dxwae zein‘pic zekxrn

onlbity ‘ial

zip‘iqe‘b zix‘pil zkxrna EM

EMd mzixebl‘ • Linear Gaussian zkxrn • LG zkxrna M-d crv • LG zkxrna E-d crv •

EM-d mzixebl‘

:d‘ad dirad mr ccenzn EM-d mzixebl‘ -ltzdd ike x = {x_i}^T_{i=1} miieag miavn miniiw ik gipp .y = {y_i}^T_{i=1} zeitvz zepezp mircei ep‘ ,xnelk .θ mixhnxt hqe miieagd mipzynd ick cr epl dreci y ly zeb ‘evnl epipevxa .zepzende zeiwlgd zeiebltzdd z‘ mb o‘kne p(y, x|θ) z‘ aygl EM-d mzixebl‘ .θ = arg max_θ′ p(y|θ^′) mixhnxtd ly ziaxin ze‘xip jexriy .inewn meniqwna wtzqn zkxrnd iavn z‘ mircei eppi‘ j‘ zeitvz epiciae okzi ,zinpic zkxrn ly dxwna -dy jk (zkxrnd ly iaihxpb lcen cenll) system identification rval epipevxae .daeh dxeva zeitvza z‘ dxiaqn dcnlpy zkxrn z‘ ‘evnl mircei ep‘ mip‘iqe‘b avne zitvz iyrx mr zix‘pil zkxrn ly dxwna enk .(Kalman Smoothing i”r) zeitvz zxcqe zkxrnd ozpida miavnd zebltzd zeitvze miavn ly zexcq jezn lcend ly mixhnxtd z‘ ‘evnl mircei ep‘ ok mipezpd ”znlyd” ly zeivxhi‘ rvan EMd mzixebl‘ .(zeireaix ze‘iby xerfin) (M crv) θe (E crv) x ,mixqgd

Algorithm 1 EM

• Guess θ^{(0)} • at step k – E step: p̃(x) = p(x|y, θ^{(k−1)}) – M step: θ^{(k)} = arg max_θ E_{p̃(x)}[log p(x, y|θ)] xg‘l .θ mixhnxt hq miygpn legzi‘a :‘ad ote‘a lret (1 .bl‘ d‘x) mzixebl‘d zebltzdd z‘ mi‘ven oey‘x alya .mialy ipyn zeakxend zeivxhi‘ mirvan okn z‘ mi‘ven ipy alya .zeitvzde mixhnxtd hq ozpida miieagd mipzynd ly lr ‘id zlgezdyk ztzeynd zebltzdd bel zlgez z‘ mqwny mixhnxtd hq .divxhi‘d ly oey‘xd alya ep‘vny zebltzdd itl mibltzny miieagd mipzynd -e‘a p(y|θ) dievxd zebltzdd ly inewn meniqwnl qpkzn mzixebl‘dy gikep ep‘ partial gradi- icrv mirvan M-de E-d ialyy d‘xp ,f(p̃, θ) divwpet xicbp :‘ad ot d‘xp ok enk .θl qgia xtyn M-d crve p̃l qgia xtyn E-d crv :f lr ent ascent f lr (iwlg) hp‘icxb icrv revia okle f(p̃, θ) = p(y|θ) y milawn E crv xg‘l ik .p(y|θ) ly inewn meniqwn z‘ivnl lewy :dxcbd

f(p̃, θ) = E_{p̃}[log p(x, y|θ)] + H(p̃)

H(p̃) = − ∫ p̃(x) log p̃(x)dx

-ltzdd ly ditexhp‘d lye M-d crva minqwnny zlgezd ly mekq ‘id f ,xnelk dgpd lr xzeel ozip) xcben didi logdy ick cinz p(x, y|θ) > 0 ik gipp ep‘ .p̃ zeb ik mb ze‘xl ozip .(ef

f(p̃, θ) = −D_{KL}(p̃(x), p(x|y, θ)) + log p(y|θ)

ziyteg dibxp‘ mya reci ,dlilya ,df iehia .ziqgid ditexhp‘d ‘id D_{KL} -yk divfinipin ‘id f ly divfiniqwn .zihqihhq dwifita (variational free energy) .ziytegd dibxp‘d ly :zeliwyd zgked

−D_{KL}(p̃(x), p(x|y, θ)) + log p(y|θ) = − ∫ p̃(x) log p̃(x) p(x|y, θ) dx + log p(y|θ)

= H(p̃) + ∫ p̃(x) log p(x|y, θ)dx + log p(y|θ)

