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Abstract

In the context of learning Bayesiannetworks
from data,very little work hasbeenpublishedon
methodsfor assessingthe quality of an induced
model.This issue,however, hasreceiveda great
dealof attentionin thestatisticsliterature.In this
paper, we takea well-knownmethodfrom statis-
tics, Efron’s Bootstrap,andexamineits applica-
bility for assessinga confidencemeasureon fea-
turesof the learnednetworkstructure. We also
comparethis methodto assessmentsbasedon a
practicalrealizationof the Bayesianmethodol-
ogy.

1 Intr oduction

In the last decadetherehasbeena greatdealof research
focusedon the issueof learningBayesiannetworksfrom
data.With few exceptions,theseresultshave concentrated
on issuesof computationallyefficient induction methods
and, more recently, on the issueof hiddenvariablesand
missingdata. Very little work (but seebelow) hasbeen
publishedon methodsor on a methodologyfor assessing
thequalityof aninducedmodel.
In this paper, we areinterestedin thefollowing questions:
With what confidencecan we establishthat a given fea-
ture of the inducednetwork is part of the goldenmodel
thatgeneratedthedata(if suchmodelexists)? Is theexis-
tenceof a directedarcin our inducedmodeltheproductof
chance/noise,or is it a statisticallyvalid conclusionfrom
thedata?
Therehave beenfew attemptsto answersuchquestionsin
the literature:Cowell et al. [4] presenta methodbasedon
the log-lossscoringfunctionto monitoreachvariablein a
givennetwork. Thesemonitorscheckthe deviation of the
predictionsby thesevariablesfrom theobservationsin the
data. Heckermanet al. [7] presentanapproach,basedon
Bayesianconsiderations,toestablishthebeliefthatacausal
edgeis partof theunderlyinggeneratingmodel.
The problemwe studyin this paper, is similar in spirit to
theoneinvestigatedby Heckermanetal. Weareconcerned
with beingableto assessa confidencemeasureto features
of an inducednetworkstructure.To this end,we examine

an approachbasedon the Bootstrapmethodof Efron [5].
The Bootstrapis a computer-basedmethodfor assigning
measuresof accuracy to statisticsestimatesandperforming
statisticalinference.Although the Bootstrapis conceptu-
ally easyto implementandapply, thereareissuesaboutthe
convergenceof the (confidence)estimatescomputedwith
it in the the domainof Bayesiannetworks. Convergence
requirefirst asymptoticconsistency of the (Bayesiannet-
work) inductionalgorithm,andseconda continuitycondi-
tion on the featurebeingexamined. This paperprovides
empiricalevidencethat, in practice,high confidenceesti-
mateson structuralfeaturesareindicative of theexistence
of thesefeaturesin thegeneratingmodel.
Theremany possiblefeatureswe might examinesuchas
whetherthereis an edgefrom * to + , or whether * is
in + ’s Markov blanket. In general,however, we mustbe
careful about the featureswe select,sinceobservational
dataalonecannotdistinguishbetweenequivalentnetworks,
namelynetworksencodingthe sameindependencestate-
ments.In particular, wearebetteroff if we limit ouratten-
tion to distinguishingfeaturesamongstequivalentclasses
of networksthanto featuresof theparticularinducednet-
work (which canbe an arbitrarychoicefrom the equiva-
lenceclass).
Thefeaturesweexaminein thispaperareedgesin thepar-
tially directedgraph(PDAG) thatdescribestheequivalence
classof the learnednetwork. Theseedgescan be either
directed,denotingthat the edgedirection is the samein
all equivalentnetworks,or undirected,denotingthateither
directionis possiblein someequivalentnetwork. Results
of [2, 8] describethe relationshipbetweensuchPDAGs
andequivalenceclassesof Bayesiannetworks.In particu-
lar, every equivalenceclasscanberepresentedby a unique
PDAG.
Therestof thepaperis organizedasfollows: In Section2,
we briefly review thedefinitionof Bayesiannetworksand
the methodsfor learningthem. In Section3, we suggest
two methods,basedon the Bootstrap,for assessingour
confidencein a partially directededgesin a Bayesiannet-
work. In Section4 we suggesta variantof the methodof
Heckermanet al. for Bayesianestimationof our beliefs
aboutsuchedges.In Section5, we presentresultson ex-
perimentswith thethreemethodsandcomparetheirbehav-
ior. In this section,we alsosuggestseveral waysof visu-



alizingourconfidenceestimation.Finally, futurework and
thefurtherapplicationof thesetechniquesarediscussedin
Section6.

