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ABSTRACT
The recentgrowth in genomicdataandmeasurementof genome-
wideexpressionpatternsallowstoexaminegeneregulationby tran-
scriptionfactorsusingcomputationaltools.In thiswork,wepresent
a classof mathematicalmodelsthathelpin understandingthecon-
nectionsbetweentranscriptionfactorsandfunctionalclassesof genes
basedon geneticandgenomicdata. Thesemodelsrepresentthe
joint distributionof transcriptionfactorbindingsitesandof expres-
sionlevelsof agenein a singlemodel.Learninga combinedprob-
ability modelof bindingsitesandexpressionpatternsenablesusto
improve theclusteringof thegenesbasedonthediscoveryof puta-
tivebindingsitesandto detectwhichbindingsitesandexperiments
bestcharacterizea cluster. To learnsuchmodelsfrom data,we in-
troducea new searchmethodthatrapidly learnsamodelaccording
to a Bayesianscore.We evaluateour methodon syntheticdataas
well asonrealdataandanalyzethebiologicalinsightsit provides.

1. INTRODUCTION
A centralgoal of molecularbiology is to understandthe regu-

lation of proteinsynthesis.With theadventof genomesequencing
projects,wehaveaccessto DNA sequencesof thepromoterregions
thatcontainthebindingsitesof transcriptionfactors that regulate
geneexpression. In addition, the developmentof DNA microar-
raysallows researchersto measuretheabundanceof thousandsof
mRNA targetssimultaneouslyproviding a“genomic”viewpointon
geneexpression. As a consequence,this technologyfacilitates
new experimentalapproachesfor understandinggeneexpression
andregulation[20, 31].

The combinationof thesetwo importantdatasourcesleadsto
betterunderstandingof generegulation[1, 3]. The main biolog-
ical hypothesisunderlyingmostof theseanalysesis “Geneswith
a commonfunctionalrole have similar expressionpatternsacross
differentexperiments.This similarity of expressionpatternsis due
to co-regulationof genesin thesamefunctionalgroupby specific
transcriptionfactors.” Clearly, this assumptionis only a first-order
approximationof biological reality. Therearegenefunctionsfor
which this assumptiondefinitely doesnot hold, andthereareco-
expressedgenesthat are not co-regulated. Nonetheless,this as-
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sumptionis usefulin finding the“strong” signalsin thedata.
Basedonthisassumption,onecanclustergenesby theirexpres-

sion levels, and thensearchfor shortDNA stringsthat appearin
significantover-abundancein thepromoterregionsof thesegenes
[27, 32, 33]. Suchanapproachcandiscover new bindingsitesin
promoterregions.

Our aim hereis complimentaryto this approach.Insteadof dis-
covering new binding sites,our focusis on characterizinggroups
of genesbasedon their expressionlevels in differentexperiments
andthepresenceof putative bindingsiteswithin theirpromoterre-
gions. Thebasicbiological hypothesissuggeststhatgeneswithin
a functionalgroupwill besimilar with respectto both typesof at-
tributes. We treatexpressionlevel measurementsandinformation
onpromoterbindingsitesin asymmetricfashion,andclustergenes
basedon bothtypesof data.In doingso,our methodcharacterizes
theattributesthatdistinguisheachcluster.

More specifically, we develop a classof clusteringmodelsthat
clustergenesbasedon randomvariablesof two types. Random
variablesof thefirst typedescribetheexpressionlevel of thegene
(or morepreciselyits mRNA transcript)in anexperiment(microar-
ray hybridization).Eachexperimentis denotedby a differentran-
dom variablewhosevalue is the expressionlevel of the genein
that particularexperiment. Randomvariablesof the secondtype
describeoccurrencesof putative binding sitesin the promoterre-
gionof thegenes.Again,eachbindingsiteis denotedby arandom
variable,whosevalueis the numberof timesthebinding sitewas
detectedin thegene’s promoterregion.

Our methodclustersgeneswith similar expressionpatternsand
promoterregions. In addition,the learnedmodelprovidesinsight
on theregulationof geneswithin eachcluster. Thekey featuresof
ourapproachare:(1) automaticdetectionof thenumberof clusters;
(2) automaticdetectionof randomvariablesthatareirrelevantto the
clustering;(3) robustclusteringin thepresenceof many suchran-
dom variables,(4) context-dependedrepresentationthat describes
whichclusterseachattributedependson. Thisallowsusto discover
theattributes(randomvariables)thatcharacterizeeachclusterand
distinguishit from the rest. We learn theseclustermodelsusing
a Bayesianapproachthatusesstructural EM [10, 11], anefficient
searchmethodover different models. We evaluatethe resulting
methodonsyntheticdata,andapplyit to real-lifedata.

In Section2 we introducetheclassof probabilisticmodelsthat
we call Context-SpecificClustering models. In Section3 we dis-
cusshow to score suchmodelsbasedon data. In Section4 we
describeour approachfor finding a high-scoringclusteringmodel.
In Section5 we evaluatethe learningprocedureon syntheticand
real-lifedata.Weconcludein adiscussionof relatedwork andpos-
sibleextensionsin Section6.



2. CONTEXT-SPECIFIC CLUSTERING

2.1 NaiveBayesianClustering
Let

���������������	�
berandomvariables.In our mainapplication,

theserandomvariablesdenotethe attribute of a particulargene:
the expressionlevel of this genein eachof the experiments,and
the numbersof occurrencesof eachbinding sitesin the promoter
region. Supposethat we receive a dataset
 that consistsof �
joint instancesof therandomvariables.The � ’ th instanceis ajoint
assignment ��� ��� ���������  ��� ��� to ����������������� . In ourapplication,
instancescorrespondto genes:eachgeneis describedby thevalues
of therandomvariables.

In modelingsuchdataweassumethatthereis anunderlyingjoint
distribution �	� � � ����������� ��� from whichthetraininginstanceswere
sampled.Theestimation taskis to approximatethis joint distribu-
tion basedon thedataset 
 . Suchanestimatecanhelpusunder-
standthe interactionsbetweenthe variables. A typical approach
to estimatingsucha joint distribution is to definea probabilistic
model that definesa setof distributions that can be describedin
a parametric form, andthenfind theparticularparametersfor the
modelthat“bestfit” thedatain somesense.

A simplemodel that is often usedin dataanalysisis the naive
Bayesmodel.In this modelwe assumethatthereis anunobserved
randomvariable� thattakesvalues� ����������� , anddescribeswhich
“cluster” theexamplebelongsto. We thenassumethatif we know
the valueof � , all the observed variablesbecomeindependentof
eachanother. Thatis, theform of thedistribution is:�	� � � ����������� ������! �	�"� �$#%� �	� ���'& � �$#%�)(�(�( �	� �	�*& � �$#%� (1)

In otherwords,weestimatea mixture of productdistributions.
Thisform specifiestheglobalstructureof thedistribution. In ad-

dition, wealsohaveto specifyhow to representtheconditionaldis-
tributions.For this purposewe useparametricfamilies.Thereare
severalof familiesof conditionaldistributionswecanusefor mod-
eling �	� �,+-& � �$#.� . In thispaper, wefocusontwo suchfamilies.
If
�	+

is adiscretevariablethattakesafinite numberof values(e.g.,
a variablethat denotesnumberof binding sitesin a promoterre-
gion),werepresenttheconditionalprobabilityasamultinomialdis-
tribution �	� � + & � �/#%�10 Multinomial �325476�8�9  ;:  +�< Val � � + ��= .
Thatis, for eachvalue  + of

�	+
we have aparameter4 6�8�9  thatde-

notestheprobability that
� + �  + when � �># . Theparameters

mustbenon-negative,andsatisfy ? 6�8 476 8 9  � � , for each
#
. If
�	+

is a continuousvariable(e.g.,a variablethat denotesthe expres-
sion level of a genein a particularexperiment),we useGaussian
distribution �	� �	+@& � �$#%��0$A �CBED 8�9  ��FHGD 8�9  � .

