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Abstract

It is well known that for every even integer n, the complete graph Kn has a one-
factorization, namely a proper edge coloring with n−1 colors. Unfortunately, not much is
known about the possible structure of large one-factorizations. Also, at present we have
only woefully few explicit constructions of large one-factorizations. In particular, we know
essentially nothing about the typical properties of one-factorizations for large n. In this
view, it is desirable to find rapidly mixing Markov Chains that generate one-factorizations
uniformly and efficiently. No such Markov chain is currently known, and here we take a
step this direction. We construct a Markov chain whose states are all edge colorings of
Kn by n − 1 colors. This chain is invariant under arbitrary renaming of the vertices or
the colors. It reaches a one factorization in polynomial(n) steps from every starting state.
In addition, at every transition only O(n) edges change their color. We also raise some
related questions and conjectures, and present results of numerical simulations of simpler
variants of this Markov chain.

1 Introduction
It is a very old result (e.g. [66]) that for every even integer n, the edges of the complete graph Kn

can be properly colored with n−1 colors. Such a coloring is called an order-n one-factorization,
and there is a large body of research dedicated to its study, e.g., [1414, 1515]. A one-factorization
is often viewed as a schedule for the games in a league of n teams. Clearly, every color class in
a one-factorization is a perfect matching of n/2 edges. Accordingly, we speak of n− 1 rounds
of games in each of which the n teams are paired up to play. If the edge ij is colored k, this
means that teams i and j meet at round k. We use the shorthand OF for one-factorization and
denote by OFn the set of all order-n one-factorizations.

Many questions about the extremal and typical properties of OFs suggest themselves, but
we presently lack the necessary tools to attack such problems. In particular, we seek methods to
generate OFs randomly, preferably uniformly, or at least with good control over the distribution
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of the generated OFs. Unfortunately, this goal seems presently out of reach, and the main
purpose of this article is to take a step in this direction.

There are several lines of work which are highly relevant. Older literature considers mostly
hill climbing methods (e.g., [22]) for generating OF’s. These studies are experimental in nature
and do not suggest any rigorous approach to the problems at hand. A more recent body of
work seeks to exactly enumerate and classify OFn’s for specific values of n (e.g., [99]). Although
our interest is in the asymptotic behavior of OFn as n→∞, many similar ideas and difficulties
arise in both contexts, see, e.g., [88].

Furthermore, a one-factorization can also be viewed as a symmetric Latin square. There is
an Sn-invariant Markov chain due to Jacobson and Matthews [77] that generates uniformly all
order-n Latin squares. It is simple to modify this chain from Latin squares to OFs, but it is
not even known whether the modified chain is connected (See [33]).

In recent years there has been remarkable progress in the theory of combinatorial designs,
starting from the constructions of Keevash and of Glock, Kühn, Lo, and Osthus [1010, 44]. For
example, we now have the asymptotic estimate

|OFn| =
(

(1 + o(1)) · n
e2

)(n2/2)
.

The lower bound appears e.g., in [55], and the upper bound is from [1313]. This progress has also
led to non-trivial results about uniformly random Latin squares [1111], and it is conceivable that
a similar approach can yield interesting insights about random OFs as well.

In this paper we suggest a different approach to the study of large OFs. We investigate
Markov chains that are random walks on graphs whose vertex set, Vn, is comprised of all edge
colorings of Kn by n − 1 colors. Our shorthand for a Markov Chain is MC, and the relevant
background on MC’s, can be found, e.g., in [1212]. Ideally, the MC should (i) Be rapidly mixing,
(ii) Have limit distribution that is uniform on OFn (iii) The limit probability of OFn is at least
1/poly(n) (iv) It should be possible to efficiently sample a transition.

A natural graph to consider over Vn is Ln = (Vn, En), in which two edge colorings are
adjacent if they differ on exactly one edge of Kn. Our walks on Ln are conducted with the
help of a potential function Ψ : Vn → R+ that vanishes on OFn and only there. This potential
function quantifies how far the present state is from being a OF. Concretely, the potential Ψ(C)
of C ∈ Vn is defined to be the number of pairs of incident edges in Kn that are equally colored
in C. We consider three classes of random walks: strict, mild and weak. A walk in each of
the three classes proceeds in turns. Every turn starts by selecting a random neighbor C ′ of the
current state C. Whether we move to C ′ or stay at C is determined differently in the three
cases:

• Strict: Move to C ′ if and only if Ψ(C) > Ψ(C ′).

• Mild: Same, with Ψ(C) ≥ Ψ(C ′).

