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Abstract
A seriousproblemin learningprobabilisticmodelsis thepresenceof hiddenvariables.These
variablesarenot observed,yet interactwith severalof theobservedvariables.As such,they
induceseeminglycomplex dependenciesamongthe latter. In recentyears,muchattention
hasbeendevoted to the developmentof algorithmsfor learningparameters,and in some
casesstructure,in the presenceof hiddenvariables. In this paper, we addressthe related
problemof detectinghiddenvariablesthatinteractwith theobservedvariables.Thisproblem
is of interestboth for improving our understandingof thedomainandasa preliminarystep
thatguidesthelearningproceduretowardspromisingmodels.A very naturalapproachis to
searchfor “structuralsignatures”of hiddenvariables— substructuresin thelearnednetwork
that tendto suggestthe presenceof a hiddenvariable. We make this basicideaconcrete,
andshow how to integrateit with structure-searchalgorithms.We evaluatethis methodon
severalsyntheticandreal-lifedatasets,andshow thatit performssurprisinglywell.

1 Introduction

In thelastdecadetherehasbeenagreatdealof researchfocusedontheproblemof learning
Bayesiannetworks (BNs) from data(e.g., [6]). An important issueis the existenceof
hiddenvariablesthatareneverobserved,yet interactwith observedvariables.Naively, one
might think that, if a variableis never observed, we cansimply ignore its existence. At
a certainlevel, this intuition is correct. We canconstructa network over the observable
variableswhich is anI-mapfor themarginaldistributionover thesevariables,i.e.,captures
all thedependenciesamongtheobservedvariables.However, thisapproachis weakfrom a
varietyof perspectives.Consider, for example,thenetwork in Figure1(a).Assumethatthe
datais generatedfrom suchadependency model,but thatthenode� is hidden.A minimal
I-map for the marginal distribution is shown in Figure1(b). From a purerepresentation
perspective, this network is clearly lessuseful. It contains12 edgesratherthan6, andthe
nodeshavemuchbiggerfamilies.Hence,asa representationof theprocessin thedomain,
it is muchlessmeaningful.Fromtheperspectiveof learningthesenetworksfrom data,the
marginalizednetwork hassignificantdisadvantages.Assumingall thevariablesarebinary,
it uses59 parametersratherthan17, leadingto substantialdatafragmentationandthereby
to nonrobust parameterestimates.Moreover, with limited amountsof datathe induced
network will usuallyomit severalof thedependenciesin themodel.

Whena hiddenvariableis known to exist, we canintroduceit into thenetwork andap-
ply known BN learningalgorithms.If thenetwork structureis known, algorithmssuchas
EM [3, 8] or gradientascent[2] canlearnparameters.If the structureis not known, the
Structural EM (SEM)algorithmof [4] canbeusedto performstructurelearningwith miss-
ing data. However, we cannotsimply introducea “floating” hiddenvariableandexpect
SEM to placeit correctly. Hence,bothof thesealgorithmsassumethatsomeothermech-
anismintroducesthe hiddenvariablein approximatelythe right locationin the network.
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Figure 1: Hidden variable
simplifiesstructure

Somewhat surprisingly, only little work hasbeendoneon the problemof automatically
detectingthata hiddenvariablemightbepresentin a certainpositionin thenetwork.

In this paper, we investigatewhat is arguably the most straightforward approachfor
inducing the existenceof a hiddenvariable. This approach,briefly mentionedin [6], is
roughly asfollows: We begin by usingstandardBayesianmodelselectionalgorithmsto
learna structureover theobservablevariables.We thensearchthestructurefor substruc-
tures,which we call semi-cliques, thatseemasif they might beinducedby a hiddenvari-
able.We temporarilyintroducethehiddenvariablein a way thatbreaksup theclique,and
thencontinuelearningbasedon that new structure.If the resultingstructurehasa better
score,we keepthehiddenvariable.Surprisingly, this very basictechniquedoesnot seem
to have beenpursued.(Theapproachof [9] is similar on thesurface,but is actuallyquite
different;seeSection5.) We provideaconcreteandefficient instantiationof this approach
andshow how to integrateit with existing learningalgorithmssuchasSEM.We applyour
approachto severalsyntheticandrealdatasets,andshow thatit oftenprovidesagoodinitial
placementfor the introducedhiddenvariable. We canthereforeuseit asa preprocessing
stepfor SEM,substantiallyreducingtheSEM searchspace.