The naive Bayesmodel is attractive for several reasons.First,
from estimationpoint of view we needto estimaterelatively few
parameters:the mixture coefficients �	�"� �I#.� , andthe parame-
tersof theconditionaldistributions �	� �	+�& � �J#.� . Second,the
estimatedmodelcanbeinterpretedasmodelingthedataby

�
clus-

ters(onefor eachvalue
#K� � ����������� ), suchthat thedistribution

of differentvariableswithin eachclusterare independent.Thus,
dependenciesbetweenthe observed variablesare representedby
the clustervariable. Finally, this modelallows for fairly efficient
learningalgorithms(suchasexpectationmaximization(EM) [9]).

Oncewe have estimatedthe conditionalprobabilities,we can
computetheprobabilityof anexamplebelongingto a cluster:�	�"� �$# &  � ���������  �'��L�	�"� �$#.� �	�M �N& � �$#.�O(�(�( �	�M �*& � �$#.�

If the clustersare well-separated,then this conditionalprobabil-
ity will assigneachexampleto oneclusterwith high probability.
However, it is possiblethat clustersoverlap, andsomeexamples
areassignedto several clusters. If we comparethe probability of
two clusters,thenPRQTS �	�"� �/# &  � ���������  �'��	�"� �/#VU &  � ���������  �N� �PWQTS �	�"� �$#%��	�"� �$# U �YX � + PRQTS �	�M + & � �$#%��	�M + & � �$# U � (2)

Thus,we canseethe “decision” betweenany two clustersasthe
sumof termsthatrepresentthecontributionof eachattributeto this
decision.Theratio �	�M + & � �/#%��Z �	�M + & � �[# U � is therelative
supportthat  + givesto

#
versus

# U
.

2.2 Selective NaiveBayesianModels
The naive Bayesmodel gives all variablesequalstatus. This

is a potential sourceof problemsfor two reasons. First, some
variablescan be “noise” and have no real interactionswith the
othervariables. Supposethat

� �
is independentfrom restof the

variables.By learning
�

conditionalprobability models �	� � � &� � � � ��������� �	� ����& � � � � , we areincreasingthe variability
of the estimatedmodel. Second,sincewe aredealingwith rela-
tively small numberof training examples,if we fail to recognize
that

� �
is independentof therest,theobservationsof

� �
canbias

ourchoiceof clusters.
If we know that

� �
is independentfrom therest,we canusethe

fact that �	� � � & � �\� �	� � �]� andrewrite themodelin a simpler
form: �	� ��� � ?  �	�"� �^#.� �	� � G & � �^#.�O(�(�( �	� ���_& � �#.�

This form requireslessparametersand thus the estimationof
theseparametersis morerobust. More importantly, the structure
of this modelexplicitly capturesthefactthat

� �
is independentof

theothervariables—itsdistribution doesnot dependon thecluster
variable.Notethatin thismodel,asexpected,thevalueof

� �
does

not impacttheprobabilityof theclass� .
In our biological domain,we expectto seemany variablesthat

areindependent(or almostindependent)of theclassification.For
example,bindingsitesof transcriptionfactorsthat do not play an
active role in theconditionsin which expressionlevelsweremea-
sured.Anotherexampleis aputativebindingsitethatdoesnotcor-
respondto a realbiologically meaningfulfunction. Thus,learning
that thesesitesareindependentof themeasuredexpressionlevels
is animportantaspectof thedataanalysisprocess.

Basedon this discussion,we want to considermodelswhere
several of the variablesdo not dependon the hiddenclass. For-
mally, wecandescribethesedependenciesby specifyingaset `ba2c� ��������� Ad= that representsthesetof variablesthatdependon the
clustervariable � . Theform of thejoint distribution is�	� � � ����������� � & ` ���efYg+ihj!k �	� �	+ �ilm �! on �	�"� �$#%� g+ j!k �	� �	+1& � �$#.�ip
We notethat this classof modelsis essentiallya specialsubclass
of Bayesiannetworks[24]. (Similar modelswereconsideredfor
somewhat differentapplicationin supervisedlearningby Langley
andSage[21].)

We noteagain,that whenwe comparetheposteriorprobability
of two clusters,asin (2), we only needto considervariablesthat



arenot independentof � . Thatis,PRQqS �	�"� �$# &  �����������  � ��	�"� �$# Ur&  �����������  � � �PRQqS �	�"� �$#.��	�"� �/#sUM� X �+ j!k PRQqS �	�M +1& � �$#.��	�M +1& � �t#sUC� �
2.3 Context-SpecificIndependence

Supposethat a certainbinding site, whosepresenceis denoted
by thevariable

���
, is regulatinggenesin two functionalcategories.

We would thenexpectthis site to bepresentwith have high prob-
ability in promoterregionsof genesin thesetwo categories,and
to have low probabilityof appearingin thepromoterregion of all
othergenes.Since

���
is relevantto theexpressionlevel of (some)

genes,it is not independentof theothervariables,andsowewould
prefermodelswhere � < ` . In sucha model,we needto specify�	� ���u& � �v#%�

for
� � � ���������w� . That is, for eachfunc-

tional category, we learn a different probability distribution over���
. However, since

���
is relevantonly to classes� and x , this in-

troducesunnecessarydistinctions:oncewe know that � is notone
of thetwo “relevant” functionclasses(i.e., �zy$x ), we canpredict�	� � � & � � usinga singledistribution.

To capturesuchdistinctions,we needto introducea language
thatrefinetheideasof selective naive Bayesianmodels.More pre-
cisely, we want to describeadditionalstructurewithin the condi-
tionaldistribution �	� ���'& � � . Theintuition hereis thatweneedto
specifycontext-specificindependencies(CSI): once,we know that�|{< 2!� � x = , then

���
is independentof � . This issuehasreceived

muchattentionin theprobabilisticreasoningcommunity[2, 6, 14].
Here, we choosea fairly simple representationof CSI that is

termeddefaulttablesin [14]. Thisrepresentationis asfollows. The
structureof thedistribution �	� �	+-& � � is representedby anobject} + � 2 # ����������� #c~M= where

# +N< 2c� ���������w� = . Each
# +

representsa
casethathasanexplicit conditionalprobability. All othercasesare
treatedby a specialdefaultconditionalprobability. Formally, the
conditionalprobabilityhastheform:�	� �,+-& � �$#.�1�>� �	� �,+-& � �$# + � #��$# +�	� � + & ��{< 2 # ����������� # ~ =5� otherwise

It will be convenient for us to think of
} +

as defining a random
variable,whichwe will denote� + , with � X � values.This random
variable is the characteristicfunction of � , suchthat � + ���

if� �># + , and � + � � X � if ��{< 2 # ����������� #c~�= . Then, �	� � + & � �
is replacedby �	� �	+�& � + � . This representationrequires � X �
differentdistributionsratherthan

�
differentones.Notethateach

of theseconditionaldistributionscanbemultinomial,Gaussian,or
any otherparametricfamily we might chooseto use.

