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ABSTRACT
Recentstudies(Alizadehet al, [1]; Bittner et al,[5]; Golub et al,
[11]) demonstratethediscovery of putative diseasesubtypesfrom
geneexpressiondata. The underlyingcomputationalproblemis
to partition the setof sampletissuesinto statisticallymeaningful
classes.In this paperwe presenta novel approachto classdiscov-
eryanddevelopautomaticanalysismethods.Ourapproachis based
on statisticallyscoringcandidatepartitionsaccordingto the over-
abundanceof genesthat separatethe differentclasses.Indeed,in
biological datasets,an overabundanceof genesseparatingknown
classesis typically observed. we measureoverabundanceagainst
a stochasticnull model. This allows for highlighting subtle,yet
meaningful,partitionsthat aresupportedon a small subsetof the
genes.

Using simulatedannealingwe explore thespaceof all possible
partitions of the set of samples,seekingpartitions with statisti-
cally significantoverabundanceof differentially expressedgenes.
Wedemonstratetheperformanceof ourmethodsonsyntheticdata,
wherewe recover plantedpartitions.Finally, we turn to tumorex-
pressiondatasets,andshow thatwefind severalhighly pronounced
partitions.

1. INTRODUCTION
An importantapplicationof geneexpressionprofiling technolo-

gies, suchasarray-basedhybridizationassays,is to improve our
understandingof cancerrelatedprocesses.Recentstudies[1, 5, 11,
16] demonstratethe discovery of putative diseasesub-typesfrom
geneexpressiondata. For example,Alizadeh et al [1] discover
a putative sub-classof a certaintypeof lymphoma,andBittner et
al [5] discoveraputativesub-classof cutaneousmelanoma.In both
casesthefindingswerefurtherbiologically validated.

In this paperwe discussalgorithmic approachesto the unsu-
pervisedinferenceof novel putative tissuesubclassesin geneex-
pressiondata. Currentapproachesto this problem[1, 5, 11] area
combinationof clusteringdrivenmethodsandhumanintervention.
A clusteringapproachstartsby computingsimilarity values(e.g.
Pearsoncorrelation)of the expressionprofilesof eachpair of tis-�
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suesamples,andthenusesthesevaluesto partitionthedata.This
approachsuffers from several shortcomings.First, themeasureof
similarity dependsuniformly on the entiresetof measuredgenes.
In practice,dramaticphenotypicaldifferencesmight effect only a
relatively smallsubsetof themRNA transcripts.1 Suchdifferences
are“washedout” by uniform measuresof similarity. For example,
the classificationproposedby Alizadehet al [1] doesnot appear
whentissuesareclusteredusingall thegenes.Instead,theauthors
hand-picka small subsetof genesandclustertissuesampleswith
respectto this subset.Second,clusteringmethodsreturna single
clusteringof thedata.In actualdatawe expectmultiple significant
partitionswheredifferenttissueclassesareseparatedby different
setsof genes(e.g.,treatmentsuccessfor two drugs,eachtargeting
a differentpathway).

We take a direct approachto classdiscovery. The processwe
developconsistsof two components.We startby defininga figure
of merit to putative partitionsof the setof samples.We thenap-
ply heuristicsearchmethods,suchassimulatedannealing, to find
thebestpartitionin thespaceof all possiblepartitionsof thesetof
samples.Finally, we iteratethe processto find additional,differ-
ent,partitions.To developaneffectivefigureof merit asabasisfor
comparingdifferentputative classeswe areguidedby thefact that
anoverabundanceof significantlydifferentiallyexpressedgenesis
typically observedin datathatcontainsmeaningfulbiologicalpar-
titions. That is, thenumberof genesthatsharplyseparatethe two
classesis extremelyhigherthanexpectedin thenull modelwhere
partitionsof thedataareuniformly drawn. Therefore,reasoningin
reverse,we seekputative partitionsfor which we observe anover-
abundanceof informative genes.

In Section2 we describea measurefor how well genesseparate
differentclassesanddefinethe null-model. In Section3 we use
theseto derive a surprisescore for putative classificationsof the
data.In Section4 we consideranalternative scorethatis basedon
theability to predictputative classmembershipbasedon thegene
expressionprofileof asample(thiscanbethoughtof asanin-silico
classificationassay).In Section5, we describesearchprocedures.
In Section6 we presenta syntheticmodelof geneexpressiondata,
anduseit to evaluatetheperformanceof differentmethods.In Sec-
tion 7 weapplyourmethodsto actualbiologicaldata.Weconclude
with adiscussionin Section8.

2. INFORMA TIVE GENES�
Two cells with dramaticallydifferent biological characteristics

(suchasa normalcell versusa tumor cell from the sametissue)
areexpectedto alsohave differentgeneexpressionprofiles. It is
important,however, to realizethatthemajority of theactive cellu-
lar mRNA is not effectedby the differences.That is, a dramatic
biologicaldifferencedoeshave a geneexpressionlevel manifesta-
tion, but thesetof genesthatis involvedcanberathersmall.



2.1 Scoring Inf ormativeGenes
Westartwith somedefinitions.Assumethatwe aregivena data

set
�

, consistingof vectors��� �������	��� ��
� . Eachsampleor expres-
sion pattern, ��� , is a vector in R � that describesthe expression
valuesof � genes/clonesin a particularbiologicalsample.A (bi-
nary) labeling for

�
is a vector ������� �����	����� ��
�� , wherethe label� � associatedwith � � is either ��� (negative example),��� (positive

example),or � (controlexample).
Considera setof expressiondatawith a known classificationof

tissues.This is typically basedon auxiliary information,suchas
histologicalmeasurements,pathologicalanalysis,or geneticlevel
information. We want to understandmolecularlevel differences
betweenthe different classesof tissues. Such data often spans
thousandsof genes.Someof thesegenesplay major roles in the
processesthat underly the differencesbetweenthe classesor are
dramaticallyeffectedby the differences. Suchgenesare highly
relevantto thestudiedphenomenon.Ontheotherhand,theexpres-
sionlevelsof many othergenesmaybeirrelevantto thedistinction
betweentissueclasses.Identifying highly relevantgenesfrom the
datais a basicproblemin theanalysisof expressiondata.

