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Minimizing Average-of-Functions

Question: What is the runtime to find w s.t. F(w) < F(w*) + € where

F(w) =53 filw)
=1
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Minimizing Average-of-Functions

Question: What is the runtime to find w s.t. F(w) < F(w*) + € where
L
Flw) = 3 flw)
Classic: Gradient Descent (GD):

@ Assume: F'is A-strongly convex and L-smooth
o Runtime: d - (n - £) - log (1)
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Minimizing Average-of-Functions

Question: What is the runtime to find w s.t. F(w) < F(w*) + € where

Flw) =3 fiw)
=1

Classic: Gradient Descent (GD):
@ Assume: F'is A-strongly convex and L-smooth
@ Runtime: d - (n . %) - log (%)
Modern: Stochastic Dual Coordinate Ascent (SDCA):

o Assume: fi(w) = ¢i(w) + %Hw”2 and ¢; is convex and L smooth
o Runtime: d - (n+ %) - log ()
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@ SDCA without Duality
@ SDCA € SGD family
@ SGD with a stochastic oracle must be slow
@ SDCA reduces the variance using a stronger oracle
@ A simple convergence proof

© Relaxing the Assumptions
@ Without Explicit Regularization
@ Dependence on Average Smoothness
@ Without Individual Convexity
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SDCA without Duality

Objective:

F(w) = !wH2 Z¢z

At w* we have VF(w*) = 0:

@ Primal variable: w
@ Pseudo-Dual variables: aq,...,a,
Lt
e Goal: w(® — w* and for every i, o\") — o
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SDCA without Duality

RTINS 0) _ 1 (0)
o Initialize: w(® = L 3" o,
o For: t =1,2,...

o Pick i € [n] at random

o Primal update: w® = w1 —p (V@(w(t—l)) + al(.t_l))
o Dual update: ol = (1— B)aﬁt_l) + 8 (_v¢i(w(t—1)))

%

(where 8 = nAn)
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SDCA without Duality

RTINS 0) _ 1 (0)
o Initialize: w(® = L 3" o,
o For: t =1,2,...

o Pick i € [n] at random

o Primal update: w® = =D —p (Vq&i(w(t—l)) o al(.t_l))
o Dual update: af” = (1 B)al™ + B (~Ve;(w~1))

%

(where 8 = nAn)

@ Claim: SDCA is an instance of SGD

@ Proof:
e By induction, Aw®*~1 = DD al(.t71) =F,; agtfl)

o Therefore:
VFw D) = A0 + E; Vo (wt D) = EiJal"™ + Ve, (wt=1)]
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SGD with a stochastic oracle must be slow

Any algorithm for minimizing F' that only accesses the objective using
oracle that returns a gradient of a random function and has log(1/¢) rate
must perform Q(n?) iterations
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SGD with a stochastic oracle must be slow

Any algorithm for minimizing F' that only accesses the objective using
oracle that returns a gradient of a random function and has log(1/¢) rate
must perform Q(n?) iterations

Proof idea:
o Consider two objectives (in both, A =1): for i € {£1}

w— )2 w~+1)?
Fi(w):% <(n—1)(2)—|—(n+1)(;—)>

@ A stochastic gradient oracle returns w + ¢ w.p. % + %

e Easy to see that wi = —i/n, F;(0) = 1/2, Fy(w}) =1/2 — 1/(2n?)
@ Therefore, solving to accuracy € < 1/(2n?) amounts to determining
the bias of the coin
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Can we improve SGD 7

A stronger oracle:

@ The negative result assumes we only see a gradient of a randomly
chosen example

@ SDCA relies on a slightly stronger oracle: we also see the index of the
chosen example

@ This suffices to obtain a significantly faster algorithm

@ Main idea: variance reduction
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Variance Reduction

@ SGD update rule: w® = w1 — nv where E[v] = VF(w(*~1)
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Variance Reduction

@ SGD update rule: w® = w1 — nv where E[v] = VF(w(*~1)
@ For vanilla SGD: v = V¢ (w*~D) + (=1
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Variance Reduction

e SGD update rule: w®) = w1 — nu where E[v] = VF(wt1)
@ For vanilla SGD: v = V@.(w(t—l)) + Aw®D
o For SDCA: v = Vei(w®D) 1 ol
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Variance Reduction

@ SGD update rule: w® = w1 — nv where E[v] = VF(w(*~1)

@ For vanilla SGD: v = V¢ (w*~D) + (=1

@ For SDCA: v = Vg (w~1) + aét_l)

@ What is the variance?

E[|[v]|] = E[| Vi (w! ™) — Vi(w*) + Voi(w*) + af V|

= E[[[Vei(w) - Voy(w*) + of ™ — 7|
< 2E[|| Vi (w ) = Voy(w)[[2] + 2 Efflo V) — af ||
< 2LE[[lw) - w 2] + 2B[af " — af |
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A simple convergence proof

o Potential: C; = o4 A, + 3B, with 4, = E; [|a{” — a2, B, = [Ju® — w*||?
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A simple convergence proof

o Potential: C; = o4 A, + 3B, with 4, = E; [|a{” — a2, B, = [Ju® — w*||?

