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—— Abstract

Traditional synthesis algorithms return, given a specification over finite sets of input and output
Boolean variables, a finite-state transducer all whose computations satisfy the specification. Many
real-life systems have an infinite state space. In particular, behaviors of systems with a finite control
yet variables that range over infinite domains, are specified by automata with infinite alphabets.
A register automaton has a finite set of registers, and its transitions are based on a comparison of
the letters in the input with these stored in its registers. Unfortunately, reasoning about register
automata is complex. In particular, the synthesis problem for specifications given by register
automata, where the goal is to generate correct register transducers, is undecidable.

We study the synthesis problem for systems with a bounded number of registers. Formally,
the register-bounded realizability problem is to decide, given a specification register automaton A
over infinite input and output alphabets and numbers ks and k. of registers, whether there is a
system transducer 7' with at most ks registers such that for all environment transducers 7" with at
most k. registers, the computation T'||T’, generated by the interaction of T with T’, satisfies the
specification A. The register-bounded synthesis problem is to construct such a transducer T, if exists.
The bounded setting captures better real-life scenarios where bounds on the systems and/or its
environment are known. In addition, the bounds are the key to new synthesis algorithms, and, as
recently shown in [24], they lead to decidability. Our contributions include a stronger specification
formalism (universal register parity automata), simpler algorithms, which enable a clean complexity
analysis, a study of settings in which both the system and the environment are bounded, and a
study of the theoretical aspects of the setting; in particular, the differences among a fixed, finite,
and infinite number of registers, and the determinacy of the corresponding games.
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1 Introduction

Synthesis is the automated construction of a system from its specification. The specification
distinguishes between outputs, generated by the system, and inputs, generated by its
environment. The system should realize the specification, namely satisfy it against all
possible environments. Thus, for every sequence of inputs, the system should generate a
sequence of outputs so that the induced computation satisfies the specification [10, 31]. The
systems are modelled by transducers: automata whose transitions are labeled by letters from
the input alphabet, which trigger the transition, and letters from the output alphabet, which
are generated when the transition is taken. Since its introduction, synthesis has been one
of the most studied problems in formal methods, with extensive research on wider settings,
heuristics, and applications [25, 1].

Until recently, all studies of the synthesis problem considered finite state transducers that
realize specifications given by temporal-logic formulas over a finite set of Boolean propositions
or by finite-state automata. Many real-life systems, however, have an infinite state space.
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One class of infinite-state systems, motivating this work, consists of systems in which the
control is finite and the source of infinity is the domain of the variables in the systems.
This includes, for example, data-independent programs [38, 21, 27], software with integer
parameters [5], communication protocols with message parameters [11], datalog systems with
infinite data domain [4, 37], and more [8, 6]. Lifting automata-based methods to the setting
of such systems requires the introduction of automata with infinite alphabets. The latter
include registers [34], pebbles [29, 35], or variables [19, 20], or handle the infinite alphabets
by attributing it by labels from an auxiliary finite alphabet [3, 2].

A register automaton [34] has a finite set of registers, each of which may contain a letter
from the infinite alphabet. The transitions of a register automaton do not refer explicitly to
each of the (infinitely many) input letters. Rather, they compare the letter in the input with
the content of the registers, and may also store the input letter in a register. Several variants
of this model have been studied. For example, [22] forces the content of the registers to be
different, [29] adds alternation and two-wayness, [23] allows the registers to change their
content nondeterministically during the run, and [36] adds the ability to check for uniqueness
of the input letter. Likewise, register transducers are adjusted to model systems whose
interaction involves input and output variables over an infinite domain: their transitions are
labeled by guards that compare the value in the input with the content of the registers. In
addition, while taking a transition, the transducer stores this value in some of its registers
and outputs a value stored in one of its registers. For example, a transition of a register
transducer can be “in state ¢, if the value in the input is not equal to the value stored in
register #1, then store the value in the input into register #2, output the value stored in
register #1, and transit to state ¢3”. A register automaton can thus specify properties like
“every value read in the input in two successive cycles is output in the next cycle”. For more
elaborated examples, see Examples 1 and 2.

The transition to infinite alphabets makes reasoning much more complex. In particular,
the universality and containment problems for register automata are undecidable [29], and
so is the synthesis problem for specifications given by register automata [14]. While the
specifications used for the undecidability result in [14] are register automata with a fixed
number of registers, the realizing transducers are equipped with an unbounded queue of
registers: they can push the inputs into the queue, and later compare the inputs with the
values in the queue. This, for example, is helpful for realizing specifications like “every value
that appears in the input has to eventually appear on the output twice”. While the latter can
be specified by a register automaton with a single register, a realizing transducer for it may
behave as follows: it queues every incoming value into its queue, outputs the value stored
in the head of the queue twice, and dequeues it — which requires an unbounded queue of
registers. Moreover, as shown in [16], the synthesis problem stays undecidable even when
the number of registers in the realizing transducer is finite, yet not known in advance. In
[24], it is shown that bounding the number of registers of the realizing transducer makes the
synthesis problem decidable. Essentially, such a bound enables an abstraction of the infinite
number of register valuations to a finite number of equivalence relations. In more details,
since the transitions of the specification register automaton only compare the value in the
input with the content of its registers, we can abstract the exact values stored in the registers
and only maintain their partition into equivalence classes: two registers are in the same class
if they agree on the values stored in them. In particular, such a partition fixes the transition
that the automaton should take, and can be updated whenever the input value is stored in
some register.

In this paper we offer a comprehensive study of the synthesis problem for systems
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with a bounded number of registers. As has been the case with bounded synthesis in the
finite-state setting [32, 13, 17, 26], the motivation for the study is both conceptual and
computational: First, the bounded setting captures better real-life scenarios where bounds
on the systems and/or its environment are known. Second, the bounds are the key to new
synthesis algorithms, and in the case of systems with an infinite variable domain, they lead to
decidability. Note that the only parameter we bound is the number of registers. In particular,
the size of the alphabet stays infinite, and the size of the system and its environment stays
unbounded!.

Let us start with the conceptual motivation. It is by now realized that requiring a
realizing system to satisfy the specification against all possible environments is often too
demanding. Dually, allowing all possible systems is perhaps not demanding enough. This issue
is traditionally approached by adding assumptions on the system and/or the environment,
which are modeled as part of the specification (see e.g. [9]). In bounded synthesis in the
finite-state setting, the assumptions on the system and its environment are given by means
of bounds on the sizes of their state space [32, 26]. In the setting of register transducers,
bounding the size of the state spaces of the system and its environment is not of much interest,
as a register may be used to store the value of the state. Thus, the interesting parameter
to bound is the number of allowed registers. Indeed, this setting corresponds to systems
with a finite control and a finite number of memory elements, each maintaining a value from
an infinite domain. Formally, the register-bounded realizability problem is to decide, given a
specification register automaton A over infinite input and output alphabets and numbers k;
and k. of registers, whether there is a system transducer 7" with at most ks registers such
that for all environment transducers 7”7 with at most k. registers, the computation T'||7”,
generated by the interaction of T with T”, satisfies the specification A. The register-bounded
synthesis problem is to construct such a transducer T, if exists.

We continue to the computational motivation and describe our contribution. Our
specifications are given by universal register parity automata on infinite words (reg-UPW, for
short). Thus, each configuration of the automaton may have several successor configurations,
and an infinite word is accepted if all the possible runs on it are accepting. Reg-UPWs
are more expressive than deterministic register parity automata or universal register Biichi
automata, and are more succinct than universal register co-Biichi automata. Reg-UPWs
are incomparable with nondeterministic register parity automata (reg-NPW). There are
good reasons to work with the universal (rather than nondeterministic) model. First, basic
questions are undecidable for reg-NPW. In particular, [12] shows undecidability of the
universality problem for nondeterministic register weak automata with a single register,
which can be shown to imply undecidability of reg-NPW register-bounded synthesis. Second,
as we demonstrate in Section 2, the class of properties that are expressible by reg-UPWs is
more interesting in practice. In particular, reg-UPWs are easily closed under conjunction,
which is crucial for synthesis.

We describe a simple algorithm for the register-bounded synthesis problem for reg-UPW
specifications ([24] only handles co-Biichi automata), which enables a clean complexity
analysis ([24] only shows decidability). We study the settings in which both the system and
the environment are bounded ([24] only bounds the system), and we study the theoretical

L We note, however, that bounding the number of states in the realizing transducer has proven to be helpful
also in the context of systems over infinite alphabets. For example, [18] describes a CEGAR-based
synthesis algorithm that approaches the general undecidable synthesis problem by iteratively refining
under-approximating systems of bounded sizes.
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aspects of the setting; in particular, the differences between a fixed, a finite yet unbounded,
and an infinite number of registers, and the determinacy of the corresponding games.

Our synthesis algorithm reduces the register-bounded synthesis problem to the traditional
synthesis problem. Specifically, given a specification reg-UPW A with k, registers, and
numbers kg and k., we construct a (register-less) UPW A’ that abstracts the values in the
registers of A and consider instead equivalences among registers in the three sets of registers
involved: these of A, and these of the system and environment transducers. The synthesis
problem for A is then reduced to that of A’. In Section 3 we solve the case where the
environment is not bounded (thus k. = co) and then in Section 4 continue to the general case.
Our complexity analysis carefully takes into account the fact that in the determinization of
A’, the registers of A and the environment behave universally, whereas these of the system
behave deterministically. Accordingly, the complexity of the register-bounded synthesis
problem for A with n states, finite alphabet of size m, and index ¢, can be solved in time
(emn(ks + ke + k‘A))O(C"(k'—*“"ke"'k/*ﬂke%ﬁl)). Thus, it is polynomial in m, exponential in c,
n, and ks, and doubly-exponential only in k4 and k.. Then, in Section 5 we also study
determinacy of register-bounded synthesis and show that for all ks € N and k., € NU{oo}, the
problem is not determined: there are specifications that are neither realizable by a bounded
system (with respect to bounded environments), nor their negations are realizable by a
bounded environment (with respect to bounded systems). This corresponds to the picture
obtained for bounded synthesis for finite-state systems, where the size of the state space is
bounded (we bound only the number of registers) [26]. Finally, in Section 6, we examine
the difference in the strength of systems and environments with a fixed, finite, or infinite
number of registers, and the existence of a cut-off point, namely a finite-model property
characterizing settings where a finite and bounded number of registers suffices.

