
dxwae zein`pi
 zekxrnonlbity `ial2007 x`epia 8zip`iqe`b zix`pil zkxrne miitxb mil
en •zepzene zetzeyn zeiebltzd ,mip`iqe`b mipzyn ly zipit` divnxetqpxh •(Kalman Filter) onlw opqn •(`ean) miizexazqd miitxb mil
en
enll epilryk dvvy dira mr 

enzdl mixyt`n miizexazqd miitxb mil
en.x = {x1, . . . , xn} miixwn mipzyn sqe` ly zexazqd ziivwpet lr miaeyig rvalemipzyn zaexn divwet 
enll epilr mipzynd oia zeielz i` lr m
wen r
in `llhxta) miiaewxn mil
en .zi
nin ax (divxbhpi` e`) dnikq yex
l lelr jexriy lke`id (oeekn `l sxbk) dzxeve zitxb dbvdl mipzip (miieag
xt-2 xt-1 xt xt+1

yt-2 yt-1 yt yt+1

… …

e`l) mixf miwlg 3 A, B, C eidi .zepzen zeielz i` lr divnxetpi` likn sxbd dpan
Cay zneve Aay znev oia sxba lelqn lky jk sxbd ly (ze

ea miznv dwee


B jx
 xaer
A B Cxnelk P (A, C|B) = P (A|B)P (C|B) ik zniiwn sxbd z` zn`ezy zebltzd lk f`miavnd (m
ewd miyxzd) aewxn zxyxy ly dxwna .C ozpida Ba ielz epi` A
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avnd) igkepd avnd ozpida min
ewd miavna e` zeitvza miielz mpi` onfa mi`adzeitvza dielz dpi` zigkepd zitvzd ok enk .(zihpelxd divnxetpi`d lk z` liknm` hxtae) zix`pil zkxrna .igkepd avnd ozpida mixg`d miavna e` zexg`dddf avnd (zip`iqe`be zihxwqi
 `id
xt = Axt−1 + ν

yt = Cxt + ω

ν ∼ N (0, Q)

ω ∼ N (0, R)lr dl` zepekz lvpp jynda .zeniiwzn l"pd zeielzd i` ik ze`gqepdn ze`xl lw.yte xt−1n ziaiqxewx dxeva xt ly zebltzdd z` aygl zpnzeipit` zeivnxetqpxhe mip`iqe`b mipzynf` x ∼ (x̄, Σx) ip`iqe`b ixwn dpzyn x ∈ Rn idi
p(x) =

1
√

(2π)n|Σx|
e−

1

2
(x−x̄)T Σ−1

x
(x−x̄).Σx = ΣT

x = E(x − x̄)(x− x̄)T qp`ixeewde x̄ = E(x) `id zlgezdyk.mireaw be H yk (zipit` divnxetqpxh) z = Hx + b idie m
ewink x idi
z̄ = E(z) = E(Hx + b) = HE(x) + b = Hx̄ + b

Σz = E[(z− z̄)(z− z̄)T ]

= E[H(x− x̄)(x− x̄)HT ]

= HΣxH
T

z ∼ N (Hx̄ + b,HΣxH
T ) oklgipp zrk

z = Hx + ǫ

x ∼ (x̄, Σx)

ǫ ∼ (ǭ, Σǫ)`id (miielz izla) ǫ e x ly ztzeynd zebltzdd f`
[

x

ǫ

]

∼ N

([
x̄

ǭ

]

,

[
Σx

Σǭ

]) ok enk
[

x

z

]

︸ ︷︷ ︸

z̃

=

[
I 0
H I

]

︸ ︷︷ ︸

H̃

[
x

ǫ

]

︸ ︷︷ ︸

x̃
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:yk z̃ ∼ N (¯̃z, Σz̃) m
ew epi`xy itke
¯̃z = E(z̃) = E(H̃x̃) =

[
I 0
H I

] [
x̄

ǭ

]

=

[
x̄

Hx + ǭ

] oke
Σz̃ =

[
Σx Σxz

Σzx Σz

]

= H̃Σx̃H̃
T

=

[
I 0
H I

] [
Σx

Σǫ

] [
I 0
H I

]T

=

[
Σx ΣxH

T

HΣx HΣxH + Σǫ

]onqp .x ly zebltzdd ly onfa me
iwl dgqep z`ivnl l"pd d`veza ynzydl dvxpa
xt|t−1 ∼ P (xt|xt−1)

{z,H,x, ǫ}a aivdl ozip .yt zitvzd zlaw iptl xt−1n xt ly divletxhqw`d z`zlawl {xt|t−1,A,xt, ν} e` {yt,C,xt|t−1, ω} z`
xt|t−1 ∼ N (Ax̄t−1

︸ ︷︷ ︸

x̄t|t−1

,AΣxt−1
AT + Q

︸ ︷︷ ︸

Σt|t−1

)

y ∼ N (Cx̄t|t−1,CΣt|t−1C
T + R)

Kalman Filter.P (xt|t−1|yt) = P (xt|xt−1,yt) = p(xt|y1, . . . ,yt−1,yt) z` `evnl dvxp zrk:d`ad 'd
aer'a xfrip df alyazip`iqe`b ztzeyn zebltzd ilra miixwn mipzyn ye x eidi
[

x

y

]

∼ N

([
x̄

ȳ

]

