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ABSTRACT

Fast parallel and sequential matrix multiplication algorithms switch
to the cubic time classical algorithm on small sub-blocks as the clas-
sical algorithm requires fewer operations on small blocks. We obtain
anew algorithm that can outperform the classical one, even on small
blocks, by trading multiplications with additions. This algorithm
contradicts the common belief that the classical algorithm is the
fastest algorithm for small blocks. To this end, we introduce com-
mutative algorithms that generalize Winograd’s folding technique
(1968) and combine it with fast matrix multiplication algorithms.
Thus, when a single scalar multiplication requires p times more
clock cycles than an addition (e.g., for 16-bit integers on Intel’s
Skylake microarchitecture, p is between 1.5 and 5), our technique

reduces the computation cost of multiplying the small sub-blocks
p+3

2(pt1)

the price of a low order term communication cost overhead both

in the sequential and the parallel cases, thus reducing the total
runtime of the algorithm. Our technique also reduces the energy
cost of the algorithm. The p values for energy costs are typically
larger than the p values for arithmetic costs. For example, we obtain
an algorithm for multiplying 2 X 2 blocks using only four multipli-
cations. This algorithm seemingly contradicts the lower bound of
Winograd (1971) on multiplying 2 X 2 matrices. However, we obtain
this algorithm by bypassing the implicit assumptions of the lower
bound. We provide a new lower bound matching our algorithm for
2 X 2 block multiplication, thus showing our technique is optimal.

by a factor of compared to using the classical algorithm, at
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1 INTRODUCTION

Matrix multiplication is a core operation in many algorithms in
various fields, including numerical linear algebra, machine learning,
data mining, image and signal processing, and in many graph algo-
rithms. As such, many researchers try to improve its performance.
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Fast matrix multiplication algorithms are a class of divide-and-
conquer algorithms which use a base (I, m, n; t)-algorithm recur-
sively: an algorithm to multiply an I X m matrix by an m X n matrix
using t scalar multiplications, where [, m, n,t € N. The base cases
of fast algorithms use fewer multiplications than the classic algo-
rithm. Therefore, they use less multiplications and linear operations
asymptotically. However, they require more operations in the base
case. As a result, efficient fast algorithm implementations call the
classical algorithm on sufficiently small blocks (cf. [21, 31, 45]).

1.1 Commutative algorithms

A matrix multiplication algorithm is commutative if it requires that
any two elements x, y of the input matrices satisfy x -y = y - x.
Commutative algorithms trade up to half of the multiplications for
additions compared to non-commutative ones. That is, they use
fewer multiplications at the cost of more additions (see Theorem
3.3). This means that the run time of commutative algorithms may
be better than their non-commutative counterparts when a single
scalar multiplication costs more than an addition. However, matrix
multiplication is not commutative in general (A - B # B - A). There-
fore, commutative algorithms cannot be used recursively the same
way fast algorithms are. Commutative algorithms can still be used
at the base case of another recursive algorithm.

1.2 Previous works

In 1969, Strassen [45] discovered the first sub-cubic matrix multi-
plication algorithm. He did so using a bilinear algorithm for mul-
tiplying two 2 X 2 matrices, using 7 multiplications instead of 8.
Following research split into two main directions. The first focuses
on asymptotic improvements (cf. [1, 8, 15-17, 23, 41, 48]). This line
of work includes theoretically appealing breakthroughs but typ-
ically renders astronomical constants hidden in the O-notation,
which makes them impractical. The second research direction fo-
cuses on improving the run-time for multiplying reasonably sized
matrices. This direction includes finding new algorithms with rea-
sonable base case size and leading coefficients (cf. [20, 24, 25, 37,
38, 43]), improving the leading coefficients of existing algorithms
(cf. [5, 6, 14, 31]), and reducing communication costs and memory
footprint (cf. [3, 4, 7, 19, 32, 34]).

In 1968, Winograd [49] found the first algorithm that requires
less than n® multiplications: a commutative algorithm for multiply-
ing two n X n matrices using only "73 +n? multiplications instead of
n3. Since then, most of the work on improving commutative matrix
multiplication has focused on trading multiplications with linear
operations, either by creating new algorithms (cf. [2, 40, 47]) or
by combining commutative algorithms with fast non-commutative
ones (cf. [27, 28]). Lower bounds for commutative algorithms in-
clude [9, 10, 26, 50, 51]. The numerical stability of Winograd’s
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algorithm has been studied and shown to be compatible with the
classical algorithm if carefully scaled [12].

1.3 Our contribution

We provide an alternative algorithm to the classical one for small
block multiplications. We obtain this by introducing a method
for composing a non-commutative algorithm with a commutative
one (see Section 3.1). This composition reduces the arithmetic cost
compared to the existing one. We thus save multiplications and
linear operations compared to existing commutative algorithms
while increasing the I/O-complexity by a low-order term only. Fur-
thermore, we demonstrate a trade-off between the interprocessor
I/O-complexity, the arithmetic complexity, and the communication
between cache levels. Particularly, we can avoid the interproces-
sor I/O-complexity overhead at the cost of a slight increase in the
arithmetic and the communication between cache levels.

Our technique attains the lower bound, and replaces half of the
multiplications with additions, regardless the size of the sub-blocks,
as long as the matrices are sufficiently large (see Tables 1 and 3). In
contrast, existing commutative algorithms require the block size
to be huge in order to attain this tradeoff. Particularly, for 2 x 2
blocks we show that our algorithm breaks existing lower bounds
by sidestepping their assumptions and attains the new ones. In
general, our algorithm is optimal when the classic algorithm is an
optimal (non-commutative) algorithm, see Theorem 1.1.

THEOREM 1.1. Let n € N be an even integer. Assume the classi-
cal (n, n, n; n3>—alg0rithm has the lowest arithmetic cost among all
(n, n, n; t)-algorithms. Then our algorithm has the lowest arithmetic
cost among all commutative algorithms for computing sub-blocks of
dimensions (n, n,n) up to a low order term if the outer algorithm has
duplicate rows.

Many algorithms have duplicate rows (cf. [7, 24, 25, 37]), unfor-
tunetly Strassen’s algorithm is not one of them. Figure 1.1 compares
the cost of using the classic algorithm, Winograd’s, and ours for mul-
tiplying 20 X 20 blocks. The two sides differ in their outer algorithm.
The left-hand graphs use one of the (3, 3, 3; 23) -algorithms (out of
over 17000) that [24] found, denoted there “i106w191¢23ci-000”.
The right-hand graphs use the (6, 6, 6; 160) -algorithm obtained by
composing the classical (2, 1,2;4) with the (3, 6, 3; 40) -algorithm
of [43]. Our algorithm performs better than the classical one on
20 % 20 sub-blocks when the matrices are sufficiently large (see
Figure 1.1).

