, k, β〉 with V = V1 such that Coverer has a covering255

strategy in G iff there exists a vertex cover of size at most k in G.256

The game graph G′ is independent of E and consists of the vertices in V and a new initial257

vertex v0. The only edges are self-loops in the vertices in V , and edges from v0 to all vertices258

in V . Accordingly, the k agents of Coverer essentially choose k vertices in V . The objectives259

in β then require these k vertices to be a vertex cover. For γ = B, we define β = E. That is,260

for every edge e = {u, v} ∈ E, the objective e is to visit one of the vertices that correspond261

to u or v infinitely often. Accordingly, a covering strategy for Coverer induces a vertex cover,262

and vice versa. For γ = C, we define β = {V \ e : e ∈ E}. Since each play ρ is eventually263

trapped in a self-loop in a vertex in V , the obtained game coincides with the one for γ = B.264

A detailed description of the reduction and its proof can be found in Appendix A.1. J265

We continue to the case all the vertices in the game are owned by Disruptor. It is easy266

to see that there, the fact Coverer has several agents plays no role, as all tokens are going267

to traverse the same play, chosen by Disruptor. Consequently, searching for a disrupting268

strategy for Disruptor is easy.269

I Theorem 3. The disruption problem for Büchi or co-Büchi CGs with V = V2 is NLOGSPACE-270

complete.271

Proof. Consider a CG G = 〈G, k, β〉 with G = 〈∅, V, v0, E〉. Since Disruptor directs all the272

tokens together, she has a disrupting strategy iff there is a path in G that satisfies the273

Exists-γ̃ objective dual to β, namely a path that does not satisfy one of the objectives in274

β. We argue that the latter can be done in NLOGSPACE, for all γ ∈ {B,C}. Indeed, an275

NLOGSPACE algorithm can guess a set α ∈ β and then search for a lasso-shaped path that276

does not satisfy α. In case γ = B, the vertices of the lasso loop should be disjoint from α. In277

case γ = C, the algorithm guesses a vertex v ∈ α and checks that v appears in the lasso loop.278

In both cases, it is possible to search for paths of length at most |V |. This can be done in279

NLOGSPACE by guessing the vertices along the path one by one.280

Hardness in NLOGSPACE follows from an easy reduction from the non-emptiness problem281

for nondeterministic ExistsC and ExistsB word automata [28]. J282

3.2 CGs with one or many agents283

Consider a CG G = 〈G, k, β〉. When k = 1, the CG G is equivalent to the two-player game284

with the All objective β. Indeed, the single play induced by the strategy of the single agent285
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has to cover all the objectives in β. Thus, the case k = 1 can be solved in PTIME, serving286

as a lower bound for the general case, or more precisely, as a reference point to the study of287

the complexity for the general case.288

When k ≥ |β|, there is no need to assign more than one objective in β to each of the289

agents. Formally, we have the following.290

I Lemma 4. Consider a γ-CG G = 〈G, k, β〉 with γ ∈ {B,C} and k ≥ |β|, and the following291

statements.292

(C1) Coverer has a covering strategy in G.293

(C2) For every αi ∈ β, Player 1 wins the two-player γ-game Gi = 〈G,αi〉.294

(C3) There is αi ∈ β such that Player 2 wins the two-player γ-game Gi = 〈G,αi〉.295

(C4) Disruptor has a disrupting strategy in G.296

Then, (C1) iff (C2), (C3) iff (C4), and (C1) and (C4) complement each other.297

Proof. First note that since two-player γ-games are determined, then (C2) and (C3) com-298

plement each other. Also, as it is impossible for both Coverer to have covering strategy and299

Disruptor to have a disrupting strategy, (C1) and (C4) contradicts each other. Hence, it is300

sufficient to prove that (C2) implies (C1) and that (C3) implies (C4).301

Assume that (C2) holds. For every αi ∈ β, let f i1 be a winning strategy for Coverer in302

Gi = 〈G,αi〉. It is easy to see that F1 = 〈f1
1 , . . . , f

|β|
1 , f

|β|+1
1 , . . . , fk1 〉 is a covering strategy303

for Coverer, for arbitrary strategies f |β|+1
1 , . . . , fk1 for agents |β|+ 1, . . . , k. Thus, Coverer304

has a covering strategy, and (C1) holds.305

Assume now that (C3) holds. Thus, there is αi ∈ β such that Disruptor wins the two-306

player γ-game Gi = 〈G,αi〉. Let f2 be the winning strategy for Disruptor in Gi. Then, it must307

be that αi /∈ sat(ρ, β) for every strategy F1 for Coverer and every play ρ ∈ outcome(〈F1, f2〉).308

Thus, Disruptor has a disrupting strategy and (C4) holds. J309

By Lemma 4, deciding CGs with k ≥ |β| agents can be reduced to deciding |β| two-player310

games, thus such CGs are determined and can be decided in PTIME [21, 27, 30]311

When 1 < k < |β|, Coverer has to partition the objectives in β among the different agents.312

As we study in Section 4, this makes the setting much more challenging and interesting.313

4 Properties of Coverage Games314

In this section we study theoretical properties of CGs. We start with determinacy and show315

that CGs need not be determined. We then define and study the decomposability of objectives316

in CGs, namely the ability to a-priori partition the objectives among the agents. We argue317

that decomposability plays a key role in reasoning about CGs.318

4.1 CGs need not be determined319

Recall that a CG is determined if Coverer has a covering strategy or Disruptor has a disrupting320

strategy. We show that unlike two-player games, CGs need not be determined. Moreover,321

undeterminacy holds already for a CG with only two agents and three objectives. Note that322

this is tight, as CGs with a single agent or only two objectives belong to the k = 1 or k ≥ |β|323

cases studied in Section 3.2, and are thus determined. Intuitively, the undeterminacy of324

CGs follows from the incomplete information of Coverer’s agents about all the plays in the325

outcome, as well as the inability of Disruptor to make use of this incomplete information.326

Formally, we have the following.327
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I Theorem 5. For all γ ∈ {B,C}, we have that γ-CGs need not be determined. Moreover,328

undeterminacy holds already for a γ-CG with only two agents and three objectives.329

Proof. For all γ ∈ {B,C}, we describe a γ-CG G = 〈G, 2, {α1, α2, α3}〉 such that neither330

Coverer has a covering strategy, nor Disruptor has a disrupting strategy. The game graph G331

appears in Figure 2.

v0v1

u1

d1

v2

u2

d2

Figure 2 An undetermined coverage game.