,

[
Σx Σxy

ΣT

xy Σy

]) f`
x|y ∼ N (w, Λ) (1)

w = x̄ + ΣxyΣ−1
y (y − ȳ)

Λ = Σx − ΣxyΣ−1
y ΣT

xy
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z` `evnl zpn lr .dipzddn d`vezk dphw qp`ix`eewd zvixhn ,ietvky al miypl"pd ze`eeyina d`ad zeavdd zx
q z` rvap xt|y1:t = xt|t−1|yt zebltzd
x ← xt|t−1

y ← yt

Σx ← Σt|t−1

Σy ← CΣt|t−1C
T + R

Σxy ← Σt|t−1C
T

ȳ ← Cx̄t|t−1 zlawl
w = x̄t = x̄t|t−1 + Σt|t−1C

T
(
CΣt|t−1C

T + R
)−1

(yt −Cx̄t|t−1)

Λ = Σxt
= Σt|t−1 − Σt|t−1C

T
(
CΣt|t−1C

T + R
)−1

CΣt|t−1 (2)m
ew epx
bdy itkyke
x̄t|t−1 = Ax̄t−1 (3)

Σt|t−1 = AΣxt−1
AT + Q (4)l
end ly mixhnxtae (iaiqxewx ote`a) Σxt−1
a dielzy Σxt

l dbiqp zgqep eplaiw
xt−1a dielzy x̄t l dbiqp zgqep eplaiwe zeitvza dielz dpi` j` (A,C,Q,R).l
end ly mixhnxtae Σxt−1

a , yt zitvza ,(iaiqxewx ote`a)onql bedp
Kt = Σt|t−1C

T
(
CΣt|t−1C

T + R
)−1

(5)zpzep (mixai` veaiw hrne)p 2 ze`gqepa Kt zavd Kalman Gaind `xwp Ktyk
x̄t = x̄t|t−1 + Kt(yt −Cx̄t|t−1) (6)

Σxt
= (I −KtC)Σt|t−1 (7)ze`ad zeivxhi`d i"r zeitvzd `ll ,y`xn Ktz` aygl ozipy al miyp

· · ·Σt+1|t ← Σxt
← Kt ← Σt|t−1 · · ·z` aygl okn xg`le 7e 5 ,4 ze`eeyna yeniy jez

· · · x̄t ← x̄t|t−1 ← x̄t−1 · · ·.(Kt ly m
ew aeyig lr zeprypy) 7e 3 ze`eeyn zxfra:2 dgqepd mewna Σxt
l d`ad `gqepd driten minieqn mixtqa

Σxt
=

(

Σ−1
t|t−1 + CR−1C

)−1

(8)

.Matrix Inversion Lemmad zxfra l"pd zedfd z` ze`xdl oziponf i
rv xtqn selg mr dribn Σxt
qp`ix`eewd zvixhn daivi A xear ,dxrd.reawl s`ey Kalman Gaindy jk Σxt

≈ Σxt−1
eay steady statel
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Matrix Inversion Lemmaizzl We V ly dwelg xgape WV = VW = I zeniiwn odylk zevixhn bef ik gipp:(dfl df eni`zi zevixhnd il
by ote`a) zevixhn
W

︷ ︸︸ ︷
[

A B

C D

]

V
︷ ︸︸ ︷
[

E F

G H

]

=

[
I 0
0 I

]

=

[
AE + BG AF + BH

CE + DG CF + DH

]

[
E F

G H

] [
A B

C D

]

=

[
I 0
0 I

]

=

[
EA + FC EB + FD

GA + HC GB + HD

]wlga .W iwlg zxfra V iwlg ly bevii l"pd ze`eeyndn zg` lk zxfra `vnp.zedf oziz mz`eeyde wlgd eze`l mipey mibevii elawzi mixwndngipp) okle CE + DG = 0 lawp (oezgz il`ny xai`) oey`xd ze`eeynd hq jezn.G = −D−1CE (zeiktedd lk meiw: oeilrd il`nyd xai`d jeznokle (A−BD−1C)E = I okle AE−BD−1CE = I okle AE + BG = I

E = (A−BD−1C)−1lawpe zn
ewd d`eeyna dxfg aivp
G = −D−1C(A−BD−1C)−1zlawl oey`xd hqa V x`y z` bviil zpn lr dne
 ote`a jiynp

V =

[
(A−BD−1C)−1 −A−1(D−CA−1B)−1

−D−1C(A−BD−1C)−1 (D−CA−1B)−1

]zlawl ipyd hqae
V =

[
(A−BD−1C)−1 −(A−BD−1C)BD−1

−(D−CA−1B)−1CA−1 (D−CA−1B)−1

]

GB + HD = I dzid zeixewnd ze`eeynd zg` .zeil`ieeixh `l zeiedf izy eplaiwe
G =ike H = (D − CA−1B)−1y epi`x ok enk .H = (I −GB)D−1 xfbp dpnnezedfd zniiwzn okl .−D−1C(A−BD−1C)−1

(D−CA−1B)−1 = D−1 −D−1C(BD−1C−A)−1BD−1zedfd lawzz B = CT m` ,f`
(D−CA−1CT )−1 = D−1 −D−1C(CT D−1C−A)−1CTD−1mb dl` zeiedf .8 d`eeynd oial 2 d`eeynd oia zeliwyd zlawzn ef zedf zxfra.1 d`eeyna xy` x|y aeyiga zeynyn

5