2 Learning BayesianNetworks

Considera finite set ,.-0/�*2143�5�5�5
3�*7698 of discreteran-
domvariableswhereeachvariable*;: maytakeon values
from a finite set. We usecapital letters,suchas *<3�+!3
= ,
for variablenamesand lowercaseletters >?3�@A3�B to denote
specificvaluestakenby thosevariables.Setsof variables
aredenotedby boldfacecapitalletters,C3�DE3�F , andassign-
mentsof valuesto thevariablesin thesesetsaredenotedby
boldfacelowercaselettersGH3�I!3�J .
A Bayesiannetworkis anannotateddirectedacyclic graph
thatencodesa joint probabilitydistributionof a setof ran-
domvariables, . Formally, a Bayesiannetworkfor , is a
pair KL-NMPOQ3
R�S . Thefirst component,namely O , is a di-
rectedacyclic graphwhoseverticescorrespondto theran-
domvariables*21�3�5�5�5�3�*76 , andwhoseedgesrepresentdi-
rectdependenciesbetweenthevariables.Thegraph O en-
codesthe following setof independencestatements:each
variable*7: is independentof its non-descendantsgivenits
parentsin O . Thesecondcomponentof thepair, namelyR ,
representsthesetof parametersthatquantifiesthenetwork.
It containsa parameterT%U�V�W paX UYV[Z�-]\?^`_�>(:;a pa _�>(:cb�b for
eachpossiblevalue > : of * : , andpa _c> : b of pa _d* : b , where
pa _�* : b denotesthesetof parentsof * : in O . A Bayesian
network K definesa uniquejoint probability distribution
over , givenby:

\?^e_�*2143�5�5�5
3�*;6(bH- 6f:�g?1 \?^`_d*;:!a pa _�*7:�b�b%5
The problem of learning a Bayesiannetwork structure
can be statedas follows. Given a training set h -/�GHikjmln3�5�5�5�3�GHi�o2l�8 of instancesof , , find a network K that
bestmatches h . The commonapproachto this problem
is to introducea scoringfunction (or a score) that evalu-
atesthe “fitness” of networkswith respectto the training
data,and then to searchfor the bestnetwork (according
to this score). In this paperwe usethe scoreproposedin
[6] which is basedon Bayesianconsiderations,andwhich
scoresa networkstructureaccordingto theposteriorprob-
ability of thegraphstructuregiventhetrainingdata(up to
aconstant).Wewill takeadvantageof thisfact in Section4
for computinga Bayesianestimationof the belief of the
existenceof anedgein a model.
Findingthestructurethatmaximizesthescoreis usuallyan
intractableproblem[3]. Thus,weneedto resortto heuris-
tic searchto find ahigh-scoringstructure.Standardpropos-
alsfor suchsearchincludegreedyhill-climbing, stochastic
hill-climbing, andsimulatedannealing;see[6]. In this pa-
perwewill focusona greedyhill-climbing strategy.
In our experiments,we will not assessdirectly the confi-
denceontheexistenceof anarcin theinducednetwork,but
rather, on theexistenceof anarcin theequivalentclassof
networks.As discussedin the introduction, two Bayesian
networkstructuresO and O�p areequivalent, if they imply

exactly the samesetof independencestatements.The re-
sultsin [2, 8] establishthat two equivalentnetworksstruc-
turesmustagreeon theconnectivity betweenvariables,but
might disagreeon the directionof the arcs. Theseresults
alsoshow thateachequivalentclassof networkstructures
canbe representedby a partially directedgraph (PDAG),
wherea directed*rqs+ denotesthatall membersof the
equivalenceclasscontainthe arc *tqu+ ; and,an undi-
rectededge* — + denotesthatsomemembersof theclass
containthearc *vqw+ , andsomecontainthearc +xqw* .
The scorein [6] is structureequivalent in the sensethat
equivalentnetworksreceive equalscores. In our experi-
ments,we learnnetworkstructuresandthenusetheproce-
duredescribedin [2] to convert themto to PDAGs.