332

When γ = B, we define α1 = {u1, u2}, α2 = {d1, d2}, and α3 = {u2, d2}. Intuitively (see333

detailed proof in Appendix A.2), Coverer has no covering strategy as α3 requires one agent334

to move to v2, and no matter how Coverer directs the other agent, Disruptor can move the335

tokens that reach v2 so that only one of α1 and α2 is satisfied. Also, Disruptor does not have336

a disrupting strategy, as no matter how the strategy moves token that reach v2, Coverer can337

direct the agents so that all objectives are covered.338

When γ = C, we define α1 = {u1, u2}, α2 = {d1, d2}, and α3 = {u1, d1}. Since the only339

edges from the vertices u1, d1, u2, and d2 are self-loops, the obtained co-Büchi game coincides340

with the Büchi game analyzed above, and we are done. J341

4.2 Decomposability of objectives342

A key challenge for Coverer in winning a CG G = 〈G, k, β〉 with 2 ≤ k < |β| is the need to343

partition the objectives in β among her k agents. In this section we show that in general,344

Coverer cannot a-priori partition β among the k agents. Moreover, decompositions of β are345

related to decompositions of G, which are the key to our algorithms for reasoning about CGs.346

Consider a game graph G = 〈V1, V2, v0, E〉. For a vertex v ∈ V1, let Gv = 〈V1, V2, v, E〉347

be G with initial vertex v. Consider a CG G = 〈G, k, β〉, with β = {α1, . . . , αm}. Let348

A = [k]. For 1 ≤ l ≤ k and a vertex v ∈ V1, we say that β is (k, l)-decomposable in v if349

Coverer can decompose the task of covering β in Gv by the agents in A to l sub-tasks, each350

assigned to a different subset of A. Formally, β is (k, l)-decomposable in v if there exists351

a partition β1, . . . , βl of β and a partition A1, . . . , Al of A to nonempty sets, such that for352

every i ∈ [l], Coverer wins the CG Gvi = 〈Gv, |Ai|, βi〉, namely the game that starts in v and353

in which the agents in Ai have to cover the objectives in βi. When v = v0, we say that β is354

(k, l)-decomposable in G.355

We start with some easy observations. First, note that, by definition, β is (k, 1)-356

decomposable in G iff Coverer wins G. Indeed, when l = 1, we have that A1 = A and β1 = β,357

thus we do not commit on a decomposition of β, and the definitions coincide. Then, β is358

(k, k)-decomposable in G iff there exists a partition of β to k sets β1, . . . , βk such that for359

every 1 ≤ i ≤ k, Coverer has a strategy that satisfies the All objective βi. Indeed, when l = k,360

each of the sets Ai is a singleton, thus the single agent in Ai has to satisfy all the objectives361

in βi. Finally, the bigger l is, the more refined is the partition of β to which Coverer commits,362

making her task harder. Formally, we have the following (see Appendix A.3 for the proof363

and Example 1 for a CG with no a-priori decomposition):364

I Theorem 6. For all γ ∈ {B,C}, we have the following.365
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Consider a γ-CG G = 〈G, k, β〉. For every l ∈ [k] and vertex v of G, if β is (k, l)-366

decomposable in v, then β is (k, l′)-decomposable in v, for all l′ ≤ l.367

For every k ≥ 2, there exists a γ-CG G = 〈G, k, β〉 with |β| = k + 1 such that Coverer368

wins G but β is not (k, l)-decomposable in G, for all l > 1.369

For every k ≥ 2 and 1 ≤ l < k, there exists a γ-CG G = 〈G, k, β〉 such that β is370

(k, l)-decomposable in G but is not (k, l + 1)-decomposable in G.371

Consider a vertex v ∈ V1. For l ∈ [k], we say that v is a (k, l)-fork for β if Coverer has a372

covering strategy F1 = 〈f1
1 , . . . , f

k
1 〉 in Gv such that different agents are sent to l different373

successors of v. Thus, there exist l successors v1, . . . , vl of v, and for all i ∈ [l], there is at374

least one agent j ∈ [k] such that f j1 (v) = vi. Note that we do not require f i1 to be memoryless375

and refer here to the strategy in the first round in Gv. The following lemma then follows376

from the definitions.377

I Lemma 7. Consider a CG G = 〈G, k, β〉. For every vertex v ∈ V1 of G and l ∈ [k], if v is378

a (k, l)-fork for β, then β is (k, l)-decomposable in v.379

Proof. Consider a vertex v ∈ V1 and 1 ≤ l ≤ k such that v is a (k, l)-fork for β. Let380

F1 = 〈f1
1 , . . . , f

k
1 〉 be a winning strategy for Coverer that sends the agents to l different381

successors v1, . . . , vl of v. For every 1 ≤ i ≤ l, let Ai be the set of agents j ∈ [k] such that382

f j1 (v) = vi, and let F i1 = {f j1}j∈Ai
be the set of strategies of the agents sent to vi. Let383

βi be the set objectives of β that F i1 covers. That is, αj ∈ βi iff for all strategies f2 of384

Disruptor, there is a play in outcome(F i1, f2) that satisfies αj . Equivalently, βi ⊆ β is the385

maximal subset of β such that F i1 is a winning strategy for Coverer in 〈Gvi
, |Ai|, βi〉. It is386

then sufficient to show that
⋃
i∈[l] βi = β. Assume by contradiction that there exists an387

objective αj ∈ β such that αj /∈ βi, for every i ∈ [l], which implies there exists a strategy f i2388

for Disruptor in Gvi such that αj is not covered in outcome(〈F i1, f i2〉). Let f2 be the strategy389

for Disruptor from v that follows f i2 from vi, for every i ∈ [l]. It is easy to see that αj is not390

covered in outcome(〈F1, f2〉), contradicting the fact F1 is a winning strategy. J391

We say that a vertex v ∈ V1 is a fork if it is a (k, l)-fork for β, for some 2 ≤ l ≤ k. We392

denote by F ⊆ V1 the set of vertices that are forks. Let Vavoid ⊆ V be the set of vertices393

from which Disruptor can avoid reaching forks. That is, v ∈ Vavoid if there exists a strategy394

f2 for Player 2 from v such that for every strategy f1 for Player 1, the play outcome(〈f1, f2〉)395

does not reach F . Finally, let Gavoid = 〈V ′1 , V ′2 , v0, E
′〉 be the sub-graph of G with vertices396

in Vavoid. That is, V ′1 = V1 ∩ Vavoid, V ′2 = V2 ∩ Vavoid, and E′ = E ∩ (Vavoid × Vavoid).397

I Example 8. Consider the Büchi CG G from Example 1. Recall that Coverer has a covering398

strategy in G. We claim that the only forks for β in G are v1 and v2. Thus, a winning399

strategy for Coverer cannot a-priori decompose the objectives in β. Note that this is the case400

also for the covering strategy described in Example 1.401

Indeed, in v1, Coverer can assign both α1 and α2 to an agent that proceeds to u2 and402

assign α3 to an agent that proceeds to d2. Similarly, in v2, Coverer can assign α1 to an agent403

that proceeds to u3 and assign both α2 and α3 to an agent that proceeds to d3. Also, as404

Disruptor may direct tokens to either v1 or v2, and the above decompositions are different405

and are the only possible decompositions in v1 and v2, Coverer cannot a-priori decompose β.406

Hence, v0 is not a fork. Finally, as β is not covered in each of u2, d2, u3, and d3, they are407

not forks either.408

Note also that since Disruptor can direct tokens from u1,m1, and d1 back to v0, the409

graph Gavoid is the sub-graph of G whose vertices are v0, u1,m1 and d1.410
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I Theorem 9. Consider a CG G = 〈G, k, β〉, and a vertex v ∈ V . Then, Coverer has a411

covering strategy in 〈Gv, k, β〉 iff v /∈ Vavoid, or v ∈ Vavoid and Coverer wins 〈Gvavoid, 1, β〉.412