2 Learning Structure of Bayesian Networks

Considera finite set ��� ���	��
������
���� � of discreterandomvariableswhereeachvariable���
may take on valuesfrom a finite set. A Bayesiannetwork is an annotateddirected

acyclic graphthatencodesa joint probabilitydistribution over � . Thenodesof thegraph
correspondto therandomvariables

� � 
�����
�� �
. Eachnodeis annotatedwith aconditional

probabilitydistribution thatrepresents��� ����� Pa � ������� , wherePa � ����� denotestheparents
of
���

in � . A Bayesiannetwork � specifiesauniquejoint probabilitydistributionover �
givenby: ����� � � 
������
�� � � �! 

��#"�� ����� � � �Pa � � � ��� .
Theproblemof learninga Bayesiannetwork canbestatedasfollows. Givena training

set $%� �
x &('�) 
������
 x & *+)�� of instancesof � , find a network � thatbestmatches $ . The

commonapproachto this problemis to introducea scoringfunction that evaluateseach
network with respectto thetrainingdata,andthento searchfor thebestnetwork according
to this score.Thescoringfunctionmostcommonlyusedto learnBayesiannetworksis the
Bayesianscoringmetric [7]. Givena scoringfunction,thestructurelearningtaskreduces
to a problemof searchingover thecombinatorialspaceof structuresfor thestructurethat
maximizesthescore.Thestandardapproachis to usealocalsearchprocedurethatchanges
onearcata time. Greedyhill-climbing with randomrestartis typically used.

Theproblemof learningin thepresenceof partially observabledata(or known hidden
variables)is computationallyandconceptuallymuchharder. In thecaseof afixednetwork
structure,theExpectationMaximization(EM) algorithmof [3] canbeusedto searchfor a
(local)maximumlikelihood(or maximumaposteriori)assignmentto theparameters.The
structural EM algorithmof [4] extendsthis ideato therealmof structuresearch.Roughly
speaking,the algorithmusesan E-stepaspart of structuresearch.The currentmodel—
structureaswell asparameters— is usedfor computingexpectedsufficient statisticsfor
all othercandidatestructures.Thecandidatestructuresarescoredbasedon theseexpected
sufficientstatistics.Thesearchalgorithmthenmovesto anew candidatestructure.We can
thenrun EM again,for our new structure,to get the desiredexpectedsufficient statistics.
However, wecanoftenusethesamestatisticsfor severalstructurechangeoperationsbefore



recomputingthem.

3 Detecting Hidden Variables

Wemotivateourapproachfor detectinghiddenvariablesbyconsideringthesimpleexample
discussedin theintroduction.Considerthedistribution representedby thenetwork shown
in Figure1(a), where � is a hiddenvariable. The variable � was the keystonefor the
conditionalindependenceassumptionsin this network. As a consequence,the marginal
distribution over the remainingvariableshasalmostno structure:each,.- dependson all
the

� �
’s, and the ,/- ’s themselves are also fully connected. A minimal I-map for this

distribution is shown in Figure1(b). It contains12 edgescomparedto theoriginal 6. We
canshow thatthis phenomenonis a typical effectof removing a hiddenvariables:

Proposition 3.1: Let � be a networkover the variables
� � 
������
�� � 
 � . Let 0 be the

conditional independencestatements— statementsof the form 12��354�6 �879�
— that are

implied by � anddo not involve � . Let �;: be the graphover
� � 
������
�� �

that contains
an edge from

� �
to
� - whenever � containssuch an edge, andin addition: �;: containsa

cliqueover thechildren ,/- of � , and �;: containsanedgefromanyparent
� �

of � to any
child , - of � . Then �;: is a minimalI-mapfor 0 .

We want to definea procedurethat will suggestcandidatehiddenvariablesby finding
structuresof thistypein thecontext of alearningalgorithm.Wewill applyourprocedureto
networksinducedby standardstructurelearningalgorithms[6]. Clearly, it is unreasonable
to hopethat thereis anexactmappingbetweensubstructuresthathave theform described
in Proposition3.1andhiddenvariables.Learnednetworksarerarelyanexactreflectionof
theminimal I-mapfor theunderlyingdistribution.

