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Abstract

In this paperwe addresstheproblemof learning
the structureof a Bayesiannetwork in domains
with continuousvariables. This task requires
a procedurefor comparingdifferent candidate
structures. In the Bayesianframework, this is
doneby evaluatingthemarginal likelihood of the
datagivenacandidatestructure.Thistermcanbe
computedin closed-formfor standardparamet-
ric families(e.g.,Gaussians),andcanbeapprox-
imated, at somecomputationalcost, for some
semi-parametricfamilies(e.g.,mixturesof Gaus-
sians).

We presenta new family of continuousvariable
probabilisticnetworks that are basedon Gaus-
sian Process priors. These priors are semi-
parametricin nature and can learn almost ar-
bitrary noisy functional relations. Using these
priors, we can directly computemarginal like-
lihoods for structure learning. The resulting
methodcandiscover a wide rangeof functional
dependenciesin multivariatedata. We develop
the Bayesianscore of GaussianProcessNet-
worksanddescribehow to learnthemfrom data.
We presentempiricalresultson artificial dataas
well ason real-life domainswith non-linearde-
pendencies.

1 Intr oduction

Bayesiannetworks are a languagefor representingjoint
probability distributionsof many randomvariables.They
areparticularlyeffective in domainswheretheinteractions
betweenvariablesare fairly local: eachvariabledirectly
dependson a small setof othervariables. Bayesiannet-
works have beenappliedextensively for modelingcom-
plex domains. This successis dueboth to the flexibility
of the modelsandto the naturalnessof incorporatingex-
pert knowledgeinto the domain. An importantingredient

for many applicationsis theability to inducemodelsfrom
data.This ability allows to complementexpertknowledge
with datato improveperformanceof a system.

In thelastdecadetherehasbeenanactiveresearcheffort to
developthetheoryandalgorithmsfor learningof Bayesian
networks from data. This includesmethodsfor parameter
learning[1, 19, 27] andstructurelearning[3, 6, 16, 26].
Usingstructurelearningprocedureswecanlearnaboutthe
structureof interactionsbetweenvariablesin an unknown
domain.

Part of our motivationcomesfrom anongoingprojectthat
appliessuchstructurelearningmethodsto molecularbi-
ology problems[10]. This projectattemptsto understand
transcriptionof genes:A geneis expressed via a process
that transcribes it into an RNA sequence,and this RNA
sequenceis in turn translated into a proteinmolecule.Re-
cent technicalbreakthroughsin molecularbiology enable
biologiststo measureof theexpressionlevelsof thousands
of genesin one experiment[7, 20, 32]. The datagener-
atedfrom theseexperimentsconsistsof instances,eachone
of which hasthousandsof attributes. Thesedatasetscan
helpusunderstandhow agene’stranscriptionis effectedby
variousaspectsof thecell’s metabolism,including theex-
pressionlevelsof othergenes.Thechallengeis to recover
thisbiologicalknowledgefrom suchexperiments(see,e.g.,
[18]).

Thereareseveralproblemsin learningfrom suchdata. In
particular, in this paperwe examinethe problemsraised
by the quantitative natureof thesemeasurements.In the-
ory we might think of a geneasbeingeitherin “activated”
and“suppressed”modes.Experiencewith this data,how-
ever, shows that discretizationof the datalosesmuch of
the information[10]. Thus,we seekmethodsthat candi-
rectly representand learn interactionsamongcontinuous
variables.

Anotherproblematicaspectof this typeof datais thelarge
numberof attributes(genes)thataremeasured(i.e., thou-
sands)andtherelatively few samples(i.e.,dozens).Thus,
weseekmethodsthatarestatisticallyrobustandcandetect



dependenciesamongmany possiblealternatives.

Thebestunderstoodapproachfor modelingcontinuousdis-
tributionsin Bayesiannetwork learningis basedon Gaus-
siandistributions[11]. This form of continuousBayesian
network can be learnedusing exact Bayesianderivations
quite efficiently. Unfortunately, the expressive power of
Gaussiannetworks is limited. Formally, “pure” Gaussian
networks can only learn linear dependenciesamongthe
measuredvariables.

This is a seriousrestrictionwhenlearningin domainswith
non-linearinteractions,or domainswherethenatureof the
interactionsis unknown. A commonway of avoiding this
problemis to introducehiddenvariablesthatrepresentmix-
turesof Gaussians(e.g.,[28, 34]). An alternativeapproach
thathasbeensuggestedis to learnwith non-parametricden-
sities[17].