Proof. We first prove that for all vertices v /∈ Vavoid, Coverer has a strategy to cover β from413

v. Consider a vertex v /∈ Vavoid. By the definition of Vavoid, Coverer has a strategy to reach a414

fork from v. Hence, Coverer can cover β from v by letting all agents follow the same strategy415

until some (k, l)-fork u for β is reached. By Lemma 7, β is (k, l)-decomposable in u. Hence,416

once the k tokens of the agents reach u, Coverer can cover β by decomposing it. Let F v1417

denote a covering strategy for Coverer from a vertex v /∈ Vavoid.418

We argue that for every vertex v ∈ Vavoid, Coverer has a strategy to cover β from v419

iff Coverer wins 〈Gvavoid, 1, β〉. Consider a vertex v ∈ Vavoid, and assume first that Coverer420

has a covering strategy from v. Since Disruptor can force the play to stay in Gavoid, every421

covering strategy for Coverer from v in G is also a covering strategy from v in Gavoid. Also,422

for every covering strategy F1 = 〈f1
1 , . . . , f

k
1 〉 from v, the strategies for the different agents423

agree with each other as long as the play stays in Gavoid. That is, f1
1 (h) = · · · = fk1 (h), for424

every h ∈ V ∗avoid ·V ′1 . Indeed, vertices from which there exists a covering strategy for Coverer425

that sends different agents to different successors are forks, and by the definition of Vavoid,426

the sub-graph Gavoid does not contain forks. Hence, the strategy f1 : V ∗avoid · V ′1 → Vavoid427

with f1(h) = f1
1 (h) for every h ∈ V ∗avoid · V ′1 is a covering strategy for Coverer 〈Gvavoid, 1, β〉.428

For the second direction, assume that Coverer wins 〈Gvavoid, 1, β〉. We show that Coverer429

has a covering strategy from v. Let f1 be a covering strategy for Coverer in 〈Gvavoid, 1, β〉.430

Consider the strategy F1 = 〈f1
1 , . . . , f

k
1 〉 in which, for all 1 ≤ i ≤ k, the strategy f i1 agrees431

with f1 as long as the play stays in Gavoid, and proceeds with Fu1 once the play (that is, all432

tokens together, as this may happen only in a transition taken by Disruptor), leaves Gavoid433

and reaches a vertex u 6∈ Vavoid. For every strategy f2 for Disruptor, either all the outcomes434

of F1 and f2 stay in Gavoid, in which case β is covered by each of the agents, or all the435

outcomes leave Gavoid, in which case they follow strategies that cover β by decomposing436

it. J437

5 The Complexity of the Coverage Problem438

In this section, we study the complexity of deciding the existence of covering strategies in439

Büchi and co-Büchi CGs, and show that the problem is PSPACE-complete.440

We start with upper bounds. Consider a CG G = 〈G, k, β〉. Recall the set F of forks for441

β, and the game graph Gavoid, in which Disruptor can avoid reaching forks. By Theorem 9,442

Coverer has a covering strategy in G iff Player 1 has a winning strategy in Gavoid for the443

All objective β, and when the play leaves Gavoid (or if the initial vertex is not in Gavoid),444

Coverer can cover β by reaching a fork, from which β can be decomposed.445

The above characterization is the key to our algorithm for deciding whether Coverer446

has a covering strategy. Essentially, the algorithm guesses the set U of forks, checks that447

Player 1 wins the game with the All objective β in the sub-graph induced by U , and checks448

(recursively) that the vertices in U are indeed forks. The checks and the maintenance of the449

recursion require polynomial space. Since NPSPACE=PSPACE, we have the following. 3
450

I Theorem 10. The coverage problem for Büchi or co-Büchi CGs can be solved in PSPACE.451

3 It is not hard to see that the proof of Theorem 10 applies to all prefix-independent objective types γ
such that All-γ games can be decided in PSPACE.
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Proof. We describe a non-deterministic Turing machine (NTM) T that runs in polynomial452

space, such that T accepts a CG G iff Coverer has a covering strategy in G.453

Given a CG G = 〈G, k, β〉, the NTM T guesses a set of vertices U ⊆ V , and checks that454

they are forks. To check that a vertex u ∈ U is a fork, the NTM guesses a partition β1, . . . , βl455

of β and a partition A1, . . . , Al of [k] to nonempty sets, for some 2 ≤ l ≤ k, and checks456

recursively whether Coverer has a covering strategy in 〈Gu, |Ai|, βi〉, for every i ∈ [l]. If one457

of the recursive checks fails, the NTM rejects. Otherwise, T calculates the restriction G′ of G458

to vertices from which Disruptor can force the play to avoid U . Then, T accepts if the initial459

vertex v of G is not in G′ or Player 1 wins from v in the All-γ game 〈G′, β〉. Otherwise, T460

rejects.461

We prove the correctness of the construction. That is, we prove that T accepts a game G462

iff Coverer has a covering strategy in G. By Theorem 9, Coverer has a covering strategy from463

a vertex v iff v /∈ Vavoid, or v ∈ Vavoid and Coverer wins 〈Gvavoid, 1, β〉. So, if Coverer has a464

covering strategy, the NTM can guess the set F of forks for the current set β of objectives465

and number k of agents. Then, G′ coincides with Gavoid, and by Theorem 9, the NTM466

accepts. For the second direction, assume the NTM accepts. Then, the vertices in U are467

forks by definition, and Coverer wins 〈G′, 1, β〉. By Theorem 9, it is enough to show that if468

v ∈ Gavoid, then Coverer wins 〈Gvavoid, 1, β〉. Since the vertices in U are forks, Gavoid is a469

sub-graph of G′. So, since Disruptor can force the play to stay in Gavoid if v is in it, we also470

have that Coverer wins 〈Gvavoid, 1, β〉.471

To complete the proof, we show that the NTM runs in polynomial space. Note that472

only a polynomial number of recursive checks can be made before reaching an empty set of473

objectives, and each check requires a polynomial space for guessing U and the appropriate474

partitions. Also, calculating G′ and checking whether Player 1 wins an All-γ game can be475

done in polynomial time, for both γ ∈ {B,C} [27]. J476

Note that the algorithm can return a covering strategy (if one exists). Such a strategy can477

be described by the set F of forks, the sub-game Gavoid, a covering strategy in 〈Gavoid, 1, β〉,478

and the strategies for reaching forks. Then, for each fork, the strategy describes the partitions479

of β and [k], and the (recursive) description of the strategies in the decomposed game. Note480

that the description may require more than polynomial space.481

We continue to the lower bounds.482

I Theorem 11. The coverage problem for Büchi or co-Büchi CGs is PSPACE-hard.483

Proof. We describe reductions from QBF. We start with Büchi CGs. Consider a set484

of variables X = {x1, . . . , xn} and a QBF formula Φ = Q1x1, . . . , Qnxnϕ where ϕ =485

C1 ∧ · · · ∧ Cm, with Ci = (l1i ∨ l2i ∨ l3i ), for every i ∈ [m]. We construct a Büchi CG486

G = 〈G, |X|, β〉 such that Φ = true iff Coverer has a covering strategy in G.487

The game graph G (see example in Figure 3) lets the players choose an assignment to488

the variables in X, following the quantification order of Φ and starting from the outermost489

variable. Starting from the initial vertex, when the play reaches a vertex that corresponds490

to an existential variable xi, Coverer chooses between choosing an assignment to xi, which491

involves proceeding to a self-looped sink that corresponds to the literal xi, or proceeding to a492

self-looped sink that corresponds to the literal xi, and proceeding to the next variables. When493

the play reaches a vertex that corresponds to a universal variable xi, Disruptor chooses an494

assignment to xi, by proceeding to a vertex that corresponds to the literal xi, and proceeding495

to a vertex that corresponds to the literal xi. In those vertices, Coverer chooses between496

staying in the current vertex, and proceeding to the next variables.497
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v1

x1

x1

v2

x2
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x3

x3

v4

x4

x4

Figure 3 The game graph G for Φ = ∃x1∀x2∃x3∀x4ϕ.