The literaturediscussesseveral methodsfor scoringgenesfor
relevance.Theseincludeparametricmeasures,suchasthestandard
t-testscore[15], theseparation score of Golubet al [11], andnon-
parametricmeasures[3, 4].

Wenow briefly describethe �! �"$# (ThresholdNumberof Mis-
classification) scoreof Ben-Doretal. [3] whichweusefor scoring
genesin this work. We emphasizethattheideaswe presentcanbe
easilyappliedwith otherrelevancescores.

Let % denotethenumberof tissues,consistingof a tissuesfrom
class& , and ' tissuesof class( . Assumewe wantto scorea gene) for relevancewith respectto the & : ( partition of the tissues.
Intuitively, ) is relevant to the tissuepartition if it is eitherover-
expressedin class& tissues(comparedto class( tissues)or vice-
versa.

To formalizethenotionof relevance,we considerhow ) expres-
sion levels in class& tissuesinterlacewith its expressionlevels in
class( tissues.Denoteby *+� the , -th tissuerankedaccordingto the
expressionlevel of ) (that is, ) expressminimally in * � andmaxi-
mally in *.- ). We definetherankvector, / , of ) to bea � � � vector
of length % , asfollows:/ � � 0 � if *.�213&� if *.�213(

Notethattherankvector/ capturestheessenceof thedifferential
expressionprofile of ) . If ) is under-expressedin class& , thenthe
positive entriesof / areconcentratedin the left handsideof the
vector, andthe negative entriesareconcentratedat the right hand
side.Similarly, for theoppositesituation.Therefore,therelevance
of ) increasesas the homogeneitywithin the left handsideof / ,
andthehomogeneitywithin theright handsideof / increase.

A naturalwayto definethehomogeneityonthetwo sides,andto
combinetheminto onescore,leadsto theTNoM Scoringmethod.
Thescoreof / correspondsto themaximalcombinedhomogeneity
over all possibleways to break / to two parts. Define the Min-
Cardinality, of a � � � vector � , to bethecardinalityof theminority
symbolin x. Thatis,46587 ��9:�<;>=@? 7BA�CD7 ��9 � AFEG7 ��9.9 �
TheTNoM scoreof a rankvector / is definedas�! �"$# 7 /H9:�I;>=@?JLK MON�P 7B46587 ��9Q� 4SRT7�U 9.9 �

2.2 p-Values
Whenscoringa genefor how relevant it is to a given partition

of the setof samplesit is importantto evaluatethe resultagainst
a null model- what is theprobabilityof this gene(with thegiven
expressionvalues)appearingsorelevantfor arandomlydrawn par-
tition of the samples.This numberis the p-valuecorresponding
to thescoringmethodin effect andthe given level V . Geneswith
very low p-valuesarevery rarein randomdataandtheir relevance
to the studiedphenomenonis thereforelikely to have biological,
mechanisticor protocolreasons.

Let WX��� � ��� � �XY[Z@\H] ^L] _+` denoteall labelingswith acbd�e�	b entries,f b!�g�	b entries,and hib��db entries. Let � be a labeling,and let )
be a vectorof geneexpressionvalues. A scoringmethodj (e.g.,�! �"$# ) is a function that takes ) and � andreturnsthescoreof )
with respectto the labeling � . Let k be a randomlabelingdrawn
uniformly over WX��� � ��� � �XYXZl\H] ^m] _.` . Thep-valueof a scorelevel V
is then nQoip � 7 Vd9:�Sqsr."[t 7 j 7 ) � kD9vuwV$9 (1)

where kTxzy{aQ,}|e~dW[��� � ��� � �XY Z@\H] ^L] _+`}�
The combinatorialcharacterof the TNoM scoremakes its distri-
bution over W[��� � ��� � �XY[Z@\H] ^m] _+` amenableto rigorouscalculations.
Ben-Doret al [3] develop efficient proceduresfor computingthe
exactdistributionof TNoM scoresin WX��� � ��� � �[Y Z@\�] ^L] _.` .

Accessto p-valuesallows us to computethe expectednumber
of geneswith score V or betterin thenull model. Examiningdata
setswith biologicallymeaningfulclassifications,wefoundanover-
abundanceof significantlyinformative genes[4, 5]. For example,
Figure 1 contraststhe expectednumberof geneswith particular
p-valueto theactualnumberof genesfor the �! �"$# score,in var-
ious previously publisheddatasets.This overabundanceanalysis
is instrumentalin evaluatingthestatisticalsignificanceof putative
previously unknown classes,asin [5]. Biological significancecan
thenbeexperimentallyestablishedasdescribedtherein.

3. SURPRISESCORES
Recallthatour aim is to applystatisticalmethodsto thediscov-

ery of sampleclassifications.Clearly, theultimatetestfor a puta-
tive classificationis a biologicalvalidationtest.Statisticshereis a
tool andnotanendby itself. Our approachhastwo components:a
statisticalscoremeasuringthesignificanceof a suggestedpartition
anda procedurethatattemptsto find the labelingwith thehighest
score. The significancescorehasto be well correlatedwith bio-
logicalmeaning.Only moredatawill helpuslearnmoreaboutthe
advantagesanddisadvantagesof thevariousscores.In this section
we discusscandidatescores,termedsurprisescores.

