
dxwae zein`pi
 zekxrnxeriy mekiqonlbity `ial2006 xaehwe`a 29 :mi`yepiteq leaiw mr dxhle-dwhel l
en •zay ze
ewp ,null
lines ,df`td agxn •zixnep divxbhpi` •-elqn jxryl zpn lr zixnep divxbhpi` rvape df`td agxna ezebdpzd z` gzpp ,ix`pil `l l
en bivp.zepezp dlgzd ze
ewpn zkxrnd avn ly mil.(iteq leaiw mr) Lotka-Volterra l
enzeiqelke`d bef .x(t) sxhpe w(t) sxeh ly xyw zeniiwny zeiqelke` izy zeniiw miieqn mewna ik gipp:zeil`ivpxti
 ze`eeyn befk zex`ezn
f1 = ẋ = (1 − x)x − bxw

f2 = ẇ = cxw − dw:`ad ote`a ze`eeynd z` xiaqdl ozip .b, c, d ≥ 0 yk.mitxeh x
rda dieexl 
r l
bz ,x ,mitxhpd ziiqelke` (1 − x)xiekiqd z` x`znd xhnxtae w mitxehd ziiqelke` l
eba zelzk dphw mitxhpd ziiqelke` −bxwsxhpe sxeh oia iplhw ybtn lymitxhpd zeki`d xeywd xhnxtae mitxhpd xtqna ielzy avwa dl
b mitxehd ziiqelke` cxw.oefnk(d i"r rawpy reaw feg`) irah zeenn zlaeq mitxehd ziiqelke` dw.ody lk zeizlgzd ze
ewpn dly milelqn aygle zkxrnd zwinpi
 z` oiit`l eppevxa
ẋ = 0 mieewd z` (w, x mixivd zkxrna) df`td agxna xiivp .f(x0) = 0 x0 zay z
ewpa ik xekfpel` ze
ewp .(wa ipye xa 
g`) null
lines zebef ly jezig ze
ewp ytgp .null
line mipeknd ẇ = 0e
g`a ik) mixivl liawna mirp milelqn mda mieew md null
linesde zay ze
ewp (dx
bd t"r) od.(`l ipyae 0 `id zxfbpd mipzynd

b = 1 , c = 2 , d = 1 d`ad `nbe
a1
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mix`zn mixegy milelqn .zayd ze
ewpe ,null
linesd , (x, w mixivd 'rn) df`td agxn :oinin :1 xei`.(daivi) zay z
ewpl miqpkzn md ik ze`xl ozip .mipey dlgzd iavnn onfa avnd iepiy z`zepey dlgzd ze
ewpn ,onfd ly divwpetk x, w ikxr :l`nynzixnep divxbhpi`didi dn ,ihilp` aeyig zxfra ,`evnl ozip ik d`xp zeix`pil zekxrna .x0 dlgzd i`pz mire
i ik gipp.onfa zkxrnd ly divleniq rval ul`ip zeix`pil `l zekxrna .xara e` 
izra onf lka zkxrnd avnz` aygl epipevxa ,ilnxet ote`a
x(t) = x0 +

∫

t

0

f (x(τ)) dτlxbhpi`d z` wlgpy jk i
i lr z`f dyrp .zixnep divxbhpi` rval ozip x(t)l xebq oexzt oi`e d
inaz` `evnl zpn lr m
ewd aexiwa yeniy jez df xg` dfa miwlgd ly axewn aeyig rvape miwlgl.`ad aexiwd
x(t + h) = x(t) +

∫ t+h

t

f (x(τ)) dτ.∫ t+h

t
f (x(τ)) dτ z` axwl zepey zehiy d`xp .dreaw f (x(τ)) ik gipdl lkep ,ohw onfd oelg m`(1 x
qn Runge Kutta) xlie` zhiyoeeika m
wzpe rbxe rbx lka (t a divfix`pil rvap) x(t) ly oey`x x
qn xelih aexiw rvap ef dhiya:lawziy

x(t + h) ≈ x(t) + ẋ(t)h = x(t) + f(x(t))hzebx
na divxbhpi` mirvan ep` jka .f (x(τ)) = f (x(t)) τ ∈ [t, t+h] onfd oelgay migipn ep` ,xnelk.d`ad dbx
nd z` aygl i
k lelqna dpexg`d d
ewpa yeniy jez ,lawzny lelqnd lr f ly(2 x
qn Runge Kutta) zxteynd xlie` zhiyl
eba d`iby 
rv lka epxave hf(t) z` epgwl xlie` zhiya .∫ t+h

t
f (x(τ)) dτ z` axwl epipevxa ,xen`k.ftxhd zhiya ynzyp zrk .O(h2)2



∫

t+h

t

f (x(τ)) dτ ≈ hf

(

x

(

t +
h

2

))yeniy i"r xlie` z` xtyp ok) xlie` zhiy i"r eze` axwp !re
i epi` ixd f
(

x
(

t + h

2

)) ,dira dpyi la`(! xlie` zhiya
hf

(

x

(

t +
h

2

))

≈ hf

(

x(t) +
h

2
f(x(t))

) a onqp
h

2
f(x(t)) = ∆x1

hf (x(t) + ∆x1) = ∆x2 eplaiwe
x(t + h) ≈ x(t) + ∆x2.O(h3) `id d`ibyd ef dhiyay gikedl ozip4 x
qn Runge Kutta zhiyz` aygl epyx
p zxteynd dhiya .
rv lka zg` mrt divwpetd z` aygl miyx
p ep` xlie` zhiyaaeyig onf xear ik xexa .
rv lka minrt 4 divwpetd z` aygl yx
ip ef dhiya .ztqep mrt divwpetdzaygp 4 x
qn Runge Kutta .
rv lka divwpetd iaeyig xtqn oial 
rvd l
eb oia tradeo� miiw oezp.aeyigd xign z` dwi
vn O(h5) ,d`ibyd ,xnelk .ef dpigan zpfe`nl

∆x1 = hf(x(t))

∆x2 = hf

(

x(t) +
1

2
∆x1

)

∆x3 = hf

(

x(t) +
1

2
∆x2

)

∆x4 = hf (x(t) + ∆x3)

x(t + h) ≈ x(t) +
1

6
(∆x1 + 2∆x2 + 2∆x3 + ∆x4)iepiy avwl eze` mi`zdle divxhi` lka h onfa 
rvd l
eb z` xegal ozip l"pd zehiyd lka :dxrd.dtvpy zexfbpd

3
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