Our algorithm improves the leading coefficient of the total arith-
metic cost (recursive algorithm and block multiplications combined)
while preserving the communication costs up to a low order term
(see Table 2). To this end, we utilize duplicate rows in the encoding
matrices of the outer algorithm to reduce the costs of computing
the correction terms (multiplications that depend on only one of
the inputs). We generalize the trilinear condition of [11] that char-
acterizes non-commutative algorithms to commutative ones.

1.4 Paper organization

In Section 2, we recall some preliminaries regarding quadratic and
recursive-bilinear algorithms. We also generalize Brent’s [11] triple
product condition to fit the commutative case. In Section 3, we
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provide a composition of non-commutative algorithms with com-
mutative ones, that allows better arithmetic cost than the standard
composition. In Section 4, we show how to utilize the theoretical
results of Section 3 to obtain faster algorithms. Section 5 contains
discussion and future work.

2 PRELIMINARIES

2.1 Notations

Notation 2.1. Let Rbearingandlet A, B € Rk, then A © B denotes
their Hadamard (elementwise) product.

Notation 2.2. Let Rbe aring, letk,/,n e Nandlet A€ R",B e Rl,

then A®B denotes their Kronecker product, and A%k = Ag.. . ®A
is the k' Kronecker power of A.

k times
Notation 2.3. Let R be a ring and let A € R"*™ be a matrix. The
o . T
vectorization of Ais A = (@11 ..., a1,ms-- -, dn1, - - -» Anym)

Notation 2.4. Let Rbe aring, leta, b,x,y € N.Let A € R9*bY he
a vector, and let Vi € [ab] : A®) := (A(xy)(i_l).,.l,..-,Axyi)- The

block segmentation of A is A := (A(l), . ,A(“b)) € (R¥Y)eb,

2.2 Encoding and decoding matrices

Fact 2.5 ([46]). Let f : R® — R™ be a quadratic function over a ring

R and let ALG be an arithmetic algorithm that uses t multiplications

and divisions. There exist U,V € RE*" W e RY™ gsych that
YaeR": f(a)=WT ((U-a) o (V-a).

That is, for any arithmetic algorithm ALG, there exists a qua-
dratic algorithm ALG’ that does not use division, where the number
of its multiplications is the same as the total number of multiplica-
tions and divisions as ALG. From here on we assume, without loss
of generality, that any algorithm is of the form stated in Fact 2.5.

Definition 2.6. We refer to the (U, V, W) of a quadratic algorithm

to compute a quadratic function as its encoding/decoding matrices
(U and V are the encoding matrices and W is the decoding matrix).

Each row-triplet (one from U, one from V and one from W) repre-
sents one multiplication of the algorithm. Each column corresponds
to one element (U, V correspond to the input elements and W cor-
responds to the output). For example, if U; 7 = 3 then the algorithm
adds 3 - a7 to the left-hand operand of the first multiplication.

Remark 2.7. Permuting the rows of (U, V, W) changes only the
computation order, so it yields an equivalent algorithm.

Remark 2.8. Note that any bilinear function with inputs A, B is a
quadratic function with the input a = (A, B).
Remark 2.9. Denote U = (UA, UB) V= (VA, VB). If the algorithm

is non-commutative then UB, VA = 0. Therefore, the common
notation is to ignore them and only specify <UA, VB, W>.

Example 2.10. Let us look at the classic (2, 1, 2; 4) -algorithm:

e Its representation using the non-commutative notation is

1 0 1 0 1 0 0 0
1 0 0 1 01 0 0
<U’V’W>_< o1 0’l1 of]o o 1 0 >
0 1 0 1 00 0 1
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Case study: The arithmetic costs of a 2 X 2 block
multiplication using various algorithms and corre-
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Table 1: Amortized cost per 2 X 2 block multiplication

sponding lower bounds. The costs for computing a l l

single block multiplication are amortized among all l Paper l X + Assumptions
the block multiplications inside a large matrix multi- g Classic 8 4 -
plication. The costs include any computation except El [45] 7 18 -
for the cost of the fast recursive algorithm that uti- % [52] 7 15 -
lizes block multiplications at the base of the recur- | | (31] 7 12+ 0 (1) | Part of a recursive algorithm (1)
sion. The o (1) refers to an additional cost that is sub- | & [25] 7 Over Fo,
linear in the number of block multiplications. The *g not part of a recursive algorithm
assumptions column details the requirements and g - [51] 7 Over a general field,
conditions for the algorithm or the lower bound.! S 5 not part of a recursive algorithm
We make three algorithmic assumptions: (1) the algo- 'g g [39] = 7 multiplications over Fy,
rithm works as part of a large matrix multiplication | 2 E not part of a recursive algorithm
algorithm, (2) scalar multiplication is commutative [13] 15 7 multiplications over a general field,
(namely, a - b = b - a), and (3) both encoding matri- not part of a recursive algorithm
ces (Definition 2.6) of the outer algorithm contain [31] 12 7 multiplications
duplicate rows. For the lower bounds, we require (4) [49] 8 16 N
a homogenous algorithm. That is, the matrix multi- | ;i [47] 7 23 N
plication algorithm uses the same inner algorithm | 7" | & Part of a recursive algorithm (1),
for all block multiplications, and every main scalar | & | < | Ours | 4+o (1) | 8+0(1) outer algorithm with duplicate rows (3)
multiplication appears in only one block multiplica- § = Over a general field,
tion. Our lower bounds allow assumptions (1) to (3) é E [51] 7 not part of a recursive algorithm
above but do not require them. S E Ours 2 Homogenous algorithm (4)
I The lower bounds in this paper apply to arithmetic algo- 3 Ours 8 4 multiplications
rithms [18], namely data-oblivious algorithms that use only the
four operations +, —, X, +.
o p=1 p=1.5 = p=1 p=1.5
g1 1 S 16 1
7141 1 214 4
% 1.2 \ 1 Inner algorithm: % 1.24 4 \ Inner algorithm:
£ ] Winegrad 107 1 Winegrad
£ 08 B — Ours £ 08 1 —— oOurs
Bl ' ' ' ' —— Asymptotic ratio 2 | | | | | | —— Asymptotic ratio
= p=2 p=3 p=5 = p=2 p=3 p=5
g1 9 1 S 16 1 1
g 14 T 1 3 1.4 1 1
% 1.2 R 1 % 121 | |
2 1.0 4 b 1 2 1.0 4 i 1
fgo.s«— B ~\ -“g‘o.fp 4 «:
= 100 10° 100 10° 100 10° = 102 100 108 102 10° 106 102 100 10
matrix size matrix size matrix size matrix size matrix size matrix size