In thispaperweaddresstheproblemof learningcontinuous
networksby usingGaussian Process priors. This classof
priors is a flexible semi-parametricregressionmodel. We
call thenetworkslearnedusingthis methodGaussian Pro-
cess Networks. Theresultinglearningalgorithmis capable
of learninga largerangeof dependenciesfrom data.

This approachhasseveral importantproperties.First, the
GaussianProcessis a Bayesianmethod. Thus, the inte-
grationof this form of regressioninto theBayesianframe-
work of model selectionis naturaland fairly straightfor-
ward. This allowsusto interprettheresultsof thelearning
asposteriorprobabilities,andto assesstheposteriorproba-
bility of variousnetworks structures(e.g.,usingmethods
suchas [9]). Second,the semi-parametricnatureof the
prior allows to learn many continuousfunctional depen-
dencies.This is crucialfor exploratorydataanalysiswhere
thereis little prior knowledgeon the form of interactions
we mayencounterin data. In addition,the GaussianPro-
cessis biasedto find functional dependenciesamongthe
variablesin thedomain.This is a usefulprior for domains
wherewe believe thereis a direct causaldependency be-
tweenattributes.

In theremainderof this paperwe review theBayesianap-
proachfor learningBayesiannetworks. We then review
the definition of the Gaussianprocessprior in this setting
anddiscusshow to combinethetwo to learnnetworks.Fi-
nally, wevalidateourapproachonseriesof artificial exam-
plesthattestits generalizationcapabilitiesandapplyto few
real-life dataproblems.

2 Learning Continuous Networks

2.1 BayesianStructur eLearning

Our goal is to learn Bayesiannetworks from fully ob-
servable data; i.e., we are given a data set

� ��������
	�����
����� ��	��
, whereeach

��� ��	
is a completeassign-

ment to the variables ��� ������ ��� . The Bayesianlearn-
ing paradigmrequiresusto specifya prior probabilitydis-
tribution ����� � over the spaceof possibleBayesiannet-
work structures,and for eachstructure,a prior over the
conditionalprobabilities. This prior is then updatedus-
ing Bayesianconditioningto give a posteriordistribution�����"! � � over this space.

We start with the prior over structures,����� � . Several
priors have beenproposed,all of which arequite simple.
Withoutgoinginto detail,a key propertyof all thesepriors
is thatthey satisfy:# Structur emodularity Theprior ����� � canbewritten

in theform ���$� �&%('*),+-�.� ) ��/1032 �.� ) ���54
That is, the prior decomposesinto a product,with a term
for eachfamily in � . In other words the choicesof the
familiesfor thedifferentnodesareindependentapriori.

Thenext questionwe needto addressis theprior over the
conditionalprobabilitydistributions(or densityfunctions)���.� ) ! /10 2 �.� ) �6� neededfor eachnetwork. Usually, these
conditional distributions are representedin a parametric
form. Thus, oncewe fix the parametricfamily, we can
specify the conditionaldistribution by a vectorof param-
eters 798;:�< =?>A@CB�8D:.E . The prior distribution over conditional
distributionscannow be phrasedasa prior over valuesof
thedifferent 7*8 : < =?> @ BF8 : E ’s. For our purpose,we needonly
require that the prior satisfiestwo basicassumptions,as
presentedin [16]:# Parameter independence: Let 798 : < =G> @ B�8 : E be the

parametersspecifyingthebehavior of thevariable� )
given the variousinstantiationsto its parentsH . We
requirethat����7 2 !9� � � ' ) ����7*8D:I< =G>5@JB�8D:$EK!9� � (1)

That is, we assumethat the parametersfor different
conditionaldistributionsareapriori independent.# Parameter modularity: Let � and �ML betwo graphs
in which

/1032 ��� ) � � /1032CN ��� ) � � H then����7*8D:�< OP!3� � � ����798;:�< OQ!9� L � (2)

Thatis, theprior for aconditionaldistributiondepends
only on the choiceof parentsfor � ) andis indepen-
dentof otheraspectsof thegraph� .

Oncewe definetheprior, we canexaminethe form of the
posteriorprobability. UsingBayesrule,wehave that���$�R! � �&%S��� � !9� �I���$� � 



Theterm ��� � !?� � is themarginal probability of thedata
given � andis definedasthe integrationover all possible
parametervaluesfor ���� � !9� � �(T ��� � !9� � 7 2 �I����7 2 !9� �6U�7 2
Alternatively, wecandefine��� � !9� � usingthechainrule:��� � !9� � � ' ) ��� ��� V�	 ! �����
	����������� VXWY��	�� � �
where ��� ��� V�	 ! �����
	�����
�6��� VZW[��	�� � � is the probability
givento the

V
’ th instanceafterobservingtheprevious

V-W\�
instances.