Since the vertices that correspond to existential variables are self-looped sinks, the choices498

of Coverer are not reflected in the history of plays that reach the subsequent variables.499

Hence, when Disruptor chooses an assignment to a universal variable, she is unaware of the500

assignments Coverer chose for preceding existential variables. The vertices that correspond501

to universal variables are not sinks, thus when choosing assignments to existential variables,502

Coverer is aware of the assignments Disruptor chose for preceding universal variables.503

Then, for every variable x ∈ X, we define an objective αx that forces Coverer to allocate504

an agent to stay in the vertices that correspond to the assignment chosen for x. Also, for505

every clause Ci, we define the objective αCi that consists of vertices that correspond to Ci’s506

literals. Thus, the joint assignment satisfies ϕ iff Coverer can cover all the objectives. See507

Appendix A.4 for a formal description of G and the correctness proof.508

For co-Büchi CGs, note that, as in previous reductions, a Büchi objective α ⊆ (X ∪X)509

is satisfied in a play ρ iff the co-Büchi objective (X ∪X) \ α is satisfied in ρ, and thus the510

same reduction with dual objectives applies. J511

6 The Complexity of the Disruption Problem512

In this section, we study the complexity of deciding the existence of disrupting strategies513

in Büchi and co-Büchi CGs. Note that since CGs are undetermined, the coverage and514

disruption problems are not dual, and so the results in Section 5 do not imply that the515

disruption problem is PSPACE-complete. In fact, we show here that the disruption problem516

is ΣP
2 -complete. Thus, at least in terms of its theoretical complexity class, it is easier than517

the coverage problem.518

We start with upper bounds. Consider a CG G = 〈G, k, β〉, and consider a two-player519

game played on G. For every strategy f2 for Player 2, let ∆f2 ⊆ 2β be the set of maximal520

subsets δ ⊆ β such that Player 1 has a strategy that ensures the satisfaction of the All521

objective δ when Player 2 uses f2. That is, ∆f2 is the set of maximal sets δ ⊆ β for which522

there exists a strategy f1 for Player 1 such that sat(outcome(〈f1, f2〉), β) = δ.523

I Lemma 12. Consider a strategy f2 for Player 2. For every strategy f1 for Player 1, there524

exists δ ∈ ∆f2 such that outcome(〈f1, f2〉) satisfies the All-γ̃ objective (β \ δ).525

Proof. Consider a strategy f2 for Disruptor, and a strategy f1 for Coverer, and let ρ =526

outcome(〈f1, f2〉). By the definition of ∆f2 , there exists δ ∈ ∆f2 such that sat(ρ, β) ⊆ δ.527

Accordingly, (β \ δ) ∩ sat(ρ, β) = ∅, and so ρ satisfies all the γ̃ objectives in β \ δ. J528

Back to CGs, the intuition behind the definition of ∆f2 is that δ ∈ ∆f2 iff whenever529

Disruptor follows f2, Coverer can allocate one agent that covers exactly all the objectives in530

δ. Formally, we have the following, which follows directly from the definitions.531
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I Lemma 13. Consider a CG G = 〈G, k, β〉. A strategy f2 for Disruptor is a disrupting532

strategy in G iff for every k sets δ1, . . . , δk ∈ ∆f2 , we have that
⋃
i∈[k] δi 6= β.533

We use the observations about ∆f2 in order to restrict the search for disrupting strategies.534

We start with Büchi CGs.535

I Theorem 14. Disruptor has a disrupting strategy in a Büchi CG G iff she has a memoryless536

disrupting strategy in G.537

Proof. Consider a Büchi CG G = 〈G, k, β〉. Assume Disruptor has a disrupting strategy f2538

in G. By Lemma 12, for every strategy f1 for an agent of Coverer, there exists δ ∈ ∆f2 such539

that outcome(〈f1, f2〉) satisfies the AllC objective β \ δ, which is equivalent to the co-Büchi540

objective ∪(β \ δ). Accordingly, f2 is a winning strategy for Player 2 in a game played on541

G in which her objective is the ExistsC objective {∪(β \ δ)}δ∈∆f2
. Let f ′2 be a memoryless542

winning strategy for Player 2 in this game. Since ExistsC objectives require memoryless543

strategies, such a strategy exists. In Appendix A.5, we prove that f ′2 is a disrupting strategy544

in G. J545

I Theorem 15. The disruption problem for Büchi CGs is in ΣP
2 .546

Proof. Consider a Büchi CG G = 〈G, k, β〉. An NP algorithm that uses a co-NP oracle547

guesses a memoryless strategy f2 for Disruptor, and then checks that Coverer does not have548

a covering strategy in the one-player game defined over the sub-graph Gf2 induced by f2.549

That is, the sub-graph of G in which the edges from vertices in V2 agree with f2. Since550

Coverer essentially owns all the vertices in Gf2 , then by Theorem 2, deciding the existence551

of covering strategies in Gf2 can be done in NP, implying the ΣP
2 -upper bound. J552

We continue to co-Büchi CGs. Here, disrupting strategies need not be memoryless, and553

in fact need not be polynomial. Accordingly, the proof is more complicated and is based on554

a symbolic description of disrupting strategies.555

A superset objective is a set F ⊆ 22V of AllB objectives, and it is satisfied in a play ρ556

iff at least one AllB objective in F is satisfied in ρ [16]. By [16], every superset objective557

has an equivalent AllB objective. Accordingly, in two-player superset games, Player 2 has558

an ExistsC objective, thus Player 2 wins iff she has a memoryless winning strategy. Since559

a memoryless strategy for Player 2 can be checked in polynomial time and the game is560

determined, the problem of deciding whether there exists a winning strategy for a superset561

objective is co-NP-complete [16].562

We start with an easy characterization of winning strategies for AllB objectives.563

I Lemma 16. Consider an AllB game G = 〈G, δ〉, with δ = {α1, . . . , αm}. Player 1 wins G564

iff there exist a set W ⊆ V of vertices and a set {gi1 : i ∈ [m]} of memoryless strategies for565

Player 1, such that Player 1 can force the play to reach W , and for every vertex v ∈W and566

i ∈ [m], the strategy gi1 forces each play from v to reach αi ∩W , while staying in W .567

We say that W is a winning cage for δ, and that {gi1 : i ∈ [m]} are its witnesses.568

Lemma 17 below suggests a way to describe winning strategies for AllB objectives by the569

sets of successors a winning strategy chooses infinitely often from every vertex.570

For a set of vertices U ⊆ V , a strategy f1 for Player 1 is a U -trap if it forces the play to571

reach and stay in U . That is, if inf(outcome(〈f1, f2〉)) ⊆ U , for every strategy f2 for Player 2.572

A fairness requirement for Player 1 is a function g : V1 → 2V that maps each vertex573

v ∈ V1 to a subset of its successors. We say that a strategy f1 for Player 1 respects g if for574

every vertex v ∈ V1, the strategy f1 only chooses successors for v from g(v), and when v is575
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visited infinitely often, then f1 proceeds to each of the successors of v in g(v) infinitely often.576