(a) Composing an outer (3, 3, 3; 23) -algorithm with different inner
algorithms

(b) Composing an outer (6, 6, 6; 160) -algorithm with different inner
algorithms

Figure 1.1: Case study: Simulation of the total arithmetic cost of composing an outer fast matrix multiplication algorithm

with inner block multiplication.
Each point in the graph corresponds to the exact arithmetic

count, including both the outer and the inner algorithms, for a given

matrix dimensions. The inner algorithms (Classic/Winograd’s/ours) are applied to blocks of size 20 x 20. The outer fast algorithm are:
(3,3, 3; 23) -algorithm (left) from [24] and (6, 6, 6; 160)-algorithm (right) made of the classical (2, 1, 2;4) composed with (3, 6, 3;40) from [43].
2 The x-axis represents the total size of the matrices multiplied. The y-axis represents the total arithmetic cost normalized by the arithmetic
cost when applying the classical algorithm to the 20 X 20 blocks. p is the cost ratio between multiplication and addition.

2We apply the base transformation technique of [31] on all outer algorithms to improve their parameters. This change does not affect the point from which using our

algorithm improves on using the classical one. This application will be presented in

the full version of this paper.
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p 1] 15 2 3 5 50
(3,3,3;23) 1| 0.907 | 0.843 | 0.761 | 0.677 | 0.521
(6,6,6;160) || 1 | 0.910 | 0.847 | 0.766 | 0.681 | 0.522
Table 2: The ratio between the leading coefficient of total
arithmetic cost (recursive algorithm and block multiplica-
tions, combined) when using our algorithm vs. the classi-
cal algorithm, using the same parameters as in Figure 1.1.

e Its representation using the general notation is (U, V, W) =

0

(=
oS O O O
oS O O O
o O O O
o O O O
S = O =
= =)
SO O =
o O = O
O = O O
_ o O O
T—

0
1
1

Definition 2.11. Denote the number of non-zero entries in a matrix
Abynnz(A) = |{(i, J) A # OH and denote the number of non-
singular entries in A by nns (A) = |{(l J)Aij ¢ {-1,0, 1}}|

Claim 2.12 ([31]). Let (U, V, W) be the encoding/decoding matrices
of a bilinear function f : R* X R — RK and let Qu> 9v. w be the
number of arithmetic operations performed by the encoding and
decoding matrices, correspondingly. Then

qu = mnnz(U)+nns(U) -t
qw = mnnz(V)+nns(V) -t
qw = nnz(W)+nns(W) -k

Claim 2.13 (Triple product condition). [11] Let R be a ring, let
U € R*XYV € RIXYZ W e R™#*, and let §;; be Kronecker’s
delta. (U, V, W) are encoding/decoding matrices of an (x,y, z; t)-
algorithm if and only if for every i1,i2 € [x], j1,j2 € [y]. k1. k2 €

t
(2] it holds that . Us,i,.ju) Vs, (jak) Wi ke) = Oinic Do O
s=

We generalize the Claim 2.13 to fit the commutative case. Namely
we provide a necessary and sufficient condition for a quadratic algo-
rithm (U, V, W) to be commutative matrix multiplication algorithm:

Claim 2.14. Let Rbe a commutative ring, andlet U, V € Rt (xy+y-z)
W € RP™#* Then (U, V, W) are encoding/decoding matrices of a
commutative matrix multiplication algorithm of dimensions (x, y, z)
if and only if for every iy, iz, i3 € [x], j1, j2 € [y], k1, ko, k3 € [z]

t
A B B A
2 (Us,ul,jovs,(jz,kl) * Us,<jz,k1>Vs,<i1,jl>) Ws.(iz.kz)

s=1
= biyi - 5]1J2 ’ 5k1,k2
t
A A . —
Zl USs(il,jl)Vss(iz,jz)M]s’(“’kl) =0

s=

t
B B —
Z U (fl,kl)VS,(jz,kz)‘/Vs’(il’h) =0

s
s=1 =

The proof follows the proof of Brent’s triple product condition
([11]). It will appear in the full version of this paper.

2.3 Algorithm composition
Fact 2.15 (Mixed product property). [35] Let R be a ring and let

A € R™Xn B e R™P C e R**Y, D € RY*# be matrices over R. Then
(A®C)-(B®D)=(A-B)®(C-D).
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Fact 2.16. Let (UO, Vo, WO> be an (a, b, c; t)-algorithm, and let
<UI, vl WI> be an (x,y, z;t") -algorithm. Then the standard compo-
sition of(UO, Vo, Wo> with (UI, vl WI> is

<UO, VO, WO> ® <UI, vl w1> = <UO eULVoeVviwle w1>
Remark 2.17. The equality in Fact 2.16 is algebraic, but the com-

putation graphs are different. This difference affects the arithmetic
cost as well as the communication complexity.

Corollary 2.18. Let (U,V,W) be an (x,y, z; t) -algorithm. Calling
(U,V,W) recursively k times yields the <xk,yk,zk; tk>—algorithm
(U, V,W) ®k \yith the encoding/decoding matrices <U®k, V®k, W®k>.

High performance fast recursive matrix multiplication imple-

mentations operate according to the pseudo-code in Algorithm 1.
They generally use the classic algorithm for ALGy.

Algorithm 1 Standard Composition

Input A € R¥¥V"Y B R yxc*z e
Output C = A - B € R¥*xc*z
: function COMPOSED_ALGORITHMS(A, B, k)
if kK = 0 then
return ALG;(A, B)
else
> transform the input (Notation 2.4)

fori=1,...,tdo
C; = COMPOSED_ALGORITHMS(A;, Bj, k — 1)

T .
return (WO) -C

® N A W N =

R

> transform the output

This pseudo-code is equivalent to composing <UO, VO, WO>®k
with ALG; where (UO, Vo, WO> is an (a, b, c; t)-algorithm and

ALGy is an algorithm of dimentions (x, y, z).

Claim 2.19 ([6]). Let (U,V,W) be the encoding/decoding matri-
ces of an (x, y, z; t) and let qy, gy, g be the number of arithmetic
operations performed by the encoding and decoding matrices, corre-
spondingly. Let k € N and denote X = xky = yk, Z = zF_ Then the

number of arithmetic operations U®¥ performs is tf; 7 (tk -X Y)

t—yz

and similarly vk performs 22 (tk -YZ ) operations and wek

performs t‘i¥2 (tk - XZ) operations.