Usingtheaboveassumptions,onecanshow (see[16]) that
if
�

is completeandtheprior probabilitysatisfiesparame-
ter independence, andparameter modularity, then��� � !9� � � ' ) score �.� ) ��/10 2 ��� ) �]! � � 
wheretheconditionalscorescore �.� ) � H^! � � is����_ ) �`��	������� _ ) � ��	 !3a ���
	�����
� a � ��	��cbd� /10 2 �.� ) � � H 	 � 
That is, theprobabilityassignedto thesequenceof values� ) giventheobservedvaluesof H andtheassumptionthat� ) ’s parentsareexactly H .

If theprior ���$� � satisfiesstructuremodularity, wecanalso
concludethattheposteriorprobabilitydecomposes:�����"! � ��% ' ) +-�.� ) �c/10 2 ��� ) �6� score ��� ) ��/10 2 �.� ) �e! � � 
This decompositionof the score is crucial for learning
structure. A local searchprocedurethat changesonearc
at eachmove can efficiently evaluatethe gainsmadeby
addingor removing an arc. An exampleof sucha proce-
dureis a greedyhill-climbing procedurethat at eachstep
performsthelocal changethatresultsin themaximalgain,
until it reachesa local maximum. Although this proce-
duredoesnot necessarilyfind a global maximum,it does
performwell in practice. Examplesof other local search
proceduresthatadvancein one-arcchangesincludebeam-
search,stochastichill-climbing, andsimulatedannealing.

2.2 ContinuousVariable Networks

To learnBayesiannetworkswe needto chooseparametric
familiesfor representingandlearningconditionaldensities.

There are several possiblechoices. We briefly mention
thesehere.

The simplestand bestunderstoodfamilies of conditional
densitiesarethe linear Gaussian models.In this model,if/10 2 ���f� � �3g � ����
�Ag&hG� , weassumethat���.�i!*j � ����
� j h ��kmln�$oGprqYs ) o )Jt j ) �cuJv � 

That is, � is normallydistributedarounda meanthatde-
pendslinearly on thevaluesof its parents.Thevarianceof
this normaldistribution is independentof theparents’val-
ues.In thisrepresentation798Z< wAxzyA{}|}|}| { x�~�� ��� oGp ������ o h���u�� .
Bayesianlearningof suchfamiliesis developedby Geiger
andHeckerman[11, 15, 12]. While we do not go into de-
tails, we notethat for this parametricfamily, theBayesian
scorefor eachfamily canbe computedexactly andquite
efficiently.

Thedrawbackof Gaussiannetworksis that their represen-
tation is limited to modelinglinear dependenciesbetween
variables.Thus,if thedependenciesin thedataaresignif-
icantly non-linear, the scoreof the parentschoicescanbe
misleadingandthusresultin a network thatpoorly reflects
the dependenciesin the data(andalsoperformspoorly in
predictions).

A possibleapproachto overcomethe limitations of Gaus-
sianmodelsis to considermixtures of Gaussians [8, 34].
In this approachwe modeltheconditionaldistributionasa
weightedmixture���.��!9H�� � s9��� ����� �.��!9H��
whereeach

� �
is a linearGaussiandistribution. In theory,

suchmixturescanapproximateawiderangeof conditional
distributions. In particular, they canrepresentmulti-modal
distributions,andthuscanrepresentrelationshipsthat are
not purelyfunctional.

Learning such mixture models,however, presentsprob-
lems.Exactcomputationof themarginallikelihoodof such
afamily cannotbedonein closedform. Instead,wehaveto
resortto approximations,suchasthe Laplaceapproxima-
tion [23, 4, 22]. This, in turn, requiresusto find theMAP
parametersgiventhedata,which is a non-linearoptimiza-
tion problemin a spacewith many local maxima. Thus,
in practice,we usuallyneednontrivial amountof dataand
runningtime to learna mixture with moderatenumberof
components.

An alternative approachwhich is non-Bayesianin nature
wasproposedby HofmannandTresp[17]. They usenon-
parametrickernelmethodsfor predictions.Roughlyspeak-
ing, giventrainingexamples

�����
	�������6��� ��	
, thekerneles-

timatefor ���$��� is

�1�5�����3���I� � � � �� �s��� �G��� �u ! ! ��Wf��� ��	 ! ! v
�
where � �$� is a kernel function and

u
is a “smoothing”

parameter. A commonchoice is to take � to be the pdf
of a normal distribution with zero meanand unit vari-
ance. Hofmann and Tresp use such estimatesto find
the conditional distribution by setting ����_ !RaD� �� �5��������� �._ � j-�c�9� �5��������� �.jJ� .