3 UsingBootstrap for Confidence
Estimation

Suppose we are given o
observations h.-y/�GHikj
l�3�5�5�5�3�GHi�o2l�8 , eachan assignment
of valuesto , . Moreover, assumethat theseassignments
wheresampledindependentlyfrom aprobabilisticnetworkK . Let O be thePDAG graphcorrespondingto K andletz

bethesetof edgesin O . (Note thatedgescanbeeither
directededges*{q|+ or undirectededges* — + .) Let}K2_chQb betheinducednetworkreturnedby someinduction
algorithminvokedwith data h asinput, andlet

}OQ_chQb be
the correspondingPDAG structure. For any edge ~ con-
siderthefollowing quantity�A� _�~�bH-��#�%/4~�� }OQ_�hQbea(a h<a�-�o�8�5
This is theprobabilityof inducinga networkthatcontains~ amongall possibledatasetsof size o thatcanbesampled
from K . 1 If our inductionprocedureis consistent, thenwe
expect that as o grows larger, �(� _c~�b will converge to j
if ~���O , and to � if ~����O . The quantity �A� _c~�b is a
naturalmeasureof the power of any inductionalgorithm.
Our goal is to find estimatesof � � _�~�b givenonly a single
set of observations h of size o . This would mimic the
usualinductionsituationwhenwe want to learna model
from data.
We describetwo possiblealgorithms: the non-parametric
bootstrapand the parametricbootstrap. Application of
the non-parametricbootstrapbegins by re-sampling o
times, with replacement,from the dataseth . This re-
sults in a sequenceof instanceswhich we label hQ�1 -/�G�� 1 ikj
l�3�5�5�5�3�G�� 1 i�o2l�8 . We then repeatthis procedure �
times,labelingthe �d�c� replicatehQ�: . For eachreplicatewe
inducea PDAG

}OQ_�hQ�: b . Wethendefine

� �%� 6� _c~�b!- j�
�� :�g?1 j�/�~�� }O�_ch �: b
8$5

The parametricbootstrapis a similar process.Insteadof
re-samplingthe datawith replacementfrom the training�

Of course,thereare nontrivial relationshipsbetweencon-
fidenceestimatesfor different edges. For example �(��������e A¡ �(�¢� � �]�  A¡ �(�¢��� —
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data,we samplenew datasetsfrom the inducednetwork}K2_chQb . We define � ��� ¦� _c~�b asabove with respectto the �
induceddatasets.The parametricbootstrapestimatesof�(� _c~�b will converge undermore generalconditionsthan
thenon-parametricbootstrap,provided,of course,that the
parameterizationconvergesto thetrueunderlyingmodelat
leastasymptotically. On the otherhand,if this last con-
dition is not satisfiedthen no consistency claim can be
made. The non-parametricbootstrapestimatesrequireno
suchmodelconsistency.
Theconsistency of thenon-parametricbootstrap,however,
requiresuniform convergencein distribution of the boot-
strapstatisticaswell asa continuitycondition(in the pa-
rameters). Convergenceof the parametricbootstrapwill
hingeon a continuity condition,andmost importantlyon
theasymptoticconsistency of theinductionalgorithm.Un-
der theseconditions,we claim thatas � and § tendto ¨
then a �(� _c~�bH© � �%� 6� _c~�b�a tendsto � for all edges~ . We are
currentlyworkingonprovidingathoroughtheoreticalanal-
ysisof theseconditionsin thecontext of Bayesiannetwork
induction. Oneof thepurposesof the preliminaryexperi-
mentsin thesectionbelow is to provide empiricalsupport
for thisclaim.