2 Preliminaries

2.1 Register Automata

Let ¥; and X be two finite alphabets and let @ be an infinite domain of data values. We
consider systems that get inputs in X; x @ and respond with outputs in Xp x @D. Let
Y = Y1 X ¥p. Computations of systems as above are words in {0y, g, 00){01,(1,01)... €
(X x D x D). Register automata specify languages of such words. Let B = {true, false}. A
k-register word automaton is a tuple A = (X, Q, qo, R, 09, 9, @), where ¥ is a finite alphabet,
Q is the set of states, qo € Q is an initial state, R is a set of k registers, oo € D' is an initial
register valuation, § : Q x (X x BT x Bf) — 2Q*E" s a transition function, and « is an
acceptance condition (we later define several acceptance conditions). Intuitively, when A
is in state g and reads a letter (o,i,0) € 3 x @D x D, it compares ¢ and o with the content
of its registers and branches into several new configurations according to the result of this
comparison. In more detail, rather than specifying a transition for each element in ¥ x @ x D,
the transition function & specifies a transition for each element in ¥ x B x B, where the
two guards in B compare the values stored in the registers with ¢ and o. Then, ¢ directs A
into a set of pairs in Q x B, each describing a successor state and a storing mask, indicating
which registers are going to store (.

A configuration of A is a pair (g, ¢) € Q x DT, describing the state that A visits and the
content of its registers. A run of A starts in the configuration (qo, 09), and continues to form
an infinite sequence of successive configurations. In order to define runs formally, we first
need some notations. Given a valuation ¢ € D% and a value d € @, let ¢ ~ ¢ denote the
Boolean assignment g € B that indicates the agreement of ¢ with ¢. Thus, for every r € R,
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we have g(r) = true iff o(r) = d. The function update : D x D x B — D maps a valuation
o€ DF avalue d € D, and a storing mask a € BT, to the valuation obtained from ¢ by
changing the value stored in registers that are positive in a to . Formally, for every r € R,
we have that update(o,d,a)(r) is d if a(r) = true and is o(r) otherwise. Note that it need
not be the case that update(v,d,a) ~ d = a. Indeed, if o(r) = ¢, then update(v,d,a)(r) =d
regardless of a(r).

For two configurations (¢, ¢’) and (g, ¢) in Q x D', and a triple (0,i,0) € ¥ x D x D,
we say that (¢/,0') is a (0,i,0)-successor of {q,v) if there exists a € B’ such that (¢’,a) €
d(q,{o,0 ~ {,0 ~ o)) and o' = update(o,(, a).

Now, a run of A on a word w = (0q, {9,00){01,(1,01)... € (X X D x D)* is an infinite
sequence (qo, 90)(q1,91)... € (Q x DT)* of configurations such that for every j > 0, we have
that (g;j41,9j41) is a (0;,{;, 0;)-successor of (g;, ;). Note that there may be several different
runs on the same word. Note also that since § may return an empty set of possible transitions,
a configuration (g;, v;) need not have (o, ;,0;)-successors. There, the sequence of successive
configurations is finite, and is not a run.

When A is a parity automaton, « : Q — {0,...,c — 1}, for an index ¢ € N, a run p is
accepting if the maximal rank that is visited by p infinitely often is even. Formally, p =
(g0, 90){q1,01)-.. is accepting if max{j € {0,...,c— 1} : a(g) = j for infinitely many [ > 0} is
even. The co-Biichi acceptance condition is a special case of parity, with ¢ = 2. Thus, p is
accepting if vertices (¢, v) with a(q) = 1 are visited only finitely often. When A is universal,
it accepts the word w if all the runs of A on w are accepting. Note that since we require runs
to be infinite, the universal quantification on the runs means that a configuration with no
successors is like an accepting configuration: once we reach it, there are no restrictions on the

suffix of the word. The language of A, denoted L(A), is the set of all words that A accepts.

We sometimes use w = A to indicate that w € L(A). We use reg-UPW and reg-UCW to
abbreviate a universal register parity and co-Biichi automata, respectively. A (register-less)
UPW can be viewed as a special case of a reg-UPW with no registers. In particular, it has
no initial valuation and its transition function is of the form § : Q x ¥ — 2.

» Example 1. The reg-UCW A appearing in Figure 1 specifies an arbiter with a single output
signal ack (that is, ¥ is a singleton, and we ignore it, and ¥ = Q{aCk}) that gets in each
moment in time an input data value ¢, and outputs either ack or —ack along with an output
data value o. It accepts a word if every input data value different from the previous one is
eventually outputted with ack. The acceptance condition o« requires runs to visit ¢; only
finitely often. The reg-UCW A has a single register, thus R = {r;}, and we describe vectors
in 3 x B x B by triples in {ack, ~ack} x {0,1} x {0, 1}, possibly replacing some of the
parameters by _, indicating that both values of this parameter apply. We continue to describe
the transition function. First, 6(qo, (_,1,_)) = {{go,0)}. That is, if the input data value

agrees with the one stored in 71, we only loop in gg. Then, §(qo, (_,0,_)) = {{qo, 1), (g1, 1)}

That is, if the input data value differs from the one stored in rq, then A both loops in ¢q
and sends a copy to g1, and stores the value of the input data value in ;. In state ¢, we
have 6(q1, (ack, _,1)) = &, thus the copy sent to ¢; fulfils its mission when it reads an ack
with an output data value that agrees with the one stored in r1. In all other cases, the copy
stays in ¢i. Thus, d(q1, (mack, _,_)) = 0(q1, (ack, _,0)) = (q1,0). The parity acceptance
condition o = {gp — 0,¢1 — 1} then guarantees that all copies sent to ¢; eventually fulfil
their missions. We note that the universality of A is used in order to detect all data values
that are not stored in r1: a copy of the automaton is launched for each of them. Such a
detection is impossible in a deterministic or even a nondeterministic register automaton.

21:5
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{= A1
{ 75 7‘1/8t()7'€1 —ack \V o 75 1

Figure 1 The reg-UCW A. The edge labels are symbolic, where the expressions ¢ # r1 and ( = 1
mean that the (-guard is 0 and 1 respectively, and the expression o # r1 means that the o-guard is
0. The label store; means the storing mask is 1, while its absence means it is 0. The state ¢; is
doubly-circled, indicating that a run is accepting iff it visits g1 only finitely often.

2.2 Register Transducers

Register transducers model systems with inputs in ;7 x @ and outputs in ¥ x D. Every such
system implements a strategy (X7 X D)+t — X X D, describing the output it generates after
reading a sequence of inputs. A register transducer is a tuple T = (X, 30, S, so, R, 00, T),
where 3; and Yo are input and output finite alphabets, S is a set of states, sg € S is an initial
state, R is a set of registers, o9 € DT is an initial register valuation, and 7 : S x (X1 x BF) —
S x BE x o x R is a transition function. Intuitively, when T is in state s and reads a letter
(i,{) € X1 x D, it compares { with the content of its registers. Depending on i and the
comparison, it transits deterministically to a successor state and may store the data value ¢
into its registers. It also outputs a letter in 3o and a value stored in one of the registers.
Note that a register may store either its initial value or some value seen earlier as a data
input.

Formally, a configuration of 7" is a pair in S x %, and successive configurations are
defined in a way similar to the one defined for automata, except that T is deterministic: given
a configuration (s, 0) € S x D and an input (i,{) € X7 x D, let 7(s, (i,0 ~ ) = (s, a,0,7).
Then, the (i, {)-successor of (s, ¢) is (', update(v,i,a)).

Given an input word w = (ig, () (i1, 1)... € (X1 x D)“, the run of T on w is the sequence
(50,90)(51,01)... € (S x D) where for all j > 0, we have that (sj11,0;41) is the (i}, i;)-
successor of (s;,v;). For every j > 0, let 7(s;,i;,0; ~ ¢;) = (S;+1,a5,0;,7;). Then, the
computation of T on w is the sequence ((ig, 09), (0, 00){{i1,01),11,01)... € (X1 xLo) XD xD)¥
such that for every j > 0, we have that o; = update(v;,i;,a;)(r;). Thus, the transducer
moves from s; to s;j41, stores ¢; in registers that are positive in a;, and then outputs o; and
the (updated) content of register r;. A (register-less) transducer is a special case of a register
transducer with no registers. In particular, it has no initial valuation and its transition
function is of the form 7: S x X5y — S x Xp.

For a register transducer T and a reg-UPW A, we say that T realizes A, denoted T |= A,
if for all input words w € (X7 x @)%, the computation of T' on w is in the language of A.

» Example 2. Figure 2 describes a register transducer that realizes the reg-UCW from
Example 1. The input alphabet X is a singleton and we ignore it. The output alphabet
Yo = 2{9¢k} and the register set R = {rq1,r2}. The transducer loops in the initial state
s¢ if the current data input equals the previous data input (which is stored in register r1).
Otherwise ({ # r1), the transducer stores the new data value into 71, does not raise ack,
outputs the value of register r1 (it has to output something), and moves into state s;. Now,
if it does not see a new data input (¢ = r1), then—in order to acknowledge the previous
data input—it raises ack, outputs the previous data input from 7, and returns into sg.
Alternatively, if in state s; the transducer sees a new data input (¢ # r1), then it stores into
ro, raises ack, outputs the previous data input from r;, and moves into ss. From there, if no
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new data input was seen, the transducer moves into sz, while outputting the value of ro and
raising ack. And so on. Thus, in states sy and s; register 1 contains the previous data input,
while in states so and sg it is stored in register ro. Finally, register ry is initialized with the
same value as the automaton register, while ro can start with anything. We conclude with a
remark that there is a simpler transducer that realizes the same reg-UCW: It always raises

ack, stores alternatingly into 1 and ro while outputting alternatingly the value of ro and 7.