= H(p̃) + ∫ [p̃(x) log p(x|y, θ) + log p(y|θ)] dx

= H(p̃) + ∫ p̃(x) log (p(x|y, θ)p(y|θ)) dx

= H(p̃) + ∫ p̃(x) log p(x, y|θ)dx

= f(p̃, θ)

arg max_{p̃} f(p̃, θ) = p(x|y, θ) :1 dprh wx miiwzn (f ly meniqwn) D_{KL}(p|q) = 0 e D_{KL}(p|q) ≥ 0 y jkn raep :dgked .q = p(x|y, θ)e p = p̃ l”pd dxwna .p = q yk p̃ = arg max_{p̃}′ f(p̃^′, θ) revial lewy EM ly E-d crv okl arg max_θ f(p̃, θ) = arg max_θ E_{p̃(x)}[log p(x, y|θ)] :2 dprh θa ielz epi‘ H(p̃)y jkn ziciin raep :dgked .arg max_θ f(p̃, θ) revial lewy EM ly M-d crv okl xzep .EMd mzixebl‘l milewy f lr partial gradient ascent icrvy epi‘x o‘k cr .p(y|θ) ly dniqwn md f ly dniqwnd ik ze‘xdl f(p̃, θ) = log p(y|θ) E aly xg‘l :3 dprh dlewyd dxcbday D_{KL}d okl .p̃ = p(x|y, θ) E aly xg‘l ,1 dprh t”r :dgked f(p̃, θ) = log p(y|θ) xzepe qt‘zn mr midcfn dly dnipind xy‘ ziytegd dibxp‘d z‘ mipihwn EMd icrv mekiql .p(y|θ) ly dniqwnd

Linear Gaussian zkxrn

zip‘iqe‘b zix‘pil zkxrn ly mixhnxtd mipezp ik gipp

θ = {A, C, Q, R, x̄_1, Q_1}

y jk

x_t = Ax_{t−1} + ν y_t = Cx_t + ω ν ∼ N (0, Q) ω ∼ N (0, R)

ik xekfp

p(y_t|x_t) = 1 (2π)^{m/2}|R|^{1/2} e^{− 12 (yt−Cxt)′ R−1(yt−Cxt)}

p(x_t|x_{t−1}) = 1 (2π)^{n/2}|Q|^{1/2} e^{− 12 (xt−Axt−1 )′Q−1 (xt−Axt−1)}

p(x_1) = 1 (2π)^{n/2}|Q_1|^{1/2} e^{− 12 (xt−x̄1)′ Q−11 (xt −x̄1)} oke p(x_{1:T} , y_{1:T} ) = p(x_1) T∏ t=2 p(x_t|x_{t−1}) T∏ t=1 p(y_t|x_t)

log p(x, y) = − T∑ t=1 [ 1 2 (y_t − Cx_t)^′R^{−1}(y_t − Cx_t) ] − T 2 log |R|

− T∑ t=1 [ 1 2 (x_t − Ax_{t−1})^′Q^{−1}(x_t − Ax_{t−1}) ] − T − 1 2 log |Q| − 1 2 (x_1 − x̄_1)^′Q_1(x_1 − x̄_1) − 1 2 log |Q_1| −

T (m + n) 2 log 2π

onqp q = E_{p̃(x)} log p(x, y|θ)

M-d crv

‘evnl miyxcp ep‘ (k alyae) df crva arg max_θ E_{p̃(x)} [log p(x, y|θ)] yk p̃(x) = p(x|y, θ^{(k−1)} )

.qt‘l oz‘eeyde zexfbpd z‘ivn i”r z‘f dyrp zlgezd zgiwl iptl zxfbipd z‘ rval ozip ik al miyp ziy‘x ∂ ∂θ E_{p̃(x)} [log p(x, y|θ)] = E_{p̃(x)} [ ∂ ∂θ log p(x, y|θ) ]

onqpe x̂_t = E_{p̃}[x_t] P_t = E_{p̃}[x_tx^′_t] = cov(x_t, x_t) + x̂_tx̂^′_t P_{t,t−1} = E_{p̃}[x_tx^′_{t−1}] = cov(x_t, x_{t−1}) + x̂_tx̂^′_{t−1} :C xear

∂q ∂C = E_{p̃(x)} [ − T∑ t=1 R^{−1}y_tx^′_t + T∑ t=1 R^{−1}Cx_tx^′_t ]

= − T∑ t=1 R^{−1}y_tE_{p̃(x)}[x^′_t] + T∑ t=1 R^{−1}CE_{p̃(x)}[x_tx^′_t]

= −R^{−1} T∑ t=1 y_tx̂_t + R^{−1}C T∑ t=1 P_t = 0

C = (_T ∑ t=1 y_tx̂^′_t

) (_T ∑ t=1 P_t

)_{−1}

:A xear ∂q ∂A = E_{p̃(x)} [ − T∑ t=2 Q^{−1}x_tx^′_{t−1} + T∑ t=2 Q^{−1}Ax_{t−1}x^′_{t−1} ]