That is, for every vertex v ∈ V1 and a prefix of a play h ∈ V ∗ we have that f1(h · v) ∈ g(v),577

and for every strategy f2 for Player 2 and a vertex v ∈ V1, if v ∈ inf(outcome(〈f1, f2〉)), then578

g(v) ⊆ inf(outcome(〈f1, f2〉)).579

I Lemma 17. Consider an AllB game G = 〈G, δ〉, with δ = {α1, . . . , αm}. Player 1 wins G580

iff there exists a set of vertices U ⊆ V and a fairness requirement g for Player 1 such that581

every U-trap strategy for Player 1 that respects g is a winning strategy for Player 1 in G,582

and such a strategy exists.583

Proof. First, if there is a U -trap strategy for Player 1 that respects a fairness requirement584

g such that every such strategy is a winning strategy in G, then Player 1 has a winning585

strategy in G.586

For the other direction, assume Player 1 wins G. Consider a minimal winning cageW ⊆ V587

and witnesses {gi1 : i ∈ [m]} for W . Note that by definition, Player 1 has a W -trap strategy588

that respects a fairness requirement g with g(v) = {gi1(v) : i ∈ [m]} for every v ∈ V1 ∩W .589

We show that every such strategy is a winning strategy for Player 1 in G.590

Consider a strategy f∗1 for Player 1 in G that forces the play to reach W , and, starting591

with i = 1, follows gi1 until the play reaches αi, where it switches to follow g
(i+1) mod m
1 . It592

is easy to see that f∗1 is a winning strategy for Player 1 in G.593

Now, consider a strategy f1 for Player 1 that is a W -trap, and respects g. Note that such594

a strategy exists, since W is a winning cage for δ and for every vertex v ∈ V1 ∩W , we have595

that g(v) ⊆W . We show that f1 is a winning strategy for Player 1 in G.596

Assume by contradiction otherwise. Thus, there exists a strategy f2 for Player 2 such597

that U = inf(outcome(〈f1, f2〉)) does not intersect with all the sets in δ. That is, there exists598

i ∈ [m] such that U ∩ αi = ∅. We show that there exists a strategy f ′2 for Player 2 with599

U ′ = inf(outcome(〈f∗1 , f ′2〉)) such that U ′ ⊆ U , thus U ′ ∩ αi = ∅, which contradicts the fact600

that f∗1 is a winning strategy for Player 1 in G.601

Let f ′2 be a strategy for Player 2 with which outcome(〈f∗1 , f ′2〉) reaches U , and chooses602

for every vertex v ∈ U ∩ V2 a successor in U . Note that Player 2 can make the play reach U603

when Player 1 uses f∗1 , as otherwise f∗1 is a strategy that forces the play to avoid U , which604

contradicts the fact W is minimal. Note that U ′ ⊆ U , since both strategies choose successors605

in U for vertices in U . Indeed, by the definition of f∗1 , for every vertex v ∈ U ′ ∩ V1 the set606

of successors f∗1 chooses for v is a subset of g(v) = {gi1(v) : i ∈ [m]}. To conclude, note607

that by the definition of f1, we have that g(v) ⊆ U . Indeed, every vertex v ∈ U ∩ V1 is608

visited infinitely often in outcome(〈f1, f2〉), thus all the vertices in g(v) are visited infinitely609

often. J610

By Lemma 17, we do not need to guess an explicit strategy for Player 1 in order to611

determine whether she wins an AllB or a superset game. Instead, we can guess a set of612

vertices that might appear infinitely often, and the set of successors we choose infinitely often613

from each of those vertices.614

Back to CGs, we show that disrupting strategies can be described symbolically using a615

fairness requirement.616

We say that a set of subsets of objectives ∆ ⊆ 2β is k-wise intersecting if the intersection617

of every k sets in ∆ is not empty. That is,
⋂
i∈[k] δi 6= ∅, for every δ1, . . . , δk ∈ ∆.618

I Lemma 18. A strategy f2 for Disruptor is a disrupting strategy iff the set {(β\δ) : δ ∈ ∆f2}619

is k-wise intersecting.620
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Proof. Assume first that f2 is a disrupting strategy, and consider k sets δ1, . . . , δk ∈ ∆f2 .621

By the definition of ∆f2 , there exist strategies f1
1 , . . . , f

k
1 for the agents of Coverer with622

sat(outcome(〈f i1, f2〉), β) = δi, for every i ∈ [k]. Since f2 is a disrupting strategy, then, by623

Lemma 13, we have that
⋃
i∈[k] δi 6= β. Therefore,

⋂
i∈[k](β\δi) 6= ∅, and so {(β\δ) : δ ∈ ∆f2}624

is k-wise intersecting.625

For the second direction, consider a strategy f2 for Disruptor such that {(β \δ) : δ ∈ ∆f2}626

is k-wise intersecting. Then, for every strategy F1 = 〈f1
1 , . . . , f

k
1 〉 for Coverer and δ1, . . . , δk ∈627

∆f2 with sat(outcome(f i1, f2)) ⊆ δi, for every i ∈ [k], there exists αj ∈
⋂
i∈[k](β \ δi). Thus,628

αj is not covered in outcome(〈F1, f2〉). Accordingly, f2 is a disrupting strategy. J629

I Lemma 19. If Disruptor has a disrupting strategy in a co-Büchi CG, then there exist a630

set of vertices U and a fairness requirement g such that every U -trap strategy for Disruptor631

that respects g is a disrupting strategy, and such a strategy exists.632

Proof. Consider a co-Büchi CG G = 〈G, k, β〉, and assume there exists a disrupting strategy633

f2 for Disruptor. Let δf2 be the AllB objective equivalent to the superset objective {(β \ δ) :634

δ ∈ ∆f2}. Since f2 is a winning strategy for the superset objective {(β \ δ) : δ ∈ ∆f2}, and635

thus for its equivalent AllB objective δf2 , then, by Lemma 17, there exist a set of vertices U636

and a fairness requirement g such that every U -trap strategy f ′2 for Disruptor that respects637

g is a winning strategy for δf2 , and hence also a winning strategy for the superset objective638

{(β \ δ) : δ ∈ ∆f2}. Also, such a strategy exists. By Lemma 18, in order to show that every639

such strategy f ′2 is a disrupting strategy, it is enough to show that {(β \ δ) : δ ∈ ∆f ′
2
} is640

k-wise intersecting.641

Consider a U -trap strategy f ′2 that respects g. Note that since f ′2 is a winning strategy642

for the superset objective {(β \ δ) : δ ∈ ∆f2}, for every set δ ∈ ∆f ′
2
, there exists a set643

δ′ ∈ ∆f2 such that (β \ δ′) ⊆ (β \ δ). Now, consider k sets δ1, . . . , δk ∈ ∆f ′
2
of objectives,644

and for every i ∈ [k], let δ′i ∈ ∆f2 be a set of objectives such that (β \ δ′i) ⊆ (β \ δi). Since645 ⋂
i∈[k](β \ δ′i) ⊆

⋂
i∈[k](β \ δi) and {(β \ δ) : δ ∈ ∆f2} is k-wise intersecting, we have that646 ⋂

i∈[k](β \ δi) 6= ∅. Accordingly, {(β \ δ) : δ ∈ ∆f ′
2
} is k-wise intersecting. J647

The fact we can restrict attention to disrupting strategies that are given by fairness648

requirements leads to an upper bound for the disruption problem.649

I Theorem 20. The disruption problem for co-Büchi CGs is in ΣP
2 .650

Proof. An NP algorithm that uses a co-NP oracle guesses a set of vertices U ⊆ V and a651

fairness requirement g : (V2 ∩ U)→ (2U \ {∅}), checks that there exists a U -trap strategy for652