Kernelmethodsareextremelyflexible densityestimators.
Their performancedependscrucially on the smoothness
parameter. Thus, we needto tune this parameterto en-
surethat thedatais not over-fit or over-smoothed.This is
usuallydoneby cross-validationtesting.In particular, Hof-
mannandTrespusealeave-one-outcross-validationproce-
dure. In addition,we needto find a way of comparingthe
scoreof differentnetwork structuresin thisnon-parametric
setting.HofmannandTrespsuggestto dosoby comparing
a cross-validatedestimateof the logarithmic lossof each
family. This is essentiallyanestimateof theout-of-sample
lossthe family will incur on new data.To summarize,for
eachfamily, HofmannandTresp’s proceduresearchesfor
the parametersthat minimize the log-lossin crossvalida-
tion estimate,andthenreturnthis log-lossestimateasthe
scoreof thefamily.

3 GaussianProcesspriors

In recentyears,therehasbeenmuch interestin the use
of GaussianProcesspriors for regression[33] as well as
for classification[13]. It canbeshown thatpredictorslike
feed-forwardneuralnetworksandradial-basisfunctionnet-
worksconvergeto Gaussianprocesspredictorsasthenum-
berof internalnodesgoesto infinity [21]. We now review
the basicsof the GaussianProcessprior andits usein re-
gression.

Considera setof variablesH . We want to modela prior
over a variable � which we believe to bea functionof H .
We cantreatthevalueof � for eachvalue a asa random
variable. More formally, a stochastic process over H is a
functionthatassignsto eacha\���9 9¡I�$H�� arandomvariable�¢�$a;� . The processis saidto bea Gaussian process (GP)
if for eachfinite setof values, a ��£ � � � a ���
	�����
� a � ��	�� ,
the distribution over the correspondingrandomvariables� �c£ � � � � ���
	�����5� � � ��	�� (where � � ��	 � �¢�$a � ��	 � ) is
a multivariatenormaldistribution.

To specify sucha process,we needa way of describing
themeanvalueof eachvariable �Y��aD� andtheco-variance
matrix for eachfinite subsetof valueswe chose. This is
done,by specifyingtwo functions:# A meanfunction ¤���aD� , sothat ¥ � �¢��aD� 	 � ¤���aD� .# A covariance function ¦§�$a � aXL¨� , so that©rª9« � �¢��aD� � �¢��a;LF� 	 � ¦§��a � a;L¬� .
Thejoint distributionof

� �c£ � is therefore:��� � �c£ � ! a1��£ � � (3)� �¯®�°z± � W �² � � �c£ � W ¤X³�£ ´µ�6¶X¦¸· ���£ � � � �c£ � W ¤X³�£ ´µ� �
where¤ �c£ � is thevectorof means

� ¤���a �`��	 � ������ ¤���a � ��	 � �
and ¦]�c£ � is the covariancematrix with the � VA��� � entry¦§��a � V$	�� a � �3	 � .

3.1 Prediction

Beforewediscussthecovariancefunction ¦ andits param-
eters,let usseehow we usetheGPto predictthevalueof
theprocessatanew point. Weshallassume¤��$a;� �m¹ from
now on.

Assumewe alreadyobserved
�

points
� �c£ � given a ��£ � ,

andwe aregivena parametrizedcovariancefunction. By
the definition of the Gaussianprocess���$���c£ � � � �¸º �Y!Hµ��£ � � H �»º ��� is a

� q � -dimensionalGaussiandistribu-
tion. We sincewe observed the values ���c£ � , we com-
pute the conditionaldistribution over � �»º � given these
observation. A basic property of multivariate Gaussian
distributions is that the conditionaldistribution given the
value of some of the variablesis also a Gaussiandis-
tribution. Thus, the conditionaldistribution ���.� �»º � !� �c£ � � H ��£ � � H �»º � � is aunivariateGaussiandistribution.
Usingpropertiesof Gaussiandistributionswe computede-
fine themeanandvarianceof this distributionusing:¤ �»º � � ¼ ¶ ¦ · �� � ��£ � (4)u �»º � � ½ W ¼ ¶D¦¸· �� ¼ (5)

Where
¼,� ��¦§��a � � q ��	�� a ���
	 � ����5� ¦§��a � � q ��	�� a � ��	 ���

and
½m� ¦§��a � � q �
	�� a � � q �
	 � . In otherwords,hav-

ing observed
�

valuesof theprocesswecanrepresentthe
conditionaldensityat any new coordinate_ using ¦ � , the
covariancematrix calculatedfor thefirst

�
points.