The significantoverabundanceof informative genesin biolog-
ically meaningfulpre-classifieddata(e.g.,seeFigure1) suggests
thatbiologicallymeaningfulclassificationsof thesamplesetcanbe
characterizedby suchoverabundance.Biological classdifferences
manifestthemselvesasdramaticdifferencesin theexpressionlev-
elsof a (notvery large)setof genes,resultingin theobservedover-
abundance.Therefore,we will choosecandidateputative sample
classesamongstthoselabel vectorsthat show a significantover-
abundanceof informative geneswhenappliedto thedata.

To formalizethisweuseastochasticmodel,asfollows. Suppose
wewantto evaluatealabelingin WX��� � ��� � �XY[Z@\H] ^L] _+` . Forany scoreV setf�� � n�o�p � 7 V$9 , wheretheparametersa � f � h characterizethe
compositionof theputative labelingwe wantto evaluate,and k�xy�a�,}|�~dW[��� � ��� � �XY[Z@\H] ^m] _+` � . Let ,.� � 7 ) 9 7 kG9{����W�j 7 ) � kD9cu�VdY
indicatetheevent that thegene) receiveda scoreV or better(i.e.,
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Figure 1: Comparison of the number of significant genesin
actual dataset to expectednumber under the null-hypothesis
(random labels). The � -axis denotesTNoM score. In the top
part of eachgraph, the

U
-axis is the number of genes,in the bot-

tom part, the
U
-axis is the negative logarithm of the probabil-

ity of the expectednumber of genesgiven the binomial model,
which is exactlythe surprise score(seebelow). Data sets:Colon
fr om Alon et al [2]; leukemia fr om Golub et al [11]; melanoma
fr om Bittner et al [5].

smalleror equal V ), under k . Clearly,,.� � 7 ) 92x6(c�O�ma��d������, 7 f�� 9 � for ) � ) � ��������� ) � �
The numberof geneswith score V or better, under k , is simply�F� � 7 kD93���z��,.� � 7 ) 9 7 kG9 . We have thus defineda set of ran-

dom variables �F� � on W[��� � ��� � �[YXZ@\�] ^L] _.` . Given a putative la-
beling, � we cancomputethe scoreof eachgeneandsummarize
thesescoresin asetof numbersa � � 7 ��9 (onenumberfor eachvalueV in the rangeof scoresof the scoring function). We now ask
how rare it is to observe such valuesfor �F� � 7 kD9 when k�xy�a�,}| ~ W[��� � ��� � �XY Z@\H] ^m] _+` � .

3.1 Max-Surprise Score
Oneof the simplestmodelingassumptionswe canmake is the

following

Ind-Genes: Theindicatorvariables,.� � 7 ) 9 � ) � ) �	�O������� ) �
areindependent.

Thisassumptionimpliesthatknowing thescoresof any subsetofW ) ���L,������Y undera randomlabeling k addsno informationabout
thescoreof )�� underthesamelabeling.It is clearthatthisassump-
tion oversimplifiesthings: expressionlevels of genescanbe very
correlated,andthustheir scoreson randomlabelingarecorrelated.
Nonetheless,asin many modelingsituations,this simplifying as-
sumptionallows for efficient computations,andmight not change
theessenceof theresults.

Underthis independenceassumption�F� � is a sumof indepen-
dentBernoullivariables,andthushasabinomialdistribution: �F� � x� ,�a 7 f � � �e9 ( � is the numberof genesin he dataset).We define
thesurpriseatobservinga genesatscoreV or better, to be

Surprise
7 V � a!9D�����@�L� 7� F7 �F� �{¡ a!9.9

Where
 

is the appropriatebinomial probability measure. The
smallertheprobabilityof observinga , the larger thesurprise.We
cancomputethesurprisescoreusingthetail probabilityof thebi-
nomialdistribution.

Of course,at differentscorevalueswe getdifferentsurpriseval-
ues.However, we canfind thescoreV at which theobservednum-
beris mostsurprising:

Max-Surprise
7 ��9:�z;¢d£� Surprise

7 V � a � � 7 ��9.9 �
Thisquantityisemployedto evaluatealabelingvector. Thismatches
our intuition thata goodlabelingshouldhave a surprisinglylarge
numberof informative genes.

3.2 Sanov Score
TheMax-Surprisescorecomputesthescoreat which thelargest

overabundanceof informative genesis observed. However, it ig-
noresthedistributionof scores.For example,supposethatthemax-
imum scoreis at V suchthat f�� �¤��� C¦¥ with a2� � 7 kG9s�g�O�m� . The
Max-Surprisemaybethesameif all 100geneshave scoreexactlyV or if a non-negligible fraction of thesehave betterscores(with
muchsmallerp-values).

SupposeV �	�������O� V$- is the rangeof possiblescoresin the given
set-up. Under the null hypothesisand under the geneindepen-
denceassumption,the set W$� �¨§ �L,2��� �	���O��� %©Y is multinomially
distributedwith f 7 ,}9��  F7 j 7 ) � kD9G�SVO�}9 . Thefrequency at which
we observe thescoreV$� in theactualdatais ª 7 ,}9«� \L¬ §� . Thedis-
tribution ª describesthe typeof this empiricalsample.Underthe
null model,theprobabilityof drawing this typewith � samplesis
exactly   � 7 ª[9:�® ���ª �O�����O�	� ��ª$-m¯T° � f ��± §�



Wecanapproximatethisprobabilityusinganinformationtheoretic
measureof thedistance.

THEOREM 3.1. [7, Theorem12.1.4]:��� �e7 f2² ² ªL9:�³�@�L� 7 % 7 ���<�O9.9vu��@�L�   � 7 ªL9Gu6��� �e7 f2² ² ªL9
where �e7 f2² ² ª[9��S´ � f �m�@�m� f �ªO�
is theKL divergencebetweenf and ª .
Thus, µ C �G¶sZ ^L· · ±¸` is a first-orderexponentialapproximationto the
probabilityof thetype.Moreover, usingthisapproximationwecan
boundtheprobabilityof observingtypesthataremoreskewedthanª .