But such a transducer produces spurious acks, while our transducer does not.

i= 7“1/<“(16k77’1> = 7‘2/<“de,7‘2>

i # r1/{—ack,ry, storey) ( # r1/{ack,ry, storea) {=ry/{ack,ro)

i =r1/{ack,m) { # 1o/ {ack,rq, storer) i # ro/{—ack,rs, stores)

Figure 2 A register transducer that realizes the reg-UCW A from Example 1. The edge labeling
for ¥ and the guards is symbolic, and is similar to that in Figure 1.

2.3 Synthesis with an Infinite or Unbounded Number of System
Registers

The realizability problem is to decide, given a reg-UPW A over X5 X 3o X @ X @D, whether
there is a register transducer all whose computations are accepted by A. The synthesis
problem is to construct such a transducer, if exists.

The realizability and synthesis problems in the context of specifications and systems with
an infinite data domain was first studied in [14]. The transducers in [14] have an infinite
number of registers, all initialized to the same value. The automata in [14] are universal
register automata with a variant of weak acceptance condition, and additionally do not allow
for register re-assignment. It is shown in [14] that the synthesis problems is undecidable,
already for automata with only two registers. Since our automata and transducers are more
powerful, undecidability applies to our setting. Thus, when the number of registers in the
system is infinite, the realizability and synthesis problems are undecidable.

Consider now the case where the number of registers is finite but not fixed a-priori. It
is shown in [12] that the nonemptiness problem for universal 2-register automata on finite
words is undecidable. It is not hard to reduce their nonemptiness problem to the synthesis
problem for 2-register UPWs, such that the realizing system outputs an accepted word, which
implies the undecidability of the latter. Thus, we get the following.

» Theorem 3 ([12, 14]). The synthesis problem of transducers with an infinite or a finite
but unbounded number of registers for specifications given by 2-register UPWs is undecidable.
In the case of an infinite number of registers, undecidability holds even when the transducer
registers are initialized with the same value.

21:7

Proof. We elaborate on the case of a finite number of system registers. Let A = (2, @, o, R, 99, 0, @)

be a universal 2-register automaton on finite words that in every transition reads a single
data value ¢ and ignores the data value o. Thus, essentially it defines a language of data
words in (X x @)*. Such automata are considered in [12], and there it is proven that the
nonemptiness problem is undecidable. Recall that since A is on finite words, its acceptance
condition o« C Q. We now construct a 2-register UPW A’ = (X', Q’, qo, R, 09, ¢’, ') such that
A’ is realizable iff A is nonempty, as follows.

The output finite alphabet Yo = ¥ U {e} contains a new letter e. The input finite

alphabet Y is a singleton. The finite alphabet of A" is ¥’ = X; x Y.

CONCUR 2019
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The state set Q" = Q U {¢rej, Gacc} contains two new states, where ¢,; is a rejecting sink
and gu.c is an accepting sink. Automaton A’ starts in the same initial state as A, and
with the same initial register valuation og.
o’ maps ¢re; to 1 and all other states to 0.
The transition function 8 : Q' x (X x BE x BR) — 2@'*B"<E" 5 a5 follows. (Note that
we need the right side with two assignments, one for ¢ and one for o.) First, ¢’ contains
the original transitions of 0, adapted so that o in A’ plays the role of ¢ in A. Formally,
(q',a0,a;) € 8(q,{(0,0,9:)) I {¢,ai,a,) € (g, {0,9i,9,)), for every ¢',q € Q, 0 € X, and
Gis 9o, @i, a, € BE. Second, the automaton A’ moves into the rejecting sink Qrej Whenever it
reads the letter e in a state not in aU{qqc.}. Formally, §'(q, (e, gi, go)) = {{(qrej, &, D)} for
every ¢ € Q\a and g;, g, € BE. Third, from every state in a the automaton moves into the
accepting sink ¢,.. on reading the letter e. Formally, ¢'(q, (e, 9i, g.)) = {{qace, &, D)} for
every q € o and ¢;, g, € Bf. Finally, the automaton loops in the rejecting and accepting
sinks, respectively. Formally, ¢'(q, (0, 9i,9,)) = {(¢,9,9)} for every ¢ € {Grej, Gace},
oY, and g;,g, € B
Suppose that A has an accepted finite data word w in (X x @)*. Then there is transducer that
realizes A’: it outputs an accepted finite data word w, followed by (e, ) where __is arbitrary
in @, then followed by anything. Suppose now that there is a transducer realizing A’. It is
easy to see that then the transducer must output a finite data word w € (Zp \ {e} x D)*
accepted by A, followed by (e, ) where _ is arbitrary in @, then followed by anything. <«

3 Synthesis with a Fixed Number of System Registers

The system-bounded realizability problem is to decide, given a reg-UPW A over ¥ X 3o XD xD
and a number kg of registers, whether there is a transducer with at most kg registers all whose
computations are accepted by A. The system-bounded synthesis problem is to construct such
a transducer, if exists.

Let A= (2,Q,qo, Ra,v{,d,a), and let |Ra| = k4. Recall that ¥ = ¥; x Y. We define
a UPW A’ (that is, with no registers) that abstracts the values stored in R4. Instead, A’
maintains an equivalence relation over the registers of A and the registers of the realizing
transducer, indicating which of them agree on the values stored in them.

Let R denote a set of ks registers, namely these of the realizing transducer (we subscript
its elements by s as this transducer models the system), and let R = R4 U R,. For valuations
o4 € DR and oy € D let 04 U o, be the valuation in DT obtained by taking their union.
Likewise, for a valuation ¢ € D%, let 04 and o, denote the projections of v on R4 and R,
respectively. Let I be the set of all equivalence relations over R. Consider an element 7 € II,
thus 7 C R x R. For two registers r,7’ € R, we write m(r,7’) to denote that r and ' are
equivalent in 7. Note that  and " may be both in R4, both in R,, or one in R4 and one in
R,. Each equivalence relation 7w € II induces a partition of R into equivalence classes, and we
sometimes refer to the elements in I as partitions of R. Then, for 7 € II, we talk about sets
S € 7w, where S C R, and 7(r, ') indicates that » and " are in the same set in the partition.
Let f: @™ — II map a register valuation o € D to the partition 7 € II, where for every
two registers r, " € R, we have that 7 (r,r’) iff o(r) = o(r').

Recall that we describe guards and storing masks on a set R of registers by Boolean
functions in B®. Each assignment g € B? corresponds to a set of registers characterized
by g. In the sequel, we sometimes refer to Boolean assignments as sets, thus assume that
g € R, and talk about union and intersection of assignments, referring to the sets they
characterize. Consider a partition 7 of R and a Boolean assignment g, C R,. We say that g
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is m-consistent if there is an equivalence class S € mU{@} such that SN R; = gs. We then say
that (m, gs) chooses S. Note that for g = @, the set S is either empty or contains no system
registers, and might be not unique. For example, if R4 = {#1,#2, #3,#4}, Rs = {#5,#6}, and
m = {{#1}, {#2, #3}, {#4, #5}, {#6}}, then (m, {#5}) chooses only {#4,#5}, the pair (r, {#6})
chooses only {#6}, and (m, @) chooses {#1}, {#2,#3}, or @. For a set S4 C R4, we say
that (m,gs) A-chooses Sy if there is a set S € m U {@} such that (m,gs) chooses S and
Sa =SNR,s. Thus, (7 gs) A-chooses Sy if (m,gs) chooses a set whose R, registers are
these in S4. Continuing the previous example, (m, {#5}) A-chooses {#4}, the pair (m, {#6})
A-chooses @, and (m, &) A-chooses {#1}, {#2,#3}, or @. Finally, for a register r € R, the
pair (m,r) A-chooses the unique set Sx C R4 if Sy = SN R4, for the set S € 7 such that
r € S. In the example above, the pairs (m,#4) and (7, #5) both A-choose {#4}, and the pair
(7, #6) A-chooses &.
The following lemma follows immediately from the definitions.

» Lemma 4. Consider a partition © of R = Ry U R4 and a valuation v € DT s.t. f(o) = 7.
Then:

(a) for every i € D, the guard o5 ~ ( is w-consistent and A-chooses the guard o4 ~ (,

(b) for every guard g € (wU{@}), there exists i € D satisfying (v ~ () = g, and

(c) for every r € R, the pair (m,r) A-chooses 04 ~ o(r).

Recall the function update : D x D x B — D where update(v,d, a) is obtained from ¢
by storing d in the registers in a. We now define a function update’ : II x B x B — II, which
adjusts the update function to the abstraction of valuations by partitions. Intuitively, for a
partition 7 € I, a guard g € (7 U{&}), and a storing mask a C R, we obtain the partition
update' (r, g, a) from m by moving the registers in a either into the equivalence class of g (if
g is not empty), or into a new equivalence class. Formally, update’ (7,g,a) = {S\a: S €
7\{g}}U{gUa}\{2}. Note that, in particular, update' (7, d,a) = {S\a: S € n}U{a}\{2}.

» Lemma 5. For every valuation o € DT, value i € D, and storing mask a C R, we have
that f(update(v,i,a)) = update' (f(0),0 ~i,a).

We are now ready to define the abstraction of A. In addition to ks, the abstraction is
parameterized by a partition 7 of the system and automaton registers. Given k, and mg, the
(ks, mo)-abstraction of A is the UPW A’ = (¥, Q’, ¢, ¢, ') with the following components.

Q' = Q x I and ¢, = (qo,m0). Thus, each state in A’ is a pair (g, ), abstracting

configurations (g,v4) of A and register valuations o, of an anticipated transducer that

satisfy f(osUos) = .

Y =3 x B x Ry x Bf:. Recall that in A, the transition function is § : Q x (% x

B4 x Bf4) — 2QxB"* " and when A is in configuration (g,94) and reads a letter

(0,i,0) € ¥ x D x D, it proceeds according to (o, g, g?) € X x Bfta x B4 where g/

is 04 ~ i and g is 04 ~ 0. Also, each successor state ¢’ is paired with a storing mask

aft € BR4 | which induces a successor configuration (¢', update(va,i,a*)) of (g,04) in A.