3.2 CovarianceFunctions

Wenow dealwith theissueof covariancefunctions.As we
cansee,this function determinesthe prior over functions.
Theonly constrainton thecovarianceis thatit shouldpro-
ducepositivesemidefinitematrices.

In general,if the covarianceof two closepoints is large,
then the prior preferssmoothfunctions. The covariance
betweenpointsfurtherawaydeterminespropertieslikepe-
riodicity, smoothness,andamplitudeof the learnedfunc-
tions. Theseaspectsof the covariancefunctionsarecon-
trolled by its hyperparameters 7 . For example,Williams
andRasmussen[33] suggestthefollowing function:

¦§��a � a L�¾ 7?� � 7 p�®
°z± �GW �² ¿sx�~*À�O ��j hÁW jÂLh � vÃÄvh �
q 7���qn7 v ¿sx�~�À�O j h j L h qn7*Å�Æ�Ç { Ç N (6)

In this function eachhyperparametercontrolsa different
characteristicof thelearnedfunctions.Thehyperparameter7*p controlstheamplitudeof variationof thefunction. The
hyperparameter7 � controlshow farcanthewholefunction
be shiftedfrom the zeroline. The hyperparameter7 v ac-
countsfor lineartendenciesin thefunction.And thehyper-
parameter79Å is thevarianceof anuncorrelatedwhitenoise,



which is addedon top of the function. Thehyperparame-
ters

Ã h
arethelengthscalesof thedifferentdirectionsin a ,

overwhich thefunctionchangesconsiderably.

What valueof hyperparametersshouldwe usein ¦ when
constructingtheGaussianProcessdensity? TheBayesian
approachis to assignthehyperparametersaprior, andthen
integrateover them. Let

�È� � a �c£ � ��� ��£ � � , then we
shouldmakepredictionsas���._ � � q ��	 ! a � � q ��	�� � �� T ����_ � � q �
	 ! a � � q �
	�� � � 7?�I����7Ä! � �IU?7
As this integral is usuallyintractable,wecantry to approx-
imate it. Oneway is to use É7 , the maximum a posteriori
estimatorfor 7 , as suggestedin [13]. Another option is
performinga numericalintegration using a Monte Carlo
method(asin [33]).

4 Learning Networks with GaussianProcess
priors

We now examineNetworkswith GaussianProcesspriors.
As statedabove,wemake theparameterindependenceand
modularityassumptions.Thus,to definetheprior we need
to evaluatethescoreof avariable� givenaset H of parent
variables.

Recallthatthescore ��� � HÊ! � � is defined���._ �`��	������� _ � ��	 !9a ���
	�����
� a � ��	���bd� /1032 ��� ) � � H 	 � 
To definetheseterms,weneedto defineaGaussianProcess
prior for � asa functionof H . As before,we will assume
thatthemeanfunctionis

¹
, andthusweonly needtochoose

a covariancefunction ¦K8Ë< O .

Oncewe choosesucha covariancefunction, the scoreis
easyto compute.The GaussianProcessprior implies that_ ���
	������� _ � ��	 are normally distributed with the covari-
ance function specifiedby H ���
	�����
� H � ��	 . Thus, the
scorewith respectto the covariancefunction ¦§� t � t ¾ 7?�
is

score �.� ) � H^! � � 7?�� � ²9Ì � ·�Í Î ! ¦ O ! · yÎ ®�°z± � W �² � ¶ �c£ � ¦¸· �O � �c£ � � �
where ¦ O is the covariancematrix definedby the covari-
ancefunction ¦§�$� andthevaluesa1� ����
� a � .

We seethat given a GaussianProcessprior, the computa-
tion of marginalprobabilitycanbedoneis closedform. In
this sense,theGaussianProcessprior is very appealing.It
canlearna wide rangeof functionaldependencies,andwe
cancomputetheBayesianscoreexactly. In this sense,the
GaussianProcesspriors fit well with the Bayesianmodel
selectionapproachof learningBayesiannetwork structure.