2.4 Communication models

We use two communication models, the sequential model and the
parallel model, as in [3, 29]:

Definition 2.20 (The sequential model). [29] The sequential model
is a communication model of a two-level machine - a fast memory
of size M and an unbounded slow memory. The I/O-complexity is
the number of words moved between the levels.

Definition 2.21. Let ALG be an algorithm whose I/O-complexity
depends on the parameters xi, . . ., x,. We denote its I/O-complexity
by IOa1G (X1, - .., Xn).
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Definition 2.22 (The parallel model). [3] The parallel model is
a communication model of a distributed-memory machine with
P identical processors, each with a local memory of size M. The
I/O-complexity is the number of words sent and received along the
crirical path as defined in [53].

Definition 2.23. Let ALG be an algorithm whose I/O-complexity
depends on the parameters xi, . . ., x,. We denote its I/O-complexity
by IOaLG (X1, - - -, Xn).

Remark 2.24. The model (parallel or sequential) is always clear
from the context. The number of processors P appears only in the
parallel model.

Example 2.25. Let CLS be the classical algorithm. Then IOcrs (M, x)
is the I/O-complexity of computing the classical algorithm in the
sequential model for square matrices of dimesions x X x using fast
memory of size M. IOcrs (P, M, x) is the I/O-complexity of comput-
ing the classical algorithm in the parallel model for square matrices
of dimesions x X x using P processors each with local memory of
size M.

3 MAIN RESULTS

This section contains a new way to use commutative algorithms
for the innermost layer of a recursive bilinear algorithm. We also
show a tight lower bound on the number of multiplications and the
number of arithmetic operations commutative algorithms require.
For the sake of simplicity, we analyze only the square matrices case.
The rectanglular case follows similarly.

To obtain the new algorithmic method, we utilize duplicate rows
in the encoding matrices of the outer algorithm. With duplicate
rows, blocks from A and B appear in multiple block multiplications.
We then reuse correction terms as they depend on only one of the
inputs. That is, we compute the correction terms only once.

3.1 Improved composition

We next show how to compose a non-commutative algorithm with
a commutative one, in a more efficient way, compared to the stan-
dard composition in Fact 2.16. We split the multiplications of each
commutative algorithm into two types: main multiplications and
correction terms. We reuse correction terms in multiple block mul-
tiplications in order to save arithmetic operations.

3.1.1  Main intuition. Our algorithm generalizes Winograd’s algo-
rithm ([49]). We start with describing Winograd’s construction for
multiplying n X n matrices.

THEOREM 3.1 ([49]). Let n be an even integer. There is a commu-
3
tative algorithm that multiplies two n X n matrices using %~ + n?

3
multiplications and 3% +2n% — n additions.

ProoF 1DEA. The algorithm is obtained by folding the classic al-
gorithm. That s, it uses the identity a1 b1+azbz = (a1 + by) (a2 + b1)—
ajay — b1by. For every j € [n], the classic algorithm contains the
computation ay1b1j + ai2bsj. Using the folding identity, each of
these computations uses the multiplication aj1a;2, so instead of
computing it n times, one can compute it once. The same idea also
works for the multiplications that use only elements from B. O
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Note that the classic algorithm is a non-commutative one. We
generalize Winograd’s folding technique to general non-commutative
algorithms. Let (U, V, W) be an (m, m, m; t)-algorithm such that U
has d,, distinct rows and V has d,, distinct rows where d,,,d, < t.
Consider an algorithm ALG that has k recursive calls of (U, V, W),
and then a single call to Winogard’s algorithm (Figure 3.1(b)). This
algorithm incurs considerable overhead compared to the classic
algorithm (Figure 3.1(a)) for small blocks.

As U has only d,, distinct rows, the combined algorithm multi-
plies the same sub-block of A by several sub-blocks of B. We can
therefore improve the algorithm by computing correction terms
that depend on A only just once. This improvement reduces the
overhead significantly (see Figures 3.1(c) and 3.1(d).)

3.1.2  Formal description. First, we generalize the uniting-of-terms
tecnique from [37] to reduce the number of multiplications the
algorithm uses. Then we show how to compose a non-commutative
algorithm with a commutative one. Finally, we combine the two
methods to obtain algorithms that use fewer arithmetic operations.

Claim 3.1 ([37]). Let (U, V,W) be a bilinear algorithm that com-
putes f : R*XR™ — R, using ¢t multiplications. If the last two rows
of U and V are duplicate, namely U; = U;—;1 and V; = V;_q, then
Uy Vi Wi
the tensor (U’,V/,W’) = , , :
Ur-1 Vi1 Wi—1+ W,
is equivalent to (U, V, W).

We generalize the previous claim to the commutative case and
provide its effect on the number of linear operations.

Lemma 3.2. Let (U, V,W) be a commutative algorithm that com-
putes f : R" — Rk, using t multiplications and qu, qo, ¢ linear
operations in U, V, W respectively. If the last two rows of U and V
are duplicate, namely Uy = Uy_1 and V; = V;_1, then the algorithm
Ui i Wi
u,v,w' = ) , :
Ut-1 Vi1 Wi—1 + Wy
lent to (U, V, W). Furthermore, ¢}, < qu, qly < Gos @y < G-

is equiva-

Proor. The proof of the equivalence is identical to the proof
from [37], so we show only the second part. Deleting a row from U
reduces nnz (U) without increasing nns (U), thus by Claim 2.12

q,, = nnz (U')+nns (U’)—(t = 1) < nnz (U)+nns (U)—1-t+1 =gy
The same argument shows that g, < g,. As for W, merging rows

does not increase nnz (W) + nns (W), therefore
¢,y =nnz (W) +nns (W) —k < nnz(W)+nns (W) —-k=q, 0O

Note that we can view any commutative algorithm to compute
bilinear function as 3 algorithms: ALG4, ALGp and ALG4p. ALG»4
dependent only on the first part of the input, ALGpg dependent only
on the second part of the input, these are the correction terms,
and the main multiplications ALG4p dependent on both. After
computing the three algorithms, we need only to combine them.

Definition 3.3. Let R be a commutative ring. We use the notation
(x, 1,2, tAB, LA, tB)C to represent a commutative matrix multiplica-
tion algorithm of the dimensions (x,y, z) that uses t4p + t4 + tB
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(a) Existing hybrid fast matrix multiplication, switching to the classi-
cal algorithm on small blocks of size b X b. The hexagons represent the
classical algorithm.
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(b) Winograds algorithm. The hexagons stand for the folded
classical algorithm, each using %3 multiplications. The triangles
stand for the correction terms, namely the %2 multiplications of
the form q; - aj and the % of the form b; - b;. See Theorem 3.1.
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(d) COAT (Commutative Optimal Algorithm for Tiny blocks)
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Figure 3.1: The computation graph of multiplying two n X n matrices using a fast recursive algorithm, then switching to b x b
blocks multiplication using one of three base case algorithms: (a) the classic one, (b) Wingrad’s, and our algorithm (c,d).

multiplications where ALG 4 uses t4 of them, ALGp uses ¢ of them,
and ALG4p uses the remaining t4g multiplications.