THEOREM 3.2. (Sanov’s Theorem)[7]:�@�m�   � 7 WOª�� �e7 f2² ² ªL9v¹»º¼Ym9suS���eº���%s�@�L� 7 ���<�O9
This motivatesthedefinitionof a surprisemeasureby

Sanov-Surprise
7 ��9:�<� �e7 f2² ² ªO½B9��³%s�¾�m� 7 �¿�z�$9

where ªO½ is the type of the observed distribution of genescores
underthelabelingvector � .

To summarize,we have defineda measureof surprisebased
on the entire vector of observed scoresfrequencies. This quan-
tity is a boundon the probability of observingall types ª with�e7 f�² ² ª[9 ¡ �e7 f2² ² ª�½�9 . Observe that the Max-Surprisescoremea-
suresthe probability of having a labelingvectorat leastas infor-
mativeasthecandidate� , in termsof overabundanceof informative
genes. On an intuitive level, when the entiredistribution is con-
sidered,a labelingvector � is moreinformative than À if the typeª�½ hasmoreweight on the low (better)scoresthandoes ª$Á . We
arenot formalizingthis hereandareusingtheSanov boundon the
probability of at leastas improbabletypesratherthanat leastas
informative types.

4. CLASSIFICATION SCORES
In theprevioussectionswestudiedscoresthatevaluatethequal-

ity of putative label vectorsby measuringsignificant deviations
from the distribution of scoreswe expect undernull-hypothesis
models.An alternative approachis to seekclasseswhich arepre-
dictablebasedon thegeneexpressionmeasurements.

4.1 Classificationof GeneExpressionPatterns
In [3, 16] theproblemof predictingtissueclassificationis exam-

ined. As demonstratedthere,for actuallabelingsin real-life data
sets,it is possibleto train aclassifierthathasgoodpredictiveaccu-
racy. Moreprecisely, aclassificationalgorithmis afunction | ¶ that
dependsonadataset

�
of patternsandsamplelabels.Givenanew

query �T1 R � , this function returnsa predictedlabel Â���¤| ¶ 7 ��9 .
Good predictive accuracy meansthat predictedlabelsmatch the
“true” label of the query. Several classificationmethodswere
appliedto geneexpressiondata[3, 4, 16]. For completenesswe
briefly review themethodusedhere.

ThenaiveBayesianclassifier[8, 9, 10] is basedona probabilis-
tic approachto theproblem.We startby estimatingtheprobability
of eachlabel(e.g., ��� or ��� ) givengene) ’s expressionlevel. We
modelthis distribution by a decisionstump: we learna threshold* , andmake onepredictionof � ��Ã * andanotherif � � ¹6* . The
threshold* is chosenasin the �! Ä"$# score,andthe conditional
distribution for � � above (resp.below) the thresholdis estimated
from the proportionsof ��� and ��� labelsfor sampleswhere ) ’s

expressionlevel is above (resp.below) * . Then,assumingthatex-
pressionpatternsof genesareindependentgiventhe labeling(this
is the“naive” assumption)andusingBayesrule,we getthat�@�L�  F7 ��� ² ��9 F7 ��� ² ��9 ��@�L�  F7 ���O9 F7 ���O9 �»´ �ÆÅ �@�L�  F7 ��� ² R � 9 F7 ��� ² R � 9 �Ç�@�L�  F7 ���O9 F7 ���O9LÈ �
If thisquantityis positivewepredict ��� , otherwisewepredict ��� .
See[4] for moredetails.

A key issuewe needto addressis how to evaluatetheaccuracy
of a classificationmethodappliedto a given labeleddatasetand
labeling. We follow standardmethodologyanduseleaveoneout
crossvalidation (LOOCV) to estimatethe predictionaccuracy of
a classificationmethodon new examples.This procedureiterates
on the samplesin the dataset. In eachiterationit removesa sin-
glesampleandtrainstheclassificationprocedureon theremaining
data. The trainedclassifieris thenappliedto the held-outsample
andthepredictedlabel is comparedto the true label. The fraction
of errorsthuscommittedin theentireprocess,is ourestimateof the
errorrateof theclassificationprocedure.

A final issueis feature selection. As [3, 16] show, predictions
basedon an informative subsetof genesare more accuratethan
thesethat arebasedon all genes. In our procedureherewe em-
ploy a simple,but surprisinglyeffective,procedureto selectgenes.
Givena trainingdata,we computethescoreV thatattainsmaxsur-
prise. We thenfocuson genesthat have this scoreor better. The
learnedclassifieris thenbasedon thesegenesonly. Note that in
eachLOOCV iteration this procedureis appliedon the dataset
without theheld-outsample.Thus,eachtime a differentscorewill
attainsmaximumsurpriseanda differentsetof genesis selected.

4.2 ClassificationScore for Putative Labeling
Vectors

Supposewearegivenaputative labelingof samplesin our train-
ing data. The intuition we outlinedabove suggeststhat if the la-
beling capturesa “true” phenomenonin the data,thena LOOCV
evaluationof a classificationprocedure(e.g., the naive Bayesian
classifier)would leadto accuratepredictions.In otherwords,we
canscorea labelingby the accuracy reportedby LOOCV evalu-
ation of classificationwith respectto this labeling. This suggests
that thedistinctionsmadeby the labelingsareinherentin thedata
andnot an artifact. Froma differentpoint of view: thesuggested
classescanbesuccessfullyin-silico diagnosed.