Returningto our exampleabove. Using a default tablewe can
representtheprobability �	� � � & � � usingthe cases� , x andthe
default 25� ����������� = . This requiresestimatingthe probability of
binding site in eachof the first two clusters,and the probability
of observingthetranscriptionfactorin theremainingclusters.

We note that in the extremecase,when
} +

is empty, then we
arerendering

� +
independentof � . To seethis,notethat � + hasa

singlevaluein thissituation,andthus �	� �	+-& � � is thesamefor all
values� . Thus,CSI is a refinementof selective Bayesianmodels,
andit sufficesto specifythechoice

} +
for eachvariable.

Finally, weconsiderclassifyingagenegivenamodel.As in (2),
the decisionbetweentwo clustersis a sum of termsof the form�	�M +\& � �*#%��Z �	�M +\& � �*# U � . Now if both

#
and

# U
fall in the

“default” category of
} +

, thenthey mapto the samevalueof � + ,
andthusdefinethesameconditionalprobabilityover

�,+
. In such

asituation,theobservation  + doesnotcontributeto thedistinction

between
#

and
# U

. We will saythat
�	+

distinguishesa cluster
#
,

if theconditionalprobability �	� � + & � �b#%� is differentthanthe
otherconditionalprobabilities.Thatis

#	�$#7�
for some

�
.

3. SCORING CSI CLUSTERINGS
We want to learn CSI Clusteringsfrom data. By learning,we

meanselectingthenumberof clusters
�

, thesetof dependentran-
domvariables̀ , thecorrespondinglocal structures

} +
, andin ad-

dition, estimatingtheparametersof theconditionaldistributionsin
the model. We reiteratethat CSI clusteringis a specialsub-class
of Bayesiannetworkswith default tables. Thus, we adoptstan-
dard learningapproachesfor Bayesiannetworks [11, 14, 16] and
specializethem for this classof models. In particular, we usea
Bayesianapproachfor learningprobabilisticmodels. In this ap-
proachlearningis posedasanoptimizationproblem.

In this sectionwe review the scoring functionsover different
choicesof clusteringmodels,andin thenext sectionwe will con-
sidermethodsfor findinghigh-scoringclusteringmodels.

3.1 The BayesianScore
Weassumethatthesetof variables

�����������������
is fixed.Wede-

fine a CSI Clusteringmodelto bea tuple � �J� ��� 2 } + =T� , where�
specifiesthenumberof valuesof thelatentclassand

} +
specifies

thechoiceof local structure for
�,+

. (Recallthat
�	+

doesnot de-
pendon � if � + hasa singlevalue.)A model � is parameterized
by a vector �47� of parameters.Theseincludethemixtureparame-
ters �4  � �	�"� �$#.� , andtheparameters�4 D 8�9 ~ of �	� � + & � + � � � .

As input for the learningproblem, we are given a dataset

that consistsof � samples,the � ’ th samplespecifiesa joint as-
signment ��� ��� ���������  ��� ��� to

�����������������
. In theBayesianap-

proach,wecomputetheposteriorprobabilityof amodel,giventhe
particulardataset 
 :�	�M� & 
 �1L �	��
 & � � �	�M� �
The term �	�M� �

is the prior probability of the model � , and�	��
 & � �
is themarginal likelihoodof thedata,giventhemodel� .

In this paper, we usea fairly simpleclassof priorsover models,
in which �	�M� ��� �	� � � �	�"` �V� + �	� } + � . We choosethesefor
their mathematicalsimplicity (which makessomeof thecomputa-
tions below easier)andsincethey slightly favor simplermodels.
We assumethat �	� � ��L��)� is a geometricdistribution with pa-
rameter

�
which is fairly closeto � . Theprior over ` is designed

to penalizedependencies.Thus �	�"` �@L[� 9 k 9 for someparameter��� � . (Recallthat ` � 2 � : } + {�/�c= .) Finally, theprior distribu-

tion over local models(following [14]) is �	� } + �-� ��N� �O� �9 �.8�9 � � � .
Thus,we seta uniform prior over thenumberof casesin

} +
, and

thenputauniform prior over all local structureswith thiscardinal-
ity.

We now considerthemarginal likelihoodterm. This termeval-
uatestheprobability of generatingthe dataset 
 from the model� . This probability requiresaveragingover all possibleparame-
terizationsof � :�	��
 & � ���/� �	��
 & � � �47� � �	�5�45� & � �i� �47� (3)

where �	�5�47� & � �
is the prior densityover the parameters�47� ,

and �	��
 & � � �45� � is the likelihoodof the datawhich hasthe
formgW� �  n �	�"� �/# & � � �4 � � g + �	�M + � ��� & � + � #.� � � � �4 � � p



where � + � #.� is thevalue � + asa functionof
#
.

In thiswork wefollow astandardapproachto learninggraphical
modelsandusedecomposablepriors thathave theform�	�5�47� & � ��� �	��4T� � g + g~ j Val  W¡ 8"¢ �	��4 D 8 9 ~ �
For multinomial

�	+
andfor � , weuseaDirichlet [8] prior over the

parameters,andfor normal
�	+

, we usea normal-gammaprior [8].
We review thedetailsof bothfamiliesof priorsin AppendixA.

Themarginallikelihoodtermevaluatesthefit of thedataby aver-
agingthelikelihoodof thedataover all possibleparameterizations
of the model. We stressthat this is different from the maximum
likelihoodmethod. In that method,oneevaluateseachmodelby
thelikelihoodit achieveswith thebestparameters.Thatscorecan
bemisleadingsince“bad” modelscanhaveparametersthatgivethe
datahigh likelihood.Bayesianapproachesavoid such“overfitting”
by averagingover all possibleparameterizations.This averaging
regularizesthescore.In fact,ageneraltheorem[28] shows thatfor
largedatasets(i.e.,as �¤£�¥ ), �§¦7¨V�	��
 & � �

is equaltoPWQTS �	��
 & � �7© �4T� �rª �x PWQTS ��«V¬W®�M� � X°¯ ��� � (4)

where
© �4T� arethemaximumaposterioriprobability (MAP)param-

etersthatmaximize �	��
 & � � �47� � �	� �47� & � �
, and «.¬R��M� �

is
thedimensionalityof themodel � (thenumberof degreesof free-
domin theparameterizationof � ). Thus,in thelimit theBayesian
scorebehaves like a penalizedmaximumlikelihoodscore,where
the penaltydependson the complexity of the model. (Note that
this approximationis closely relatedto the minimumdescription
length(MDL) principle[26].)