Intuitively, each letter (o, g7, rs,a) € ¥/, together with the current partition, induces

choices for (o, g, g2, at) € X x BF4 x BF4 x Bf4 which determine the transitions in A

that the abstraction follows.

For every state (¢,m) € Q' and letter (o,¢7,7s,af) € X', we have that (¢/,n') €

§'({q,7), (0,97, rs,a?)) iff there exist g, g2, a* € B4 such that the following condi-

tions hold.

g/ is A-chosen by (,g?). Note that if g7 is not m-consistent, then no such g/ exists.
Let g; = g¢ U g/*; note that g; € (7 U {@}).
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Recall that the output value in register transducers refers to the updated register
values, namely their values in the successor configuration. Therefore, when we compare
the data output of a transducer with the register values of the automaton, we first have
to update the values of the system transducer. For this, we introduce the partition
7*. Let 7* be the partition after updating the system registers in w according to the
guard g§ and the storing mask a$. Thus, 7* = update’(r, g;, a?).

g2t is A-chosen by (7*,7,). Note that since the set chosen by (7*,r,) is not empty, g-*
is unique.

(@', a) € 6(q, (0, g, g)).

We can now complete updating the partition. The partition 7’ is the result of updating
the registers of A in 7* according to the guard g,A and the storing mask a/!. Let
gF = gi Uai be the updated guard after system storing. Then 7/ = update’ (7*, g¥, a*)
The acceptance condition of A’ is induced from the one of A. Thus, for every state
(q,m) € Q', we have that o/({(¢g, 7)) = a(q).

Recall that the abstraction of A is parameterized by both the number of registers that
the system transducer may have as well as an initial partition for the registers of both the
system and the automaton. Let 04 € D%4 be a valuation of the automaton registers. A
partition m € II is consistent with v, if there is a register valuation o, € D% such that
m = f(va Uvs). Thus, all automaton registers are related according to v4, and the system
registers are unrestricted.

» Example 6. Let © =N, Ry = {#1,#2,#3,#4}, and Rs; = {#5, #6,#7}. Then the partition
7 = {{#1,#4,#5}, {#2,#6}, {#3}, {#7}} is consistent with the valuation v4 € D®4 for which
oa(#1) = 04(#4) = 9, 04(#2) = 2, and 04 (#3) = 13. Indeed, taking o, € D with o4 (#5) = 9,
05(#6) = 2, and 04(#7) = 14 results in 7 = f(va U o,). Note that different valuations
05 € DT may witness the consistency of m with v4. In our example, all these with o4 (#5) = 9,
0s(#6) = 2, and o4(#7) ¢ {2,9,13}. Also, several different partitions may be consistent with
a given valuation 04 € D%4. In our example, all these in which register #1 and #4 are in the
same set, different from the (different) sets of #2 and #3.

We can now state our main theorem, relating the realizability of A with realizability of its

abstraction. Consider a kg-register X7 /X p-transducer T = (X1, 30,5, sg, R, v, 7). We can
view T as a (register-less) ¥ /3, ~transducer 17, for ¥y = X x BF and ¥}, = Bf x ¥p x R.
Indeed, the transition function 7 : S x (X7 x BE) — S x BE x X x R of T can be viewed as
TS x ¥ — 8 xX,. When oy € D% is fixed, we say that 7" and 1" correspond to each
other. Essentially, our main theorem follows from the fact that a reg-UPW A is realized
by a ks-transducer T iff the abstraction of A is realized by the register-less transducer that
corresponds to 7. Formally, we have the following.
» Theorem 7. Consider a reg-UPW A with ¥ = ¥ X X, set of registers Ry, and an
initial valuation 064. Then, A is realizable by a ks-register X1 /¥ o-transducer with a set
of registers R iff there is a partition my of R = Ry U Ry, consistent with vf', such that
the (ks,mo)-abstraction of A is realizable by a (X1 x Bf) /(S0 x Ry x BE<)-transducer. In
particular, a transducer that realizes the (ks, mo)-abstraction of A corresponds to a ks-register
transducer that realizes A.

Proof. Let A = (%,Q,q0, Ra,0{',5,a) and let A’ be its (ks,m)-abstraction, where 7o
is a partition of R consistent with of'. We prove that for every valuation of € D%
satisfying f(og' U og) = 7o, ke-register X /S o-transducer T initialized with o, and register-
less (X7 x Bfs)/(BE x ¥ x Ry)-transducer 7", where 7' and 1" correspond to each other,
it holds that T = A iff T" = A’. The theorem then follows.
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Assume first that T = A. We prove that T" £ A’. Since T £ A, there is an input
sequence wh = (ig,ig)(i1,i1)..., a Tun pr = (sg,05)(s1,05)... of T on wl, a computation
wr = <(z'0,00>,i0,00><<i1,01),i1,01>... that T generates when it follows pr, and a rejecting
run pa = {qo, 94 ){q1, 0{')... of A on the computation wr. Note that A may have several runs
on wy. Since it is universal, and A rejects wr, we know that at least one of them does not
satisfy . We show that w% and pr induce an input sequence w%, to T” such that A’ rejects
the computation of 7" on wk,. We define wl, = (ig, 0§ ~ io) (i1, 05 ~ i1).... The word wk,
uniquely defines the computation wps and the run py = sgs1... of T'. We now define the
rejecting run p4s of A’ on wr. It starts in the state (go, 7). Suppose that in step j > 0, the
run p4 reaches the configuration (g, v4), the run pr reaches the configuration (s, v5), and the
run pa: reaches the state (g, 7). Assume that 7 = f(v4Uo,). Since 1o = f(vg' Uog), this holds
for j = 0. Assume that in pr, the transducer T transit in the step j from (s, 05) to (s', %),
while reading (i, ) and outputting (o, 0). Note that the respective letter of the computation

wr is o’ = ((i,0), g7, rs, as), where gf = (v ~ () and it holds that (s, as, 0,75) = 7(s,1, g7).

Let (¢, v'y) be a ((i, 0),{,0)-successor of (q,04) as appears in p4. We argue that (}) the pair
(¢',7") is a o'-successor of (¢, 7) in A’, where ' = f(v’y Uo.). By repeatedly applying (}), we
can start from (go, mo) and, for all j > 0, get the successor (gj+1,mj4+1) of (g;, 7;), obtaining
the sought run p4.. Also, by the definition of a’, the fact that p4 is rejecting implies that
so is pas. It is left to prove the claim (}). By the definition of the A’s transitions, there
exist g, g2, aa such that the guard g = (04 ~ i), the guard g = (04 ~ 0.(r,)), and
(¢'yaa) € (g, {(i,0), g, g)). We need to show the following.

g/ is A-chosen by g¢. This follows from Lemma 4(a), for g** = (04 ~ ) and g§ = (05 ~ ©).

g2t is A-chosen by (*,r,), where 7% = update’ (7, g;,as). Note that f(v, Uvs) = 7* by

Lemma 5, since g; = (v ~ ¢) and f(v) = 7. The statement then follows from Lemma 4(c).

The satisfaction of § is immediate because of the A transition.

7' = f(v, Uv’). By the abstraction definition, 7’ = update'(7*, g}, aa), where gF =

(97 Uas). Note that ol U’y = update(v,Uva,i,a4). The item then follows from Lemma 5,
since g* = ((0, Uovy) ~ 0).
This concludes the proof of the claim (1), and so T |~ A implies that 7" & A’.

Assume now that 77 = A’. We prove that T' = A. Since T" £~ A’, there is an input
sequence w{p, that induces the run p7r = sps1... and the computation wys of T” such that wr
generates a rejecting run par = (qo, 70){q1,71)... in A’. Given wys (and hence pr/) and pa/,
we construct a computation wy of T that induces a rejecting run p4 in A. The run pr starts
in (sg, 03), and the run pa starts in (go, v3'). Suppose that in some step j > 0, the run pz-
reaches a state s, the run p 4 reaches a state (g, 7), the run pr reaches a configuration (s, vs),
and the run p4 reaches a configuration (g,v4). Assume that m = f(0s Uo4). This holds
for j = 0. Assume that T’ transits into s’ when reading (i, g7) and outputting (as, o, rs),
and that A’ transits into (¢/, 7') when reading ((i,0), g7, rs, as). Then, (1) there exist { € D
such that the transducer T transits into (s, o.) on reading (¢, (), the automaton A transits
into (¢, v';) on reading ((i,0),¢,0), where o = v/ (r5), and f(v} Uv’y) = 7'. Applying (1) in
the initial step, when j = 0, we construct the configuration (s1,05) of pr, the configuration
{q1,9%) of pa, and the first letter ((i,0),,0) of wr. Note that the preconditions of ({1) hold,
in particular, f(oj Uof') = 7, and we can apply it again. By an iterative application, we
construct the sought computation wr and the rejecting run p4 on wr. It is left to prove
the claim . Let 0 = o5 Uo4. Because (g, 7) transits into (¢/,7’), there exist g/, g2, aa
satisfying the conditions of the abstraction definition. In particular, g,;A is A-chosen by
(m,g7). Let g; = g° U g#; note that g; € (7 U{@}). By Lemma 4(b), there exists i € D
such that (v ~ () = g; (when ¢g; = @, the value ¢ is not unique). Define ¢/, = update(vs,i,as).
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Because (vs ~ () = g¢7, it is immediate that T transits into (s’,0.) on reading (i,¢). Let
o'y = update(va,i,as). To prove that A transits into (¢, v’4) on reading ((i,0), ¢, 0), we need
to show the following.
(¢'yaa) € 6(q,((i,0),g,g2)). This holds because A’ transits into (¢/,7’) on reading
((1,0),9¢,75, as).
(04 ~ i) = g{*. This follows from the way we picked i.
(04 ~ 0) = g2, Recall that o = ¢/(rs). By definition of the abstraction, the guard g
is A-chosen by (7*,7,), where 7 = update’ (7, g;, as). Furthermore, f(v’, Uo4) = 7* by
Lemma 5, since f(v) = 7 and (v ~ () = g;. Hence by Lemma 4(c), the pair (7*, ;)
A-chooses (04 ~ 0). By the abstraction definition, the pair (7*,7¢) A-chooses gZ*. Since
the choice is unique, they are equal.
Finally, we show that f(¢o/ Uv/,) = 7. By the abstraction definition, 7’ = update’ (7*, g¥, a1),
where ¢g* = g; U as. Note that ((o), Uvs) ~ i) = g (i.e., the registers equal to ¢ are those
that were equal to ¢ (g;) union the updated ones (as)). The statement then follows from
Lemma 5. This concludes the proof of the claim (1), and so 7" & A’ implies that T = A.
<