• Weak: If Ψ(C) ≥ Ψ(C ′) we move to C ′, but some stochastic transition rule allows for
occasional moves at which Ψ increases.

In what follows we present a theorem about strict random walks, a conjecture about mild
random walks and a problem about the weak ones.
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1.1 The strict random walk
We first consider the strict random walk. Such a walk on Ln can end up in a state that is a
local minimum of Ψ but is not a OF. In order to reach a OF, we consider a supergraph Gn of
Ln over the same vertex set. In addition to the edges in En there is a second type of directed
edges that correspond to two-vertex rotation steps that we define in Section 22. Our main result
is that the strict random walk on Gn converges rapidly to a OF.

Theorem 1.1. There is a strict walk on Gn that arrives from every starting point to a one-
factorization in O(n3) steps. The graph Gn has the following properties:

1. Symmetry: It is invariant under permuting of names of Kn’s vertices and the names of
the n− 1 colors.

2. Locality: For every possible transition C,C ′, the two edge-colorings C,C ′ of Kn differ on
only O(n) edges of Kn.

3. Efficiency: A random step in Gn can be sampled in time poly(n).

Remark 1.2. The symmetry, locality and efficiency properties distinguish the random walk on
Gn from certain trivial and pointless Markov chains. For example, suppose that we are willing to
accept a MC that is guaranteed to generate an OF quickly, provided that every OFn is a possible
outcome of the process. Here is a trivial method that accomplishes that goal: First consider a
random (proper or improper) coloring of the edges with n−1 colors. If this happens to be a OF,
we accept it. Otherwise, we walk directly, step by step, to some specific OF. Needless to say,
this is far from being symmetric, and the limiting distribution is very far from being uniform.
There are other similar trivial Markov chains of OFs that are ruled out by the requirements of
locality and efficiency MC.

Remark 1.3. The bound of O(n3) on the number of steps the strict walk takes is self-evident.
Indeed, the potential function Ψ takes integer values and is bounded by O(n3).

1.2 The mild random walk
Unlike the case of the strict random walk on Ln, all we know about the mild random walk
is based on numerical experiments that we present in Section 33. Our simulations strongly
supports the following conjecture.

Conjecture 1.4. The mild random walk on Ln started from a uniformly random starting point
asymptotically almost surely reaches a one-factorization in Õ(n4) turns.

While we conjecture that the mild random walk almost surely reaches a OF in Õ(n4) steps,
we cannot even show that it almost surely eventually reaches a OF. In other words, that OFn
is reachable from every state of Ln via a mild walk.
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1.3 The weak random walk
What we ultimately wish for is an efficient method to uniformly sample OFs that is transparent
enough to reveal the typical structure of large OFs. Unfortunately, there is no reason to believe
that either the mild walk on Ln or the strict walk on Gn reach a uniformly distributed OF, even
when starting from a random vertex in Vn. A sampling mechanism that could presumably work
is a Markov chain equipped with a Metropolis filter. For a beautiful exposition of this subject,
see [1212], Chapter 3. Various approaches suggest themselves, and we illustrate this approach
using the Markov chainMn,ε, where ε > 0 is some parameter.

The underlying graph ofMn,ε is Ln. In every turn, we pick a random neighbor C ′ in Ln of
the present state C. We take the step from C to C ′ with certainty when Ψ(C ′) ≤ Ψ(C), but if
Ψ(C ′) > Ψ(C), we take this step only with probability ε2(Ψ(C′)−Ψ(C)). The main feature of this
walk is that the limit distribution of every state C is proportionate to ε2Ψ(C). In particular, all
OFn are equally likely in the limit.

There are two features that we desire: (i) That Mn,ε mixes rapidly, and (ii) That the
limit probability of OFn is at least 1

poly(n) . Whether it is possible to achieve these two goals
simultaneously is presently unknown, and we raise the following problem:

Problem 1.5. Is there a function ε = ε(n) under which the resulting Markov Chain Mn,ε is
rapidly mixing and the stationary probability of the one-factorizations is at least n−O(1)?

The remainder of the paper is organized as following. In Section 22 we prove Theorem 1.11.1.
In the subsequent section we present numerical evidence that shed some light on Conjecture
1.41.4 and Problem 1.51.5. Finally, in Section 44 we present several open problems.

2 A way out of locally optimal states
Consider the strict random walk on Ln. This walk ends up most likely in a sink, or, what we
call a locally optimal coloring, namely a state that is a local minimum of Ψ in Ln which is not
a OF. Here is our main result on strict walks:

Theorem 2.1. If C is a locally optimal coloring of E(Kn) that is not a one-factorization, then
there are two vertices x, y ∈ [n] and a recoloring of the edges incident with x, y such that the
resulting coloring C ′ satisfies Ψ(C) > Ψ(C ′). Furthermore, the recoloring is invariant under
permuting the names of the vertices and colors, and it is possible to find the vertices x, y and
the said recoloring in time poly(n).