3.2 CompleteData
We briefly discussthe evaluationof the marginal likelihood in

thecasewherewehavecompletedata: Thatis,wenow assumethat
we arelearningfrom a dataset 
;± thatcontains� samples,each
of thesespecifiesvalues � � ��� ���������  � � ��� ��²q� ��� for

� � ����������� �
and � . (In this case,we alsofix in advancethenumberof values
of � � ) This settingis easierthanthesettingwe needto dealwith,
however, thedevelopmentshereareneededfor theonesbelow.

For suchdatasets,the likelihoodterm �	��
 ± & � � �47� � canbe
decomposedinto a productof local terms:�	��
 ± & � � �47� �@� (5)� local �"� ��³ � � �45� � g + g~ j Val  W¡ 8i¢ � local � �	+���³ D 8�9 ~ � �4�D 8�9 ~ �
wherethe � local termsdenotethe likelihoodthatdependson each
conditionalprobabilitydistributionandtheassociatedsufficientstatis-
ticsvectors

³ � and
³ D 8�9 ~ . Thesestatisticsarecumulativefunctions

over the trainingsamples.Theseincludecountsof thenumberof
timesa certaineventoccurred,or sumof thevaluesof

�	+
, or

�´G+
in thesampleswhere � + � � . Thedetailsof theselikelihoodsand
sufficientstatisticsarelesscrucialfor thedevelopmentsbelow (see
AppendixA for details).

An importantpropertyof thesufficient statisticsis thatoncewe
computethe countsfor thecasein which � + � � , we caneasily
getcountsfor otherlocal structures:³ D 8�9 ~ � �! �	��� + � � & � �$#.� ³ D 8�9  
(Note that since � + is a deterministicfunction of � , �	��� + � � &� � ² � is either µ or � .)

Theimportantconsequenceof thedecompositionof Eq.5 is that
themarginal likelihoodtermsimilarly decomposes(see[14, 16])�	��
 ± & � ���/¶

local �"� ��³ � � g + g~ j Val  W¡ 8i¢ ¶ local � �,+��i³ D 8 9 ~ � (6)

where¶
local � �,+���³ D 8�9 ~ ���/� � local � �	+���³ D 8�9 ~ � �4�D 8�9 ~ � �	�5�4�D 8�9 ~ & � �i� �4�D 8�9 ~
Thedecompositionof marginal likelihoodsuggeststhatwe can

easilyfind thebestmodelin thecaseof completedata. The intu-
ition is that the observation of � decouplesthe modelingchoices
for each

�,+
from theothervariables.Formally, we caneasilysee

thatchanging� + for
�	+

changesonly theprior associatedwith that� + andthemarginal likelihoodterm
� ~ j Val  W¡ 8 ¢ ¶ local � �	+���³ D 8 9 ~ � .

Thus,we canoptimizethechoiceof each� + separatelyof theoth-
ers. For eachsuchchoicewe computethesufficient statistics,and
evaluatethechangein thescoreof themodel.1

Tosummarize,whenwehavecompletedatatheproblemof learn-
ing a CSI clusteringmodelis straightforward:We collectthesuffi-
cientstatistics

³ D 8�9  for every
� +

and
#�� � ����������� , andthenwe

canefficiently evaluateevery possiblemodel. Moreover, we can
choosethe onewith the highestposteriorwithout explicitly enu-
meratingall possiblemodels.

3.3 IncompleteData
We now return to the casethat interestsus, wherewe do not

observe the classlabels. Sucha learningproblemis saidto have
incompletedata. In this learningscenario,the evaluationof the
marginal likelihoodEq. (3) is problematicandcannotbe carried
out in analyticalform, andthuswe needresortto approximations.
See[5] for anoverview of methodsfor approximatingthemarginal
likelihood.

In this paperwe usetwo suchapproximationsto the logarithm
of the marginal likelihood. The first is the BayesianInformation
Criterion (BIC) approximationof Schwarz[28] (seeEq.(4)).

BIC �M� � �4 � ��� PRQTS �	��
 & � � �4 � �rª �x PRQqS �·«V¬W®�M� �
To evaluatethisscore,we performexpectedmaximization(EM) it-
erationsto find the MAP parameters[22] (seealso[5, 16]). The
benefitof this scoreis thatoncewe foundtheMAP parameters,it
is fairly easyto evaluate.Unfortunately, this scoreis only asymp-
totically correct,andcanover-penalizemodelsin practice.

A more accurateapproximationis the Cheeseman-Stutz(CS)
score[5, 4]. This scoreapproximatesthemarginal likelihoodas:

CS�M� � �47� ���PRQqS �	��
 & � � �47� �¸ª PRQTS �	��
�¹± & � � �47� � XPRQqS �	��
�¹± & � �
where 
 ¹± is a fictitious dataset that is representedby a set of
sufficient statistics. The computationof �	��
 ¹± & � � �47� � and�	��
 ¹± & � �

is then performedas thoughthe datais complete.
This simply amountsto evaluatingEq. (5) andEq. (6) using the
sufficient statisticsfor 
 ¹± .

Thechoiceof 
 ¹± is suchthat its sufficient statisticswill be the
expectedsufficientstatisticsgiven � and �4 � . Thesearedefined�
In theory, the choiceof � + requiresto consider̄ �"x � � alterna-

tives,which is efficientwhen
�

is asmallconstant.In practice,we
construct� + by a greedyprocedurethatat eachiterationfinds the
best

#
to separatefrom the default case,until no improvementis

madeto thescore[14].



by averagingover all possiblecompletions
 ± of thedataº�»R³ D 8 9 ± & � � �47��¼ � � ½r¾ ³ ½r¾D 8�9 ± �	��
 ± & 
 � � � �45� � (7)

where
 ± representsapotentialcompletionof thedata(i.e.,assign-
mentof clustervalueto eachexample)and

³ ½ ¾D 8�9 ± is the sufficient
statisticsfor

�,+
given

²
evaluatedon 
 ± . Usingthelinearityof ex-

pectation,thistermcanbeefficiently computed(see[5, 11]). Thus,

to compute
 ¹± , we find theMAP parameters
© �4q� , andthencom-

putethe expectedsufficient statisticsgiven � ��© �4q� . We thenuse
thesewithin Eq. (5) andEq. (6) as the sufficient statisticsof the
fictional dataset 
 ¹± .
4. LEARNING CSI CLUSTERINGS

Our goal is to find a model � thatattainsthehighestposterior
probability. Unfortunately, thereare ¯ �"x �-¿ � � choicesof mod-
elswith

�
clusters.Thus,we cannotexhaustively evaluateall the

models.Insteadweneedto resortto someform of heuristicsearch.
The main computationalcost of sucha searchis evaluatingcan-
didatemodels. For eachmodel, this procedureperformsan EM

optimizationto find theMAP parameters
© �4 � , andthenusesthese

parametersfor computingthescore(usingeitherBIC or CS).
To avoid suchexpensive evaluationsof candidateswe usethe

framework of Bayesianstructural EM [11]. This framework al-
lowsusto searchfor modelswithin theEM loop. Thisalgorithmis
iterative. At thebeginningof of the À ’ th iterationwe have a model
andparameters� � � �4 � . We thenperformthefollowing steps:Á E-Step: Computeexpectedsufficientstatisticsgiven � � � �4 �

asin Eq.(7).Á M-Step: Learnamodel � ��¿¸� asthoughtheexpectedsuffi-
cientstatisticswereobservedin acompletedataset.For each�	+

choosetheCSImodel
} +

, independentlyof theothervari-
ables. Then,estimateparameters�4 ��¿¸� for � ��¿¸� to be the
MAP parametersgiventheexpectedsufficient statistics.