We can now analyze the complexity of our synthesis algorithm. Recall that the input
to the problem is a reg-UPW A and an integer ks > 0, and the output is a ks-register
transducer that realizes A, or an answer that no such transducer exists. Theorem 7 reduces
the problem for A with n states, index ¢, and k4 registers, to the synthesis problem of a
(register-less) UPW A’ with n(k, + ks)*4*s states and index c. Indeed, the state space
of A’ is the product of that of A with the set of possible partitions of the registers of A
and these of the generated transducer, and the number of such partitions is bounded by
(ka + kg)FatFs. Note that A’ is parameterized by both k, and m9. While k, is fixed,
depends on the initial partition of R,. Thus, we may need to repeat the reduction |II;| < kX
times, where II; is the set of system partitions. By [30, 33] a UPW with IV states and index ¢
can be determinized to a DPW with (N¢)?(Ve) states and index O(N¢). Then, the synthesis
problem for DPW reduces linearly, up to a multiplicative factor in the sizes of the alphabets,
to solving parity games, which can be done in time at most O((n’)%), for a game with n’
vertices and index ¢’ < logn’ [7]. The alphabet of A’ is ¥/ = ¥ x Bf x R, x Bfs. Let
m = |2|. Then, |¥'| = m - 2°9(<), Thus, the new factor in the complexity is |Z|, which is
typically much smaller than N. It follows that the synthesis problem for A’ can be solved
in time (NmC)O(NC) — (Cmn(kA + ks)kA+kS)O(cn(k_4+ks)k/\+ks)
a complexity that is doubly-exponential in k4 and kg and is exponential in n and c¢. As
we argue below, the analysis can be tightened to a one that is doubly-exponential only in
k4 and is exponential in n, ¢, and ks. Essentially, this follows from the fact that while the
partition-component in the state space of A’ behaves universally with respect to the registers

. Thus, a naive analysis gives

in R4, it is deterministic with respect to these in Rj.

» Theorem 8. Register-bounded synthesis with ks system registers for reg-UPWs with n
states, finite alphabet of size m, index ¢, and ka registers, is solvable in time (cmn(ks +
kA))O(C"kA(kS“‘kA)kA). Thus, it is polynomial in m, exponential in n, ¢, and ks, and doubly-
exponential in k,.

Proof. By [33, 30], a UPW A’ with N states and index ¢ can be determinized to a DPW
with (Nc)?(Ve) states and index O(Ne¢) 2. The state space of the DPW consists of history

2 The paper [30] determinizes Streett automata, but we can convert a UPW of index ¢ into a Streett
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trees. Each node in a history tree is a state of A’, their union is the set of states that A’
may visit, and the structure of the history tree maintains information required for detecting
the maximal rank that is visited infinitely often. Thus, the history-tree construction is an
augmentation of the subset construction, where on top of the subset of states, we maintain
additional information.

Recall that in the UPW A’, each state is a member of @) x II, where II is the set of
possible partitions of R = R4 U Rs. Also, for every letter in X', namely (o, gs,7s,as) €
¥ x Bf*s x R, x Bf | the (0, gs,7s, as)-successors of a state (g, w) are pairs (¢/,7’) in which
7w’ is the partition obtained from m by updating the system registers according to the
system assignment a; and updating the automaton registers according to the transition
of A that induce the pair {(¢/,n’). The update of the system registers is deterministic: all
the (o, gs, s, as)-successors {¢',7') agree on the partition of the system registers in 7’: this
partition is uniquely defined by the partition of the system registers in m, the system guard
gs, and the storing mask a. In contrast, the automaton registers in 7’ may be updated in
different ways, induced from the universal branches in A.

The deterministic behavior of the system registers enables us to tighten the bound on
the number of different history trees. Indeed, recall that each history tree is associated
with a subset of the states of A’. Rather than considering all subsets, we need to consider
only these in which the II components of all states agree on the partition of the system
registers. The number x of such states is bounded by n - [II% |, where |II%] is the number of
partitions of R for a fixed partition of Ry, and so |I1%| < (ks + k4)*. By [30, Claim 4.6]

the number of history trees is (xc)o(“"c). Therefore, the number of history trees, subject to a

ke
fixed system partition, is (cn(ks + kA)kA)O(cn(kﬁkA) 1). To get the total number of history

trees, we multiply it by the number |II,| < ks of system partitions, which does not change
the asymptotic analysis.

In addition, by [30, p.15], the index of the DPW is bounded by 2([ 5] + 1)z, for = as
above, which is O(cn (ks + ka)®).

Given a DPW with n' = (en(ks + /{:A))O(C’Lk/‘(kS"’kA)k") states and index ¢’ = O(cen(ks +
k)k4), we construct the parity game of size mn’ and index ¢/. A winning strategy for the
system player witnesses that A is realizable, and induces the sought system transducer.
For ¢ < logn’, parity games can be solved in time O(n’)® [7]. This gives a (cmn (ks +
k A))O(C"k*‘(kSJrk*‘)kA) time complexity for checking the realizability of A’ for a single initial
partition my. Repeating this for all possible [II4| such partitions does not change the
asymptotic analysis. <

We note that when the specification automaton A is a reg-UCW, its abstraction A’ is
a UCW. Since reg-UCWs can be expressed as reg-UPWs with ¢ = 2, the obtained time
complexity for the case where specifications are reg-UCWs is (mn (ks + kA))O(”kA(kSJrkA)kA).

4  Synthesis with a Fixed Number of System and Environment
Registers

In this section, we consider the system-bounded synthesis problem with respect to restricted
environments. Such environments are expressible by a register transducer with a bounded
number of registers. Clearly, restricting the environments makes more specifications realizable.
As we shall see, however, the complexity of the synthesis problem increases. An important

automaton with [$] acceptance pairs.
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conceptual difference between the setting studied in Section 3 and the one here is that once
we fix the number of registers of both the system and the environment, we also fix the
number of data values that may participate in the interaction. Indeed, the only data outputs
that the system and environment transducers may generate during the interaction are these
stored in their registers in their initial valuations.

In order to define the bounded setting, we first have to define the interaction between sys-
tem and environment transducers. Consider a system transducer Tsys = (X1, X0, S5, 5, Rs, 0§, Ts)
and an environment transducer Ten, = (X0, X, Se, 5§, Re, 05, 7). Note that the outputs
of the environments are the inputs of the system, and vice versa. We denote the compu-
tation that is the interaction between the two transducers by Tep,||Tsys, indicating that
the environment initiates the interaction and is the first transducer to move. Recall that
Te : Se X (o X IB%RE) — S, xBfe x ¥; x R.. The ¥p and B components of the transition
depends on the output of the system, which are generated when the system moves between
states. Likewise, 74 : S5 x (X7 x BRs) — S, x B« x ¥ x Ry, with the ¥; and Bf* components
depending on the output of the environment. Recall that we assume that the environment
moves first. Accordingly, for the first step of the interaction we assume that the Yo and B«
components are induced by the pair (&, vy(r9)), for some designated register 7y € R,.

Formally, Tepo||Tsys = ({i0,00),0,00)({i1,01),(1,01)... € (1 x Zp) x D x D)¥ is
such that there are runs p. = (s§, 05)(s§, 05)(s5,05)... € (Se x DE) of T,,, and ps =
(85, 08) (55, 05)(s35,035)... € (S5 x D) of Ty, such that the following hold. Let (0_1,0_1) =
(@, 05(r5)). Then, for every j > 0, the following hold:

785, 05-1,95 ~ 0j—1) = (8541,a5,1;,75), i; = 05(rf), and o5, = update(v§,0;-1,a5).
That is, in each round in the interaction, including the first round, the environment
. e e . . . e e
moves first, the configuration (s, 05, ) is the (0;_1,0;-1)-successor of (s§, 0%), and the
transition taken in this move fixes i; and ;.
S(aS 5 s 1 _ s s . .8 L 1 8(n8 s _ S ;. .8

785,145,905 ~ i) = (s541,a5,05,75), 0j = 05(r?), and o3, = update(v$,i;,a;). That
is, the system respond by moving to the configuration (s‘;-H, o§+1>, which is the (i}, ;)-

. . S 8
successor of (s3, 0]

), and the transition taken in this move fixes 0; and o;.

The environment-system-bounded realizability problem is to decide, given a reg-UPW
A over X5 X 3o X @D x @D, and numbers ks and k. of system and environment registers,
respectively, whether there is a system transducer T,, with at most k, registers such that
for all environment transducers T¢,, with at most k. registers, we have that Tep,||Tsys = A.
The environment-system-bounded synthesis problem is to construct such a system transducer,
if exists.

Let A= (%,Q,q0, Ra,04,6,a). As in the construction in Section 3, we define a (register-
less) UPW A’ that abstracts the registers of A and maintains instead the equivalence relation
between the registers. Here, however, the equivalence relation refers to the registers of A, of
the system, and of the environment. Let R, and R, denote the sets of system and environment
registers, respectively. Let R = R; U R, U R4, II be the set of equivalence relations over R,
and f : DT — II map a register valuation to the partition it induces. We modify the function
update’ from Section 3 to refer to registers directly, namely update’ : 11 x R x B — II maps
(m,7,a) to the partition resulting from moving the registers in a into the equivalence class of
r. Formally, update' (m,r,a) = {S\a:Sen\C}\{o}U{CUa}, where C € m and r € C.
The update function has properties similar to these stated in Lemma 5.