= −Q^{−1} T∑ t=2 P_{t,t−1} + Q^{−1}A T∑ t=2 P_{t−1}

A = (_T ∑ t=2 P_{t,t−1}

) (_T ∑ t=2 P_{t−1}

)_{−1}

:R xear ∂q ∂R^{−1}

= E_{p̃(x)} [ T 2 R − T∑ t=1 ( 1 2 y_ty^′_t − Cx_ty^′_t + 1 2 Cx_tx^′_tC )]

= T 2 R − T∑ t=1 ( 1 2 y_ty^′_t − Cx̂_ty^′_t + 1 2 CP_tC^′ )

= T 2 R − 1 2 T∑ t=1 (y_ty^′_t) − C T∑ t=1 x̂_ty^′_t + 1 2 (_T ∑ t=1 y_tx̂^′_t

) (_T ∑ t=1 P_t

)_{−1} (_T ∑ t=1 P_t ) C^′

= T 2 R − 1 2 T∑ t=1 (y_ty^′_t) − C T∑ t=1 x̂_ty^′_t + 1 2 C (_T ∑ t=1 x̂_ty^′_t )

= T 2 R − 1 2 T∑ t=1 (y_ty^′_t) − 1 2 C (_T ∑ t=1 x̂_ty^′_t ) = 0

R = 1 T T∑ t=1 y_ty^′_t − C T T∑ t=1 x̂_ty^′_t

:Q xear ∂q ∂Q^{−1}

= E_{p̃(x)} [ T − 1 2 Q − 1 2 T∑ t=2 ( x_tx^′_t − Ax_{t−1}x^′_t − x_tx^′_{t−1}A^′ + Ax_{t−1}x^′_{t−1}A ) ]

= T − 1 2 Q − 1 2 T∑ t=2 ( P_t − AP_{t−1,t} − P_{t.t−1}A^′ + AP^′_{t−1}A )

= T − 1 2 Q − 1 2 (_T ∑ t=2 P_t − A T∑ t=2 P_{t−1,t} )

Q = 1 T − 1

(_T ∑ t=2 P_t − A T∑ t=2 P_{t−1,t} )

:x̄_1 xear ∂q ∂x_1

= (x̂_1 − x̄_1)Q^{−1}_1 x̄_1 = x̂_1 :Q_1 xear ∂q ∂Q^{−1}_1 = 1 2 Q_1 − 1 2 (P_1 − x̄_1x̂^′_1 − x̂_1x̄^′_1 + x̂_1x̂^′_1) Q_1 = P_1 − x̂_1x̂^′_1 = cov(x_1, x_1)

E-d crv

:p(x_t|y_{1:t}) ∼ N (x̄_t, Σ_{t|t}) z‘ ozep onlw oppqn Σ_{t|t} = var(x_t|y_{1:t})a onqp

x̄_{t|t−1} = Ax̄_t Σ_{t|t−1} = AΣ_{t−1|t−1}A^T + Q

K_t = Σ_{t|t−1}C^T ( CΣ_{t|t−1}C^T + R

)_{−1} x̄_t = x̄_{t|t−1} + K_t(y_t − Cx̄_{t|t−1}) Σ_{t|t} = (I − K_tC)Σ_{t|t−1} .(lcend ly mixhnxtk mipezp Q_1e x̄_1 yk) .Σ_{s|T} = var(x_s|y_{1:T} )a onqp z‘k .(backward pass) sqep aly mirvan p(x_t|y_{1:T} ) ∼ N (x̂_t, Σ_{t|T} ) z‘ ‘evnl zpn lr J_{t−1} = Σ_{t−1|t−1}A^′(Σ_{t|t−1})^{−1} x̂_{t−1} = x̄_{t−1} + J_{t−1}(x̂_t − Ax̄_{t−1}) oke Σ_{t−1|T} = Σ_{t−1|t−1} + J_{t−1} ( Σ_{t|T} − Σ_{t|t−1} ) J^′_{t−1} onlw opqnn lawnzy df ‘ed Σ_{T |T} e x̂_T = x̄_T :dlgzdd i‘pzyk a mb xfrp Md crv jxevl P_t = Σ_{t|T} + x̂_tx̂^′_t P_{t,t−1} = Σ_{t,t−1|T} + x̂_tx̂^′_{t−1} :d‘ad dbiqpd zgqep z‘ miiwn Σ_{t,t−1|T} = cov(x_tx^′_{t−1}) yk Σ_{t−1,t−2|T} = Σ_{t−1|t−1}J^′_{t−2} + J_{t−1}(Σ_{t,t−1|T} − AΣ_{t−1|t−1})J^′_{t−1} Σ_{T,T −1|T} = (I − K_T C)AΣ_{T −1|T −1}