4 BayesianConfidenceEstimation

TheBayesianperspectiveonconfidenceestimationis quite
different than the “frequentist” measureswe discussed
above. A Bayesianwouldcompute(or estimate)theposte-
rior probabilityof eachfeature.Via reasoningby casesthis
is simply:

�#��_c~7a�hQbH- �
ª �#��_�O]a�hQb�j«/4~��<O78$5 (1)

Theterm �#��_�O¬a�hQb is theposteriorof astructuregiventhe
trainingdata,andfor certainclassesof priors,canbecom-
putedup to a multiplicativeconstant(wheretheconstantis
thesamefor all graphsO ) [6].
A seriousobstaclein computingthis posterioris thatit re-
quiressummingoveralarge(potentiallyexponential)num-
ber of equivalenceclasses.Heckermanet al. [7] suggest
to approximate(1) by findingaset  of highscoringstruc-
tures,andthenestimatingtherelativemassof thestructures
in  thatcontains~ .

�#��_c~7a�hQbH®°¯
ª²±4³ �#��_�O¬a«hQb�j�/�~´�µO78
¯
ª#±�³ �#��_cOLa�hQb 5

This raisesthequestionof how we constructO . Onesim-
pleapproachfor findingsuchasetis to recordall thestruc-
turesexaminedduringthesearch,andreturnthehighscor-
ing ones. The setof structuresfound in this way is quite
sensitive to the searchprocedurewe use. For example,if
we usegreedyhill-climbing, thenthe setof structureswe
will collectwill all bequitesimilar. Sucharestrictedsetof
candidatesalsoshow upwhenweconsidermultiplerestarts
of greedyhill-climbing andbeam-search.This is a serious
problemsinceweruntherisk of gettingestimatesof confi-
dencethatarebasedonabiasedsampleof structures.

Edges All ¶�·�¸ ¶¢·¹¸
edges � � ��¶  ?º<»Y¼ ½�¾

Method ¿ À$Á ¿ ÀÂÁ ¿ À$Á
1K P G .062 .007 .067 .008 .051 .009
1K N G .076 .005 .064 .004 .052 .004
1K P B .069 .007 .067 .007 .046 .007
1K N B .093 .006 .091 .006 .068 .006

10K P G .042 .004 .036 .003 .021 .001
10K N G .070 .006 .062 .006 .048 .005
10K P B .075 .008 .073 .007 .047 .004
10K N B .084 .005 .081 .005 .065 .003

Table1: Expecteddifferencea � � _c~�b$© � �� _c~�b�a andvariance
of thesedifferencesfor thevariousexperimentsconducted.
Experimentsare designatedby P or N for parametricor
non-parametricbootstrap,and by G or B for greedyhill
climbingor beamsearch,respectively.

Oneway of avoiding this problemis to run a fairly exten-
sive MCMC simulationof the posteriorof O . Then we
might expect to get a morerepresentative groupof struc-
tures.This,procedure,however, canbequiteexpensive in
termsof computationtime. The bootstrapapproachsug-
gestsa relatively cheapalternative—wecanusethestruc-
tures

}O7_chQ�1 b�3�5�5�5
3 }O;_�hQ�� b from the non-parametricboot-
strapasour representativesetof structuresin theBayesian
approximation.In this proposalwe usethere-samplingin
theBootstrapprocessesasway of wideningthesetcandi-
dateswe examine. The confidenceestimateis now quite
similar to the non-parametricbootstrapof Section3, ex-
ceptthatstructuresin the bootstrapsamplesareweighted
in proportionto theirposteriorprobability.

5 Experimental Results

We usedthe “alarm” network [1] which has 37 random
variablesand46edges(only 4 of whicharenotcompelled)
as the datageneratingdistribution K . We performedex-
perimentswith o (thenumberof instancesin ourdataset)
being j�3
����� and j��(3
����� . We choosejY3��Y��� , sinceit is too
small to recover the true network,but large enoughto re-
cover someof the morepronouncedrelations. Thus, we
can examinehow well the confidenceestimatesseparate
the partsof the networkthat areaccuratefrom thosethat
arenot. On the otherhand, j��A3��Y��� is usuallyenoughto
recover a goodapproximationto the generatingnetwork.
In this casewe expectto bemoreconfidentaboutthetrue
structure.
Weusedtwosearchproceduresin ourtests.Thefirst search
procedureis greedyhill-climbing with randomrestarts.
This procedureattemptsto apply the bestscoringchange
to the currentnetworkuntil no further improvementcan
be made. Oncethe hill-climbing procedurewasstuckat
a local maxima,it applied20 randomarc changes(addi-
tion/deletion/reversal)and restartedthe search. The pro-
cedurewas terminatedafter a fixed numberof restarts.
The secondsearchprocedureis beamsearch. This pro-
cedurekeepsa queueof Ã candidates(in our experiments
we chooseÃÄ-wÅY� ). At eachiterationthe procedurese-
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Figure1: Scatterplotscomparingtheconfidencereportedby thebootstrapagainsttheconfidencefrom thegoldenmodel.
The > -axis is the bootstrapconfidence,and the @ -axis is the estimateof the goldenmodelconfidence. Eachedgeis
representedby a markwith theappropriate> and @ coordinates.Edgesthatappearin thegeneratingPDAG aremarkedas
a box,while otheredgesaremarkedasa plussign.