» Lemma 9. For every valuation o € D, register r € R, and storing mask a C R, we have
that f(update(v,o(r),a)) = update’ (f(v),r,a).
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Given a reg-UPW A, bounds ks, k. € N, and an initial partition 7y € D%, the (ks, ke, m0)-
abstraction of A is the UPW A’ = (3, Q’, ¢, ', '), defined as follows.
Y =% x Ry x Bfs x B,
Q' =(Q xTI x Rs) U{q,}. A state (q,m,75) € Q x II X R, contains, in addition to the
original state ¢ and partition 7, the register r; whose value was output by the system
transducer in the previous move.
The initial state ¢, = (qo, w0, 7§). It contains the environment register r§, because in the
first move the environment transducer reads its own data value o§(rg).
Defining 0’, we use two auxiliary partitions: First, 7* corresponds to the register valuation
after the environment transducer moves and updates its registers. Then, 7** corresponds
to the register valuations after the system transducer moves and updates its registers.
Finally, the destination partition 7’ corresponds to the register valuation after A moves.
For every state (¢, m,7) € (Q x II x Rs) U {{qo,m0,r5)} and letter (0,75, g, af) € X/, we
have that (¢/,7,7s) € §'({q,m, 1), (0,75, g¢,af)) iff there exist 7. € R., a¢ € B¢, and
alA € B4 satisfying the following.
Let 7* = update’ (7, 7,a¢). That is, the environment transducer updates its registers
using the previous system value. (In the initial state, the environment transducer uses
the value stored in its register r§.)
Let C' € * be the set that contains r.. We require that (C' N R,) = g7
Let 7** = update'(7*,r,a?). That is, the system transducer updates its registers
using the value stored currently in the register that the environment outputs.
The automaton A transits and updates its registers using the values in the registers of
the environment and system transducers. Hence, the input guard g;“ is A-chosen by
(m**,r.), while the output guard g is A-chosen by (7**,r,). Thus, we require that
(¢'yaty € §(q, (0,9, g2)) and 7 = update' (7%, 1, ait).
The acceptance condition of A’ is induced from the one of A. Thus, for every state
(g, m,r) € Q', we have that o/ ({(¢,7,7)) = a(q).

Recall that the abstraction of A is parameterized by both the number of registers that
the system transducer may have as well as an initial partition for the registers of the system,
the environment, and the automaton. Let 04 € @4 be a valuation of the automaton
registers, and 7y a partition of R;. A partition m € Il is consistent with 04 and 7 if there
are register valuations o, € D and o, € D¢ s.t. 1, = f(v,) and 7 = f(04 Uvs Uo.). Thus,
automata registers are related according to o', system registers are related according to 7,
and environment registers are not related in any special way.

» Theorem 10. Consider a reg-UPW A with ¥ = X1 X X, set of registers R4, and an initial
valuation 064. Then, A is realizable by a ks-register X1 /Y o-transducer with a set of registers
R with respect to environments that are k.-register X0 /X -transducers iff there is a partition
7s of Rs and a (X1 x BE) /(B x Ry x B)-transducer T' such that for every partition
of R that is consistent with v(j‘ and 75, the transducer T' realizes the (ks, k., mo)-abstraction

of A.

Proof. The theorem follows from the following claim. Fix a system kg-register transducer
Tys with an initial valuation ¢fj, and fix an environment initial valuation of. Let A’ be the

(ks ke, mo)-abstraction of A with my = f(v§Uoe§ Uvg'). Let T7,, be the register-less transducer

corresponding to Tyys. Then, we have that T}, , = A" iff for every environment transducer
Teny with the initial valuation of, it holds that Tep,||Tsys = A. The proof uses ideas similar

to those in Theorem 7.
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Assume first that there is T.,, initialized with of such that Te,.||Tsys = A. We then
show that 77, = A’. Let Teny = (Se, 8§, Re, 9§, 7e) and Tgys = (S5, 55, Rs, 05, 7s). Let

SYs
the computatlyon Teno||Tsys = ({i0,00), (0, 00)({i1,01),71,01)... induce the rejecting run ps =
{qo, 09" (g1, o")... in A. Let p. = (s§,085)(s5,0¢)... and ps = (s§,08)(s],0})... be the runs
of interacting Tem, and Ty, respectlvely Let wsys, = (ig, 05 ~ fo)(i1,9] ~ i1)... be an
input word to T'

The input word w! , uniquely induces the computation Wsys and the

sys
run pPsys = S0S1.... We now define the rejecting run p4s on wgyy. It starts in (qo, 7o, 7).

Suppose that at moment j > 0, the run p4 reached the configuration (g, v4), the run pgys

sYs

reached (ss,05), the run pen, reached (s.,o.), and the run p4s reached (g,m,r). Assume
that f(os U, Uvy) = 7. The assumption holds for j = 0. Later we will use the pair
(0*,0%) € ¥p x D that is defined as follows. For j > 0, let (0*,0*) be the last output of the
system transducer and then we assume that o* = o4(r). For j =0, let (0*,0*) = (&, 0.(r§)).
Now, let Tepy in peny at the moment j transit from (se, 0.) to (s,,0.), while reading (o*, 0*)
and outputting (,¢), whereas Ty,s transits from (s,,0s) to (s},¢.), while reading (i, )
and outputting (0,0). We need the following notations: g5 = (v, ~ 0%), g = (05 ~ ©),
(a$,7e) = Te(5e, 0%, 95 ) BRe x R > and (a},7s) = T4(8s,1, 97 ) Brs x p,- Note that ¢ = o/ (r.) and
o =0l(rs). Let (¢’,0"y) be a ({i,0),(,o0)-successor of {(q,04) in pa. We argue that (}) the pair
(¢, 7, rs)isa ((i,0), 97,15, a?)-successor of (g, 7, r) in A’, where 7’ = f(¢o’yUo Uo.). Therefore,
we apply this claim to get the successor (g1, 71, 71) of (qo, 70, r§) in par, then apply it again to
get (g, T, r2), and so on. In this way we construct the sought rejecting run p4- induced by
the computation wgyy. It is left to prove the claim {. By the definition of the A transitions,
there exist g, g2, a4 such that the guard g = (v4 ~ ¢), the guard g = (04 ~ 0), and
(¢, aa) € 6(q,((i,0),9{ g)). Let m* = update’ (7r r,a¢) and 7% = update' (7*, 7., af). By
Lemma 9, we have that 7% = f(vL UosUvy4) and 7** = f(v, U, Uv4). Now we need to show
the following.

The guard g/ is A-chosen by (7**,7.). This follows from Lemma 4(c).
The guard g is A-chosen by (7**,r). This follows from Lemma 4(c).
The satisfaction of § is immediate because of the A transition.
7' = f(o’y U, Uo.). By definition of ¢, the partition 7’ = update’ (7**,7.,a). By
Lemma 9, update' (7%, 7., a) = f(vl U’ U¢/). The statement then follows.
This completes the proof of the first direction.

Assume now that T’ys = A’ We show that there is Ty, initialized with of such
that Tepol|Teys = A. Since Ty, = A’, there is an input word wgys/ to T% . that in-

sYs

duces the run psye = s3s7... and the computation Wsys Which generates a rejecting run
par = {qo, m0,75){q1, T1,71)... in A’ Let px = (85, {qo0, m0,75))(s5, {q1,m1,71))... be the cor-
responding run in the product of T Sys and A’. Wlog., we assume that py is regular and

hence can be expressed as a finite-length lasso. Thus, px = Z...Zm—1(Tm---Tm4n ), where
ZQ...Tm—1 is the stem and z,,...x, 4, is the loop, where m > 0 and n > 0. Note that all
elements x; are different. Given wyyy, psys, pas, and py, we construct Ty, initialized with
o5 such that Te,,||Tsys induces a rejecting run p4 in A. We also construct Psys> Penv, and
pa- The state space of Ty, is Se C S5 X @ 4- and consists of the states that appear in py.
o 1(8685 1 0)¢. The
TUn pgys starts in (s§,05), the run pe,, starts in (s§, o5), and the run p, starts in (g, 03').
Suppose that at some moment j > 0, the run p,,s reached state sg, the run p4s reached

The initial state s§ = (s§, (o, 70, r5)). Thus, we can write py = s§...s¢

state (g, m,7), the run ps,s reached configuration (ss, 0s), the run pey,, reached configuration
(Se, 9¢), and the run pa reached configuration (g,04). Assume that 7 = f(os U o, Uoa)
and s, = (sg, (g, 7, r)). This holds for j = 0. We will use the pair (0*,0*) € Yo X D
that is defined as follows. If j > 0, then (0*,0*) is the output of Ty, when it moved into
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(8s,05). If 7 =0, let (0*,0%) = (&,0§(r5)). Assume that for j > 0 the value o* = o4(r).
Now, let T, transit from s into s’ while reading (i,g7) and outputting (o, a?,rs). Let
A’ transit into (¢/, 7', 7). Then, as we show later, the following holds (ff): the environ-

ment transducer T, transits into (s,,¢.) while reading (0*,0*) and outputting (i, {), where

s, = (sl,(¢',7',rs)), the system transducer T, transits into (s, ¢%) while reading (i, )

€ LRS-

e’

and outputting (o0, o), where o = 0,(r,), the automaton A transits into (¢, v’;) on reading
((i,0),1,0), and it holds that 7’ = f(o, U, U¢’;). Using this claim, we iteratively construct
the sought rejecting run pg of A on Tepy||Tsys, which completes the direction. Thus, we
are left to prove the claim. The interesting part is the definition of the transition function
Te Of Tepny, while the rest follows from definitions and Lemmas 9 and 4(c). We now define
Te. Since (¢, 7', 7s) is a (i, 0), g7, 75, af)-successor of (g, m,r) in A’, there exist a5, r., and
aft such that 7 = update (7,7, at), ™ = update' (7,7¢,a3), 7' = update (7°*, 7, at), g
is A-chosen by (7**,7.), g? is A-chosen by (7**,r,), and the guard g respects r. and 7*.
First, if we visit s, for the first time (and thus 7.(se, 0.) was not defined yet), then we set
To(8e,00) = (s, al,i,7.) for every o, € Lo x BEe. Second, suppose that we visited the state
se before. Because the run p, is a lasso, every state s. in px has the unique successor
state. Furthermore, the state s. uniquely identifies the letter that A’ is reading. Hence, the
current letter ((i,0), g7, 7s,a?) and successor (¢’,7’,rs) of A" are exactly as they were when
we visited s. = ((ss, (g, 7, r))) for the first time. Hence, the previously set value of 7.(s., ),
where __is arbitrary, ensures that T, transits into a configuration with the state s.. Thus,
the transition function 7, moves T, as specified in claim ({f). |

