
Solving autonomous LTI 
Systems in Matrix Form 
(& all their possible behaviors)

• Laplace transform of n 1st order linear ODEs in matrix form 

• The inverse transform and matrix exponential

• Possible system behaviors

• Discrete-time LTI system (sampling at constant intervals)
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Solving n 1st order linear 
ODEs in matrix form

• An autonomous (undriven, no u) LTI system with an n dimensional state:

• Its Laplace transform is:

• Rearranging: 

•                       is known as the resolvent.

• To solve: simply find the inverse transform of the resolvent:
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• The inverse transform of the resolvent,         is known as the state transition 
matrix because the system is linearly transformed by it from its state at time 
0 (either forwards or backwards in time)

• Note the dependence on A’s characteristic polynomial: |sI-A|
j,i entry of resolvent (jth row, ith column) can be expressed via Crammer’s 
rule as:

• So each of the entries in the resolvent matrix is a polynomial fraction in s 
whose denominator is A’s characteristic polynomial

• Since |sI-A|  has real coefficients, its roots (the eigenvalues of A) are either 
real or are complex conjugate pairs...
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Eigenvalues of A and poles of resolvent

i, j entry of resolvent can be expressed via Cramer’s rule as

(−1)i+j det∆ij

det(sI − A)

where ∆ij is sI − A with jth row and ith column deleted

• det∆ij is a polynomial of degree less than n, so i, j entry of resolvent
has form fij(s)/X (s) where fij is polynomial with degree less than n

• poles of entries of resolvent must be eigenvalues of A

• but not all eigenvalues of A show up as poles of each entry

(when there are cancellations between det∆ij and X (s))

Solution via Laplace transform and matrix exponential 10–11
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Example: Harmonic Oscillator

The phase plane looks like:

|sI-A| = s2+1  so the eigenvalues of A are i,-i
We could now use the Laplace transform tables to show that:

(but we show a general solution method instead). 
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• For c < 1

• Similarly, for                     (with small enough real parts of its eigenvalues)

• Plug in                 and (for large enough s) 

• We’ve seen that 

• So (due to the linearity of Laplace tr.) we can apply the inverse transform 
and get..
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Matrix Exponential
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• This (infinite series), multiplied by x(0), is a general solution to LTI 
systems !

• The above series looks a lot like the Tailor expansion of an exponent:

• So we will borrow the exponent symbol and define a matrix exponent as

• Using this new symbol we can write the solution

• For a scalar system,                the above solution is what we expect:
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• looks like ordinary power series

eat = 1 + ta +
(ta)2

2!
+ · · ·

with square matrices instead of scalars . . .

• define matrix exponential as

eM = I + M +
M2

2!
+ · · ·

for M ∈ Rn×n (which in fact converges for all M)

• with this definition, state-transition matrix is

Φ(t) = L−1
(

(sI − A)−1
)

= etA

Solution via Laplace transform and matrix exponential 10–13

Matrix exponential solution of autonomous LDS

solution of ẋ = Ax, with A ∈ Rn×n and constant, is

x(t) = etAx(0)

generalizes scalar case: solution of ẋ = ax, with a ∈ R and constant, is

x(t) = etax(0)

Solution via Laplace transform and matrix exponential 10–14
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• So for scalars t,s e(t+s)A  = e(tA+sA) = etAesA 

since (tA)(sA) =  (sA)(tA)  

This is useful in understanding the LTI system solution... 

• matrix exponential is meant to look like scalar exponential

• some things you’d guess hold for the matrix exponential (by analogy
with the scalar exponential) do in fact hold

• but many things you’d guess are wrong

example: you might guess that eA+B = eAeB, but it’s false (in general)

A =

[

0 1
−1 0
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, B =

[
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0 0
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0.54 0.84
−0.84 0.54
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1 1
0 1

]
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0.16 1.40
−0.70 0.16

]

"= eAeB =

[

0.54 1.38
−0.84 −0.30

]