In practice,we usuallydo not fix theparametrizedcovari-
ancefunctionin advance.Instead,weselectafamily of pri-
ors,suchastheonesof (6). Thus,theproperscorewould
requireusto integrateover thehyperparameters:

score ��� � HÏ! � � � T score ��� � HÏ! � � 7?�I����7?�IU?7 
Unfortunately, wedonotknow how to performthisintegra-
tion in closedform, sincescore �.� � HÊ! � � 7?� is a complex
functionof 7 .
The approachwe take, which is quite commonin many
otherapplicationsof Bayesianmethods,is to approximate
this integral with theMAP hyperparameters.Thus,we ap-
proximate

score �.� � H^! � �rÐÒÑ 0 °Ó score �.� � HÊ! � � 7?�6���.7?� 
This approximationis reasonableif theposteriorprobabil-
ity over hyperparametersis sharplypeaked over a single
maximum. In suchsituations,mostof the integral is de-
terminedby theareaneartheMAP parameters.A slightly
betterapproximationis theLaplaceapproximation,where
theposteriorprobability in the integral is approximatedas
aGaussiandistributionovertheparameters7 (see,e.g.[5]).
Thishoweverrequiresthecalculationof theHessianof the
log posteriorprobability, which can be time consuming.
Wethereforeuseanestimatefor thisterm,whichscaleslikeÔ v&Õ�Ö � ��lf� , where × in our caseis thenumberof hyperpa-
rametersof thecovariancefunction.Theresultingestimate
is in thespirit of theBayesian information criterion (BIC)
of Schwarz[25], andtheMDL scoreof Rissanen[24], hav-
ing a termwhich penalizesthemodelfor over-complexity.

To scorea family � given H , weperformconjugategradi-
ent ascentto searchfor the MAP parameters.The eval-
uation of eachpoint during the searchrequiresto invert
and to computethe determinantof an

�
by
�

matrix.
Thus,thecomputationalcostsof this closedform equation
is Ø§� � Å � in naive implementations.This operationis re-
peatedin eachiterationof thehyperparameteroptimization
step. In practicethis optimizationconvergesquite rapidly
(10-20iterations).

5 Experimental Evaluation

We first wantto testtheGPscoreon thesimplestcase.We
thereforeaskthe following question:given two variables,� and Ù , with somenoisyfunctionaldependencebetween
them,will theGPNlearnerpreferthenetwork whereX is
independentof Y, or theonein which they aredependent.
Furthermore,we expect that, up to a certainnoiselevel,
theGPlearnerwill preferthedirectionfor which it canfit
a “nice” function,sincesucha function is morelikely in a
GPprior. For example,in Figure1 weseeanoisyquadratic
dependence.TheGPprior will assignaverylow likelihood
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Figure1: An exampleof a non-invertibledependencebe-
tweenX andY. Theexplanation�ÜÚÝÙ doesnot have a
functional form, whereasÙÞÚß� canbe explainedasa
noisyfunction.

to the �àÚiÙ dependence,sinceit is hardto fit a function
in this direction,while the dependenceÙÜÚá� will get
a higherprobability, asit canbe explainedby a quadratic
functionaldependencewith a certainnoisewidth at each
point.

To testthis,weproduceddatasetsof two variableswith de-
pendenciesof linear, quadratic(asin Figure 1), cubicand
sinusoidalnature.On top of the functionaldependence,a
non-correlatedGaussiannoisewasadded. For eachcase
we comparedbetweenthe different network models, in
termsof the GP network scoresfor the training set, and
thelog likelihoodof thetestsetwhenthatparticularmodel
wasusedfor prediction.This wasdonefor differentnoise
levels,anddifferenttrainingsetsizes.

Figures3 and 2 show the dependenceof thosemeasures
on the function noiselevel. We observe that for the true
dependency model,thepredictionquality andtheGPfam-
ily scoreriseasthe level of noisedrops.We seethateven
for noiselevels as high as 1.5 times the dependentvari-
ableamplitude,the true dependenceis still preferredover
the no-dependencemodel. We alsoseethat the direction
of dependenceis clearin thenon-invertiblecases,like the
sinusoidalandthequadraticdependencies.In thosecases,
thescoreof the“wrong” directiondependency is aslow as
the no-dependency model. The cubic dataset in our case
is borderline-invertible,andso the distinctionis lessclear
cut. For thelinearcase,if theslopeis nottoosteep,bothdi-
rectionshave a functionalform, andsono onedirectionis
preferredover theother. TheGaussianProcesspreference
for functionaldirectioncanbeusefulwhenlearningcausal
networks if we assumethe interactionsin our domainare
functional.

We next comparetheGPnetwork learningmethodagainst
the two continuousvariable models describedin Sec-
tion 2.2: theGaussiannetwork model(with theBGescor-
ing metric[11]), andthekernelnetwork. Westartwith two
variablenetworks, with the samefour typesof functional
relationsasdescribedbefore. Figure4 shows the predic-
tion quality of the threemethodson thosedatasets,com-
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Figure2: GPfamily scoresasa functionof samplenoise,
for differentfunctionaldependencies.Plotsareshown for
3 network models:the no-dependency network, the �ÜÚÙ “true” network and the ÙâÚã� “oppositedirection”
network. The shown functionaldependenciesof Y on X
arelinear, quadratic,cubic,andsinusoidal.The Ù axis is
theGPscorefor eachfamily, andthe � axis is thesample
noiseunitsin standarddeviationsof thedependentvariable
( Ù ).

paringthe log lossof the predictionsmadeby the depen-
dentmodelto thosemadeby the independentmodel. One
canseethatfor thequadraticandsinusoidalrelations,both
far from linear,, theGaussianmethodpredictionquality is
the samefor both models,while the GP learnercontinu-
ally performsbetterwith thedependentmodel.Thekernel
method,which is insensitive to directionalityor linearity,
alsoperformsbetterwith thedependentmodel.