Theseiterationsarereminiscentof the standardEM algorithm.
The main differenceis that in the standardapproachthe M-Step
involvesreestimatingparameters,while in StructuralEM we also
relearnthestructure.We canusetwo scoresin choosingmodelsat
theM-Step.EithertheBayesianapproachdescribedin Section3.2
or theBIC score.

Theseiterationsareguaranteedto improve the scorein the fol-
lowing sense.If we usethe BIC scorein theM-step,thenresults
of [10] show thattheBIC scoreof � ��¿¸� � �4 �]¿r� is not lessthanthat
of � � � �4 � . If we usetheBayesianscoren theM-step,thenresults
of [11] show that we areperformingan approximateversionof a
procedurethatdoesimprove the Bayesianscorein eachiteration.
In practice,mostiterationsdoimprove theCSscore(whichis often
a reasonableapproximationof thetrueBayesianscore).

Sincethe scoreis boundedfrom above, the structuralEM iter-
ationswill converge. The convergencepoint canbe a local max-
imum anddependson the initial startingpoint (see[10, 11]). In
order to find a high scoringmodel, we examineseveral ways of
initializing thealgorithmandrestartingit afterit converged.

Weusetwo differentmethodsfor initializing theprocedure.The
first is the full model(where � + � � for every node).This model
is themostexpressive in theclasswe consider, andthusallows the
startingpoint to captureany type of “trend” in the data. We then
let the following iterationsto zoomin on this trendby adoptinga
morespecificstructure.Thesecondinitialization mode,is a using

a randommodel,whereeach� + is chosenat random.This allows
us to usemultiple startingpoints that canbe quite different from
eachother, andthusleadthesearchto differentmaxima.

To “escape”local maximumwe perform the following steps.
Oncea local maximumis achieved,we starta randomfirst-ascent
hill-climb searchprocedureover clusteringtopologies.More pre-
cisely, at eachiterationthe procedurechoosesa variable

�
at ran-

dom, and reversesits dependency status. More precisely, if
�,+

dependson � , we make it independent,andif
� +

doesnot depend
on � , we make it dependent(without any CSI structure).We then
evaluatethenew structureusingstandardEM andcomputeits score
usingtheparametersfoundby EM. If therandommodificationim-
provesthescore,thenwe usethenew structureasa startingpoint
for a new structuralEM run. If aftera fixedamountof randomtri-
alsnoimprovementwasfound,theprocedureterminatesthesearch
andreturnsthebestmodelfoundsofar.

We notethat theprocedurewe describein this sectionis a spe-
cializationof the StructuralEM framework for learningBayesian
networks [10, 11]. However, we focuson a specificclassof net-
works(i.e., CSI clusterings).Therestrictionto this classof model
allows us to perform an efficient E-stepby exploiting the small
numberof statisticsthatareneededin orderto evaluateCSI clus-
terings.In contrast,theproceduresof [10] needto consideramuch
largernumberof sufficientstatistics,andcomputethemondemand
duringtheM-step. In addition,therestrictedclassof networksal-
lows usto performanefficient M-step. In contrast,theprocedures
of [10] performheuristicsearch.

5. EVALUATION

5.1 Simulation Studies
To evaluatethe performanceof our clusteringmethod,we per-

formedtestson syntheticdatasets.Thesedatasetsweresampled
from a known clusteringmodel(which determinedthenumberof
clusters,which variablesdependon which clustervalue, and the
conditionalprobabilities).Sinceweknow themodelthatoriginated
thedata,we canmeasurehow closelyour procedurerecoversthis
modelbasedonthetrainingdata.Wemeasure2 aspects:First,how
well doesthemodelrecover therealstructure(numberof clusters,
falsepositive and falsenegative edgesin the model). Second,is
the “biological bottomline”. How well doesthemodelclassifya
given sample(gene).The aim of thesetestsis to understandhow
the performanceof the methoddependson variousparametersof
thelearningproblem.

To measuretheclassificationsuccess,we examinedthe follow-
ing criterion. A clusteringmodel � definesa conditionalproba-
bility distributionover clustersgivena sample.Let �|Â denotethe
true model,andlet �|Ã denotethe estimatedmodel. Both define
conditionaldistributionsover clusters.We want to comparethese
two conditionaldistributions. We will denotethe clustersof the
true model as � Â and the clustersof the estimatedmodel as �ÄÃ .
Then,we candefinea joint distributionover thesetwo clusterings:�	�"� Â � �ÄÃ �@���Å �	�MÆ & � Â � �	�"� Â & Æ � � Â � �	�"�ÄÃ & Æ � �|Ã �
wherethesumis over all possiblejoint assignmentsto Ç . In prac-
tice we cannotsumover all thesejoint assignments,andthuswe
estimatethis distribution by samplingfrom �	��Ç & �|Â � . Oncewe
have thejoint distribution we cancomputethemutualinformation
, È)�"�ÄÂ � � Ã � betweenthetwo clusteringvariables[7]. This termde-
notesthenumberof bits oneclusteringcarriesabouttheother. In



thetablebelow we reportthe informationratio È)�"�ÄÂ � � Ã ��ZTÉ �"�ÄÂ � ,
whichÊ measureshow muchinformation �ÄÃ providesabout� Â com-
paredto themaximumpossible(which is theentropy of �ÄÂ ).

Themodelwe sampledfrom has5 clusters,50 continuousvari-
ables,100discretenode.We simulatedthebiologicaldomainand
assumedthatmostof thediscretevariableswererelevantfor a few
clusters(if any) andthe that thecontinuousoneswererelevant to
many clusters. From this modelwe sampledtraining setsof size
200,500,and800(eacha supersetof theproceedingone)andin-
dependenttestsetof size2000.

To estimatethe robustnessof our procedure,we injectedaddi-
tional noiseinto the trainingset. This wasdoneby addinggenes,
whosevaluesweresampledfrom afairly diffusebackgroundprob-
ability. Theseobscuretheclusteringin theoriginal model.We ex-
pectthatbiologicaldatabaseswill containgenesthatdo not fall in
to “nice” functionalcategories.We ranour procedureon thesam-
pled datasetsthatwe obtainedby adding10% or 30% additional
“noise” genesto theoriginal trainingdata.

The procedurewasinitialized with randomstartingpoints,and
for eachtraining dataandclusternumberit wasrun 3 times. We
performedthisprocedurefor numberclustersin therange3 to 7 and
choosethe modelwith the bestscoreamongthese.Due to space
considerations,we briefly summarizethehighlightsof theresults.