Disruptor that respects g, and then the co-NP oracle checks that every U -trap strategy for653

Disruptor that respects g is a disrupting strategy. By Lemma 19, the search can be restricted654

to trap strategies that respect a given fairness requirement. In Appendix A.6 we describe655

how the above two steps can indeed be done in NP and co-NP. In particular, checking the656

U -traps that respect g is based on the fact that for every strategy for an agent of Coverer,657

the set of vertices visited infinitely often in the resulted play are strongly connected subsets658

of U that contain all the successors of vertices in V2 according to g, and the rest of the659

vertices are successors of vertices in V1. J660

We continue to lower bounds. Note that the game in the reduction in the proof of661

Theorem 11 is determined when Φ is of the form ∀X∃Y ϕ. Indeed, in this case the assignment662

to the universal variables is independent of the assignment to the existential variables,663

and thus if Φ = false, which holds iff the 2QBF formula ∃X∀Y ϕ is valid, Disruptor has664

a disrupting strategy. Since 2QBF is ΣP
2 -hard, we have the following (see full proof in665

Appendix A.7).666
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I Theorem 21. The disruption problem for Büchi or co-Büchi CGs is ΣP
2 -hard.667

7 Discussion668

We introduced and studied coverage games, extending multi-agent planning to adversarial669

factors that go beyond those studied in existing frameworks.670

Below we discuss variants of CGs. Clearly, all classical extensions to the underlying671

two-player game (e.g., concurrency, probability, partial visibility, etc.) and to the objectives672

(e.g., richer winning conditions, weighted objectives, mixing objectives of different types, etc.),673

as well as classical extensions from planning (e.g., dynamic objectives, optimality of agents674

and their resources, etc.) are interesting also in the setting of CGs. For example, handling675

reachability objectives, it is interesting to search for strategies of Coverer that reach the676

objectives via short paths, and one may optimize the longest or the average path. Although677

the extension to richer objectives is an obvious direction for future work, we note that the678

study of Büchi and co-Büchi better highlights the differences between CGs and standard679

games, as the complexity is not dominated by challenges that have to do with the objective.680

For example, by Footnote 2, the extension of the general Müller objective to CGs involves681

no cost, whereas for the Büchi and co-Büchi objectives, we exhibit a variety of complexity682

classes, obtained for the different variants of CGs. As our results show, the transition from683

multiple objectives (a single agent) to CGs adds the challenge of decomposing the set β of684

objectives among the agents. For example, while multiple co-Büchi objectives can be merged,685

making them easier than multiple Büchi objectives, co-Büchi CGs are not easier than Büchi686

CGs. It is interesting to study how the need to decompose the objectives affects the problem687

in richer settings.688

More interesting in our context are extensions that have to do with the operation of689

several agents: communication among the agents and the ability of Disruptor to also use690

different agents. Recall that in the CGs studied here, the strategy of each agent may depend691

on the history of her interaction with Disruptor, but is independent of the interaction of the692

other agents. Settings in which the agents communicate with each other corresponds to CGs693

in which their strategies depend on the history of all interactions. Clearly, communication694

can help Coverer. For example, if two drones are tasked with patrolling an area and Drone 1695

is drifting northward at a certain location, knowing this could prompt Drone 2 to avoid that696

location or to fly southward. Also, beyond full information about the other agents, various697

applications induce interesting special cases, such as visibility of a subset of the agents, of698

agents in some radius, of their current location only, and so on.699

As for a richer disruption, recall that in the CGs studied here, all the agents of Coverer700

interact with the same strategy of Disruptor. It is interesting to consider settings in which701

Disruptor also operates a number l of agents. Then, a strategy for Disruptor is a vector702

F2 = 〈f1
2 , . . . , f

l
2〉 of strategies, and Coverer should cover all the objectives in β for every F2703

and for every possible pairing of each of her agents with those of Disruptor. This extension704

corresponds to settings in which different agents may face different responses, even after the705

exact same interaction. Clearly, this can help Disruptor. For example, if a system aims to706

ensure that some road remains uncongested, it may limit the number of cars in each zone by707

directing different cars to different directions. From a technical point of view, the setting708

involves additional challenges. In particular, decomposition now has an additional parameter.709

For example, it can be shown that if l = k, then Coverer can cover β iff there is an a-priori710

decomposition of β among the agents.711
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A Missing proofs788

A.1 Missing details in the proof of Theorem 2789

We start with the case γ = B. There, G = 〈G′, k, E〉, where the game graph G′ =790

〈V ′, ∅, v0, E
′〉 has the following components.791

1. V ′ = V ∪ {v0}, where v0 /∈ V .792

2. The set of edges E′ contains the following edges.793

a. 〈v0, v〉, for every v ∈ V . That is, from the initial vertex, Coverer chooses a vertex794

v ∈ V by proceeding to the vertex that correspond to v in V ′.795

b. 〈v, v〉, for every v ∈ V .796

We prove the correctness of the reduction. Assume first that there exists a vertex-cover797

U ⊆ V of size k in G. Then, the strategy F1 for Coverer in G that sends a different agent to798

every vertex v ∈ U is a covering strategy. Indeed, since U is a vertex cover, for every edge799

e = {u, v} ∈ E we have that u ∈ U or v ∈ U , thus the Büchi objective e is satisfied in the800

play in outcome(F1) that reaches the self-looped sink v or the self-looped sink u.801

For the second direction, assume there exists a covering strategy F1 in G. Let U be the802

set of k self-looped sinks that the plays in outcome(F1) reach. Then, U is a vertex-cover in803

G of size k. Indeed, for every edge e = {u, v} ∈ E, if every play in outcome(F1) does not804

reach u and does not reach v, then there does not exist a play in outcome(F1) that satisfies805

the Büchi objective e, which is not possible since F1 is a covering strategy.806

For γ = C, we define the same graph G, with β = {V \ e : e ∈ E}. Since each play ρ is807

eventually trapped in a self-loop in a vertex in V , the co-Büchi objective V \ e is satisfied in808

ρ iff the Büchi objective e is satisfied in ρ, thus the game coincides with the one for γ = B.809
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A.2 Missing details in the proof of Theorem 5810

We first prove that every strategy F1 = 〈f1
1 , f

2
1 〉 for Coverer is not a covering strategy in G. If811

f1
1 (v0) = f2

1 (v0) = v1, then F1 satisfies at most α1 and α2; If f1
1 (v0) = f2

1 (v0) = v2, then F1812

guarantees the satisfaction of the two objectives α1 and α3, when Disruptor proceeds from v2813

to u2, and the two objectives α2 and α3, when Disruptor proceeds from v2 to d2; Otherwise,814

without loss of generality, we have that f1
1 (v0) = v1 and f2

1 (v0) = v2. If f1
1 (v1) = u1, then815

when Disruptor proceeds from v2 to u2, only α1 and α3 are satisfied, and in a similar way,816

if f1
1 (v1) = d1, then when Disruptor proceeds from v2 to d2, only α2 and α3 are satisfied.817

Therefore, F1 is not a covering strategy.818

We now prove that every strategy f2 for Disruptor is not a disrupting strategy. If819

f2(v2) = u2, then when Coverer uses the strategy in which one agent goes to d1 and one820

agent goes to v2, all three objectives are satisfied; in a similar way, if f2(v2) = d2, then when821