@ Algebraic Manipulations:

E A = (1=n\)Ai1 = nAE (IVai(wD) = Voi(w")|? = (1= 8)|lv]?)
EB, — By = —2p(w® Y —w*)TVF(w* D) + > E ||v|?
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A simple convergence proof

o Potential: C; = o4 A, + 3B, with 4, = E; [|a{” — a2, B, = [Ju® — w*||?
@ Algebraic Manipulations:
E A = (1=n\)Ai1 = nAE (IVai(wD) = Voi(w")|? = (1= 8)|lv]?)
EB, — By = —2p(w® Y —w*)TVF(w* D) + > E ||v|?
o Sc. of F, (Y —w*)TVF(w ) > ¢_1 + 3B;_1), gives

EB; — (1 —n\)Bi—1 < —2ne—1 + 1> E||v|?
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A simple convergence proof

e Potential: C; = ;- A, + 3B, with A, = E; ||a(t) —aj|]?, By = |w® —w*||?
@ Algebraic Manipulations:
E A = (1=n\)Ai1 = nAE (IVai(wD) = Voi(w")|? = (1= 8)|lv]?)
EB, — By = —2p(w® Y —w*)TVF(w* D) + > E ||v|?
o Sc. of F, (Y —w*)TVF(w ) > ¢_1 + 3B;_1), gives
EBy—(1=n\)Bi-1 < —2ne1 + 17 Elfol?
[

@ Summing with weights (5, %) cancels the E [|v|? term and gives

1
Co=(L=mCims < (7 BIVor(w) = Vor(w)|P - et

Shalev-Shwartz (HUJI) SDCA ICML'16 9/15



A simple convergence proof

e Potential: C; = ;- A, + 3B, with A, = E; ||a(t) —aj|]?, By = |w® —w*||?
@ Algebraic Manipulations:
E A = (1=n\)Ai1 = nAE (IVai(wD) = Voi(w")|? = (1= 8)|lv]?)
EB, — By = —2p(w® Y —w*)TVF(w* D) + > E ||v|?
o Sc. of F, (Y —w*)TVF(w ) > ¢_1 + 3B;_1), gives
EBy—(1=n\)Bi-1 < —2ne1 + 17 Elfol?
[

@ Summing with weights (5, %) cancels the E [|v|? term and gives

1
Co=(L=mCims < (7 BIVor(w) = Vor(w)|P - et

@ ¢, is L-smooth and convex = E; ||V (w*1) — Ve, (w*)||? < 2Le;4
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A simple convergence proof

e Potential: C; = ;- A, + 3B, with A, = E; ||a(t) —aj|]?, By = |w® —w*||?

Algebraic Manipulations:
EA; = (1= 1) A1 = IAE [V ™) = Voi(w") | = (1= B)o])?)
EB, — By = —2p(w® Y —w*)TVF(w* D) + > E ||v|?
o Sc. of F, (Y —w*)TVF(w ) > ¢_1 + 3B;_1), gives

EB; — (1=n\)Bi1 < —2ne1 +n°E|Jv|?
[

@ Summing with weights (5, %) cancels the E [|v|? term and gives

1
Co=(L=mCims < (7 BIVor(w) = Vor(w)|P - et

¢; is L-smooth and convex = E; ||[Ve;(w*~Y) — Ve, (w*)||? < 2Le;
@ Therefore: EC; < (1 —nA\)EC;—1 < (1 —n))! C

Shalev-Shwartz (HUJI) SDCA ICML’'16 9/15



@ SDCA without Duality
@ SDCA € SGD family
@ SGD with a stochastic oracle must be slow
@ SDCA reduces the variance using a stronger oracle
@ A simple convergence proof

© Relaxing the Assumptions
@ Without Explicit Regularization
@ Dependence on Average Smoothness
@ Without Individual Convexity
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GD vs SDCA

Classic: Gradient Descent (GD):
@ Assume: F'is A-strongly convex and L-smooth
@ Runtime: d - (n : %) - log (%)
Modern: Stochastic Dual Coordinate Ascent (SDCA):
o Assume: fi(w) = ¢;i(w) + 3|lw||? and ¢; is convex and L smooth
e Runtime: d - (n+ %) - log (%)
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SDCA Without Explicit Regularization

Original objective:

1 n
Plw) == 3" difw)
i=1
Rewrite the objective as
n+1 A
_ A 2
Flw) = — > (w) + 3l
where
e Fori<n, ¢;(w) = "Hfi( )
o Gni1(w) = G w2
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Dependence on Average Smoothness

@ Assume that ¢; is L;-smooth
o Let L = E;, L;

@ Sample i ~ q where q; = Lg’:EL
°

Convergence rate now depends on L instead of on max; L;
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SDCA without Individual Convexity

@ Remove the assumption that ¢; is convex and only assume that F' is
A-strongly convex

The bound E; ||V (w®1) — Ve (w*)||* < 2Le;_1 no longer holds
Instead, E; ||V (w1) — Ve (w*)||> < L||(w® Y — w*||?
Yields a runtime of d - (n + (%)2) - log (1)

Using acceleration gives runtime of O (d- (n+ n3/4\/f//)\))

o Compare to the convex case: O (d- (n+ nl/Q\/I:/)\)>
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SDCA without duality as a variance reduced SGD
Simpler proof

Relaxing the assumptions on individual functions

Open: is the extra n!/* factor necessary ?
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