Cluster number: In all runs,modelslearnedwith fewer clus-
tersthantheoriginal modelweresharplypenalized.On theother
hand,modelslearnedwith additionalclustersgot scoresthatwere
closeto thescorereceivedwhenlearningwith 5 clusters.Often,we
noticedthata modelwith 6 or 7 clustershad“degenerate”clusters
thatnoneof the“true” samples(i.e.,onesthatweregeneratedfrom
theoriginal models)wereclassifiedto. As expected,this phenom-
enawasstrongerin the runswith 30% noise. In generalBIC had
strongerpenaltyfor additionalclusters,andsomoreoftenchoose
5 clustersasthebestscoringmodel

Structur eaccuracy: We measuredthepercentageof additional
variablesin ` (falsepositives)andmissingonesin ` (falseneg-
atives). In general,theprocedure(usingbothBIC andCSscores)
tendedto have very smallnumberof falsenegatives(andthis only
in the smallersamplesizes). On the otherhand,both scoreshad
falsepositives,about20%for CS,and10%–20%for BIC.

Mutual Inf ormation Ratio: In this category all the runswith
800trainingsamplesachievedthemaximalinformationgain.Runs
with 200samplesachieved informationgain of about90%. Runs
with 500sampleshadvariedresultsthatdependedon the level of
noises. For 10% noisewe got maximal information gain, while
resultsin the noisier dataset got 95% informationgain. These
resultsshow that the learnedclusterswerevery informative of the
original clusters.

Clearly, thesesimulationsonly explorea smallpartof thespace
of possibleparameters.However, they show that on a modelthat
hasstatisticalcharacteristicssimilar to real-lifedatasets,ourproce-
durecanperformin a robustmanneranddiscover clusteringsthat
arecloseto theoriginalone,evenin thepresenceof noise.

5.2 Biological Data
We alsoevaluatedour procedureon two biological datasetsof

buddingyeastgeneexpression.Thefirst datasetis from Spellman
etal [31] whomeasuredexpressionlevelsof genesduringdifferent
cell-cycle stages.We examinedtheexpressionof the ËtÌqµTµ genes
thatSpellmanet al identify ascell-cycle relatedin 77experiments.
Theseconddatasetis from Gaschetal [15] whomeasuredexpres-
sionlevelsof genesin responseto differentenvironmentalchanges.
In thisdataset,weexaminedthegenesGaschetal identify in their
analysis[15, Figures3, 4, 7], andgeneswhoseexpressionchanged

Name Description
ABF1 ARS-binding factor involved in the activation of DNA-replication

andtranscriptionalregulationof variousgenes
GCN4 Transcriptionfactorof thebasicleucinezipper(bZIP) family, regu-

latesgeneralcontrolin responseto aminoacidor purinestarvation
MCM Yeast Cell cycle and metabolic regulatorYeast Cell cycle and

metabolicregulator
MIG1 Zinc-fingertranscriptionalrepressorinvolvedin glucose-repression
PHO4 Basichelix-loop-helix (bHLH) transcriptionfactor requiredfor ex-

pressionof phosphatepathway, inactivatedby hyperphosphorylation
by Pho80p-Pho85pcyclin-dependentproteinkinase

RAP1 DNA-binding proteinwith repressorandactivatoractivities,alsoin-
volvedin silencingat telomeresandsilentmatingtypeloci

STRE1 StressResponseElementMSN2/MSN4.
STUAP Aspergillus Stuntedprotein

Table 1: Description of binding sites mentioned in the clus-
ters of Figure 1. The descriptions are basedon TRANSFAC
databaseentries and YPD descriptions.

by morethana 2-fold in at least30 experiments.This list contains
1271genesthatwereweremeasuredin 92 experiments.

In addition to the expressionlevels from thesetwo datasets,
we recordedfor eachgenethe numberof putative binding sites
in the 1000bpupstreamof the ORF ( thesesequenceswere re-
trieved from SCPD[29]). Theseweregeneratedby two methods.
Thefirst is basedon consensussequencesfoundin theSCPD[29]
database.The secondmethodis basedon the “fungi” matrixesin
theTRANSFAC database[17]. WeusedtheMatInspectorprogram
[25] (runwith thedefaultparameters)to scantheupstreamregions.
We usedthesematchesto count (a) the numberof putative sites
in the 1000bpupstreamregion, and(b) the numberputative sites
in four 250bpsub-regionsof theupstreamregion. This generated
discretevaluedrandomvariables(with valuesµ � � � x � yÍx ) thatcor-
respondto eachputative site (eithera wholepromoterregion or a
sub-region).

Weranourprocedurewith differentinitializationpointsanddif-
ferentnumberof clusters.In ourexperiments,ausefulinitialization
pointwask-meansclusteringof only theexpressionmeasurements,
usingtheXClusterprogram[30].

In general,mostof theclusteringswe learnedhadthefollowing
characteristics.First, the expressionmeasurementswere consid-
eredinformative by the clustering. Most of the expressionvari-
ableshad impacton most of the clusters. Second,mostbinding
sitemeasurementswereconsiderednon-informative. Thelearning
proceduredecidedfor mostof thesethatthey havenoeffectonany
of the clusters. Thosethat wereconsideredrelevant, usuallyhad
only 1 or 2 distinct contexts in their local structure. This canbe
potentiallydueto the fact thatsomeof thesefactorsweretruly ir-
relevant, or to a large numberof errorsmadeby the binding site
predictionprogramsthat maskthe informative signal in thesepu-
tative sites. The resultsweresimilar whenwe usedbinding sites
SCPDconsensussitesandTRANSFAC matrix matches.

To illustrate the type of clusteringswe find, we show in Fig-
ure1 two of theclusteringswe learned.Thesedescribequalitative
“clusterprofiles”thathelpsseewhichexperimentsdistinguisheach
cluster, andthegeneraltrendof expressionat theseexperiments.

As we cansee,theclusterslearnedfrom theCell-Cycledataall
show periodicbehavior. This canbeexpectedsincethe800genes
areall correlatedwith thecell-cycle. However, theclustersdiffer in
their phase.Suchclustersprofilesarecharacteristicof many of the
modelswe foundfor theCell-Cycledata.Eachof theclustersde-
pendsonsomewhatdifferenttranscriptionfactors:includingCGN4
(controlssynthesisof nucleotidesandaminoacids),ARS, MCM,
RAP1andRHO4,SCB(all relatedto cell cyclecontrol).Notethat
thesesitesarelocatedin differentpositionsin thedifferentclusters.



