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1. INTRODUCTION
Multi-agent learning is a challenging problem and has re-

cently attracted increased attention by the research com-
munity [4, 5]. It promises control over complex multi-agent
systems such that agents enact a global desired behavior
while operating on local knowledge.

This article contributes to the refinement of the theoretical
framework for multi-agent learning, extending an evolution-
ary model for Q-learning to account for a time dependent
temperature. This model of reinforcement learning with a
varying exploration rate is tested in the domain of auctions.
In particular, we consider the task of learning the proba-
bilistic mix of three predefined trading strategies that yields
the highest expected profit in a population of traders that
choose between these strategies.

The advanced model shows that explorative learning be-
havior may overcome local optima and lead to a higher ex-
pected payoff than myopic, solely exploitive learning.

This abstract describes the current evolutionary model,
derives its extension for a varying exploration rate and then
summarizes experiments and results. It is concluded with a
discussion of the contributions.

2. METHOD
This section explains the established evolutionary models

of reinforcement learning and provides a complete model of
Q-learning with a varying exploration rate.
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The average learning behavior of Cross learning in the
continuous time limit has been shown to converge to the
replicator dynamics ẋi = xi · (πi(x)− xπ(x)), where xi is
the probability of action i to be played and πi(x) denotes
the expected payoff of i against x [1].

Stateless Q-learning yields a temperature parameter that
allows to balance exploration and exploitation. It proceeds
in two steps: Action selection based on the temperature and
applying a Q-value update to the played action. The Q-value
update rule Qt+1,i = (1 − α)Qt,i + αrt features a learning
rate α and is applied to selected action i played in joint
action st, after receiving the payoff or reward rt = ui(st).

Given the Q-values, an action is selected based on the
Boltzmann distribution, with probability xi for action i:

xi(Q, τt) =
eQiτ−1

tP
j eQjτ−1

t

(1)

The learning dynamics from updating Q-values under fixed
temperature have been proven to converge in their continu-
ous limit to the evolutionary model derived in [6]:

ẋi = αxi

ˆ
τ−1`πi(x)− xπ(x)T ´

+ x log xT − log xi

˜

This model allows to study the average behavior of Q-learning
with a fixed temperature. However, a change in tempera-
ture also alters the policy. Assuming fixed Q-values and a
continuous temperature function τt, the change is:

d

dt
xi = τ̇tẋi =

τ̇t

τt
xi

“
− log

`
xi

´
+ x log

`
xT ´”

(2)

The derived term consists of two factors. The first part τ̇t
τt

is dependent on t and determines the scale and sign of the
resulting force. The remainder is solely dependent on x and
can be computed for a grid of points in the simplex to give
an intuition of the resulting force. Using ∀t : τt ≥ 0, the sign
is determined by the derivative. As a consequence, the force
field plot for the new term always has one of the two forms
depicted in Figure 1, either for increasing or for decreasing
the temperature. These plots feature arrows in the direction
of x which are scaled proportionally to |x|. The examples in
this article are based on three actions, for which the strategy
space of x can be visualized in a simplex.

This figure also plots the selected temperature function
over the interval [0, 1] and shows how the term τ̇t

τt
ensures

that the influence of temperature decrease on policy change
vanishes over time.
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Figure 1: The force field and its magnitude τ̇t
τt

that
a change in temperature exhibits on the policy.

The complete evolutionary model for the average behavior
of Q-learning with a varying exploration rate is given by the
sum of the temperature change and learning forces:

ẋt,i = αxi

h
τ−1`πi(x)− xπ(x)T ´

+ x log xT − log xi

i
| {z }

learning

+
τ̇t

τt
xi

“
− log xi + x log xT

”
| {z }

temperature change

(3)

3. EXPERIMENTS
The derived model is tested on an example from the auc-

tion domain, which uses the same auction setup as Kaisers
et al. [2] and applies the extended analysis. In sum, it is
a simulated continuous double auction with three trading
strategies described in [3]: Modified Roth-Erev (MRE), Zero
Intelligence Plus (ZIP) and Gjerstad and Dickhaut (GD). A
heuristic payoff table as proposed in [7] captures the aver-
age profit of each trading strategy for all possible mixtures
of strategies in the competition of a finite number of traders.

Figure 2 shows the convergence of 200 example trajec-
tories in the selection model and in the selection-mutation
model with decreasing temperature. Each trajectory rep-
resents a learning process from a certain initial policy. The
policy is not only subject to the forces of learning but rather
to a linear combination of the forces of learning as in Fig-
ure 2 and temperature change as in Figure 1. It can be ob-
served that the convergence behavior of the selection model
which inherently features a fixed temperature is completely
captured by the snapshot in the directional field plot. The
selection-mutation model on the other hand features a con-
tinuously changing force field and cannot be captured by
inspection of the directional and force field plots.

An analysis of 1000 trajectories with uniformly sampled
initial policies showed the following convergence: In the se-
lection model, 25.1% converged to the pure profile (0, 0, 1)
with payoff 78.51 and 74.9% converged to the mixed profile
(0.813, 0.187, 0) with payoff 97.27. This yields an expected

payoff of 92.56 for the selection model. In contrast to this,
100% of the strategy space converge to (0.811, 0.189, 0) with
an expected payoff of 97.25 in the mutation model. The
results imply that a population of agents that utilize the
exploration scheme to overcome local optima may obtain a
higher expected payoff than a population of myopic, abso-
lutely rational learners.

4. CONCLUSIONS
The contributions of this article are two-fold and can be

summarized as follows: On the one hand, the evolutionary
model of Q-learning has been extended to account for a vary-
ing exploration rate. On the other hand, a case study in the
domain of auctions has demonstrated that this model may
deliver qualitatively different results, going beyond rational
learners and considering a more complex model of learning,
which may lead to global rather than local optima.

The authors wish to express their gratitude to Jinzhong
Niu and Steve Phelps for their support. This research was
partially sponsored by a TopTalent 2008 grant of the Nether-
lands Organisation for Scientific Research (NWO).
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Figure 2: (a) Replicator dynamics for a set of fixed temperatures and (b) trajectories of the selection model for
Cross learning compared to the new model for Q-learning with a varying exploration rate as in Equation (3).



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 36
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 36
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 36
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings with Distiller 7.0 or equivalent to create PDF documents suitable for IEEE Xplore. Created 29 November 2005. ****Preliminary version. NOT FOR GENERAL RELEASE***)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