Solution via Laplace transform and matrix exponential 10–15

however, we do have eA+B = eAeB if AB = BA, i.e., A and B commute

thus for t, s ∈ R, e(tA+sA) = etAesA

with s = −t we get

etAe−tA = etA−tA = e0 = I

so etA is nonsingular, with inverse

(

etA
)−1

= e−tA

Solution via Laplace transform and matrix exponential 10–16
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however, we do have eA+B = eAeB if AB = BA, i.e., A and B commute

thus for t, s ∈ R, e(tA+sA) = etAesA

with s = −t we get
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example: let’s find eA, where A =

[

0 1
0 0

]

we already found

etA = L−1(sI − A)−1 =

[

1 t
0 1

]

so, plugging in t = 1, we get eA =

[

1 1
0 1

]

let’s check power series:

eA = I + A +
A2

2!
+ · · · = I + A

since A2 = A3 = · · · = 0

Solution via Laplace transform and matrix exponential 10–17

Time transfer property

for ẋ = Ax we know

x(t) = Φ(t)x(0) = etAx(0)

interpretation: the matrix etA propagates initial condition into state at
time t

more generally we have, for any t and τ ,

x(τ + t) = etAx(τ)

(to see this, apply result above to z(t) = x(t + τ))

interpretation: the matrix etA propagates state t seconds forward in time
(backward if t < 0)

Solution via Laplace transform and matrix exponential 10–18



• Given an autonomous LTI system,               ,  if A is diagonalizable then 
there exists a matrix                   whose columns are A’s eigenvectors and a 
diagonal matrix D of eigenvalues

such that A = PDP-1 and P-1AP = D

• Note the following useful property:

We will use it to rewrite the matrix exponential..
9
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• Using the definition of the matrix exponential again:
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• So we see that (using matrix eigenvalue decomposition) we can write the 
solution of the system as simply

• Or, if we look at the coordinate system defined by P:

or, defining    ,    such that                 we see that 

• So in these coordinates the system decomposes into separate scalar 
subsystems:
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• If a system’s eigenvalue is complex,                             this corresponds to 
an exponentially decaying/expanding sinosoid:

• In the original (real) coordinate system the solution is simply a linear 
combination of expanding/decaying, possibly oscillating exponents:

• Define a stable system to be one in which x(t) goes to 0 as time passes.
Then the system is stable only if all the eigenvalues of A have real parts 
that are negative, i.e for each i 

12

A λi , i ∈ {1, . . . , n}

matrix exponent

eD = I + D +
D2

2!
+ · · ·

=
2

∑

i=0

1

i!







(λ1t)i

. . .
(λnt)i







=







eλ1t

. . .
eλnt







x(t) = P







eλ1t

. . .
eλnt






P

−1
x(0)

P
−1

x(t) =







eλ1t

. . .
eλnt






P

−1
x(0)

P−1

˙̃x = Dx̃

x = Px̃ x̃

x̃i = eλitx̃i(0)

λi = σ + iω

eλit = eσt (cos(ωt) + sin(ωt))

A

|sI − A| = 0

t → ∞ x(t) → 0

%e(λi) < 0 i

first assume eigenvalues λi are distinct, so Xi(s) cannot have repeated
poles

then xi(t) has form

xi(t) =
n

∑

j=1

βije
λjt

where βij depend on x(0) (linearly)

eigenvalues determine (possible) qualitative behavior of x:

• eigenvalues give exponents that can occur in exponentials

• real eigenvalue λ corresponds to an exponentially decaying or growing
term eλt in solution

• complex eigenvalue λ = σ + jω corresponds to decaying or growing
sinusoidal term eσt cos(ωt + φ) in solution

Solution via Laplace transform and matrix exponential 10–23

• !λj gives exponential growth rate (if > 0), or exponential decay rate (if
< 0) of term

• "λj gives frequency of oscillatory term (if #= 0)

PSfrag replacements
!s

"seigenvalues

Solution via Laplace transform and matrix exponential 10–24
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.x = Px̃ ע״י מוגדר x̃כש

שמקיימות סקלריות מערכות לאוסף מתפרקת המערכת אלה, בקואורדינטות כלומר,

x̃i = eλitx̃i(0)