We thereforeusea somewhatmoreflexible definition,which we believe will helpusto
detectpotentialhiddenvariablesmorereliably. For a node

�
anda setof nodes6 , we

define <=� � 4>6 �
to bethesetof neighborsof

�
(parentsor children)within thesubset6 .

We definea semi-cliqueto be a setof nodes? whereeachnode
�A@ ? is linked to at

morethanhalf of ? :
� <=� � 4B? ���.C

�D � ? �
Weproposeasimpleheuristicfor findingsemi-cliquesin thegraph.Wefirst observethat

eachsemi-cliquemustcontaina seedwhich is easyto spot;this seedis a 3-vertex clique.

Proposition 3.2: Anysemi-cliqueof size4 or more containsa cliqueof size3.

Thefirst phaseof thealgorithmis a searchfor all 3-cliquesin thegraph.Thealgorithm
then tries to expandeachof them into a maximal semi-cliquein a greedyway. More
precisely, at eachiteration the algorithm attemptsto add a nodeto the “current” semi-
clique. If the expandedset satisfiesthe semi-cliqueproperty, then it is set as the new
“current” clique. Thesetestsarerepeateduntil no additionalvariablecanbeaddedto the
semi-clique.The algorithmoutputsthe expansionsfound basedon the different3-clique
“seeds”.We notethatthisgreedyproceduredoesnot find all semi-cliques.Theexceptions
aretypically two semi-cliquesthatarejoinedby a smallnumberof edges,makinga larger
legalsemi-clique.Thesecasesareof lessinterestto us,becausethey arelesslikely to arise
from themarginalizationof ahiddenvariable.In practice,our algorithmtypically findsall
semi-cliques.

In the secondphase,we convert eachof thesemi-cliquesto a structurecandidatecon-
taininganew hiddennode.Suppose? is asemi-clique.Ourconstructionintroducesanew
variable � , andreplacesall of the incomingedgesinto variablesin ? by edgesfrom � .
Parentsof nodesin ? arethenmadeto beparentsof � , unlesstheedgeresultsin a cycle.
This processresultsin the removal of all intra-cliqueedgesandmakes � a proxy for all
“outside” influenceson thenodesin theclique.

In the third phase,we evaluateeachof thesecandidatestructuresin attemptto find
themosthiddenvariable.Thereareseveralpossiblewaysin which this candidatecanbe
utilized by the learningalgorithm. We proposethreeapproaches.The simplestassumes
that thenetwork structure,after the introductionof thehiddenvariable,is fixed. In other



words,we assumethat the“true” structureof thenetwork is indeedtheresultof applying
our transformationto theinputnetwork (whichwasproducedby thefirst stageof learning).
We canthensimply fit theparametersusingEM, andscoretheresultingnetwork.

We canimprove this ideasubstantiallyby noting thatour simpletransformationof the
semi-cliquedoesnot typically recover thetrueunderlyingstructureof theoriginal model.
In our construction,we choseto make thehiddenvariable � theparentof all thenodesin
thesemi-clique,andeliminateall otherincomingedgesto variablesin theclique. Clearly,
thisconstructionis very limited. Theremightwell becaseswheresomeof theedgesin the
cliquearewarrantedevenin thepresenceof thehiddenvariable.It might alsobethecase
that someof the edgesfrom � to the semi-cliquevariablesshouldbe reversed.Finally,
it is plausiblethat somenodeswereincludedin the semi-cliqueaccidentally, andshould
not bedirectly correlatedwith � . We could thereforeallow thelearningalgorithm— the
SEMalgorithmof [4] — to adaptthestructureafterthehiddenvariableis introduced.One
approachis to useSEMto fine-tuneourmodelfor thepartof thenetwork wejustchanged:
the variablesin the semi-cliqueand the new hiddenvariable. Therefore,in the second
approachwefix theremainingstructure,andconsideronly adaptationsof theedgeswithin
this setof variables.This restrictionsubstantiallyreducesthe searchspacefor the SEM
algorithm. The third approachallows full structuraladaptationover the entirenetwork.
ThisofferstheSEMalgorithmgreaterflexibility , but is computationallymoreexpensive.