Thereareseveralshortcomingsto theclassificationscore.First,
it is computationallyintensive, sincewe needto performLOOCV
iterations,and in eachof theseperformgeneselection(which in
turn, requirescomputingscoresfor all genes).Second,sincethe
numberof samplesis small, the rangeof the scoreis quite lim-
ited. This implies that theclassificationscoregiveslittle guidance
during searchfor high scoringlabelingvectors. Third, if we use
theclassificationscoreduringsearchwearegoingto performlarge
numberof LOOCV evaluations;statisticalconsiderationsshow that
even in randomdata,enoughrepetitionsof this testwill find high
scoringartifactuallabelingvectors[13, 14]. To avoid theseprob-
lems,we mainly usetheclassificationscoreto evaluatecandidate
labelingvectorsthatarefoundusingsurprisescoreswe discussed
in theprevioussection.

5. SEARCH METHODS
Oncewe choosea scorefor putative labelingvectorswe needto

find alabelingthatmaximizesthescore.Thisisadiscreteoptimiza-
tion problemandwe useheuristicsearchtechniquesto find high-



scoringlabelings.We canformalizeour problemasa searchover
a graph,É whereour goal is to find a vertex with maximumscore,
whereoneassumessomelocality in the scores(i.e., neighboring
verticeshave similar scores).Presently, theverticescorrespondto
potentiallabelingsof thesamples,andthescoreweattemptto max-
imizeis themax-surprisescore.Theedgesin thegrapharebetween
pairsof labelingsthatagreeonall labelsexceptonesample,thela-
beling of which changedfrom “0” to either “-1” to “+1”. Thus,
we canmove from onelabelingto anotherby modifying the label
of exactlyonesamplefrom classifiedto unclassified,or viceversa.
Note that over a setof

4
samples,eachvertex hasat most µ 4

neighbors.
A commonsearchmethodis the first ascendhill climb. In this

procedurewe considerall the neighborsof our currentlabelings
in somerandomorder. We evaluatethe scoreof eachneighbor,
andoncewe find a neighborwith a betterscore,we “move” there
andcontinue. If all neighborshave worsescoresthanthe current
candidate,we areata localmaximum,which is returned.

This procedureis straightforward andhasthe intuitive aspect
of climbing up-hill toward bettersolution. However, it can get
“stuck” at localmaxima.Unfortunately, localmaximaarecommon
in the classdiscovery optimizationproblem. A commonmethod
to escapelocal maximais simulatedannealing[12]. This method
resemblesthe first ascendprocedure. However, now the search
proceduremaintainsa temperatureparameter* . This parameteris
updatedduring thesearchby anexponentiallydecreasingcooling
schedule: at the % th stepof theprocessthetemperatureis *.Ê�ËGÌ -�ÍÏÎ¸Ð
where Ë Ã � and Ñ is an integer. Now, if the scoreof the cur-
rent labeling is V , anda randomneighborlabeling scoresVOb , we

move to that neighborwith probability ;>=@? 7 � � � ¬}Ò�Ó�¬Ô 9 . Thus, at
veryhightemperaturestheprobabilityof takingascore-decreasing
stepis closeto � . It getscloserto � asthe temperaturedecreases.
The procedureterminatesafter a fixed numberof steps(or equiv-
alently, after * reachesa pre-specifiedtemperature)andreturnsthe
bestscoringlabelingit encountered.

Recall that we want to constructseveral differentpartitionsof
thedata.Toward this end,we employ a simplestrategy of peeling
the dataset. First, we performa heuristicsearchandfind a high
scoringputative labeling. Then,we “peel off ” thegenesthatsup-
port this labelingfrom thedataset.More precisely, we remove all
geneswith scoresmallerthanor equalto thescorethatattainsmax-
imumsurprise.Wethenreiteratethesearchontheremaininggenes
until eitherweexhaustedall genes,or thescoreof thebestlabeling
on thesegenesfalls below a pre-specifiedthreshold.By iteratively
peelingthedatasetwe discover a setof partitions,eachsupported
by a disjoint setof genes.Oncewe finalizethesearch,we reevalu-
ateeachof thelabelingvectorswith respectto theoriginal dataset
(sincesomepreviously removedgenescanberelevantto aputative
partitionandeffect its score).

6. MODEL AND SIMULA TIONS
All attemptsto stochasticallymodelgeneexpressiondataarein-

trinsically problematic. It is impossibleto make a reasonableset
of model assumptionsthat is universally valid for a complicated
systemsuchastheliving cell. Modelingapproachesare,however,
successfulin highlightingbiologicalphenomenathatdo follow the
model and thus allow for selective inferenceof knowledgefrom
data.

The purposeof the stochasticsimulationexercisewe describe
in this sectionis threefold:to validateour computationalclassdis-
coverymethodsonageneralstochasticmodel;to identify themode
of convergenceto plantedclasses;to compareperformanceacross
methodsandtesttheeffectsof variousparameterchanges.

6.1 The StochasticModel: Planted Classes
We assumethat the geneexpressiondatasetstochasticallyde-

pendson a hidden,biologically significant,classificationÕ of the
tissuesinto subclasses.As in realdatasets,we furtherassumethat
theclassificationÕ effectsonly asmallfractionof thegenes,called
the Õ -genes, while the othergenes,called randomgenes, express
independentlyof Õ .

For simplicity we describea binary classificationmodel. Mod-
elling datawith moreclassesin thesamemanneris,however, straight
forward.Weassumethatthereexistsa hiddenclassificationÕ , that
partitionsthe

4
tissuesinto

p
classA tissuesand ' classB tissues.

Wedenoteby Ö thetotalnumberof genes,andby �©�c� thefraction
of Õ -gene. That is, thereare

7 �{���d9¨Ö×Õ -genes, and �OÖ random
genes.