lectsthebestcandidateon thequeue,generateall it neigh-
bors,andinsertsonesthat werenot expandedbeforeinto
thequeue(keepingthebest Ã amongthesenew candidates
andthe previous oneson the queue).The procedurewas
terminatedafter300 iterationswithout improvement.The
maindifferencebetweentheseproceduresresidesthenon
thestrategiesusedto escapelocalminima.
To estimate�A� _�~�b we sampled200 datasetsof size o
from the“alarm” network,induced200networksKÆp , and
computed� � _�~�b�- 1Ç
È�È ¯ Ç
È�È:�g?1 j�/�~Q�¥O�p: 8 . (Thechoiceof�É-ËÊ��Y� is basedon the recommendationsin [5].) We
generatedestimatesof �(� _c~�b for the two valuesof o and
for thetwo searchprocedures.
We then comparedthe bootstrapestimateswith (our ap-
proximationof) �A� _c~�b . We generated10 datasetsfrom
“alarm”, andappliedboth parametricandnon-parametric
bootstrapproceduresto eachdatasetseparately(for each
searchprocedures). Eachof thesebootstrapprocedures
generated200networks,from which we computedour es-
timate � �� _�~�b . Figure1 shows plotscomparing� �� _�~�b (av-
eragedoverthe10repetitions)� � _c~�b . Thecloserthepoints
to thediagonalline thesmallerthedifferencebetweenthe
estimates. As we can see,edgeswith high confidence
(above �A5 ÌYÍ ) have a generaltendency to clusteraroundthe
diagonalline. Thereis biggerdispersionin theregion be-
tween �A5�Ê and �A5 Î . Also, theestimatesof � �� _c~�b appearto
be slightly pessimisticwhen ou-{j���Ã . In general,and
speciallyfor the caseof oÏ-Ðj���Ã , if � �� _c~�b7Ñ]�(5�Ì�Í then� � _c~�b¢ÑÒ�(5�Ì�Í whichis reassuring.

To quantitatively summarizethe errorsin estimationand
thevarianceamongdifferentbootstrapruns,we computed
theexpecteddifferencea �(� _�~�bÓ© � �� _c~�b�a andthevariance
of thisdifferenceacrossdifferenttrainingdatasets.We re-
port thesecomputationsin Table1 for several cases:All
edges,all edgesin O (thegeneratingmodel),andedgesinO with � � _�~�b�ÑÔ�(5�Ì�Í . Theexpectationis weightedby the
actualconfidencewe needto assignto edges(i.e., � 6 _c~�b ),
sinceerrorsin estimatingtheconfidenceof low-confidence
edgesis lessimportant. We computethis weightedaver-

ageaccordingto ¯ V�Õ$ÖV�Õ$× W ¦4Ø X[Ù V[Z�Ú ¦�ÛØ X[Ù VkZ�W[Ü ¦�Ø X[Ù VkZ¯ V�Õ$ÖV�Õ$× ¦ Ø X[Ù V Z 3 where Ý is