λi = σ + iω עבור כי נזכיר

eλit = eσt (cos(ωt) + i (ωt))

אקספוננט של מכפלה הוא מימד בכל הפתרון החדשה, קואורדינטות במערכת לכן,
מתקיימת זו שהתנהגות כמובן פאזה). (עם סינוס בפונקציית מתפוצץ) או (דועך

(בממשיים). המקורית הקואורדינטות במערכת גם

האופייני הפולינום של השורשים הם ,A מטריצה, של העצמיים הערכים כזכור,
שלה:

|sI−A| = 0

.t→∞כש x(t)→ 0 שמקיימת ככזו יציבה מערכת נגדיר
כשהמערכת גם נכון (זה .$e(λi) < 0 ,i לכל כי הוא ליציבות ומספיק הכרחי תנאי

לכסינה). אינה
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• Real eigenvectors: no oscillation
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2D examples of system 
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• Purely imaginary complex conjugate pair: permanent oscillation

• one positive real part and one negative (must be purely real): saddle point

14
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• Complex conjugate pair: either exponentially decaying (negative real part) 
or expanding (negative real part) oscillations.
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2D examples of system 
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Sampling a Continuous LTI System 
at Constant Intervals

• Given a continuous (autonomous) LTI system,

• We’d like to sample it at constant time intervals

• We’ve seen that

• So, for n+1

• We can therefore represent the system in discrete time as:
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s C = A

s

(sI − A)−1 =
1

s

(

I−
A

s

)−1

=
I

s
+

A

s2
+

A2

s3
+ · · ·

L−1
[

1
sn

]

= t
n−1

(n−1)! n ∈ Z

L−1
[

(sI− A)−1
]

= I + tA +
(tA)2

2!
+ · · ·

eat = 1 + ta +
(ta)2

2!
+ · · ·

matrix exponent

eM ≡ I + M +
M2

2!
+ · · · =

∞
∑

i=0

Mi

i!

LTI

x(t) = Φ(t)x(0) = L−1
[

(sI − A)−1
]

x(0) = etA
x(0)

LTI

x(0) A ∈ Rn×n ẋ = Ax

P ∈ Cn×n A

D =







λ1 0

. . .
0 λn







∈ Cn×n

P−1AP = D A = PDP−1

A
n = PDP

−1
PDP

−1 · · ·PDP
−1 = PD

n
P

−1

state transition matrix

Φ(t) = eAt = I + tA +
(tA)2

2!
+

(tA)3

3!
· · ·

= PIP
−1 + PtDP

−1 +
P(tD)2P−1

2!
+

P(tD)3P−1

3!
· · ·

= PeDt
P

−1

= Pe







λ1t
. . .

λnt







P
−1

3

LTI

n ∈ Z n∆t x(t) ẋ = Ax

x(n∆t) = eAn∆t
x(0)
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x(n∆t)

x(n) = Ãx(n − 1)

Ã = eA∆t
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Stability in a Discrete system

• Let x(k) = Ax(k-1) = Akx(0)

• Decompose A=PDP-1, then

• So in the new coordinate system it is clear that the state goes to zero only if 
for all eigenvalues

• This, of course, holds for the original system as well.
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היא מצבים סדרת אותה את שתתן הדיסקרטית המערכת כלומר,

x(k) = Ãx(k − 1) = Ãkx(0)
Ã = eA∆t

הקואורדינטות למערכת לעבוא ניתן Ã = PDP−1 הפירוק בהנתן כי ראינו כן, כמו
העצמיים: הוקטורים של

P−1x(k)︸ ︷︷ ︸
x̄(k)

=




(λ1)

k

(λn)k





︸ ︷︷ ︸
Dk

P−1x(0)︸ ︷︷ ︸
x̄(0)

הערכים לכל אם רק x̄(∞) = ל0 תתכנס x̄(k) = Dkx̄(0) שמערכת לראות קל
מתקיים (Ã של (וכמובן D של העצמאיים

|λi| < 1

רציף. זמן במערכת שראינו למה בניגוד
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