For each Õ -gene, ) , we model its expressionlevels in the dif-
ferenttissuesusingtwo distributions- ØiÙ for classA tissues,andØÄÚ for classB tissues.We assumethat Ø�Ù and Ø�Ú arenormal
distributionswith a constantcoefficient of variation2, V . Thatis,Ø Ù �<� 7�Û Ù � Û Ù V$9 � Ø Ú �<� 7�Û Ú � Û Ú V$9 �

The meansof the distribution,
Û Ù , and

Û Ú areuniformly cho-
senfrom the interval Ü@��� � Ý Ñ � � � Ý Ñ[Þ . Thus, the expecteddistance
betweenthetwo meansis Ñ (a parameterof themodel).

Theexpressionlevel of therandomgenesin all tissues,indepen-
dentof their class,is assumedto benormallydistributedwith zero
meanandstandarddeviation of one.Notethatany classificationof
the tissues,Õ�b , might besupportedby somerandomgenes.How-
ever, the true classificationÕ , will be supportedby a statistically
significantnumberof genesbecauseof the Õ -genes.

In summary, the plantedclassificationmodel is fully specified
by a classificationÕ , of

4
tissuesinto two classesof sizes

p
and '

respectively, andby themodelparameters:ß Ö - thetotalnumberof genes.ß � - thefractionof randomgenesin thedata.ß Ñ - theexpecteddistancebetweenthe two meanexpression
levels,pertainingto thetwo plantedclasses.ß V - the coefficient of variationfor expressionlevel distribu-
tions.

6.2 Resultson Synthetic data
In thissectionwereportasimulationbasedevaluationof ourdis-

covery process.We variedthemodelparameters
7 p � ' � Ö � � � Ñ � V$9 ,

andemployed Max-SurpriseandSanov (definedin Section3) in
a simulatedannealinglocal search. In initial simulationswe ob-
servedthatmax-surprisebasedsearchesperformbetterthanSanov
scorebasedsearches,sowe choseto useMax-Surprisein the rest
of thestudy, andfor realdatasets.

Simultaneouslyvarying Ñ , V , and � , we observedthatthesearch
resultswererelatively insensitive to theparameterÑ (comparedtoV and � ). Hence,we concentrateon V and � in therestof thesimu-
lations.

In order to chooserealisticparametervalueswe examinedthe
leukemiadataset[11] andbestfit themodelparametersto it. Omit-
ting thedetailsof thefitting process,theresultingvaluesare: Öà�á �Oµmâ , p �Sµ Ý , '��zã á , �{�<� � á µ , Ñ�� ÝLÝLÝ , V{�S� � á Ý .

In our stochasticmodelwe implicitly assumethatall genesare
independentlydistributed.However, in biologicaldataset,thereare
complicateddependenciesamonggenes.Therefore,the effective
numberof independentgenesin the real dataset is muchsmallerä
This assumptionis supported,for example,whentheexpression

levelsarelogsof redto greensignalratiosin a two dyeexpression
profiling measurement[6].



Max-Surprise Sanov LOOCV Jackard
Dataset Labeling p/n/c Score p-Value # score acc.(%) Coeff.
Leukemia original 47/25/0 2601 0.0154 1173 2057 91.7 1

1 43/29/0 13784 0.0007 1890 7733 98.6 0.469
2 32/40/0 7541 0.0126 2182 5465 91.7 0.344
3 43/29/0 11524 0.0054 2400 7781 93.0 0.469
4 46/26/0 2690 0.0558 2014 2235 87.5 0.949

Lymphoma Original 50/46/0 8259 0.0010 1188 - 87.5 1
1 24/37/35 14514 åOæ çDèGå¸é C�ê 1148 - 100 0.780
2 53/23/20 8342 0.0049 1598 - 100 0.382
3 34/36/26 7728 0.0012 1148 - 91.4 0.485
4 33/29/34 6674 0.0013 1046 - 88.7 0.539

Lymphoma Original 23/22/51 545 0.0139 359 - 97.8 1
DLBCL 1 33/12/51 2669 0.0668 1625 - 88.9 0.362

2 23/22/51 2005 0.0139 776 - 95.5 0.324
3 25/20/51 917 0.0460 815 - 88.9 0.354
4 31/14/51 2171 0.1318 1975 - 82.2 0.350

Table 1: Evaluation of the best4 discovered labelingsand the original labelingsin thr eedata sets.The table reports the composition
of the labeling; the max-surprise score, the p-value at the point of max surprise and the number of geneswith that p-value; the
Sanov score; LOOCV accuracyof predictionsthe labeling (ignoring control samples);and the Jackard coefficient that measuresthe
similarity of the labeling to the original labeling.

than 7129. One way to choosea bettermodel value for Ö is to
chooseit suchthat the Max-Surprisescoreof the hiddenclassi-
fication Õ (fixing the otherparametersto the above values)would
resembletheMax-Surprisescoreof theAML/ALL classificationin
the leukemiadata(which is 2603). Usingthis approachwe deriveÖë�Sìm�L� . Therefore,setthe leukemiaparameters to beÖà�<ìm�L� � p �Sµ Ý�� '«�zã á � ���<� � á µ � Ñ8� ÝmÝLÝ�� V{�<� � á Ý

To testtheperformanceof ourmethodson leukemiaparameters,
we generated10 syntheticdatasetsaccordingto the plantedclas-
sification model, and comparedthe returnedclassificationof the
tissuesto the original, plantedclassification. In all 10 cases,the
original classwasrecoveredperfectly.