We split the linear operations similarly to s = spgp + 54 +SB + M,
where ALG 4p uses sy of them, sy4, sp are defined similarly, and sps
is the number of additions needed to combine the three algorithms.

Example 3.4. Consider the following (1,2,1;1, 1, 1)C—algorithm:

My = (a1 +bz) (a2 +b1)
My = aiaz
M; = bib;

c = M —M—Ms
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M is ALG 4B, Mz is ALGy4, and M3 is ALGg. The last row com-
bines the three algorithms. We can also describe it by

1 0]o0 1 0 1|1 0 1
Uv,wy=(l 1 0oJo o ||o 1[0 o |[-1
0 00 1 0 0[1 0 -1

In this algorithm, s4p = 2, sy = sg = 0, and s); = 2. Note that
[49] uses this algorithm as a building block (see Theorem 3.1 above).

Definition 3.5. Let (UI, vl WI> bean (x,y, z;taB, ta, tB)C—algorithm,

and let <UO, VO, WO> be an (a, b, c; t)-algorithm. Then the stan-
dard composition of <Uo, VO, WO> with <UI, vl WI> is
(U9, vO,wO) @ (UL VL W) :=
O I yO 1 O I yyO 1 O 1
(oo Ul VO Uf). (U0 0 VL VOB VE), WO o W)
This composition is a generalization of the one in [27, 28]. [27]
uses this composition with [52] as the outer algorithm and [49]

as the inner one. [28] uses this composition with [33] as the outer
algorithm and [49] as the inner one.

Remark 3.6. The intuitive composition <UO oULVO VI WO g WI>

does not work. The width of the encoding matrices of a commuta-
tive algorithm is the size of the input - abxy + bcyz, but the width
of UC ® Ul is ab (xy + yz).

Claim 3.7. Let all the parameters be as in Definition 3.5. Then
<UO, VO, WO>®<UI, v WI> isan (ax, by, cz;t - tap, t - ta,t - tB>C-
algorithm.

Proor 1pEA. U© operates on A and VO operates on B, so they
affect only the corresponding parts of <UI VI wl ) The complete
proof will appear in the full version of this paper. O

Notation 3.8. Let <UO, VO, WO> be an (a, b, c; t)-algorithm. De-
note by (U’,U’, W4) the algorithm equivalent to <UO, Uo, WO>
that Lemma 3.2 provides. We denote by g%, and ¢/, the number of
linear operations used to apply Wy and U’ respectively. Similarly
define ¢, and ¢),.

We now state and prove our improved composition (COAT). The
pseudo-code appears in Algorithm 2, and its computation graph
appears in Figure 3.1. The main difference between COAT and
the standard composition (Definition 3.5) is that the latter uses a
black-box composition while COAT is more involved.

THEOREM 3.2. Let <UO, VO, WO> be an (m,m, m; t)-algorithm
that uses q linear operations such that U hasd,, distinct rows and VO
has dy distinct rows, and let <UI, v WI> be a (b, b, b; tap, ta, t)°-
algorithm that uses sAp+sa +sp+sy linear operations. Letn = b- mk,

C
then Algorithm 2 is an <n, n,n; tk . tAB d{j - ta, df . tB> -algorithm

qb?
t—-m?

that uses at most ( + sAB) tk+0 (d]lj + dzlf) linear operations.

Proor sceTcH. We use Claim 3.9 to compose <UO, VO, WO>®k

with <UI viwl ) The complete proof will appear in the full ver-
sion of this paper. O

SPAA 23, June 17-19, 2023, Orlando, FL, USA.

Algorithm 2 Commutative Optimal Algorithm for Tiny blocks
(COAT)

Input A € R ¥V"y g e RH yxc*z ke Ny
Output C = A - B € R&"xxc‘z

1: function COAT(A, B, k)

2 C=RCA(A Bk

% Ap = AFIX(A k)

& Bp=BFIX(B,k)

5 return C + Afp + Bp

: function RCA(A, B, ¢)
if £ = 0 then
return ALGQ (A B)
else
> transform the input (Notation 2.4)

fori~: 1,...,1‘«}0~
C; =RCA(A;,Bj, t — 1)

T .
9: return (WO) -C > transform the output

1: function AFIX(A, ¢)

2 if £ = 0 then

3 return ALG, (A)

4: else

5 A=U"-A

6 fori=1,...,tdo

7 A} = AFIX(A;, £ - 1)

return (W) 7 - A’

3

This algorithm is our improved composition of an (a,b,c;t) al-
gorithm <Uo, Vo, WO> recursively with an (x,y, z; tAB, ta, tB)c
algorithm that split into ALGY, ALG and ALG/, ;. Define BFIX
similarly to AFIX.

Claim 3.9. Let all the parameters be as Theorem 3.2. Then there
is an (mb, mb, mb;t - tag,dy - ta,dy - tB)C-algorithm that uses at
most tsag +dy - sa+dy - s+ (q +2q, +2¢, + b + qﬁ,) b2+ m?sy

linear operations.

PRrOOF. Let ALGIIA, ALG{3 and ALGIIA g be the three parts of the
inner algorithm. Then their encoding/decoding matrices correspond
to rows from <UI vIwl > By Fact 2.5, without loss of generality

(Lviwly = (vl ul). (v vi). w')

I I I I I
UA]/IA Ums V]\j{A Vs Wﬁw
= Ura (; | Vra (; | Ve
0 Urg 0 Ve Wrg

where <(U]{4A, UJ{/IB) R (Vl{/IA, V}{/IB) , W]{4> are the encoding/decoding

FA MA’
. . I 1 I 1
decoding matrices of ALG’,, and <(0 UMB) , (0, VMB) , WFB> are
the encoding/decoding matrices of ALG%. Composing <Uo, VO, WO>

: I I I I :
matrices of ALGAB, <(U 0) R (V 0) , WFA> are the encoding/
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with (UI vIwl ) using Definition 3.5 yields
O I ;O 1 o 1 /O 1 0] 1
(1o Ul vOoul). (U0 o Vi VO o V). WO & W)
Splitting this algorithm into the three algorithms ALG 4, ALGp and
ALG4p in this order gives us:

(voeu]

O O 1 O o 1
Lo V0 ®0), (U0 e VL, V0 80), WO e W], )

o O 1 o o 1 O 1
(v0e0v00Uly). (U080 VO 8 Vly). WO e W]y)

(voeu]

O 1 0] 1 0] 1 O 1
ha VO @ Ulyg) (U0 0Vl VO 8 Vi) WO o W)

Note that ALG4p = <UO, Vo, WO> ® ALG,IAB‘ Therefore com-

puting ALG4p uses t - t4g multiplications. We can apply U O and
VO, using (qy + go) b linear operations, then we apply ALGII“B to
each of the ¢ blocks using s4p linear operations, and apply W
to them using g.,b? linear operations. In total ALG4p uses t - t4p
multiplications and gb? + tsap linear operations.

