
dxwae zein`pi
 zekxrnmkqn libxzzebefa yibdl ozip :zeillk zexrd
ewa e` ziteq daeyza wtzqdl oi` .mini`zn miaeyigae llna zeaeyzd lk z` xiaqdl yi •.xaqdk,(debugging ikxevl oaenk ozip) dybda Matlab ly control toolboxesd jezn ze
ewtd ynzydl oi` •.zxg` yxetna oiiev ok m` `l`zipkh ze
ear jeqgl zpn lr (zeye Maple e`) Matlab ly symbolic toolboxa xfridl ulnene ozip •.zerbiin
m1

m2

l2

l1

x1

x2

g

ixqg migiyw miwlg ipy zlra rexfd .i
nin e
 xeyina drpy rexf ly zkxrna weqrp df libxzaxe`izl ozip zkxrnd avn .m2 e m1 zeiz
ewp zeqn ze`vnp mdizevwa xy` l2 e l1 mkxe`y dqnzkxrnd .x = [θ1, θ2, θ̇1, θ̇2]
T :avn xehweea onqp xy` θ̇2 e θ̇1 zeiziefd zeiexidnde θ2 e θ1 zeiefd i"r

g dkiynd gek .u = [τ1, τ2]
T epnqp .drepzd ixiv lr (torque) lezit hpnen zlrtd i"r dxwal zpzip.zakey `idyk 0 e` z
ner zkxrndyk 10 ekxry xhnxt `ed:zkxrna zegekd of`n z` zex`znd drepzd ze`eeyn
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u = M(θ1, θ2)

[

θ̈1

θ̈2

]

+ v(θ1, θ2, θ̇1, θ̇2) + g(θ1, θ2)

[

θ̈1

θ̈2

]

= M(θ)−1 (−u + v(θ) + g(θ))

M =

[

l2
2
m2 + 2l1l2m2 cos(θ2) + l2

1
(m1 + m2) l2

2
m2 + l1l2m2 cos(θ2)

l2
2
m2 + l1l2m2 cos(θ2) l2

2
m2

]

v =

[

−m2l1l2sin(θ2)θ̇
2

2
− 2m2l1l2sin(θ2)θ̇1θ̇2

m2l1l2sin(θ2)θ̇
2

1

]

g =

[

m2l2g cos(θ1 + θ2) + (m1 + m2)l1g cos(θ1)
m2l2g cos(θ1 + θ2)

]zegeke milbetxhpv zegek ly xehwe `ed v .(positive definite `id z`fkke) dqn zvixhn dpekn M.(g = 0 yk qt`zn df xehwe) dkiynd gekn miraepd zegek ly xehwe df ge qileixew:(control project files.zip uaewa) ze`ad Matlab zeivwpet mkzeyxl z
ner "d
arn"-a zkxrnd zpiga jxevlzxfra zixnep divxbhpi`) sivx onfa zkxrnd ly divleniq zrvan two link arm control •oezp izlgzd avnn (Matlaba ode45 ziivwpet ,dpzyn l
eba onf 
rve 4 x
qn Runge Kutta.u(t,x) dxwa ziivwpet mr oezp onf oelgam
ewnk sivx onfa zkxrnd ly 
g` 
rv ly divleniq zrvan arm noisy discrete control step •zitvz dxifgn divwpetd .(dxwa yrx `ed η) u + η reaw dxwa ze` dxwa ziivwpet mr j`.(awrn jxevl mipezpd x`y z` dxifgn divwpetd sqepa) divleniqd 
rv seqa avnd ly (zyrex).divleniq zvix ly zil`efie dbvdl show 2 link arm simulation •.l"pd zeivwpeta yeniyl ze`nbe
 arm usage example1/2 •(onlw opqn yenina yeniyl) ziad libxz jezn get kf P and K •

open loopa dxwa .1 wlgaygp jk myl .dve`z menipinae xyi ewa repi rexfd dvwy jk rexfd ly drepz xviil dvxp df wlga.miwxtnd lr ievx dxwa ze`l eze` xinpe ifhxwd agxna ievxd lelqnd z``l iteq onfa) iteq mewine , x(0) = [x1(0),x2(0), ] = x0 ifhxwd agxna izlgzd mewin oezp .1:d`ad xignd ziivwpet z` xrfnny (ihilp` iehia) x(t) lelqn `evnl jilr .x(tf ) = xf (re
i
J =