We now analyze the complexity of the environment-system-bounded synthesis problem.
Using Theorem 10, we can reduce the synthesis problem for ks system and k. environment
registers, reg-UPW A with n states, index ¢, and k4 registers, to the synthesis problem of
a (register-less) UPW A’ with O(nk*) states and index ¢, where k = k, + k. + k4. Recall
that the reduction does not create a single instance of the register-less synthesis problem,
and instead requires to find a system partition m¢ such that the (ks, k., 7 )-abstractions of
A, for every m consistent with o' and 7, are realized by a single transducer. There can
be no more than kX system partitions, and we are going to enumerate them one by one.
Now, once a system partition 7, is fixed, we can create a single UPW that represents the
intersection of the abstraction UPWs for each 7y consistent with 7, and vg‘. To this end, we
create one initial state per 7y, while the rest of the definition stays the same. The number of
initial states is bounded by (ks + ke + k4)*e. Let us call this automaton A’. By the same
naive analysis as in the system-bounded case, the synthesis problem for A’ can be solved in

time (Nme)9WVe) = (cmnkk)o(cnkk), where m = |X| is the size of the finite alphabet of A.
In order to account for enumeration of system partitions, we multiply it by kX but this
does not affect the asymptotic complexity. Thus, the environment-system-bounded synthesis
problem is doubly-exponential in k4, ks, and k., and is exponential in n and c.

As in the case of system-bounded synthesis, we can use the fact that the system-partition
component in the state space of A’ is deterministic with respect to the registers in R, and
behaves universally only with respect to the registers in R4 and R.. The universal behavior
with respect to R, follows from the fact that a system transducer plays against all possible
environment transducers. Accordingly, we can tighten the complexity as follows.

» Theorem 11. Environment-system-bounded synthesis with ks system and k. environment
registers for reg-UPWs with n states, finite alphabet of size m, index c, and k, registers is
solvable in time (cmmn(ky + ke + k4))Oen(kathe+k) < T5D) “pp e it is polynomial in m,

exponential in c, n, and ks, and doubly-exponential in ks and k.
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5 Determinacy

For an w-regular specification ¢ over (X x @ x @)%, let ) denote its complement, thus
L(—) = (2 x D x D)¥\ L(v). The specification ¢ may be given by a reg-UPW, yet
the results in this section refer to general w-regular specifications over infinite alphabets.
In particular, reg-UPWs are not closed under complementation. Traditional synthesis is
determined, in the sense that for every w-regular specification ¥ over finite alphabets, either
there is a system transducer that realizes i, or there is an environment transducer that
realizes —1). Note that not having a system transducer that realizes 1) only means that
for every system Ty, there is an environment transducer 7y, such that the computation
Teny||Tsys satisfies —1p. This by itself does not imply that there is an environment Ty, such
that for all systems Ty, the computation Tey,y||Tsys satisfies =, However, by determinacy
of Borel games [28], we know that the lack of T, that realizes ¢ does imply the existence of
Teny that realizes —¢). In [26], the authors show that determinacy no longer holds if we bound
the number of states in systems or environments. In this section, we examine determinacy in
a setting with a bounded number of registers.

For ks € N and k. € NU {00}, we say that the register-bounded synthesis problem is
(ks, ke)-determined if for every specification 1, either

1 is I/O (ks, ke)-realizable: there is a system transducer T,s with k, registers such that

for all environment transducers Tep, with k. registers, the computation Ty, | Tsys satisfies

1, or

=) is O/I (ke, ks)-realizable: there is an environment transducer T, with k. registers

such that for all system transducers Ty, with k, registers, the computation Tepy||Tsys

satisfies —).
In particular, the case k. = oo corresponds to the setting where the number of registers in
only one of the transducers is bounded. Note that T,s and Ty, are not completely dual: in
both cases above we consider the computation Tep, || Tsys, thus with T, moving first.

» Theorem 12. For every ks € N and k. € NU {oco}, the register-bounded synthesis problem
is not (ks, k.)-determined.

Proof. For every ks > 1, we describe a specification ¢y, such that for all k. € NU {co}
neither ¢y, is I/O (ks, k.)-realizable nor =y, is O/I (k., ks)-realizable.

Let @ = N. We describe ¢, by an LTL-like formalism, with the temporal operator X
(next) and Boolean propositions of the form o = d and ¢ = d, for d € N. The letter ¢ denotes
the data-input to the system (that is, the data output of an environment), and o denotes the
data output of the system (that is, the data-input of the environment). For example, for
m > 2, the formula ¢, = (0 =3) AX ((0 =4) AX((0 =5) A+ AX(o =m)---)) requires

the system to output the sequence 3,4,...,m (when m = 2, the conjunction is empty, thus
Yo = true).

Now, for m > 1, we define ¢, = (i =1 —=>0=2)A (i =2 = 0=1) AX@mt1. Thus, in
order to satisfy 1,,, a system has to output x,3,4,...,m+ 1, where z depends on the input ¢

received from the environment in the first cycle: if { = 1, then z = 2, and if { = 2, then x = 1.
Note that v, can be specified by a reg-UPW with m + 1 registers initialized to 1,...,m + 1.

Consider a bound kg > 1. First, observe that for environment transducers T,,,, there
is a system transducer Ty,, with at most ks registers, such that the computation Tep||Tsys
satisfies .. Indeed, T,s maintains the values x,3,4, ...,k 4+ 1 in its registers and outputs
them as required.

In addition, we argue that for all system transducers T,s with at most & registers, there is
an environment transducer 7., with one register, such that the computation Te.,||Tsys does
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not satisfy .. Essentially, this follows from the fact that the only data outputs that T,
can generate are these stored in its registers, either in its initial register evaluation, or during
the interaction, thus after being output by T%,,. Thus, in order to output =, 3,4, ..., ks + 1,
the transducer Tys has to store these values in its initial assignment. Indeed, it cannot count
on Ty, to output them. Since Ty, has only k, registers, and ks — 1 of them are used for
storing 3,4, ..., ks + 1, only one register can be used for storing the z. The value x, however,
is not known in advance: for each value (in particular, 1 or 2) that T, may store as the
anticipated z, there is an environment transducer T,,, that provides as input the same value.
Then, 1)y, forces Ty, to output the “dual” value, which is not stored in its registers. <

6 On Fixed, Finite, and Infinite Number of Registers

For finite-state systems, finite-model properties assert that when a specification is given,
there is often a cut-off point: an LTL formula v is satisfiable iff there is a computation of
length exponential in || that satisfies it [15], and is realizable iff there is a transducer of size
doubly-exponential in |¢)| that realizes it [31]. In this section we study a similar question for
register-bounded synthesis. We differentiate the strength of systems and environments with
a fixed, finite, or infinite number of registers. In particular, we ask whether there is a bound
on the number of system registers that may be required for the synthesis of a realizable
specification, or a bound on the number of environment registers sufficient for model-checking
systems against a given specification.

We first need some definitions and notations. Let Ty, sy, and Ty denote the classes of
transducers with a fixed (to k), finite, and infinite number of registers, respectively. Similarly,
let A and Ay, denote the classes of reg-UPWs with with a fixed (to k) and finite number
of registers. Note that Ty = (U, Tk and Awy = U, Ak

For four parameters k!, k2 k. € ({INF,FIN} UN), and k, € ({FIN} UN), we say that
k2-systems are at least as powerful as kl-systems with respect to k.-environments and k-
specifications, denoted k2 > kL, if for every reg-UPW A € Ay ,, the existence of a system
transducer in J;1 that realizes A against all environment transducers in 7, implies the

existence of a system transducer in J;> that also does so. We use the k7 >;*", k! relation

in order to define the relations k2 :,’Cys,“ k! (k2-systems are equivalent to kl-systems with

respect to ke-environments and k 4-specifications) and k2 >Zys,m kl (k2-systems are strictly
more powerful than kl-systems with respect to k.-environments and k4-specifications) in the
expected way. These relations are useful in the context of synthesis.

For k!, k% ks € ({INv,FIN} UN), ks € ({FIN} UN), we say that k2-environments are
at least as powerful as kl-environments with respect to ks-systems and k,-specifications,
denoted k? > kL, if for every reg-UPW A € Ay, and every system transducer Ts,s € T,
€ Tpr such that T}, [Ty = A (that is, T7,,,
prevents T,s from realizing A), then there is also 772, € Jx2 that prevents T, from realizing

A. We then define the relations k? =¢™, k! and k2 >¢™ K} in the expected way. These
relations are useful in the context of model checking.

if there is an environment transducer Tsl,w

We now present the hierarchy among the classes. The gap results follow from specifications
that force the system or environment to store the desired number of different values (sometimes
infinitely many). The collapse results follow from cut-off properties on the number of
environment registers required in order to generate a computation that violates a property
specified by an automaton with a fixed number of registers.

» Theorem 13. The following relations among classes of systems and environments hold.
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For all ke € ({INF,FIN}UN), ky € ({FIN} UN), and ks € N, we have that

sys

INF >% 0 FIN > ks + 1 > k.
Let ks = INF. Then, for all ka € ({FIN} UN) and k. € N, we have that

env

INF >" 0 FIN >" ke +1 >0 ke
Let k4 = FIN. Then, for all ks € ({FIN} UN) and k. € N, we have that
INF =" FIN >" ke +1 > ke
Forallks €N, ky €N, and 0 < k. < ks + ka, we have that

INF :,iff’kA FIN :,ijj’kA ks +ks+1 >1§1‘ka ke+1 >,§TkA ke.