We now turn to comparingthe reconstructioncapability
of the threemethods. We start with small artificial net-
workswith differentfunctionalrelations,andcheckwhich
methodreconstructsthe true network with higher accu-
racy. We sampled50 and 100 instancedatasetsfrom 3
variablenetworksof all possiblearchitectures,with linear,
quadratic,sinusoidalor mixedfunctionalrelations.A non-
correlatednoiseof width 0.4 of the variable’s amplitude
wasadded. We appliedthe threenetwork learningmeth-
odson thesedatasets. Both GP andkernelmethodsper-
formedwell in reconstructingthetruePDAG of thegener-
atingnetwork, with theGPperformingonly slightly better.
However, theGPdoessignificantlybetterin identifyingthe
original DAG for datasetswith non-invertibleconnections
(quadraticandsinusoidal).In thosecases,asexpected,the
GP learnerorientsthe arcsin the “true” functionaldirec-
tion, while the kernelmethoddoesnot necessarilydo so.
The Gaussiannetwork modeldoesnot performaswell in
this task,wherein mostof the caseswith non-linearcon-
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Figure3: Predictionaccuracy asafunctionof samplenoise,
for thesamesetsof Figure2. The Ù axisis theaveragelog
lossof a testdatasetfollowing parameteroptimizationon
a differentset. The � axis is thesamplenoisein standard
deviationsof thedependentvariable.

nections,thelearnednetworksaremissingsomeof thearcs.
This is no surprise,sincethe bestlinear-Gaussianmodel
onecanfit to a non-linearfunction often hasa largevari-
ance,makingthis connectionlow scoring.

5.1 Real life data

We next wantedto testGaussianProcessNetworkson real
world datasetsof continuousattributes,comparingit to the
othertwo methods. We usethreedatasetsfrom theUCI
machinelearningrepository[2]. Thesedatasetsare:# Bostonhousingdata set- adatasetdescribingdiffer-

entaspectsof neighborhoodsin theBostonarea,and
the medianprice of housesin thoseneighborhoods.
Thedatasetcontains506sampleswith 14 attributes.
300sampleswereusedasa testset.# Abalone data set - a dataset of physicalmeasure-
mentsof abalones.The datasetcontains4177sam-
pleswith 9 attributes.300sampleswereusedasa test
set.# Glassidentification data set - a datadescribingthe
material concentrationsin glasses,with a classat-
tribute denotingthe type of the glass. The dataset
contains214 sampleswith 10 attributes. 64 samples
wereusedasa testset.

For eachdataset, we performedstructurelearningwith
eachmethod,usingsubsetsof theoriginal dataset,which
waspermutedin a randomorder. We thenusedthelearned
structureandtheoptimizedparametersto predictthe like-
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Figure4: Samplecomplexity comparisonfor theGaussian,
GaussianProcessandKernelmethods.Theplotsshow log
likelihoodratio of thetestset,betweentheno-dependency
modelandthe �äÚåÙ model. Four different functional
relationsbetween� and Ù weretested.Both trainingand
testsethave a noiselevel of 0.4 standarddeviation of the
dependentvariable.

lihood of the correspondingtest sets,which werenot in-
cludedin the trainingsets.Someof theattributesin those
datasetsare either discrete(suchas classattributes),or
have only few valuesin the data. To accommodatethese
variables,we usedthe hybrid approachas described,for
example,in [14]. In this approach,all discretevariables
are forced to precedeall continuousvariables. For each
continuousvariable � having somemixtureof continuous
parentsH�æ anddiscreteparentsH ¿ , wemodelthedistribu-
tion �����ç! g æ � separatelyfor eachstateof

g ¿ . Thescore
for sucha family is givenby

score ��� � H�æ � H ¿ ! � � � sÇGè À*é è score �.� � H�æê! �§ë è*�
whereì ¿ is thesetof valuestakenby H ¿ , and