Coverer uses the strategy in which one agent goes to u1 and one agent goes to v2, all three822

objectives are satisfied. Therefore, f2 is not a disrupting strategy.823

A.3 Proof of Theorem 6824

For the first claim, consider a CG G = 〈G, k, β〉, and consider 1 < l ≤ k and a vertex v of825

G such that β is (k, l)-decomposable in v. We show that β is also (k, l − 1)-decomposable826

in v. The claim for all l′ ≤ l then follows by repeated (possibly zero) applications of this827

claim. Since β is (k, l)-decomposable in v, there exists a partition β1, . . . , βl of β and a828

partition A1, . . . , Al of A to nonempty sets, such that for every 1 ≤ i ≤ l, Coverer wins the829

game 〈Gv, |Ai|, βi〉. It follows that Coverer also wins the CG 〈Gv, |Al−1 ∪ Al|, βl−1 ∪ βl〉.830

Indeed, the strategy in which the agents in Al−1 use their winning strategy for βl−1 and the831

agents in Al use their winning strategy for βl covers βl−1 ∪ βl. Hence, β1, . . . , βl−2, βl−1 ∪ βl832

and A1, . . . , Al−2, Al−1 ∪Al are partitions of β and A, respectively, to l − 1 nonempty sets,833

witnessing that β is (k, l − 1)-decomposable from v.834

For the second item, consider k ≥ 2. We prove the claim for l = 2. By the first item,835

the result then follows for all l > 1. First, for γ = B, consider the γ-CG G = 〈G, k, β〉,836

where G is as follows (see Figure 4 for an example for k = 2). Starting from the initial837

vertex v0, Disruptor chooses between k + 1 vertices v1, . . . , vk+1. From vi, Coverer chooses838

among k self-looped sinks s1
i , . . . , s

k
i , for every i ∈ [k + 1]. Then, for every i ∈ [k + 1] and839

j ∈ [i− 1], the sink sji satisfies the objective αj , and for every j ∈ [k + 1] \ [i], the sink sj−1
i840

satisfies the objective αj . The sink s1
i also satisfies αi. That is, every objective αj ∈ β \ {αi}841

is satisfied in a separate sink reachable from vi. Formally, β = {αi : i ∈ [k + 1]}, with842

αi = {sij : i+ 1 ≤ j ≤ k + 1} ∪ {si−1
j : 1 ≤ j ≤ i− 1} ∪ {s1

i }, for every i ∈ [k + 1].843

v1

v0

s11 s21

v2

s12 s22

v3

s13 s23

Figure 4 The game graph G for k = 2. Here, β = {α1, α2, α3}, with α1 = {s1
2, s

1
3, s

1
1}, α2 =

{s2
3, s

1
1, s

1
2}, and α3 = {s2

1, s
2
2, s

1
3}.

It is not hard to see that Coverer wins G. Indeed, β can be satisfied in Gvi , for every844

successor vi of v0. We show that β is not (k, 2)-decomposable in G. Assume by contradiction845
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otherwise. Thus, there exist β′ ⊂ β and A′ ⊂ A such that Coverer wins 〈G, |A′|, β′〉 and846

〈G, |A \A′|, β \ β′〉. Note that every winning strategy for Coverer in 〈G, |A′|, β′〉 requires |β′|847

agents. Indeed, since |β′| ≤ k, Disruptor can choose from the initial vertex a successor vi such848

that αi /∈ β′, thus β′ is covered from vi iff |β′| agents are sent to |β′| different successors of vi.849

In a similar way, every winning strategy for Coverer in 〈G, |A \A′|, β \ β′〉 requires |β \ β′|850

agents. Therefore, k = |A| = |A′|+ |A \A′| ≥ |β′|+ |β \ β′| = |β| = k + 1, contradiction.851

Next, for γ = C, we define G′ = 〈G, k, β′〉 over the same game graph, now with β′ =852

{α′1, . . . , α′k+1}, where α′i = ∪(β \ {αi}), for every i ∈ [k + 1]. Since the vertices sji are853

sinks, every play in G satisfies the γ objective α′i iff it satisfies the γ̃ objective αi, for every854

i ∈ [k + 1], we have that Coverer wins G′ but β′ is not (k, 2)-decomposable in G.855

We continue to the last claim. Consider k ≥ 2 and 1 ≤ l < k. First, for γ = B, we describe856

a γ-CG G = 〈G, k, β〉 with β = {α1, . . . , αk+1} such that β is (k, l)-decomposable in G, but857

β is not (k, l+ 1)-decomposable in G. The game is as follows. Let G′ = 〈G′, k− (l− 1), β′〉 be858

a CG with β′ = {α′1, . . . , α′k−(l−1)+1} such that Coverer wins G′, but β′ is not (k− (l− 1), 2)-859

decomposable in G′. By item 2, such a CG exists. Starting from the initial vertex in G,860

Disruptor chooses between l successors v1, . . . , vl. The vertices v1, . . . , vl−1 are self-looped861

sinks, and from vl, Coverer proceeds to the sub-graph G′. Then, we define αi = {vi}, for862

every i ∈ [l − 1], and αi = α′i−(l−1), for every l ≤ i ≤ k + 1. It is not hard to see that863

β is (k, l)-decomposable in G. Indeed, for every i ∈ [l − 1], Coverer wins 〈G, 1, {αi}〉, and864

also Coverer wins 〈G, k − (l − 1), β′〉, since Coverer wins G′. We continue to show that β is865

not (k, l + 1)-decomposable. Assume by contradiction otherwise, and let β1, . . . , βl+1 and866

A1, . . . , Al+1 be partitions of β and A to l+ 1 nonempty sets, respectively, such that Coverer867

wins 〈G, |Ai|, βi〉, for every 1 ≤ i ≤ l + 1. Since there are only l − 1 objectives in β \ β′, we868

have that β′ is divided among at least two different sets in the partition, implying an a-priori869

partition of β′, contradicting the fact β′ is not (k− (l− 1), 2)-decomposable in G′. The same870

results hold for γ = C and the γ-CG G′ = 〈G, k, β′′〉 with β′′ = {α′′1 , . . . , α′′k+1} such that871

α′′i = ∪(β \ {αi}), for every i ∈ [k + 1].872

A.4 Missing details in the proof of Theorem 11873

Formally, G = 〈G, |X|, β〉, where the game graph G = 〈V1, V2, v1, E〉 has the following874

components.875

1. V1 = {vi : i ∈ [n] and Qi = ∃}∪{l : l ∈ X ∪X}. The vertices in {vi : i ∈ [n] and Qi = ∃}876

are existential variable vertices, and the vertices in {l : l ∈ X ∪X} are literal vertices.877

2. V2 = {vi : i ∈ [n] and Qi = ∀}. The vertices in {vi : i ∈ [n] and Qi = ∀} are universal878

variable vertices.879

3. The set E of edges includes the following edges.880

a. 〈vi, xi〉 and 〈vi, xi〉, for every i ∈ [n]. That is, from the variable vertex vi, the owner of881

the vertex chooses an assignment to the variable vi by proceeding to one of the literal882

vertices xi and xi, which correspond to assigning true and false, respectively.883

b. 〈l, l〉, for every l ∈ X ∪X. That is, Coverer can choose to stay in every literal vertex.884

c. 〈vi, vi+1〉, for every i ∈ [n − 1] such that Qi = ∃. That is, from existential variable885

vertices, Coverer can proceed to the next variable vertex.886

d. 〈l, vi+1〉, for every i ∈ [n− 1] such that Qi = ∀ and l ∈ {xi, xi}. That is, from literal887

vertices that correspond to universal variables, Coverer can choose between staying in888

the literal vertex, and proceeding to the next variable vertex.889

The set β contains the following objectives.890

1. αx = {x, x}, for every x ∈ X.891

2. αCi
= {l1i , l2i , l3i }, for every i ∈ [m].892
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We prove the correctness of the construction. That is, we prove that Φ = true iff Coverer893

has a covering strategy in G. Note that the objective αx, for every x ∈ X, guarantees that894

exactly one agent has to stay in a vertex that correspond to one of the literals x and x.895