To summarizeour approach:In the first phasewe analyzethe network learnedusing
conventionalstructuresearchto find semi-cliquesthatindicatepotentiallocationsof hidden
variables.In thesecondphaseweconvertthesesemi-cliquesinto structurecandidates(each
containinga new hiddenvariable). Finally, in the third phasewe evaluateeachof these
structures(possiblyusing themasa seedfor further search)and return the bestscoring
network we find.

Themainassumptionof our approachis thatwe canfind “structuralsignatures”of hid-
denvariablesvia semi-cliques.As wediscussedabove,it is unrealisticto expectthelearned
network � to have exactly the structuredescribedin Proposition3.1. On the onehand,
learnednetworks often have spuriousedgesresultingfrom statisticalnoise,which might
causefragmentsof thenetwork to resemblethesestructureseven if no hiddenvariableis
involved. On theotherhand,theremight beedgesthataremissingor reversed.Spurious
edgesarelessproblematic.At worst,they will leadusto proposeaspurioushiddenvariable
which will beeliminatedby thesubsequentevaluationstep.Our definitionof semi-clique,
with its moreflexible structure,partially dealswith the problemof missingedges.How-
ever, if our datais very sparse,sothatstandardlearningalgorithmswill bevery reluctant
to produceclusterswith many edges,theapproachwe proposewill not work.

4 Experimental Results

Our aim is to evaluatethe successof our procedurein detectinghiddenvariables.To do
so,weevaluatedourprocedureonbothsyntheticandreal-lifedatasets.Thesyntheticdata
setsweresampledfrom Bayesiannetworksthatappearin theliterature.We thencreateda
trainingsetin which we “hid” onevariable.We choseto hidevariablesthatare“central”
in thenetwork (i.e., variablesthatarethe parentsof severalchildren). Thesyntheticdata
setsallow for a controlledevaluation,andfor generatingtraining andtestingdatasetsof
any desiredsize. However, the datais generatedfrom a distribution that indeedhasonly
a singlehiddenvariable.A morerealisticbenchmarkis realdata,thatmaycontainmany
confoundinginfluences. In this case,of course,we do not have a generatingmodel to
compareagainst.

Thedatasetsusedin ourexperimentsare:E Insurance: A 27-nodenetwork developedto evaluatedriver’s insuranceapplica-
tions [2]. In our experimentswe hid the variablesAccident, Age, MakeModel, and
VehicleYear (denotedF , � , * , G in Figure2).E Alarm: A 37-nodenetwork [1] developedto monitorpatientsin anICU. In ourexperi-
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Figure2: Comparisonof thedifferentapproaches.Eachpoint in thegraphcorrespondsto
a network learnedby oneof themethods.Thegraphson thebottomrow show the log of
theBayesianscore.Thegraphson thetop row show log-likelihoodof anindependenttest
set. In all graphs,the scaleis normalizedto the performanceof the No-hidden network,
shown by thedashedline at “0”.

mentswehid thevariablesHR, Intubation, LVFailure, andVentLung(denoted� , 1 , � ,G in Figure2).E Stock Data: A real-lifedatasetthattracestheactivity of 20majorUStechnologystocks
for severalyears(1516tradingdays). Eachsampleindicatesthechangein thestocks
valueduring the tradingday. Thesevalueswerediscretizedto threecategories: “up”,
“no change”,and“down”.E TB: A real-lifedatasetthatrecordsinformationabout2302tuberculosispatientsin San
Franciscocounty (courtesyof Dr. PeterSmall, StanfordMedical Center). The data
setcontainsdemographicinformationsuchasgender, age,ethnicgroup,andmedical
informationsuchasHIV status,the type of TB infection, and the resultsof various
tests.