# Size ExpressionPattern Binding Sites

Cell Cycle
0 112 -+--+---+ +++---- ++++--++++++ ----+++ - -- +---+++ ++---++++-++-- -- + +
1 125 -- +++ -- +++ --- + - - ++ ++--- + -++++ -- ++---- - ++++- +-- STUAP[4]
2 83 --++ - -++++ --- ++----+++++----- +++++ - -- -+++ - +++ - --- +++++++ MCM1[4]
3 122 --+++++- ----+++ +-- +++------+++ + ---++++++++- ---++ + -- +++ ----- --+++
4 67 --- +++ - - ++ + - ++ -- ++ + -- ++++ --++ + --- +++++++ - STUAP[4]
5 119 ++ ---++++ --- ++ - +++ --- ++++ --- ++ +++++ - - ++---- -+ +++ -- STUAP[4]
6 155 --++++- --+ ++- -- -++ --+ +++- -- -+ +++ +-- --+++ - -++++++ - - - -

AABBCCCCCCCCCCCCCCCCCCDDDDDDDDDDDDDDDDDDDDDDDDEEEEEEEEEEEEEEEEEFFFFFFFFFFFFFF

EnvironmentalResponse
0 117 -------- +--- ------+- -- ---------++----------+ --------- ------+- --------------- -++++ RAP1[3]
5 142 --------- --- -- +--- --- +----------------- ---- -----+- - -+--- + ------ - -+++++ ABF[4]
3 247 --- -----+------ - ---- --- ----------------------------+---- -+ -- ----------- --++ ABF[4]
7 141 --- ---- +-------- - -- ---+----------------- ---- ----- - - -+ ---- ------- - - +++ ABF[4]
4 58 +++++++++ +++++++++++++++++++ ++++++++++ +++ + + ++ -++++++ + +++ ++++++++++++ - -
1 240 +++++++++ +++++++++-++++++++ ++++++++++ +++ + + + ++ -++++++ + +++ +++++ ++++++ + - MIG1[4]

STRE[4]
6 178 ++++++++--+++++++++++++ ++ ++ +++++++++++++++--++ ++++++++++++++ ----++--+++++++++----++++ GCN4[3]

PHO4[3]
2 147 +++++++++ ++++++++++ ++ ++ ++ ++++++++++++++++++++++++++++-+++++ ++++++++++++ ++++++++---- STRE[3,4]

AAAABBBBBBCCCCCCCCCCDDDDDDDDDEEEEEEFFFFFFFFFGGGGGGGHHHHHIIIIIIIIIJJJJJJJKKKKKKKKKKLLLLLMMMMM

Figure 1: Schematicrepresentationof two of the clusteringswe found for the Cell-Cycle data of Spellmanet al and Envir onmental
Responsedata of Gaschet al. For eachcluster, the table shows the number of genesthat were mappedto the cluster, a qualitati ve
accountof the expressionpatterns,and the binding sitesthat wererecognized.The expressionpatternsdescribethr eecases:“ ” when
the measurementdoesnot distinguish the cluster, “+”/”-” when the measure doesdistinguish the cluster and the averageexpression
is above or below, respectively, of the default mean. The last column shows the binding sitesthat distinguish the clusters. The index
in the brackets shows which sub-region of the promoter region was recognizedto have higher than expectednumber of putative
sites. The sub-regionsare 1: -1000to -751,2: -750to -501,3: -500to -251,and 4: -250to -1. The last row in eachgroup shows the
tr eatmentapplied in eachexperiment. For the Cell-Cycledata, theseare: A - CLN3, B - CLB2, C - Alpha, D - CDC15,E - CDC28,F
- ELU (seeSpellmanet al for details). For the envir onmental responsedata, theseareA - 37CHeat Shock,B - Variable Temperature
Shock, C - Hydr ogenPeroxide, D - Menadione, E - DDT, F - Diamide, G - Sorbitol osmotic shock,H - Amino-acid starvation, I -
Nitr ogenDepletion,J - Diauxic shift, K - Stationary phase,L - Continuous carbon sources,M - Continuous temperature (seeGasch
et al for more details).
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Figure 2: Detailed description of the eight clusters of the Envir onmental Stressdata setdescribedin Figure 1. The graphs on the
left show clustersof genesthat are down-regulatedin responseto stress,and on the right clustersof genesthat are up-regulatedin
responseto stress. Each graph shows the mean value of the expressionlevel of genesin the clusters for eachexperiment, and the
1-standard deviation confidenceinterval around it. The bottom graphscomparesthe meansof the clusters.
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Figure3: Detaileddescription of the seven clustersof the Cell-Cycle data setdescribedin Figure1.

This might indicatethatthepositionof thesiteaffectsits role.
In theEnvironmentalResponsedata,thebestscoringmodelshad

eightclusters.In themodelshown in Figure1, weseefour clusters
of genesthatwereunderexpressedin stressconditions,threeclus-
ters of genesthat areoverexpressedin theseconditions,andone
clusterof genesthat weremostly unaffectedby the stresscondi-
tions. This later clusterhashigh variance,while the othershave
relatively tight variancein mostexperiments.Someof theclusters
correspondto clearbiological function: For example,Cluster#0 ,
consistsmostly(103/117)of genesthatareassociatedwith protein
synthesis.Cluster#3alsocontainsproteinsynthesisgenes(46/247)
andRNA processingandtranscriptiongenes(24/247).

We notethattheclustersdescribedifferent“levels” of response.
This might bea consequenceof thek-meansclustering.Although
the learnedclusteringis quite different than the initial k-means
clustering(more than50% of the geneshave changedclustersin
thefinal clustering),it mightbepossiblethatadditionalexploration
of themodelspacewill find other“profiles” of clusters.

6. DISCUSSION
In thispaperweexaminedtheproblemof clusteringgenesbased

on a combinationof genomicandgeneticdata.We presentanap-
proachthat allows to combinegeneexpressiondataandputative
binding site (from varioussources),and identify and characterize
clustersof genes.Our approachis novel in its ability to dealwith
many attributesthatareirrelevant to theclustering,andits ability
to tailor eachclusterto theattributesthatit dependson. Dueto the
natureof theunderlyingbiologicalproblem,webelievethatourap-
proachis moresuitablethanstandardclusteringmethodsthattreat
all variableson equalfooting.

Thepreliminaryexperimentalresultson bothsyntheticandreal
data, suggestthat this approachis robust to noiseand recovers
groupsof geneswith coherentbehavior. Thisclaim,however, needs

to be substantiatedby additionalexperimentsand careful analy-
sis of the clustersfound. As describedabove, becauseof local
maxima, the resultsare affectedby the initialization point. We
areworking on developingmoresuitablesearchmethodsthatwill
escapelocal maximaat low cost(without resortingto large-scale
stochasticsimulations). Another issue,is the noisy outputof the
consensusandweightmatrixesputative sitessearches.This noise
obscuressubtlesignalsin thedata,which might be learnablewith
betterbindingsitesrecognitiontools.

Ourapproachis similar to thatof HolmesandBruno[18] in that
bothapproachesuseunifiedprobabilisticmodelsfor geneexpres-
sion andbinding sites. However, thereareseveral distinct differ-
ences.HolmesandBrunofocusontheproblemsof findingnew pu-
tativesites,assuchtheirmodelcombinesanaiveBayesmodelover
expressionattributesandan HMM-lik e modelof DNA sequences
(as in [19, 23]). This provides more detailedmodelsof binding
sites,andcandiscover novel ones.However, suchmodelsassume
onebindingsitepercluster, andcannotdetectmultiple regulatory
sites,nor detectthatsomeexperimentsareirrelevant to thedefini-
tion of aspecificcluster. Thisdifferenceis reflectedin thechoiceof
statisticalmethods:HolmesandBruno’smethodsearchesfor max-
imumlikelihoodparametersin afixedparametricmodel,while our
approachperformsBayesianmodelselection.

Thereareseveralwaysof extendingour approach.Thefirst one
is to extendthemodelsof bindingsitesto finer grainmodels,such
asPSSM/HMMlike modelsof bindingsites.This involvesreplac-
ing a randomvariableby a sub-modelthat includesadditionalpa-
rametersthat needto be learned. The languageof Bayesiannet-
worksprovidestoolsfor suchcomplex modelsandthefoundations
for learningwith them.Yet, therearealgorithmicandmodelingis-
suesthatneedto beaddressed.Suchacombinedapproachcanam-
plify our understandingsasto therelevanceof new bindingsite(s)
to theclusteringof genes.