To betterstudythe effect of the modelparameterson the algo-
rithm performance,andto learnouralgorithmlimits wehavevaried
eachof theparameters( Ö � Ñ � � � V ) in turn, while fixing theothers
to their leukemiavalue. In thereportedresultsbelow, we use Õ to
denotethe plantedclassification(that hasproportionsof 25 class
A tissuesvs. 47 classB tissues),andby í the classificationre-
turnedby ouralgorithm.Recallthatouralgorithmsearchesfor the
tissueclassificationwith themaximalMax-Surprisescore.As we
vary the modelparameters,the Max-SurprisescoreadvantageofÕ (comparedto other classifications)changes,and thus the algo-
rithm performanceis accordinglyeffected:

m - IncreasingÖ , thenumberof genes,increasesMax-Surprise
7 Õ!9 ,

andthusmakesit easierfor thesearchheuristicto find it. We
have foundthat Öïî�µ Ý � is thephasetransitionpoint. If Ö
is larger, thenthealgorithmconsistentlyrecoversthehidden
classes.However, for smallerÖ ’s, Õ is not theoptimalclas-
sification(with respectto theMax-Surprisescore),andthus
adifferentclassification,í , is recovered.Thedifferencebe-
tweení and Õ dependson Ö ; thesmallerÖ is, thelargeris
thedifference.For example,settingÖà���O�m� , wegetthaton
averageMax-Surprise

7 ÕQ9:î<ðLìL� , while Max-Surprise
7 í�9:îðLâm� . Still, í and Õ arevery close(differ on averageonly on

3 tissues).

d - Wehave foundthat Ñ , theexpecteddistancebetweenthetwo
meanshasverylittle effectonMax-Surprise

7 Õ!9 , andthushas
very limited effecton thealgorithmperformance.In particu-
lar, we have varied Ñ in therange � through �O�L�m� , andin all

casesthealgorithmrecoveredÕ perfectly.

e - In our model, � representedthefractionof randomgenesin
thedata,genesthatexpressindependentlyfrom the planted
classification. Stateddifferently, we are trying to recover
plantedclassificationsthataresupportedon a �«�ñ� fraction
of the genes.As the Max-Surprisescoreof a classification
reflectstheover-abundanceof informative genes,we expect
Max-Surprisebasedmethodsto performwell even for high
valuesof � . Indeed,in thisstudyby simulationswehavevar-
ied � in the range Ü � �O� âmâdÞ , andobserved that the algorithm
consistentlyrecovered Õ , up to ���S� � â Ý . For highervalues
of � , wetypically getMax-Surprise

7 í�9v¹ Max-Surprise
7 Õ!9 .

s - Thecoefficientof variation, V , playsamajorrolein ourmodel.
It representsthe inherentrandomnatureof the expression
profile of a genewithin tissuesof thesameclass.For large
valuesof V we getvery spreaddistributions,contributing to
higherTNoM scores,andthusa lower Max-Surprise

7 Õ�9 . In
this studywe varied V in the range Ü � � Ý��	Ý Þ . The transition
point wasfoundat aroundV��gµ . For smaller V , theplanted
classificationÕ is recovered,for larger Õ , we typically re-
cover classificationí with largerMax-Surprisescore.

Oursimulationstudycanbesummedupasfollows. First, thealgo-
rithm is veryrobust,performingunderhighlevelsof noise,eitherin
theform of randomgenes( ��î � â Ý ), or in form of high coefficient
of variation( Viî6µ ). Second,for a wide rangeof parameters,even
muchmorepessimisticthanthosethatcorrespondto theleukemia
dataset,the algorithmconsistentlyrecoversthe plantedclassifica-
tion. Finally, if either therear too few genes( Ö Ã µ Ý � ), or too
high noiselevel ( �¹ò� � â Ý , or V>¹gµ ), thantheplantedclassifica-
tion is no longertheoptimalclassification,andwe cannothopeto
perfectlyrecover it.

7. CLASS DISCOVERY IN
GENE EXPRESSIONDATA

To evaluatetheusefulnessof our approach,we appliedit to sev-
eralgeneexpressiondatasets.They all comewith a known classi-
fication that is eitherbasedon pathologicalconsiderations,or was
discovered using manualanalysisof geneexpressiondata. The
datasetsare:Leukemia: 72expressionprofilesreportedby Golub
et al [11]. Thesesamplesaredivided to two variantsof leukemia:



25 samplesof acutemyeloidleukemia (AML) and47 samplesof
acuteó lymphoblasticleukemia (ALL). mRNA wasextractedfrom
63 bonemarrow samplesand9 peripheralblood samples.Gene
expressionlevels in these72 sampleswere measuredusing high
densityoligonucleotidemicroarraysspanning7129genes. Lym-
phoma: 96 expressionprofilesreportedby Alizadehet al [1]. 46
of theseareof diffusedlarge b-cell lymphoma(DLBCL) samples.
The remaining50 samplesareof 8 typesof tissues. In our anal-
ysiswe usedgeneexpressionmeasurementsof 4096genesshown
in [1, Figure1]. Lymphoma-DLBCL: This datasetis thesubset
of 46 DLBCL samplesfrom the lymphomadataset. Alizadehet
al separatedthesesamplesinto two classesGerminalcentre B-like
DLBCL, andActivatedB-likeDLBCL.

In eachof thesedatasetswe run the peelingprocedureusing
the maximumsurprisescoreof Section3.1. Table1 summarizes
the scoresof the top discoveredclassificationsusing the various
scoringmechanismswe discussedabove andtheir differencefrom
theoriginal classificationof thedata.

On the leukemiadatasetwe run our searchprocedurewith the
additionalconstraintthat it shouldonly examinelabelingwithout
control tissues.Peelingfoundsix labelings,thefirst four of which
areshown in Table1. All six labelingsscorebetterthantheoriginal
labeling by both the max-surpriseand Sanov scores,and by the
numberof “significant” genes.The first threelabelingsalsohave
betterLOOCV accuracy thantheoriginal score.Thus,we believe
that eachof thesecapturesa significantdistinction. Note that the
first threelabelingsarequite different from the original one (the
Jackardcoefficient is low). Of thenext threelabelings,two (4 and
6) areverysimilarto theoriginallabeling,yetreceiveslightly lower
LOOCV scores.