ALGy4 uses only elements from A, so we can remove the columns
that depends on B from the encoding matrices, meaning that

AGs = (U°eUf, U0Vl wosw],)

<UO, o, WO> ® ALG,

By Lemma 3.2 there is an algorithm (U’,U’, W4) equivalent to
(UO, Uo, WO> that uses only d,, multiplications, and less linear op-
erations than < UO, UO, WO>. Thus, replacing ALG4 with ALG;‘A =
U, U Wy) ® ALG{4 gives the same result using fewer operations.

This improvement allows us to compute the result of ALG4

using only dyt4 multiplications and (Zq{l + qﬁ,) b? + dy;sp linear
operations. The same argument shows that computing the result of
ALGR takes dy, - tg multiplications and at most (Zq; + qﬁ,) b? +dysp
linear operations.

Given the results from all three algorithms, we can compute the
output using m%sys additions. In total, we used ¢ - top + dy, - t4 +
dy - tg multiplications and at most tsap +dy, - 54 +dy - sg + mZspyr +
(q +2q), +2q, + gl + qﬁ,) b? linear operations. ]

Claim3.10. Applying Algorithm 2 with Winograd’s (2, 2, 2; 4, 2, Z)C—
algorithm yields an algorithm that uses 4 + 0 (1) scalar multiplica-
tions and 8 + o (1) additions for each block multiplication.

ProoF. By Claim 3.9, Algorithm 2 contains tk block multiplica-
tions and 45 -tk + O (d,lj + dzlf) scalar multiplications. t4p = 4, thus
the algorithm uses 4+o0 (1) scalar multiplications for each block mul-
tiplication. By Theorem 3.2, Algorithm 2 uses s4p tk+0 (d,lj + dﬁ)

linear operations outside the ones that are used for the recursive
phase. By Claim 3.9 and Example 3.4, sqg = 4 - 2 = 8. Therefore, the
algorithm uses 8 + o (1) additions for each block multiplication. O

3.2 Lower bounds and the optimality of our
technique

In this section, we show that commutative algorithms cannot re-
duce the total number of operations, and can only save up to half
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of the multiplications. In Section 3.1 we showed how to obtain
commutative algorithms from non-commutative ones by folding
the multiplications. In this section, we use the inverse operation
to provide lower bounds for commutative algorithms: we unfold
commutative multiplications. We next show that such unfolding
can only reduce the total number of operations.

Definition 3.11. We say that ALG’ is an unfolding of ALG, or that
ALG unfolds to ALG, if replacing each multiplication of the form
(A1 + By) (A2 + By) in ALG with A1 By + AzB; results in ALG'.

THEOREM 3.3. Let ALG be an {l, m, n;tap, ta, tB>C-algorithm. Let
ALG' be an unfolding of ALG. Then ALG' is an (I, m, n; 2tog) -algorithm
that uses no more arithmetic operations than ALG.

ProoF. Recall that the correction terms are multiplications that
depend only on one of the matrices. Let A; - A, be a correction term.
The unfolding of this multiplication is A; - 0 + A - 0 = 0. Therefore
the correction terms do not affect ALG’. Let us inspect the effect of
unfolding on a given multiplication from ALG4g. It is of the form
(A1 + B2) (A2 + B1). We can apply this row without commutativity
using A1B; + A2 By instead since AjAz and BBy do not appear in
the result. Thus we obtain an (a, b, ¢; 2t4g) -algorithm.

Note that if at least one of the four elements Ay, Ay, By, By is
zero, then A1By + A2B; consists of only one multiplication. In this
case, the unfolding saves additions without increasing the number
of multiplications. If all of Aj, A, B1, B2 are non-zeroes, then the
unfolding trades one addition for one multiplication. Hence the
total amount of arithmetic operations remains unchanged. O

Theorem 3.3 seems to imply that commutative algorithms can not
improve the running time relative to non-commuatative algorithms.
However, scalar multiplication often costs more than an addition,
so the correct lower bound is the one of Corollary 3.12:

Corollary 3.12. Assume that a scalar multiplication costs as much
as p additions. Then no commutative algorithm can improve the run
time of a non-commutative algorithm that uses t multiplications and
2l tig
tp+q *

q linear operations by a factor larger than

Proor. Let ALG be an (I, m, n;t) algorithm that uses q linear
operations. Let ALG’ be an (I, m, n; tzp, t4, tB)C-algorithm that un-
folds to ALG. By Theorem 3.3, ALG’ uses at least ¢ + g operations
and at most 2¢4p multiplications. Therefore, ALG’ uses at least

% multiplications. Since p > 1, the arithmetic cost of computing

ALG is at least p% +t+q— % = pTHt + g. On the other hand, the

arithmetic cost of computing ALG is tp + q. The lower bound on
the costs ratio follows. O

We conclude that if the classic algorithm is the optimal non-
commutative algorithm for a specific size, then COAT with Wino-
grad’s algorithm ([49]) is the optimal commutative algorithm for
sub-blocks of the same size. We call this algorithm generalized folded
algorithm (GFA).