thenumberof edgesconsideredin thecomputation.Note
that for edgeswith � �Y_c~�b´Ñ¬�(5�ÌYÍ , thedifferenceis aslow
as �A5���Ê(j in theparametriccasewith ow-]j���Ã . Moreover,
Figure1 indicatesthatmostof the � �Y_c~�b�ÑÞ�(5�ÌYÍ estimates
when oß-Éj���Ã are “pessimistic,” guaranteeinga better
confidence� _�~�b in thegeneratingmodel.As canbeseenin
Figure2 evenin thenon-parametriccase(wherethediffer-
enceis �(5���à$Ì , all edgesin thisclass(bold lines)alsoappear
in thegeneratingmodel.
Motivatedby theseobservations,wedecidedto investigate
whetherwe can usethe estimateof confidenceto decide
whetheranedgebelongsto thegeneratingmodelor not. A
simpledecisionprocedureis to rely ona thresholdvalueof
theconfidence.That is, we classifyanedge~ as“true” if� �� _c~�b¢Ñâá for somethresholdvalue.We canthenexamine
the numberof falsepositives(i.e., � �� _�~�b´Ñãá but ~E��ÄO )
and falsenegatives(i.e., � �� _�~�båä°á but ~æ�¬O ) for dif-



Threshold
»Y¼ ç�» »Y¼ ½�¾ »Y¼ è�»

Method fp fn fp fn fp fn
1K P G 11.0 19.5 7.5 23.5 4.0 27.6
1K P B 8.8 14.5 5.9 18.8 3.5 25.9
1K N G 8.8 19.9 3.4 25.1 1.5 32.9
1K N B 8.4 19.8 3.7 24.7 1.1 33.0
1K B G 22.1 19.7 21.9 19.7 21.9 19.7
1K B B 13.3 12.3 13.1 12.5 12.8 12.8
1K B é G 7.8 22.4 3.1 26.9 1.4 34.0
1K B é B 8.1 19.8 3.6 24.8 1.1 33.0
1K G G 19.0 26.0 11.0 26.0 6.0 29.0
1K G B 9.0 18.0 6.0 22.0 5.0 26.0

10K P G 9.3 17.0 7.9 21.2 6.1 24.5
10K P B 8.7 14.1 7.4 18.0 6.5 21.1
10K N G 7.7 16.6 4.9 20.3 3.1 27.0
10K N B 6.4 14.4 4.2 19.3 2.2 27.3
10K B G 22.4 16.9 22.4 16.9 22.1 16.9
10K B B 13.0 10.5 13.0 10.5 12.7 10.7
10K B é G 7.2 16.7 4.7 20.4 2.7 27.7
10K B é B 5.1 17.6 3.0 21.5 2.0 29.0
10K G G 5.0 15.0 5.0 20.0 5.0 23.0
10K G B 4.0 7.0 4.0 15.0 4.0 23.0

Table 2: An analysisof the averagenumberof misclas-
sificationsasa function of the thresholdvalue. Reported
numbersare“fp” for falsepositive,and“fn” for falsenega-
tive. Methodsaredescribedby: numberof instances,“1K”
for oÐ-Lj����Y� and“10K” for o0-Lj��Y����� ; typeof estima-
tion, “P” for parametric,“N” for non-parametric,“B” for
Bayesian,“B � ” for Bayesianweightingof non-parametric
bootstrap,and “G” for the estimateof the “golden” con-
fidence � � _c~�b ; and searchmethod,“G” for greedyhill-
climbing,and“B” for beamsearch.

ferentbootstrapruns. Table2 reportsthe numberof false
positivesandnegativeswhenweclassifybasedon theesti-
mates.Thesenumbersareaveragedover the10 bootstrap
runs. The tablecontainsthe classificationerrorsfor both
thefrequentistestimatesandthetwo Bayesianmethodswe
describedabove. TheBayesianmethodsdiffer on thenet-
worksconsideredin their respective computation:thefirst
collectsnetworksduringthesearch,andtheotherrelieson
thenon-parametricbootstrapfor thenetworks.
Thereareseveral thingsto note. First, theseresultsindi-
catethatsomeof themisclassificationaredueto problems
with the learningprocedures(i.e., either the scoringmet-
ric andprior we usedor thesearchproceduresaredirectly
responsible). To seethis, note that the classificationer-
rorsbasedon �(� _c~�b , theestimatebasedon thegenerating
model,involveat least4 falsepositivesatall thresholdlev-
elsandbothtrainingsetsizes.This meansthatsuchedges
appearedin mostof thenetworkslearnedfrom samplesof
thedomain.We stressthatmissinga singleedgein thein-
ductioncancausethis phenomena,sinceit cancausethe
arc directionof otheredgesnot to be compelled.We are
currently investigatingthe sourceof this error. Thesere-
sultsalsoindicatethatbeamsearchusuallyperformsbetter
thangreedyhill-climbing.
Second,theseresultsdemonstratethe Bayesianapproach
that collects networksduring the searchis not sensitive
to the thresholdvalue usedin the classificationprocess.