Before proving the hierarchy theorem, we prove the following cut-off result about model
checking of register transducers. A similar result is proven in [27, Thm.2], but we provide it
here for completeness, using our model and notations.

» Lemma 14. The following claims hold.
For every T and A, if T = A, then there exists an input word to T with no more than
(ks + ka+ 1) data values that induces a computation of T rejected by A.
There exist T and A such that T = A, but all input words with less than (ks + ka + 1)
data values generate computations of T accepted by A.

Proof. We prove the first claim. Suppose that a kg-register transducer T' = (X7, X0, S, so, Rs, 0§, T)
is rejected by a k4-register UPW A = (X, Q, qo, Ra, 0§, 3, ) where ¥ = ¥ x Y. Thus, there
is an input word w; to T that generates a computation w = ({ig, 00), (o, 00){{i1,01),(1,01)...
that induces a rejecting run pa = (qo, 94'){q1, 07")... of A. Let pr = (s0,95)(s1,97)... be the
run of T on wy. Using w, pr, and p4, we construct the data-domain @’ of size ks + k4 + 1,
and an input word w} to T with data values from @’, such that w/ generates a computation
w’ in T that induces a rejecting run p’y in A. The domain @’ is as follows. First, it contains
all initial register values of T and A. Second, we add new values to @’ until its size becomes
ks +ka+ 1.

We now construct w’, the run p/, of T on w/, and p’y. The run p/; starts in (go, wo) and
the run pf starts in (sg, 0§). As we show below, the following claim () holds. Suppose that
in a step j > 0, the run p4 reaches (g, v), the run p/y reaches (g, w), the run pp reaches (s, o),
and the run p/. reaches (s, w;). Assume that f(v4 Uos) = f(wa Uwg). This holds initially,
when j = 0. Assume that T transits from (s, o5) into (s’,0.) on reading (i,¢) and outputs
(0,0). Assume that A transits from (g,v4) into (¢’,¢’;) on reading the letter ((i,0),¢,0).
Then, there exist *,0* € @’ such that T transits from (s, ws) to (s’,w’) on reading (i, *)
and outputs (o,0*), the configuration (¢, w',) is a ((i,0),*,0*)-successor of (g,w4), and
FohUoy) = f(wlUw’y). We can apply this claim in the initial step, when j = 0, and construct
the first letter (i,0,i*,0*) of the computation w’, the successor configuration (g, w{') in oy,
and the successor configuration (s1, w$) in p/n. Note that f(o1'Uof) = f(wi'Uw;), and hence
we can apply the claim again. By an iterative application, we construct the computation w’
and the rejecting run py of A on w'. By projecting w’ into the inputs, we get the sought
input word w7.

We now prove the claim (f). We first define i*. Let g7 = (05 ~ (), g/* = (va4 ~ i), and
gi = g Ug#. Recall that g; C Ry U Ra. If g; # @, we set i* = (wy Uwa)(r) for any r € g;,
otherwise set * to any value from @’ that is not used by ws U w4 (such a value exists since
|D'| > kg + ka). Note that (ws ~ *) = (05 ~ i) = gf and (wa ~ i*) = (04 ~ () = gi*. We
continue to define o*. Let (a7, 7s) = 7(s,4,9;)|gr. « g, De the storing mask and the output
register used by T’ during the transition in pr and in p/. (note that it is the same transition in
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pr and pfr). Let wl, = update(ws, (*, a?) be the updated transducer configuration in p%.. Then,
we set o* = w’(rs). We note that f(v,) = f(w’) by Lemma 5 and (w4 ~ 0*) = (v4 ~ 0) by
Lemma 4(c). Let g = (04 ~ 0). By now, we defined i*, 0*, the successor configuration (s’, w’)
in p/n, and now we proceed to define w';. Let af‘ be the storing mask used by A when moving
from {(q,04) to {¢’,¢'y), hence (¢’,a?*) € 6(q, (i,0), g, g*). Since (wa ~ (*) = (v4 ~ () = g
and (w4 ~ 0*) = (va ~ 0) = g, we have that (g, w'y) is a ({i,0),i*,0*)-successor of (g, wa),
where 'y = update(wa,i*,a!). Finally, to show that f(w’y Uw.) = f(v’y Uv.), we apply
Lemma 5 twice. First, it gives that f(w4 Uwl) = f(v4 Uo.); second, it gives the needed
statement.

We now prove the second claim of the lemma. We construct the transducer T with k;
registers and the automaton A with k, registers such that every input word to 7' with less
than (ks + ka + 1) data values generates an accepted computation, and yet there is an input
word with (ks + k4 + 1) data values that generates a rejected computation. Let @D = N,
Y1 = {a} is the singleton, and ¥ = {—b, b}. Consider the register transducer T in the figure
below. The registers r{,...,r; are initialized to the values 1, ..., ks, respectively. From the
initial state, on reading the data-input that equals the value of register r{, the transducer
transits into the successor state, keeps the register values unchanged, outputs the data value
of some non-important register _ € R, and the finite letter —0. On reading the data-input
that is not equal to the value of r§, the transducer transits into the sink state (now shown)
where it stays forever and outputs the finite letter —b. The transitions from other states are
similar. Thus, the transducer reaches the right-most state only if it reads the values 1, ..., ks.
In the right-most state, the transducer loops forever regardless of what it reads, and outputs
the finite letter b.

(=77 /(=b, i =r5/(—-b,__ i=ry /(b _
O s VS A SN Ly ¥ o BU

Now consider the reg-UCW below. The initial values of the automaton registers 7', ..., 7',@

are ks + 1,..., ks + k4, respectively. From the initial state, on reading the finite letter —b, the
automaton loops, and does not change the register values. If the automaton reads the finite
letter b and the data-input ¢ equals the value of r{', the automaton transits into the successor
state while keeping the register values intact. And so on. The transition into the right-most
state 4 requires the data-input ¢ to differ from the values of all automaton registers. The
state 4 is a rejecting sink.

—b

bAL =1 | = i i=rd  iAErPALANCE]
i; i=rf i=r kAO 1 kAr@:)*

Now it is easy to see that in order to generate a rejecting computation of the transducer
above, the input word has to begin with the data values 1,..., ks + k4 + 1, and every other
data-word is accepted. This concludes the proof of the second claim, and of the lemma. <«

We now prove the theorem.

Proof of Theorem 13. We start with the relations between the system classes. Consider the
specification “throughout the computation, all outputs have never appeared as inputs before”
which can be expressed by a 1-register UPW. Consider an environment transducer that stores
the current system output and sends it back to the system in the next round. Now, only
system transducers with an infinite number of registers that initially store infinitely many
values, can satisfy this specification when interacting with the above environment transducer.
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Because the environment transducer and the UPW use only one register, we conclude that
sys

INF > FIN for every ke € ({INF,FIN} UN) and k4 € ({FIN} UN).

Consider a variation of the previous specification: “until (including) moment ¢, all outputs
have never appeared as inputs before”, where ¢t > 0 is a parameter, which can also be
specified by a 1-register UPW. Consider the same environment as before, namely the one
that sends every system output back to the system. In order to realize the specification, a

sYs sYs

system transducer needs ks > t registers. Hence, t +1 >,"" ¢ and FIN >;" ¢ for every
ke € ({INF,FIN}UN), k4 € ({FIN} UN), and ¢ > 0.

We continue to the relations among the environment classes. Recall Lemma 14 that
says that if a ks-register system transducer 7T, has a computation rejected by a k4-register
UPW A, then there is an input word to T, with no more than (ka+ ks + 1) data values
that induces a computation of T, rejected by A. This input word can be generated by an
environment transducer with (k4 + ks + 1) registers. Then, it follows that INF =i, FIN for
ks,ka € ({FIN} UN). Also, if ks, ks € N are fixed, then INF =" FIN =" ks + ka + 1.
Because the bound (ka+ks+1) is tight (the second claim in Lemma 14), for some specifications
A and system transducers T, that do not realize A, we have that T,s does realize A with
respect to all environments with k4 + ks registers. Hence, ks +ky +1 >[™ ke + 1 for
every k. < ks + ka. The same consideration also implies that FIN > = k. for every
ks € ({INF,FIN} UN) and k4 € ({FIN} UN).

Finally, consider a letter a € Yo and consider the specification “eventually always a”.
Consider a system that stores every data-input into its registers. Further, the system outputs
a whenever it reads a data-input that has appeared before (and hence equals to one of
its registers). Consider an environment, with an infinite number of registers, that always
provides a new value to the system. When interacting with this environment, the system
does not satisfy the specification. On the other hand, every environment transducer with a
finite number of registers starts, at some point, to repeat its values. When interacting with
such an environment transducer, the system satisfies the specification. Hence, INF > FIN
for ks = INF and every k4 € ({FIN} UN). <

Theorem 13 implies, in particular, that once the numbers kg and k, of system and
automaton registers are fixed, then for model checking it is sufficient to consider environments
with (ks + ka + 1) registers only. Also, when k; is not fixed, such a cut-off does not exist.
A similar question is whether there exists a cut-off for synthesis, once the numbers k. and
k4 are fixed. Unfortunately, the answer is negative. Indeed, such a bound would lift the
decidability of the environment-system-bounded synthesis problem (Theorem 10) to the
synthesis problem of unbounded systems wrt. bounded environments, and the latter is
undecidable (by the same argument as Theorem 3). Note, however, that Theorem 3 considers
system transducers initialized with unboundedly many data values. This leaves a hope for a
positive answer to the system cut-off question for the case when system transducers have a
finite-but-unbounded number of registers initialized with a fixed number of data values, and
environment transducers have a fixed number of registers. We leave this question for future
work. Finally, we note that the variant of a synthesis problem, where system transducers have
a finite-but-unbounded number of registers initialized to the same value, and environment
transducers have a finite-but-unbounded number of registers with no restriction on initial
values, is undecidable [16].
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