Theorem 1.1. Let n € N be an even integer. Assume the classi-
cal <n, n,n; n3> -algorithm has the lowest arithmetic cost among all
(n, n, n; t)-algorithms. Then GFA has the lowest arithmetic cost among
all commutative algorithm for computing sub-blocks of dimensions
(n,n,n) up to a low order term if dy, d, < t in the outer algorithm.
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Table 3: Arithmetic cost per block

Aleorithm | Requirements Previous composition COAT(here)
& 4 Multiplications Linear operations Multiplications | Linear operations
Classic n’ n> — n? n’ n’ —n?
3n3 2
3 3 dk+dk on
n’ 2 3n” 2 _ n utly 2
[49] nl|2 & +n 5 +2n° —2n 5+ e +O(d57cd5 nz)
¢
n n? 3n3 3n?
3 2 2 o>+ 5t 22—
n 3n 3n 7n 2 2 2 2
[49] ni2 Tt o Tt oo (af+ak) (n-1)2 o (d{:;db nz)
2tk 4
3 3 3
[47] nl2 +n®-12 My 8n? - 21 46 opnt-I | M ygn? - 204
nd 2 3 3n3 | 25n% _ e9m
3 3 2 S +n°—-2n+ 5 =5+ 25— - ==
n 2_n 3n 27n 57n _ 9 2 2 2 2
[40] nt2 TAn -5 | AT o m g | s(akedb) o c2 o dheds o
at
21n3 | 11n?
Ky k)2 an gy Uns
7n3 | 7n? 21n3 2 7n’ | T(dytdy)n 16 4
[27] n|4 1—+T T+8Tl —-7n 1_+T +O(d1’§-;cdz]§n2)
t
, , , ) 20 | 23n% 23n3 | 127n?
23n 23n 23n 23n 119n 115n 54 18, 18 18
(28] nl9n42 .t % — 5 st — 3 zz(dl’jmz’f)(gq) +0 dk+dk
2tk ik
The arithmetic costs of several commutative algorithms when used as the inner algorithms of a recursive algorithm. The outer algorithm

has the same parameters as the one in Theorem 3.2. n represents the size of the sub-blocks. We also assume dy,, d, < t
Both [47] and [40] use less multiplications than [49] but their total arithmetic cost is higher. Moreover, COAT does not improve their
arithmetic cost as much as [49], meaning [49] is faster in practice. As for [27, 28], they both use a fast algorithm composed with [49].

ProOF. Assume that, for a fixed n, the classical algorithm has the
lowest arithmetic cost among all (n, n, n; t)-algorithms. Then the
lower bound of Theorem 3.12 is the lowest when applying it to the
classical algorithm. Setting ¢ = n® and q = n3 — n?, we deduce that
any commutative algorithm for multiplying n X n blocks costs at
least ’%1# +n3—n? = pT+3n3 —n?. By Corollary 4.2, the arithmetic
cost of multiplying each pair of blocks using GFA is

3.k 5
pnzt +(%—n2)tk+0(d§+dz’f)n2

tk

+3
=p—n3—n2+0
tk

dk + dk 2)
—n

which, when dy;, d, < t, is only slightly larger than the lower bound
of pTHn3 -n. o

3.2.1 Tight bounds for 2 x 2 multiplication. GFA multiplies 2 X 2
blocks using 4 + o (1) multiplications and 8 + o (1) additions. We
show matching lower bounds both for multiplications and additions.
Note that the existing lower bounds for commutative matrix multi-
plication implicitly assume that the multiplication is not part of a
recursive multiplication of larger matrices. Our bounds do not make
this assumption and therefor hold for sub-block multiplication.
We only assume that the algorithm is homogenous, namely, that
the same algorithm is used for all block multiplications, and that
every main multiplication impacts only one block multiplication.

THEOREM 3.4 ([51]). Every algorithm for multiplying two 2 X 2
matrices requires at least 7 multiplications.

THEOREM 3.5. Every homogenous commutative algorithm for mul-
tiplying 2 X 2 blocks requires at least 4 scalar multiplications.

ProOF. By Theorems 3.4 and 3.3, any 2 X 2 block multiplication
algorithm requires at least 3.5 multiplications. Each block multipli-
cation uses the same number of multiplications, so the amortized
cost of all the block multiplications must be integral. The lower
bound follows. O

Given this tight lower bound on the number of multiplications,
we can prove a lower bound on the number of linear operations.

Claim 3.13. Every commutative algorithm for multiplying 2 x 2
blocks must use at least 12 arithmetic operations

THEOREM 3.6 ([31]). Any non-commutative algorithm that multi-
plies 2 X 2 blocks using 7 multiplications requires at least 12 linear
operations.

Proor oF Craim 3.13. By Theorem 3.3, it suffices to show that
Claim 3.13 holds for non-commutative algorithms. Let ALG =
(U, V, W) be a non-commutative algorithm to multiply 2 X 2 blocks
using ¢ multiplications. If t = 7, then by Theorem 3.6, ALG uses at
least 12 + 7 = 19 arithmetic operations.

Assume that t > 8. Each row of W has a non-zero, so there are
at least t non-zeros in W. W has 4 columns, so applying it takes
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at least t — 4 linear operations. We conclude that ALG requires at
least t +¢ — 4 > 2 - 8 — 4 = 12 arithmetic operations. O

4 APPLICATIONS

In this section, we show how to combine the results from Section
3.1 with existing algorithms in order to obtain faster algorithms.

4.1 General idea
Recall the (1,2,1;1,1, 1)C—algorithm we saw in Example 3.4:

1 0(0 1 0 1|1 0 1
ALG = (U,V,W) = 1 0{0 O |, O 1|0 O [,]—-1 >
0 0|0 1 0 0|1 O -1

ALG is the primary building block in Winograd’s algorithm [49].
In fact, for any x,y,z € N, Winograd’s (x, Y, z; % % %)c al-
gorithm is a modification on composing the classic <x, %, z; %)
algorithm with ALG using the results from Section 3.1. The algo-
rithm we analyze during this section uses ALG in a similar way.

However, we compose a general (x, y, z; t) algorithm with ALG.

4.2 Arithmetic complexity

In this section, we analyze the arithmetic and communication costs
of GFA. We focus on GFA since, by Theorem 1.1, COAT is optimal
when applied to Winograd’s algorithm.

C
Claim 4.1 ([49]). Letb € N be even. There is an <b, b, b; %3 %2 %Z> -
algorithm that uses %b3 +2b% — 2b linear operations.

Corollary 4.2 (GFA). Letb,k € N where b is even and let (U, V, W)

be an (m, m, m;t)-algorithm that uses q linear operations. Denote

k

n = bm" and assume that U,V have dy, dy distinct rows respectively.

C
Then allpying GFA gives an <n n,n; %3tk, b—;dﬁ %zdzlf> -algorithm

2
that uses (ttzljnz + %b3 - b2) tk + 0(dk + d¥) linear operations.

Proor. Immidiate from Theorem 3.2 and Claim 4.1. ]

Remark 4.3. Composing the same outer algorithm with the classic
<b, b, b; x3>-alg0rithm, instead of GFA, results in an <n, n, n; b3 tk>-

. qb* 13 12\ ik T :
algorithm that uses (= — +b° - b%) 1" + O(n?) linear operations.