The recolorings C → C ′ of a locally optimal coloring C that we describe in the proof of
Theorem 2.12.1 are called two-vertex rotations. The graph Gn contains the edges of Ln and the
directed edges

{(C,C ′) : C is locally optimal, C → C ′ is a two-vertex rotation}.

Thus, Theorem 1.11.1 follows directly from Theorem 2.12.1.
The first step in proving Theorem 2.12.1 is to show, in the next lemma, that locally optimal

colorings have a quite restricted structure. In such a coloring every monochromatic connected
component is either a single edge or a path with two edges. We refer to such a coloring as
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an IV coloring. We call a two-edge path a Vee. A Vee has a center and two ends. Unless
otherwise stated, when we speak of a Vee, we implicitly assume that it is monochromatic. A
Vee whose two edges are colored α is denoted by Veeα. Clearly, some colors are missing at the
Vee’s center vertex and if β is such a missing color we may refer to it as Veeβα. (Note that β
need not be uniquely defined. There may be several colors missing at a Vee’s center). We also
use the notation Veeβ to indicate only that color β is missing at the Vee’s center.

It is convenient to have an alternative description of our potential function. If au,µ is
the number of µ-colored edges that are incident with u in some edge-coloring C of Kn, then
Ψ(C) = ∑

u,µ

(
au,µ

2

)
= 1

2
∑
u,µ a

2
u,µ −

(
n
2

)
= Φ(C)

2 −
(
n
2

)
, where Φ(C) = ∑

u,µ a
2
u,µ. Consequently

it is immaterial whether we use Φ or Ψ as our potential function and we freely switch between
the two. We also use the notation Φ(u) = ∑

µ

(
au,µ

2

)
.

Here is the description of a locally-optimal coloring.

Lemma 2.2. In a locally optimal coloring every color class is the vertex-disjoint union of edges
and Vees.

Proof. Suppose that some edge e of color i is incident to more than one other edge of the same
color. There are 2n − 4 edges incident to e and n − 1 colors. Thus, some color j appears at
most once among these edges, and recoloring e by j decreases the number of monochromatic
Vees.

The number of Vees in a locally optimal coloring C is Ψ(C). Therefore reducing Φ for a
locally optimal coloring, is synonymous with a reduction in its number of Vees. Let us consider
an IV coloring C that is not an OFn. Since C is not an OF, it contains some monochromatic
Vee, say Veeα. But n is even, so if C has exactly one Veeα, then necessarily there must be a
vertex that is incident to no α-colored edges. Such a vertex must, in turn, be the center of
some Vee, say a Veeγ for some γ 6= α. To sum up, if C is IV but not an OFn, and if C has a
monochromatic Veeα, then C must

1. Contain a Veeαγ for some γ 6= α. (See Figure: 11), or

2. Contain an additional Veeα (See Figure: 22)

v1

v2

missing β

v3

α

α

u1

u2

missing α

u3

γ

γ

Figure 1: There is a Veeαγ in C
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v3
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α
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u2

missing γ

u3

α

α

Figure 2: C contains an additional Veeα

Fix an IV coloring C that is not an OFn. As it turns out, one of the following happens
now. Either we can find a two-vertex recoloring step that reduces Φ, or we can recolor an edge
in a way that does not change Φ and then do a two-vertex recoloring step that reduces the
potential. In our search for a two-vertex recoloring we actually restrict ourselves to a flip, a
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special kind of a two-vertex recoloring step as we now describe. Let u and v be the two vertices
whose edges we intend to recolor. In a (u, v)-flip, for every vertex w 6= u, v either the edges
wu and wv retain their original colors or they exchange their colors between them (See Figure:
33). We turn to discuss next such steps that decrease Φ. It is interesting to note that the very
same step has been used in [88] toward the exhaustive listing and enumeration of OFn for small
values of n.

Figure 3: A (u, v)-flip as seen from vertex w

Lemma 2.3. If |au,λ − av,λ| ≥ 2 for some color λ, then there is a (u, v)-flip that decreases Φ.

Proof. We use, as above, the notation xµ := au,µ and yµ := av,µ. Recall that Φ(C) = ∑
ν Φ(ν) =∑

ν,µ (aν,µ(C))2. For every w 6= u, v, the term Φ(w) does not change as a result of a (u, v)-flip.
Let x′µ, y′µ be the values of au,µ resp. av,µ after recoloring. The lemma claims that there is a
(u, v)-flip for which ∑

x2
µ + y2

µ >
∑

(x′µ)2 + (y′µ)2.