A closerinspectionof the estimatesgeneratedby this ap-
proachshowedthat it assignsextremevalues,eitherclose
to 1 or closeto 0 to theedges,aspredictedby our discus-
sionabove.
Third, by having moredata,we usually reducethe num-
ber of errors. However, for a fixed thresholdvalue the
numberof falsepositive increasesin several cases.This is
mainlydueto thefact thatwith tentimesmoredata,weare
moreconfidencein edgesthat appearin all the networks.
Although, the increasednumberof false positivesseems
counterintuitive, we notethat the relative numberof mis-
classifiededgesamongthe edgeswith confidencehigher
thana thresholdis smallerin mostof thesecases.
Theseresultsindicatethatthereis nontrivial correlationbe-
tweenhigh confidencein an edge,sayabove 0.75,andit
being in the generatingmodel. However, we must cau-
tion that countingedgescanbe misleading,sincewe are
ignoringthestrengthof thedependency betweenvariables
andotherfeaturesof thedistributions.Wealsosuspectthat
otherfeatures,suchasmembershipin theMarkov blanket
of avariable,or neighborhoodrelationsin thegraph,might
be morereliably predicatedbasedon the bootstrapmeth-
ods.We arecurrentlyinvestigatingthis issue.

6 Discussion

The purposeof this paperwasto examinethe applicabil-
ity of theBootstrapto estimateconfidencein learnednet-
works. We focusedon thestructuralpropertiesof thenet-
works, specificallyon the confidenceof eachedgeon the
relatedPDAG. Our preliminaryresultsareencouragingin
that they indicatethat the bootstrapconfidencesare cor-
relatedwith estimateson thegeneratingmodel.Moreover,
thegreatmajorityof edgesthatwerelabeledwith highcon-
fidence(greaterthan0.75)wereindeedpresentin thegen-
eratingnetwork. Our experimentsalsouncoveredimpor-
tant differencesin performancebetweenthe searchmeth-
ods,whenwe examinethe structuralpropertiesof the in-
ducednetworks.Beamsearchwasconsistentlybetterin the
classificationexperimentsdepictedin Table2. Yet,thecon-
fidenceestimatesfor thecaseof oÐ-ãj��YÃ wheremoreac-
curatewhena greedyhill-climbing strategy wasused(Ta-
ble1.
Thereareseveraldirectionsfor futurework. We areinter-
estedin a theoreticalanalysisof the Bootstrapin thecon-
text of Bayesiannetworkinduction. Also, our resultsare
preliminaryandmuchmoreexperimentationis neededon
different featuresof the structureof the network,andon
thesearchmethods.An importantdirectionis to find prin-
cipledmethodsfor incorporatingthecuesprovidedby the
Bootstrapconfidencemeasuresinto the searchprocedure.
For example,in someof ourexamplesedgesthatwerenot
presentin the learnedmodel received high confidencein
thebootstraptest.
Ourfinalgoalis twofold: first, to beableto provideguaran-
teesaboutthepropertiesof theinducedmodel,andsecond,
to find betterways to guide the processof structuredis-
covery. Although currentinductionmethodsfor learning
Bayesiannetworksarereliablefor densityestimation[6],
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Figure2: PDAG of networkinducedwith greedyhill-climbing annotatedwith confidencemeasurescomputedby non-
parametricbootstrap. The drawing style of edges(e.g., bold, plain, anddashed)correspondto the estimatedlevel of
confidence.Thecolorof edgesdenoteswhetherthey appearin the“generating”network(black)or not (gray).

takenasa whole, the empirical resultsin this paperindi-
catethat thereis definiteroom for improvementon their
performancefor structureidentification.
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