1

2
t2f +

1

2

∫ tf

0

||ẍ(t)||2dtew lr `ed lawznd lelqnd ik gipdl ozip .0 `id eteqae lelqnd zligza zexidndy dgpda.xyiagxna rexfd dvw mewinn ietind) inverse kinematics-d z` zepzep ze`ad ze`eeynd ik gked .2:1(miwxtnd zeiefl ifhxwdzeaygzd jez xe y od eizerlvy zief xyi yleyna xzil xd xivn ziefd z` dxifgn Atan(y, x) : R2
→ [−π, π] divwpetd1

tan(y/x) : R2
→ [−π

2
, π

2
]l 
ebipa z`f ,y e x ly mipniqa
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(miqepiqewd llka ynzyd :digpd) (`)
θ2 = Atan2(s2, c2)

s2 = sin(θ2) = ±
√

1 − c2

2

c2 = cos(θ2) =
x2

1
+ x2

2
− l2

1
− l2

2

2l1l2 (a)
θ1 = Atan2(x2, x1) − Atan2(k2, k1)

k1 = l1 + l2 cos(θ2)

k2 = l2sin(θ2)oezpyk 1 dl`y z` miniiwny t = [0 : 0.01 : tf ] mipnfa x(t) ikxr ly xehwe (Matlaba) xev .3zixnep xefb .mini`znd zeiefd ixehwe z` 2 dl`y zxfra ,`vn .xf = [−0.5, 1] e x0 = [1,−1]Tik oezp .zeizieif zeve`z lye zeiexidn ly xehwe zlawl miinrt zlaiwy zeiefd ixehwe z`drepzd ze`eeyn t"r (open loop ,
i
a onf) dxwa xehwe `vn g = 0e l1 = l2 = m1 = m2 = 1zevixhn mr) arm noisy discrete control stepa ynzyd .dxwad ze` z` sxba bvd .zkxrnd lydf z`e ievxd lelqnd z` sxba bvd .l"pd dxwad ze` mr rexfd ly dlrtd zen
l i
k (qt` yrx?eppevxk le
b dxwa ze` yx
p erevial j` 1 dl`y zeyix
 z` miiwny lelqn yi m`d. lawzdy.avnd ly zeyrex zeitvz jezn 
i
a onfa dxwa .2 wlg
H

K

+

η

+

v

+

-

H

y

L

+x0

u

-

+

x

ix`pild aexiwd xear dzpapy dxwa mr (zix`pil-i`d) zkxrndjildz yrx sqeezi ok enk .(zebx
n ziivwpet) 
i
a dxwa ze` i"r zkxrnd ly dxwa rvap df wlga.(izin`d avnl ziaihi
` ztqezk) zitvz yrxe (ievxd dxwad ze`l zi`xw` ziaihi
` ztqez zxeva)
certainty equivalenced oexwra xfrpe d
i
a zix`pil zkxrnl zkxrnd ly divfix`pil rvap jk jxevlz` xtyl zpn lr .steady state Kalman gaind zxfra avn jexrye 
i
a onfa LQR zxwa oia alyl.ix`pil ote`a mewna zixnep divxbhpi` i"r jxreynd avnd z` m
wp avnd jexry

l1 = l2 = m1 = m2 = 1e g = 10 ik egipd 3-8 zel`ya(ẋ = f(x,u) dxevdn) zkxrnd ly dwinpi
d ze`eeyn z` aezk .1zix`pil zkxrn zlawl u0 = [0, 0] ,x0 = [π
2
, 0, 0, 0]T d
ewpd aiaq zkxrnd ly divfix`pil rva .2.ẋ = Ax + Bu
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x0 ikxr z`e l1 = l2 = m1 = m2 = 1e g = 10 mikxrd z` avd ,zepekp jze`vezy `
eel zpn lr:zeidl mixen` zevixhnd ikxr .l"pd u0e
A =









0 0 1 0
0 0 0 1
10 −10 0 0
−10 30 0 0









B =









0 0
0 0
1 −2
−2 5







zebx
n ziivwpet `ed dxwad ze`y gpd :zn
ewd dl`ya z`vny zix`pild zkxrnd xear .3.∆ ol
eby:dxevdn onfa zihxwqi
 ,dlewy zkxrn `vn (`)
x(t + ∆) = Fx(t) + Gu(t) ?polesd okid ∆ = 0.1sec avd (a)?daivi zkxrnd m`d (b)