Another importantaspectof our approachis that it provides a
comprehensiÎ ve modelof expressionandthebindingsitesthat reg-
ulateit. As suchit attemptsto dealwith all attributesthataffect the
geneexpressionpatternatonce,anddoesnotconsidereachbinding
site without regardto its context. A possibleextensionis to learn
directinteractionsbetweenattributes(e.g.,if bindingsiteA appears
in a certainregion, thentheprobability that it will appearin other
regionswill decrease).We cando soby learninga Bayesiannet-
work thatmodelsthesedependencies.An attractive classof such
Bayesiannetworksarethetree-augmentedNaiveBayesmodelsthat
wereintroducedin thecontext of supervisedlearning[12].

Finally, themodelswe learnheregeneralizeover genes.Thatis,
they proposeda uniform modelfor genes.In contrast,experiments
receive individual treatment.Ideally, we would like to generalize
bothover genesandover experiments.This requiresa modelthat
describes2-sidedclustering:clustersof genes,andclustersof ex-
periments.To learnclusteringsthatalsotakesinto accountgenetic
information,we needmoreexpressive language.A potentialmod-
eling languagefor thisproblemcanbefoundin [13].
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APPENDIX

A. SUFFICIENT STATISTICS AND
CONJUGATE PRIORS

In this appendixwe review the detailsof Dirichlet andNormal
Gammapriors.This is mostlytext bookmaterialandcanbefound,
for example,in [8].

A.1 Dirichlet Priors
Let
�

bea randomvariablethatcantake
�

possiblevaluesthat
without lossof generalityarenamed2!� ��������� = . A parameteriza-
tion for

�
is a vector �4 D �Ï� 4 � ��������� 4 � � suchthat 4 +,Ð µ and? + 4 + � � . Suppose,we aregivena trainingsetof

A
independent

draws  � ���������  � of
�

from anunknown multinomialdistribution� ¹ . The likelihoodof theobservationsfor givenparametersis:�	�M �����������  �[& �4 D �1� g + 4 � 8+
where

A +
is thenumberof occurrencesof thesymbol

�
in these-

quence � ���������  � . The vector
³ �Ï��A	� ��������� A � � is the suffi-

cient statisticsof the sequence �����������  � . If two sequencesare
suchthat they have the samecounts,then their likelihood is the
same.

The multinomialestimationproblemis to find a goodapproxi-
mationfor � ¹ . This problemcanbestatedastheproblemof pre-
dicting the outcome �-¿¸� given  � ���������  � . Given a prior dis-
tribution over thepossiblemultinomialdistributions,theBayesian
estimateis: �	�M �@¿r�'&  �����������  � �@�� �	�M �@¿r�N& �4 � �	�5�4 &  �����������  � �i� �4 (8)

Theposteriorprobabilityof �4 canberewritten usingBayeslaw as:�	�5�4 &  � ���������  �N�ÑL �	�5�4 � g + 4 � 8+ (9)

The family of Dirichlet distributionsis conjugateto the multino-
mial distribution. That is, if theprior distribution is from this fam-
ily, so is theposterior. A Dirichlet prior for

�
is specifiedby hy-

perparameters
� ����������� � � , andhastheform:�	�5�4 ���^Ò �"? + � + �� + Ò � � + � g + 4TÓ 8 � �+

for ? + 4 + � � and 4 + Ð µ for all
�
, where Ò �M �-�zÔ�ÕÖØ× 6 � ��Ù � Â � ×

is thegammafunction.GivenaDirichletprior, theinitial prediction
for eachvalueof

�
is �	� ��� �u�3�1�tÔ 4 + �	�5�4 �i� �4 �u� + Z ? � � � . It

is easyto seethat,if theprior is aDirichlet prior with hyperparam-
eters

�-� ��������� � � , then the posterioris a Dirichlet with hyperpa-
rameters

�-� X A�� ��������� � � X A � . Thus,wegetthattheprediction
for
� �@¿r�

is�	� ���-¿¸� �u� &  �����������  � �1� � � + X A + �? � � � � X A � �

We canthink of the hyperparameters
� +

asthenumberof “imag-
inary” examplesin which we saw outcome

�
. Thus,the ratio be-

tween hyperparameterscorrespondsto our initial assessmentof
the relative probability of the correspondingoutcomes. The to-
tal weightof thehyperparametersrepresentour confidence(or en-
trenchment)in theprior knowledge.As we cansee,if this weight
is large,ourestimatesfor theparameterstendto befurtheroff from
theempiricalfrequenciesobservedin thetrainingdata.

Finally, to scoremodelswe alsoneedto computethe marginal
probability:�	�M � ���������  �N�Ú� � �	�M � ���������  � & �4 � �	�5�4 �i� �4� Ò �"? + � + �Ò �"? + � + X A + � g + Ò � � + X A + �Ò � � + �
A.2 Normal-Gamma Priors

Let
�

beacontinuousvariablewith aGaussiandistribution.The
parameterizationof �	� � � is usuallyspecifiedby themeanB and
thevariance

F G
. In our treatment,wewill usetheprecisionÛ � �ÜqÝ

insteadof thevariance.As weshallseeit is morenaturalto usethis
parameterizationin Bayesianreasoning.Thelikelihoodfunctionin
this caseis�	�M �����������  �[& B � Û ��� g +ßÞ Ûx5àdá�âVã �Yª �x ÛH�M + ª B + � G!ä

It turnsoutthatthesufficientstatisticsfor thislikelihoodfunction
are
A

(the numberof samples),å � � ? +  + , and å G � ? +  G+ .
Thenwe canwrite�	�M �����������  �[& B � Û ���á�âVã �@A �x � PWQTS Û ª Û.B G � X å � �x Û.B ª å G �x Û ä

Thenormal-gammadistributionis aconjugateprior for this like-
lihood function.Thisprior over B � Û is definedas�	�CB � Û �rL ÛYæÝ Ù � æÝ!ç7è  Ré � é5ê ¢ Ý Û.Ó � � Ù�ë è
where B Ö , � ,

�
, and ì arethe hyper-parameters.This prior hasa

gammadistribution over Û anda normaldistribution for �	�CB & Û �
with meanB Ö andprecision

� Û .
The posteriordistribution, after we have seen � ���������  � with

sufficientstatistics
��A � å ��� å G � hashyper-parametersB U Ö � � U � � U � ì U ,

where B U Ö � ç é5ê ¿E�@í æç ¿E� ,
� U �^� X A ,

� U ��� X �G A , and ì U �ì X �G A �Cå G ª å G� � X � ç   í æ � é5ê ¢ ÝG   ç ¿î� ¢ . Finally, themarginal likelihood
is �	�M �����������  � ���/� �	�M �����������  �t& �4 � �	� �4 �i� �4� �"x7à � � æÝ �*ï �� X AÍð æÝ Ò � � X �G A��Ò � ��� ìHÓñì U �   Ó ¿ æÝ � ¢
whereì U is definedasabove.