This inequality can be equivalently stated as∑
(xµ + yµ)2 + (xµ − yµ)2 >

∑
(x′µ + y′µ)2 + (x′µ − y′µ)2.

But it is clear that for every µ there holds xµ + yµ = x′µ + y′µ (since a flip preserves the number
of edges of any given color that are incident with u or v) and so, the lemma would follow if we
could prove
Claim 2.4. Assuming that |xλ − yλ| ≥ 2 for some color λ, there is a (u, v)-flip such that
|xµ − yµ| ≥ |x′µ − y′µ| holds for every color µ and at least one of these inequalities is strict.

Claim 2.42.4 is a consequence of the following simple variation on Euler’s Theorem:
Claim 2.5. Every multigraph H (possibly with loops) can be oriented in such a way that for
every vertex the indegree and outdegree differ at most by one. Such an orientation can be found
in polynomial time.

Proof. As long as the set of edges of H that has not yet been oriented contains a cycle C, we
orient the edges of C cyclically. This yields an equal indegree and outdegree for every vertex.
Afterwards, the set of edges of H that has not been oriented forms an acyclic graph. As long
as this acyclic graph is not empty, we select a simple path between two leaves and orient its
edges along it. This yields an equal indegree and outdegree for every vertex except a difference
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of one for the two leaves. The proof is concluded since every vertex can appear as a leaf in this
process at most once.

We introduce next the directed multigraph H with vertex set {1, . . . , n− 1} whose vertices
correspond to colors. Associated with every vertex w 6= u, v in Kn is a directed edge in H. If
in the original edge-coloring of Kn the edges wu,wv are colored α and β, then the edge in H
that corresponds to w goes from α to β. Consider a reorientation of H as given by Claim 2.52.5.
Accordingly, if the directed edge α→ β gets reversed, then we switch colors between the edges
wu and wv in Kn, that are presently recolored β and α respectively.

We can now complete the proof of Lemma 2.32.3. Let us interpret the conclusion of Claim 2.52.5
in the language of edge coloring of Kn. The conclusion says that |x′µ − y′µ| ≤ 1 for all colors µ.
However, as mentioned, there also holds xµ + yµ = x′µ + y′µ, so that |xµ − yµ| ≥ |x′µ − y′µ| for
all colors µ. Also, by assumption, |xλ − yλ| ≥ 2, so that for µ = λ the inequality is strict. The
claim follows.

Flips thus deal successfully with the case of an IV coloring C that has a Veeα as well as a
Veeα. Just apply Lemma 2.32.3 with u, v the centers of these Vees and λ = α.

There is one last remaining case to consider. Namely, an IV coloring C that is not an OFn,
which contains, for no λ, both a Veeλ and a Veeλ. By the parity argument mentioned above, it
must have at least two Veeα’s, say a Veeβα = {v1, v2, v3} centered at v2, and a Veeγα. However,
in this last remaining case there are no Veeα, Veeβ or Veeγ. (We do not care whether β = γ or
not). The situation can be resolved by either a single edge recoloring or a single edge recoloring
followed by a flip. Let us recolor the edge v1v2 from α to β. This clearly decreases Φ(v2) by 2,
and note that Φ(v1) increases by at most 2, since there are no Veeβ’s in C. This single edge
change did not change Φ(C) since it cannot decrease, and this means that there is now a Veeαβ
centered at v1. Together with the Veeγα mentioned above, we are now in a position to apply a
flip that reduces Φ. This completes the description of the algorithm and the proof of Theorem
2.12.1.

3 Numerical simulations
In this Section we discuss numerical simulations that we carried out with the Markov chain
Mn,ε as defined in Section 11. As formulated in Problem 1.51.5, we wish to find values of ε = ε(n)
for which the chain mixes rapidly and the limit probability of OFs is not too small.

In order to see why these two properties are in conflict, it is helpful to consider what happens
for extreme values of ε. When ε = 1, we are taking a walk on a discrete cube {1, . . . , n− 1}(

n
2).

As is well-known, this walk mixes in time polynomial(n), and the limit distribution is uniform.
However, the OFn occupy only a tiny fraction of exp(−Ω(n2)) of the space.