In the Lymphomadataset,peelingfound 7 labelings. The top
2 labelingsscorebetterthantheoriginal labelingsbothin termsof
max-surprisescoreandLOOCV accuracy. Thefirst labelingcon-
tainsa largegroupwhichcontainsmostlyDLBCL samples(34out
of 37), andanothergroup consistingmostly of samplesof other
typesof lymphoma(Fl andCLL) . We notethoughthatadditional
12DLBCL aresetascontrols.Thus,wesuspectthatthisclassifica-
tion is basedongeneswhoseexpressionseparatesDLBCL samples
from thetypeswementionedabove.

Whenwe focusedon theDLBCL samples(constrainingall oth-
erssamplesto be controls),peelingfound 4 labelings. Thesela-
belingsareall quitedifferentthantheonereportedby Alizadehet
al [1]. All threescorehigherin termsof max-surpriseandaresup-
portedby largernumberof genes.Theclassificationof Alizadehet
al, however, hashigherLOOCV accuracy.

For someof theDLBCL samples,Alizadehetal alsoreportsur-
vival data[1]. They show that the classificationthey discover in
thedatais a goodpredictorof patientsurvival chances.They also
show, that this distinction is informative even if they focus only
on low clinical risk patients. (Clinical risk is evaluatedusing in-
ternationalprognosticindex, a standardmedicalindex, evaluated
at the time the samplewas taken.) In Figure 2 we plot survival
ratesfor patientsfor the four putative DLBCL classificationsde-
scribedin Table1. As wecansee,someof theclassifications,such
asthe forth one,arenot predictive aboutpatientsurvival. On the
otherhand,thesecondandthird classificationsarepredictiveabout
the survival chancesof patientswith goodprognosticevaluation,
andthe third classificationis alsopredictive for the wholepatient
population.This shows thattheclassificationswe discover arepo-
tentially relevantto thedevelopmentof thedisease.

In conclusion,in two of thesedatasetswe manageto recover
closeapproximationsto known biologically meaningfulclassifica-
tions. In addition,in all threedatasetsweuncoveredclassifications
thatareasstronglypronouncedin thedata(largenumberof genes
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Figure2: Kaplan-Meier survival plots for the 4 DLBCL classi-
ficationsdescribedin Table1. The � -axisis thenumber of years
after the sampleswere taken, and the

U
-axis is the fraction of

patients survived so far. Each plot shows the survival rate for
the two classesdefined by a putative classification. The plots
on the left column show the survival rate of all 40 patients for
whom survival data is available. The plots on the right column,
show the survival rate of the 24 patients with low clinical risk
(see[1] for details).



at significantp-value). Theseclassificationsmight bebiologically
meaningfulô or artifactsof thesamplepreparation,or hybridization
procedures.In eithercase,it is importantthat the analysisof the
resultstake in to accountsuchstrongsignalsin theexpressiondata.

8. CONCLUSIONS
Thecontributionof thispaperis threefold.First,weput forth the

problemof classdiscovery anddistinguishit from standardclus-
tering problems.Second,we proposeseveral criteria for evaluat-
ing putative classificationsfor significance.The centralideais to
quantify the overabundanceof genesthatareinformative with re-
spectto a putative classification.Finally, we develop an efficient
searchprocedurefor finding multiple significantclassificationsin
datasets.

The main criterion we usein searchingfor new classifications
is themax-surprisescore.This scoreis appealingbothbecauseof
its definitionis clearandcanbeeasilymappedto biologicalcoun-
terparts,andbecauseit canbeefficiently evaluated.Our synthetic
evaluationshows that searchingusingthe max-surprisescorecan
recover a “true” classificationin syntheticdataundera wide range
of operatingparametersincludingthenumberof relevantandirrel-
evantgenes,theamountof variancein theexpressionlevel, andthe
differencebetweentheexpressionof genesin two classes.

Whenwe appliedthis procedureto real-life cancerrelatedgene
expressiondatasets,we foundmultiple highly pronouncedclassi-
ficationsthat weresupportedby independentevaluationmethods
that measurethe predictivenessof the classifications.Our proce-
duremanagedto recovercloseapproximationsto known classifica-
tion in two of thesedatasets.

Thework reportedhereopensseveral intriguing researchques-
tions. First, both the max-surpriseandthe Sanov scoreexploit a
strongindependenceassumption.This assumptioncanpotentially
overstatethesurpriseof thescoresweobserve in thedata.Thus,al-
thoughourproceduresperformedwell in practice,westill mightbe
ableto improve uponthemby relaxingthis independenceassump-
tion. A potentialdirectionof work is estimatingthedistribution of�F� � 7 kG9 underthenull hypothesiswithoutassumingindependence.
A first cut approachis basedon stochasticsimulation. Unfortu-
nately, simplestochasticsimulationis useful only for estimating
the distribution of scoreswith relatively largep-value. For scores
with smallp-values,we will needmassive repetitionsof thesimu-
lation to get a singlecasewheresucha scoreis attained.We are
currently working on developing moresophisticatedmethodsfor
estimatingthe distribution of �F� � 7 kG9 underthe null-hypothesis,
andusingthis estimatesto geta betterassessmentof thesurprise.

Another issueis the searchprocedure.In this work we mainly
focusedon the criteria for evaluatingputative classifications,and
usedsimulatedannealing,a fairly genericsearchmethod,with pa-
rametersthat ensurea wide search. In additionwe usedpeeling
for finding multiple classifications.In thefuture,we planto study
the theoreticalpropertiesof this optimizationproblem,aiming at
developingprincipledmethodsfor this task.
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