In eachdataset, we appliedour procedureas follows. First, we applieda standard
modelselectionprocedureto learna network from the training data(without any hidden
variables).In our implementation,weusedstandardgreedyhill-climbing searchthatstops
whenit reachesa plateauit cannotescape.We suppliedthe learnednetwork asinput to
theclique-detectingalgorithmwhich returnedasetof candidatehiddenvariables.We then
usedeachcandidateas the startingpoint for a new learningphase. The Hidden proce-
durereturnsthehighest-scoringnetwork thatresultsfrom evaluatingthedifferentputative
hiddenvariables.

To gaugethe quality of this learningprocedure,we comparedit to two “strawmen”
approaches.The Naive strawman [4] initializes the learningwith a network that hasa
singlehiddenvariableasparentof all the observedvariables.It thenappliesSEM to get
an improvednetwork. This processis repeatedseveral times,whereeachtime a random
perturbation(e.g., edgeaddition) is appliedto help SEM to escapelocal maxima. The
Original strawman,which appliedonly in syntheticdataset,is to usethe truegenerating
network onthedataset.Thatis, wetaketheoriginalnetwork (thatcontainsthevariablewe
hid) andusestandardparametricEM to learnparametersfor it. Thisstrawmancorresponds
to caseswherethelearnerhasadditionalprior knowledgeaboutdomainstructure.

We quantitatively evaluatedeachof thesenetworksin two ways.First,wecomputedthe
Bayesianscoreof eachnetwork onthetrainingdata.Second,wecomputedthelogarithmic



lossof predictionsmadeby thesenetworkson independenttestdata.Theresultsareshwon
in Figure2. In this evaluation,we usedtheperformanceof No-Hidden asthebaselinefor
comparingthe othermethods.Thus,a positive scoreof say100 in Figure2 indicatesa
scorewhich is largerby '��]� thanthescoreof No-Hidden. Sincescoresarethe logarithm
of theBayesianposteriorprobabilityof structures(up to a constant),this impliesthatsuch
a structureis �

���>�
timesmoreprobablethanthestructurefoundby No-Hidden.

Wecanseethat,in mostcases,thenetwork learnedby Hidden outperformsthenetwork
learnedby No-hidden. In the artificial datasets,Original significantlyoutperformsour
algorithmon testdata.This is no surprise:Original hascompleteknowledgeof thestruc-
turewhich generatedthetestdata.Our algorithmcanonly evaluatenetworksaccordingto
their score;indeed,the scoresof the networks found by Hidden arebetterthanthoseof
Original in 12 out of 13 casestested.Thus,we seethat the “correct” structuredoesnot
usuallyhave the highestBayesianscore. Our approachusuallyoutperformsthe network
learnedby Naive. This improvementis particularlysignificantin thereal-lifedatasets.

As discussedin Section3, therearethreewaysthata learningalgorithmcanutilize the
original structureproposedby our algorithm. As our goal wasto find the bestmodelfor
thedomain,we ranall threeof themin eachcase,andchosethebestresultingnetwork. In
all of ourexperiments,thevariantthatfixedthecandidatestructureandlearnedparameters
for it resultedin scoresthatweresignificantlyworsethanthenetworksfoundby thevari-
antsthatemployedstructuresearch.Thenetworks trainedby this variantalsoperformed
muchworseon testdata.Thishighlightstheimportanceof structuresearchin evaluatinga
potentialhiddenvariable.Theinitial structurecandidateis oftentoo simplified;on theone
hand,it forcestoomany independenciesamongthevariablesin thesemi-clique,andonthe
other, it canaddtoo many parentsto thenew hiddenvariable.

The comparisonbetweenthe two variantsthat usesearchis morecomplex. In many
cases,thevariantthatgivestheSEM completeflexibility in adaptingthenetwork structure
did not find a betterscoringnetwork thanthe variant that only searchesfor edgesin the
areaof the new variable. In the casesit did leadto improvement,the differencein score
wasnotsignificantlylarger. SincethevariantthatrestrictsSEMis computationallycheaper
(oftenby anorderof magnitude),webelievethatit providesagoodtradeoff betweenmodel
qualityandcomputationalcost.