For the first direction, assume Φ = true. Consider the strategy F1 for Coverer that896

chooses an assignment to the existential variables, depending on the assignments chosen897

for preceding variables, in a way that ensures ϕ is satisfied. Then, for every literal vertex898

that corresponds to universal variables the play encounters, F1 leaves one of the agents to899

traverse its self-loop of indefinitely. Thus, the objective αx is satisfied in the play that stays900

in the literal vertex x or x, for every x ∈ X. And, since the chosen assignment satisfies ϕ,901

and literal vertices are visited infinitely often iff they are evaluated to true in the chosen902

assignment, every objective αCi is satisfied in at least one play. Therefore, F1 is a covering903

strategy.904

For the second direction, assume there exists a covering strategy F1 for Coverer in G.905

Note that by the definition of the construction, F1 allocates a single agent to stay indefinitely906

in every literal vertex the play reaches. Also note that for every strategy f2 for Disruptor,907

the set of literal vertices that the plays visit infinitely often induce an assignment that satisfy908

ϕ. Indeed, otherwise there exists a strategy f2 for Disruptor that induces an assignment for909

which there exists a clause Ci all whose literals are evaluated to false, thus αCi
is not covered910

in outcome(〈F1, f2〉), contradicting the fact that F1 is a covering strategy. Thus, there exists911

an assignment to the existential variables, depending on assignments to preceding universal912

variables, that guarantee the sanctification of ϕ. Accordingly, Φ = true.913

A.5 Missing details in the proof of Theorem 14914

Consider a strategy F1 = 〈f1
1 , . . . , f

k
1 〉 for Coverer. For every i ∈ [k], let ρi = outcome(〈f i1, f ′2〉).915

Since f ′2 is a winning strategy for the ExistsC objective {∪(β \ δ)}δ∈∆f2
, for every i ∈ [k]916

there exist δi ∈ ∆f2 such that ρi satisfies the co-Büchi objective ∪(β \ δi), and so the set917

of Büchi objectives that ρi satisfies is a subset of δi. Since δ1, . . . , δk ∈ ∆f2 and f2 is a918

disrupting strategy in G, then by Lemma 13, we have that
⋃
i∈[k] δi 6= β. Thus, there exists919

an objective αj ∈ β such that for every i ∈ [k], αj is not satisfied in ρi. Accordingly, we have920

that f ′2 is a disrupting strategy for Disruptor in G.921

A.6 Missing details in the proof of Theorem 20922

First, for the NP part, the algorithm checks that there exists a U -trap strategy for Disruptor923

that respects g. For that, the algorithm checks that Disruptor can force the play to reach924

U , checks that Coverer cannot force the play to leave U by verifying that for every vertex925

v ∈ V1 ∩ U , we have that succ(v) ⊆ U , and then checks that a U -trap strategy can respect g926

by verifying that for every vertex v ∈ V2 ∩ U , we have that g(v) ⊆ succ(v).927

Then, for the co-NP oracle, the algorithm checks that every U -trap strategy for Disruptor928

that respects g is a disrupting strategy. For that, the algorithm checks that for every929

U -trap strategy f2 for Disruptor that respects g and every strategy F1 = 〈f1
1 , . . . , f

k
1 〉 for930

Coverer, we have that β is not covered in outcome(〈F1, f2〉). That is,
⋂
i∈[k]{αj ∈ β :931

inf(outcome(〈f i1, f2〉)) ∩ αj 6= ∅} 6= ∅. For that, the algorithm checks that for every k sets932

U1, . . . , Uk ⊆ U of vertices such that for every i ∈ [k] we have that Ui = inf(outcome(〈f1, f2〉))933

for some strategy f1 for an agent of Coverer and a U -trap strategy f2 for Disruptor that934

respects g, we have that
⋂
i∈[k]{αj ∈ β : Ui ∩ αj 6= ∅} 6= ∅. Note that for every set935

of vertices U ⊆ V and a fairness requirement g for Disruptor, for every U -trap strategy936

f2 for Disruptor that respects g and a strategy f1 for an agent of Coverer, we have that937

CONCUR 2025
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U ′ = inf(outcome(〈f1, f2〉)) is a strongly connected subset of U such that for every vertex938

v ∈ V2 ∩ U ′ we have that g(v) ⊆ U ′, and the vertices in U ′ \ {g(v) : v ∈ V2 ∩ U ′} are visited939

infinitely often following choices made by f1, and thus for every vertex u ∈ U ′ \ {g(v) : v ∈940

V2 ∩ U ′} we have that u ∈ {succ(v) : v ∈ V1 ∩ U ′}. Thus, the co-NP oracle checks that for a941

guessed set of k sets U1, . . . , Uk ⊆ U of vertices, for every i ∈ [k], we have that Ui is strongly942

connected, {g(v) : v ∈ V2 ∩ Ui} ⊆ Ui, and Ui \ {g(v) : v ∈ V2 ∩ Ui} ⊆ {succ(v) : v ∈ V1 ∩ Ui}.943

A.7 Proof of Theorem 21944

We describe reductions from 2QBF. Consider a 2QBF formula Φ = ∃X∀Y ϕ with ϕ =945

C1 ∨ · · · ∨ Cm and Ci = (l1i ∧ l2i ∧ l3i ), for every i ∈ [m]. For both γ ∈ {B,C}, we construct946

from Φ a γ-CG G such that Φ = true iff Disruptor has a disrupting strategy in G.947

We define the γ-CG G as in the proof of Theorem 11, for the QBF formula Φ = ∀X∃Y ϕ.948

Note that since ϕ is in 3DNF, the formula ϕ is in 3CNF. We prove the correctness of the949

construction. That is, we prove that Φ = true iff Disruptor has a disrupting strategy in G.950

For the first direction, assume Φ = true. Let ξ : X → {true, false} be an assignment951

to the variables in X such that for every assignment ζ : Y → {true, false} to the variables952

in Y , we have that ξ and ζ satisfy ϕ. Consider a strategy f2 for Disruptor that chooses953

an assignment to the variables in X according to ξ. That is, for every variable x ∈ X,954

the strategy f2 proceeds to the literal vertex x if ξ(x) = true, and otherwise proceeds to955

the literal vertex x. It is not hard to see that f2 is a disrupting strategy for Disruptor in956

G. Indeed, for every strategy F1 for Coverer that allocates one agent to stay in the literal957

vertices of each variable, there exists a clause Ci of ϕ all whose literals are evaluated to false958

in the corresponding assignment, thus the objective αCi
is not covered in outcome(〈F1, f2〉).959

For the second direction, assume Φ = false. Then, Φ = true, and so Coverer has a960

covering strategy in G, as shown in the proof of Theorem 11. Consequentially, Disruptor961

does not have a disrupting strategy in G.962
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