G ly zipnid d
enrdy ,xnelk .wtxnd lr zegek lirtdl zlekid z` ep
ai`y zrk gippqt` `id
u2 = 0y dgpdae ,zn
ewd dl`yay zihxwi
d zkxrnd xear .4z` xrfnn u(t) = −LTx(t)y jk (hehxy d`x) L ,gain xehwe `vn (`)

∞
∑

i=0

(

xT (i∆)Qx(i∆) + u2(i∆)
)

Q =









1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







zpn lr .debugging jxevl `l` (dlqr oebk) control toolboxd ly zeivwpeta ynzydl oi`drbdl 
r dni`znd dbiqpd zgqep z` aygl ozip dni`znd Riccatid z`eeyn z` xeztl(m
ew zia libxza mzyx
py itk) steady statel?aeynd mr zkxrnd ly polesd md dn (a)?daivi zkxrnd m`d (b)zix`pild) zkxrnd m`d .y(t) = θ1 xnelk ,θ1 z` wx ze`xl epizlekia ik (
ala df sirqa) gipp .5?observable `id (zihxwqi
d
covariance zvixhn mr η ilnxep yrx ,u′(t) dxwa ze` lkl sqep miwxtna yrxn d`vezk ik gipp .6:y jk σI zipeqkl`

u(t) = u(t) + η

η ∼ N (0, σI)lr ezrtydl ddf ote`a zix`pil `ld zkxrnd lr drityn ul iaihi
`d yrxd zrtyd ik gpdxnelk .3 dl`ya z`vny zix`pild zkxrnd
x(t + ∆) = Fx(t) + G(u(t) + η)

= Fx(t) + Gu(t) + w

w ∼ N (0,W) ?W `ed dn
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y jk ǫI variance mr ilnxep zitvz yrx mb epyi zn
ewd dl`yay jildzd yrxl sqepa .7
y(t) = x(t) + v

v ∼ N (0, ǫI)zyrexd zihxwqi
d zix`pild zkxrnd ly (hehxya K) steady state Kalman Gaind z` `vn-peta ynzydl ozip jk jxevl .(lirl zitvz yrxe zn
ewd dl`ya mz`vny jildz yrx mr)z` lawl i
k .(df libxzl sxevn oexztd) m
ew zia libxza mzazk xy` get kf P and K divw:mi`ad mipezpd mr .(500 -d onf 
rva) K(500) zlawl zipkzd z` evixd steady stated zvixhn
σ = 0.1 yk 6 dl`ya mz`vny itk `ed jildzd yrx •.(dlrn ivg) ǫ = π

360
,ef dl`ya oezpy itk zitvzd yrx •.(yrx `ll) x0 = [π

2
, 0, 0, 0]T izlgzd avn •

||A||2F =
∑

i,j A2

i,j) i = {1, . . .500} xear ||K(i) − K(i − 1)||2F z` d`xny hehxy bvd (`).qpkzd jildzdy ew
a .(Forbenius Normd `id?K(500) `id dn (a)?aeh zeidl ietv avnd jexry m`d ?mzlaiwy P(500) zernyn dn (b)oelykl 
r e` zeipy 20 jynl 4 dl`yn dxwa ze` mr zyrexd zkxrnd ly zeivleniq 100 uxd .8:zih
xphqd dgqepa aivp avnd ly xzei wiie
n jexry lawl zpn lr .(4πn dle
b zeiefd zg`)
x̄t = x̄t|t−1 + K500(yt − Cx̄t|t−1) :z`

x̄t|t−1 = x̄t−1|t−1 +

∫ t

t−1

f(xτ ,ut−1)dτzpn lr zix`pil `ld zkxrnd ly divleniqa ynzyp ,xnelk .x̄t|t−1 = Fxt−1 + Gut−1 mewnazpn lr .zaxewnd zix`pild zkxrna ynzydl mewna (re
i epi`y yrxd `ll) x z` m
wl`ll arm noisy discrete control step divwpeta ynzydl ozip yex
d ixnepd aeyigd z` rval.dreaw dxwa ziivwpet mr two link arm control divweta e` (0 qp`ix`ew zevixhn) miyrx.`nbe
l dvix x`znd sxb ybd .elawzdy divleniqd ipnf ly dnxbehqid bvd

5