� x è is the
subsetof datawhere H ¿ havevaluesa ¿ .Table 1 lists the averagelog likelihood of the test set,
for eachmethodandeachtraining setsize. We notethat
both in the glassandabalonedomainsthe Gaussianpro-
cessmethodperformswell in comparisonto the Gaussian
model,while thekernelmethoddoesnotdoaswell. Onthe
Bostondomain,however, thekernelmethodseemsto rate
quitehigh. This is dueto onevariable(index of accessibil-
ity to radialhighways)which only hasninevaluesappear-
ing in thedataset.Thekernelmethodassignsnoparentsto
this variable,andlearnsa distribution composedof sharp
“delta” peaksaroundthosevalues. In caseslike this, the
kernelmethodhasto beboundednot to learndistributions
which aretoo sharp.Anotheroption is to treatthosevari-



Table1: AverageLog Losson anindependenttestsetachievedby thethreemethodsfor differenttrainingsetsizes.
Boston Abalone Glass

Size Gaussian GP Kernel Gaussian GP Kernel Gaussian GP Kernel
10 -53.78 -28105.00 -56.24 -322.39 -319.84 -410.47 -43.81 -153.77 -72.76
20 -40.92 -447.85 -40.65 0.57 -0.12 -9.28 -10.40 -74.44 -52.82
50 -37.10 -44.68 -47.71 4.55 10.34 -8.06 -6.61 -51.34 -84.01

100 -34.44 -50.75 -132.27 7.56 11.46 -7.01 -3.27 -52.93 -35.42
150 -32.27 -70.35 4.37 9.27 13.07 -6.48 -2.47 -2.02 -42.80
200 -30.97 -43.52 8.32 10.48 13.10 -34.10
300 12.03 12.95 -5.34

ablesasdiscrete.In general,however, theGaussianandGP
methods,modelingonly function-likerelations,cannotac-
countfor multi modaldistributions.

Figure5 shows two examplesfrom theabalonedomainof
connectionslearnedby theGaussianProcessnetwork,plot-
ted with the training samples.The GP learnerclearly fits
a non-linearfunction to the data,whosewidth variesac-
cordingto the densityof points in eacharea. Beyond the
rangeof samplepoints,thewidth of thepredictedfunction
rises,astheuncertaintyincreases.Thefigureontheright is
an examplewherethe dependentvariableis semi-discrete
(numberof rings), showing that the methodis capableof
handlingthis type of dataaswell. Theseexamplesshow
that theGaussianProcessNetwork methodscanreveal in-
terestingrelationsevenundernoisymeasurements.

6 Discussion

In this paperwe introducedthe notion of GaussianPro-
cessnetworksanddevelopedtheBayesianscorefor learn-
ing these.We reporton preliminaryresultsthatshow that
this methodgeneralizeswell from noisydata.Thecombi-
nationof this powerful regressiontechniquewith theflexi-
ble languageof Bayesiannetworksseemslike a promising
tool for exploratorydataanalysis,causalstructurediscov-
ery, prediction,andBayesianclassification.

Thereareseveralmethodscloselyrelatedto GaussianPro-
cessesthatarerelevantto thiswork. Wahba[31, 29] makes
a connectionbetweenGaussianprocessesandreproducing
kernel Hilbert spaces(RKHS), showing that the solution
to theposteriorBayesianestimateof theGaussianprocess
(asin Equation4) is alsothe solutionto a splinesmooth-
ing problemposedasa variationalminimizationproblem
in anRKHS. Thesmoothingparameteris optimizedusing
crossvalidationmethods,whereasin thecaseof Gaussian
processpriors, we usea MAP estimatefor the hyperpa-
rameters.In relatedworks(e.g.[30]), therelevanceof the
differentcomponentsof thefunction is estimatedfrom the
learnedsmoothingparameters.In Gaussianprocessmeth-
odsthereis a similar notion, judging the relevanceof dif-
ferent input dimensionsby their estimatedlengthscalesin

the covariancefunction [21]. Inputswith estimatedlarge
lengthscalesare deemedless relevant, becausethe func-
tion hardlychangesin thosedirections.A promisingdirec-
tion for futureresearchis guidingthesearchin thenetwork
spaceby thoselearnedlengthscales,resultingin amoreef-
ficient and accuratesearchprocedure. This is important
whenusingtheGaussianprocessscoremethod,asits com-
putationis costly.

We are currently applying the Gaussianprocessnetwork
methodto analyzebiological time seriesdata.Our hopeis
thatby learningDBNs andtheinfluenceswithin them,we
would beableto understandthestructureof thedynamics
that controlsthe generatingprocesses.For example,we
might learnthat U?� dependson Ù , which would give usa
clueasto theeffectsof Ù ’s presenceon � .
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