The structuresfound by our procedurearequite appealing.For example,in the stock
marketdata,ourprocedureconstructsahiddenvariablethatis theparentof severalstocks:
Microsoft, Intel, Dell, CISCO,andYahoo. A plausibleinterpretationof this variableis
“strong” marketvs. “stationary”market. Whenthehiddenvariablehasthe“strong” value,
all the stockshave higher probability for going up. When the hiddenvariablehas the
“stationary” probability, thesestockshave much higher probability of being in the “no
change”value.Wedonotethatin thelearnednetworkstherewerestill many edgesbetween
theindividualstocks.Thus,thehiddenvariableservesasa generalmarket trend,while the
additionaledgesmakebetterdescriptionof thecorrelationsbetweenindividualstocks.The
modelwe learnedfor theTB patientdatasetwasalsointeresting.Onevalueof thehidden
variablecapturestwo highly dominantsegmentsof the population: older, HIV-negative,
foreign-bornAsians,andyounger, HIV-positive, US-bornblacks. The hiddenvariable’s
children distinguishedbetweenthe two aggregatedsubpopulationsusing the HIV-result
variable,which wasalsoa parentof mostof them. We believe that, hadwe allowed the
hiddenvariableto have threevalues,it wouldhaveseparatedthesepopulations.

5 Discussion and Future Work

In this paper, we proposea simpleandintuitive algorithmfor finding plausiblelocations
for hiddenvariablesin BN learning.It attemptsto detectstructuralsignaturesof a hidden
variablein the network learnedby standardstructuresearch.We presentedexperiments
showing that our approachis reasonablysuccessfulat producingbettermodels. To our
knowledge,thispaperis alsothefirst to providesystematicempiricaltestsof any approach



to thetaskof discoveringhiddenvariables.
The problem of detectinghidden variableshas received surprisingly little attention.

Spirteset al. [10] suggestan approachthat detectspatternsof conditional independen-
ciesthatcanonly begeneratedin thepresenceof hiddenvariables.This approachsuffers
from two limitations. First, it is sensitive to failure in few of the multiple independence
testsit uses. Second,it only detectshiddenvariablesthat are forced by the qualitative
independenceconstraints.It cannotdetectsituationswherethe hiddenvariableprovides
moresuccinctmodelof a distribution thatcanbedescribedby a network without a hidden
variable(asin thesimpleexampleof Figure1).

Martin andVanLehn[9] proposeanalternativeapproachthatappears,on thesurface,to
besimilar to ours.They startby checkingcorrelationsbetweenall pairsof variables.This
resultsin a“dependency” graphin whichthereis anedgefrom

�
to , if theircorrelationis

abovea predeterminedthreshold.Thenthey constructa two-layerednetwork thatcontains
independenthiddenvariablesin thetoplevel,andobservablesin thebottomlayer, suchthat
every dependency betweentwo observedvariablesis “explained”by at leastonecommon
hiddenparent. This approachsuffers from threeimportantdrawbacks. First, it doesnot
eliminatefrom considerationcorrelationsthatcanbeexplainedby directedgesamongthe
observables. Thus, it forms clusterseven in caseswherethe dependenciescanbe fully
explainedby a standardBayesiannetwork structure. Moreover, sinceit only examines
pairwisedependencies,it cannotdetectconditionalindependencies,suchas

�%� , ���
,

from thedata. (In this case,it would learna hiddenvariablethat is theparentof all three
variables.)Finally, this approachlearnsa restrictedform of networks that requiresmany
hiddenvariablesto representdependenciesamongvariables.Thus,it haslimited utility in
distinguishing“true” hiddenvariablesfrom artifactsof therepresentation.

We planto testfurtherenhancementsto thealgorithmin severaldirections.First, other
possibilitiesfor structuralsignatures(for examplethestructureresultingfrom a many par-
ent – many childrenconfiguration)may expandthe rangeof variableswe candiscover.
Second,our clique-discoveringprocedureis basedsolely on the structureof the network
learned.Additional information,suchasthe confidenceof learnededges[5], might help
the procedureavoid spurioussignatures.Third, we plan to experimentwith multi-valued
hiddenvariablesandbetterheuristicsfor selectingcandidatesout of thedifferentproposed
networks. Finally, we areconsideringapproachesfor dealingwith sparsedata,whenthe
structuralsignaturesdonotmanifest.Information-theoreticmeasuresmightprovideamore
statisticalsignaturefor thepresenceof a hiddenvariable.
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