At the other extreme, when ε = 0, this walk coincides with the mild walk on Ln with
potential function Ψ as described in Section 11. Now the walk stops when it reaches a sink, so
there is no mixing to speak of. As mentioned, we do not know that OFs are the only sinks
and, if not, whether the mild walk reaches a OF with considerable probability. Our simulations
suggest that starting from a random coloring, this walk does converge to a OF after Õ(n4)
turns (See Figure 44), but there is no reason to believe that the induced distribution on the OFs
is close to uniform.
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Figure 4: The number of turns in a mild walk on Ln with respect to Ψ from a random coloring
to a OF, normalized by n4. There are 50 runs for each n ∈ {50, 60, ..., 200}.
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Figure 5: The number of distinct OFs visited by a walk of m = 1000 · n4 turns on Mn,λ/n
starting from a random coloring, as a function of λ ∈ {0.1, 0.2, ..., 2}. Left: n = 50. Right:
n = 100.

Roughly speaking, Problem 1.51.5 asks whether there exists an 1 > ε(n) > 0 that is both small
enough so that the walk onMn,ε spends a considerable fraction of its time in one-factorizations,
and large enough to guarantee rapid mixing. In order to detect the values of ε(n) in which this
is likely to occur, we counted, for a variety of values of ε, the number of distinct OFs visited
by a walk on Mn,ε of some predetermined length. Experimental evidence indicate that this
number is maximized around ε = 1/n (See Figure 55).

Our experiments suggest that in Mn,1/n a new OF is reached every Õ(n4) turns (where
Õ(n2) of them are not-lazy). It is hard to test numerically whether the chainMn,1/n is rapidly
mixing, but we did observe the following supporting evidence. Consider a segment of a walk on
Mn,1/n beginning with a one factorization C ∈ OFn, proceeding through non-OFs until for the
first time a OF C ′ ∈ OFn is reached. Let t be the number of steps taken (i.e., state changes)
en route from C to C ′. As Figure 66 shows, the fraction of edges on which C and C ′ agree
tends to decay like exp

(
−Θ(t/

(
n
2

)
)
)
. Consider for comparison, a process where we generate
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Figure 6: Consider two consecutively visited OFs in Mn,1/n. This plot shows the fraction of
edges on which the two OFs agree as a function of the number of steps taken between the two
visits (normalized by

(
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)
) , for n = 100 (triangles) and n = 200 (stars). The red line shows the

function t 7→ 0.82t.

C ′ in t steps in each of which we randomly recolor an edge in C that is chosen independently,
uniformly with repetition. In this model the agreement between C and C ′ would, with high
probability, be roughly exp

(
−t/

(
n
2

))
. This may be indicative of rapid mixing.

4 Open Problems
• Conjecture 1.41.4 raises several questions about the structure of Ln. Are there non-OFs

sinks in the mild walk on Ln? Even if the answer is negative, we conjecture that there is
a path from every state in Ln to a OF in which Ψ never increases. It is also interesting
to understand the distribution on OFn that the mild walk induces on Ln.

• We are hoping that in the long time limit the chainMn,1/n spends considerable time, i.e.,
1

poly(n) in OFn. A proof of this would require a fairly precise understanding of the way in
which Ψ is distributed on the vertices of Ln. For every integer k, let Ln,k be the set of
vertices {C ∈ Ln : Ψ(C) = k}. The limit probability of Ln,k inMn,1/n is proportional to
|Ln,k| · (1/n)2k. We know that the OFn are characterized by the condition Ψ = 0 and that
their number is |OFn| = ((1+o(1)) n

e2 )n2/2. It would be needed to tighten these asymptotic
estimates, and get similar tight estimates for Ln,k in the range 0 < k ≤ O(n2/ log n).

• The previous question raises a different problem concerning the distribution of Ln,k for
k = Θ(n2). This problem is best formulated in the terminology of large deviations theory:
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Problem 4.1. Let C be a random vertex of Ln, and 0 ≤ x ≤ 1/2 an integer. Show that
the sequence 2

n2 logP [Ψ(C) ≤ xn2] converges and estimate the limit.

The values of this rate function at x = 0 and x = 1/2 are known. It is 0 at x = 1/2,
since the average of Ψ over all the vertices of Ln is n(n−2)

2 and Ψ is concentrated about
the mean, i.e., |Ln,n2/2| = ((1− o(1))n)n2/2. In addition, the value of the rate function at
x = 0 is −2 by the asymptotic enumeration of OFn.
To the best of our knowledge, this is a new type of large deviation problem, but there
may be hope that new advances in large deviations theory (see the survey [11]) can help
resolve it.

• Other combinatorial designs such as Latin Squares, Steiner Triple Systems and high-
dimensional permutations can presumably be generated by Markov Chains of a similar
flavor. This immediately raises analogous questions concerning the corresponding strict,
mild and weak random walks, as well as additional problems in large deviations.
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