4.3 Communication costs

This section shows that the communication cost of the GFA algo-
rithm is the same, up to a low order term, as the HYB algorithm, (the
conventional hybrid fast matrix multiplication algorithm switching
to the classical one at the same cutoff point). This holds both in
the sequential and the parallel models. To this end, we use a reduc-
tion from the main multiplications of GFA to the classic algorithm.
We then prove that the correction phase uses asymptotically less

. . dk+dk 1
communication (smaller by a factor of —2) *.
In both models (sequential and parallel), we follow Algorithm
2. We first compute the main multiplications, then the correction

10ne can completely avoid interprocessor I/O-complexity overhead by using
the standard composition (Definition 3.5) until the blocks fit a single processor’s
memory and then switch to COAT. This change slightly increases the I/O and the
arithmetic complexity by reducing k.
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terms, and finally combine the results. We assume that the parame-
ters are the same as in Corollary 4.2. Namely, b,k € N where the
block size b is even, (U, V, W) is an (m, m, m; t) -algorithm, and U, V
have d,,, d, distinct rows respectively. We start by analyzing the
parallel model. The sequential model follows easily.

4.3.1 Parallel model. In order to minimize the interprocessor com-
munication costs of GFA, we use two different parallelization meth-
ods. For RCA we use the same parallelization technique as the one
in HYB to keep the I/O-complexity from changing. As for AFIX
and BFIX, we use the BFS-DFS parallelization technique from [3]
to give an upper bound on their I/O-complexity.

THEOREM 4.1.

I0GFaA (P, M, mk, b) =(1+0(1)) I0gyB (P, M, mk, b)

To prove Theorem 4.1, we analize its three components seper-
ately (recall Algorithm 2). We first show in Lemma 4.4 that the
I/0-complexity of RCA is the same as that of HYB. We then prove
in Lemma 4.6 that AFIX and BFIX use asymptotically less commu-
nication.

Lemma 4.4. Let MAIN be the main multiplications in one block
2
ot en(3) o
of GFA. If IO¢rs (P, M, b) N +B(F ) +yb* + M. Then
I0paN (P, M, b) < IOcys (P, M, b).
Proor. We treat A, B, and C as if each block of size 2 X 2 is a
single element. This reduces x by a factor of 2, M by a factor of 4,

and increases the cost of sending an element by a factor of 4. Now
we use the classical algorithm and obtain

IOMAIN (P, M, b) b3

b3 b3\3 b? M
< 4 am+ﬂ(8—1)) +}/I+(SZ

IOcLs (P, M, b)

M b
< 4-I0cLs P, -

Lemma 4.5. [04px (M,P,1,b) = O (b;)

Proor. Note that the correction terms of A are u = (A¢ © A?) -
1 where 1 is the all ones vector. First, reorgenize the elements
of A such that each processor has % rows. Then, each processor
computes locally the corresponding elements from p. Finally, if
some rows are split, the processors sum their data.

2
The first step requires at most O (%) communication. The sec-
ond step does not require communication. The third step uses at

most O (%) communication since there are b elements p (it is a

2
vector). In total, this algorithm used O (h?) communication. O

We next show an upper bound on the I/O-complexity of AFIX, the
same analysis shows that BFIX also uses o (I Ouys (P, M, mk , b))

Lemma 4.6. 10y (P, M, mk, b) —0o (IOHYB (P, M, m, b))
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PRrRoOF. AFIX performs k recursive steps before computing pi. We
first consider the case where b? < M, namely an entire sub-block
fits into one processor’s local memory. Computing y does not affect
the I/O-complexity. Therefore the same analysis as in [3] show that

k)= oM (bmk)\1O8ad  prpek
IOAFIX (P,M,m ,b)—O(? (W) +1%).

Otherwise (if > > M), all processors are utilized to compute the
dy, recursive calls to block multiplications of size bmk=1 5 bmk=1,
When the algorithm reaches the base case, a sub-block of size b X b,

by Lemma 4.5, computing y takes O (%2) communication. Thus,

o(%) ifk=0

I0AFIX (P, M, mK, b) =
duIOAFIX (M, P,mk1, b) otherwise

Thus, IO (P, M, mk, b) -0 (d{; : b?f) By Claim 4.7, in both
cases IOAFrX (P, M, mF, b) =0 (IOHYB (P, M, mF, b))

Claim 4.7 ([4, 36, 42, 44]). [Ogyp (P, M, m, b) -

log,, t 3

bmk max (‘/—MM) . b2m2k

. max (b, \/M) p

2
Plogm t

Proor oF THEOREM 4.1. let FIX denote computing both AFIX
and BFIX. Now, by Lemma 4.4 and Lemma 4.6,

I0GEA (P, M, mK, b) = IOpea (P, M, mF, b) + 01X (P, M, mK, b)

= (1+0(1)) IOuys (P, M, mK, b)

4.3.2  The sequential model.
THEOREM 4.2. IOGEA (M, mk, b) =(1+0(1))I0yyp (M, mk, b)

The analysis is practically the same as in the parallel model,
plugging in P = 1 and skipping the memory independent case. The
proof will appear in the full version of this paper.

5 DISCUSSION

We improve the arithmetic complexity of the inner sub-blocks in a
matrix multiplication algorithm by a factor of 2'[;%32. To this end, we
generalize Winograd’s folding technique. The resulting algorithm
beats the classic algorithm even on small blocks as long as the
input matrices are sufficiently large. It also attains the lower bound,
hence is optimal. COAT can also be combined with the base change
technique of [31] to simultaneously speed up both the recursive
and iterative parts of the algorithm.

The algorithm is energy-saving as well. As Table 2 in [30] shows,
on Google’s TPU, multiplication requires up to 49 times more energy
than addition on a 45-nm chip and as much as 3 — 31 additions on
a 7-nm chip. This translates to 25 — 46% energy saving on TPU-like
implementations of COAT.
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In addition, one can combine the algorithm with pipelining in-
structions when coding. Pipelining does not affect energy consump-
tion. Further, considering the run time, the p values of pipelined
instructions are larger than 1 in many cases. For example, on In-
tel’s IceLake microarchitecture, p can go up to 4 for integers when
taking pipeline into account (see [22]).

We have generalized the Brent equations to apply to commuta-
tive algorithms. The generalization makes it easier to verify auto-
matically whether a triplet of matrices represents a commutative
matrix multiplication algorithm.

Future work includes applying our technique to other outer
algorithms. Promising candidates appear in [37] as they have a
small exponent and many duplicate rows. Another application
combines our technique with the basis transformation techniques
of [6, 31]. Further study includes finding other recursive-bilinear
algorithms that can benefit from our techniques.
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