miipey‘x mixtqn lr milin dnk cer -xehqidd xgyn cer mc‘d ipa ly mzepxwq z‘ exxer miipey‘xd mixtqnd dnk ok‘e zeax zedinz zxxern mxefit ly ihe‘kd ite‘a zeppeazd .zircnd di .miipey‘xd mixtqna zewqer dwihnizna xzeia zerecid zegeztd zeiradn p_1, . . . , p_n y migipn m‘ :dgked) miipey‘x mixtqn seqpi‘ yiy erci mipeeid xak -azd jezn dxizql miribn f‘ miipey‘xd mixtqnd lk ly d‘lnd dniyxd ‘id xefitd lr dn xac xnel ozip m‘d .(mihxtd z‘ enilyd .Πp_i + 1 xtqna zeppe dwihniznd ly xzeia mitid mibyiddn dnkl dliaend zwzxn dl‘y ef ?mdly -eki mitetv dnk cr :lynl .da xzeia zenqxetnd zegeztd zeiradn dnkl mbe dyw ‘l miphwd miipey‘xd mixtqnd oia ,hxta .zeidl miipey‘xd mixtqnd mil -e 17 oebk (mine‘z miiexw dl‘) 2 ‘ed mdipia yxtddy miipey‘x ly zebef ‘evnl .miipey‘x ine‘z ly zebef seqpi‘ yi m‘ dgezt diira idef .61 -e 59 e‘ 19 -l N oiay jk N eppevxk milecb mixtqn ‘evnl dyw ‘l ,‘qib jci‘n k mixgea :lynl .(miipey‘x ly ”zeixacn”) ipey‘x xtqn s‘ oi‘ N + Ω (_{logN} log log N ) .(mihxtd z‘ enilyd) miwixt k!+2, k!+3, ..,k!+k mixtqnd lky mipigane edylk dgezt diira .jx‘zdl l”pd zeixacnd mileki dnk cr le‘yl ozip ipyd oeeika cg‘ay onix zxryd ‘id (dwihniznd lka xzeia drecid ile‘) cgeina znqxetn -l x oiay rhwa ipey‘x xtqn yi f‘ witqn lecb x m‘ ε > 0 lkly zxne‘ digeqipn n lkly ‘id zeixhpnl‘ zehiya gikedl ozipy df oeeika ziaeig d‘vez .x + x^{1/2+ε} miipey‘xd mixtqnd htyn z‘ oiivl ie‘x mibyidd cva .2n-l n oia ipey‘x xtqn yi mixtqnd ly zrvennd zetitvd idn xiaqn ‘ed .20 -d d‘nd zligza gkedy zcxeie zkled mzetitvy mkl d‘xz miipey‘xd mixtqna dlw zitvz .miipey‘xd -a onqp m‘ .avw dfi‘a dl‘yd zl‘yp mle‘ ,milcbe mikled mixtqndy lkk ik xne‘ l”pd htynd f‘ N -n miphwd miipey‘xd mixtqnd xtqn z‘ Π (N) i‘xw‘a mixgea ep‘ m‘y lynl ‘vei .lim_{N→∞}^{Π(N)·ln N}_N = 1 ,xnelk Π (N) ∼^N_{ln N} gipp .miipey‘x eidi mdn^1_{500} jxray zetvl ozip ,zeixpia zextq 700 ilra mixtqna .inzixebl‘d oeicl xefgpe ihniznd rwxl dzr zeipey‘x ipgan .zeipey‘xd ogan ‘ed mitqep miipxcen minzixebl‘ae RSA mzixebl‘a ipeig aikxn :d‘ad ziceqid diiraa xaecn ep‘ .wixt e‘ ipey‘x ‘ed m‘ rixkdl epilre n irah xtqn hlwk milawn ep‘ megzay xirdl oiiprn .diirad oexztl (oiaxe Miller ly) izexazqd mzixebl‘ bivp dn (Solovay Strassen -e oiax i”r) izexazqd mzixebl‘ ly oeirxd dpey‘xl gzet df -np (2003 -a) dpexg‘l wxy oiivl yi .minzixebl‘d zxeza dpit oa‘l jynda jtdy Agarural, Sax-) zeipey‘x zpigal oey‘xd ihqipinxhcd inepiletd mzixebl‘d ‘v .(ena, Kayal Rabin-Miller zeipey‘xd ogan oaenk edf .ipey‘x epi‘ n f‘ a^{n−1} ≠ 1 (mod n) y jk n < a < 1 yi m‘ :1 dprh .dnxt htynl itelig geqip epi‘ n f‘ x = ±1 caln miyxey yi x^2 ≡ 1 (mod n) d‘eeynl m‘ :2 dprh .ipey‘x .miyxey d xzeid lkl d dlrnn mepiletl yi ,dcy lrn :dgked mipnqn .”wixt n” miper gcd (a, n) > 1 m‘ .i‘xw‘a a mixgea :mzixebl‘d m‘ .a^k, a^{2k}, a^{4k}, a^{8k}, . . . , a^{n−1} (mod n) mixtqnd z‘ miaygn .n − 1 = 2^t · k oexg‘d a^{2j k} z‘ miytgn a^{n−1} ≡ 1(mod n) m‘ .”wixt n” miper a^{n−1} ≠ 1 (mod n) .”wixt n” mipere ipey‘x epi‘ n aey -1 eppi‘ df m‘ .1 -n dpeyd dxciqa ”ipey‘x d‘xpk n” miper xg‘ dxwn lka dnk xiaqdl ie‘xe qxewa migzpn ep‘y oey‘xd izexazqdd mzixebl‘d edf .miax miizexazqd minzixebl‘ ly gezipa miritene o‘k mitwzynd zepexwrdn

‘ed ”wixt n” dper mzixebl‘d xy‘k xnelk .”ziccv cg d‘iby” yi dfd mzixebl‘l .cala zizexazqd dprh idef ”ipey‘x d‘xpk n” ‘id daeyzd xy‘k .ze‘ceea wcev d‘xpk n-y dpwqnl ribpy (a ly zexigad t”r) zexazqdd ,wixt n m‘ :wiicp .1/2 ≥ ‘id ipey‘x :zeipexwr zecewp dnk xiaqdl ie‘x df mewna cr ‘xwp ”wixt n” drceda dvixd z‘ miiqn mzixebl‘d eliayay dfk a .‘ ozipy ‘ed mzixebl‘d ceqiay xzeia iqiqad oeirxd .n ly zewixtl (witness) zivgn zegtl f‘ wixt n m‘e ce‘n miax micr yiy (oldl dyrpy itk) gikedl ‘evnl cvik mircei eppi‘ mpne‘ .n ly zewixtl micr md 1 < a < n mixtqndn a minbece micrd ly miieaix lr miknzqn ep‘ la‘ i‘ceee izhiy ote‘a dfk cr zexazqdd xnelk) a zxfra z‘f zelbl iekiqd f‘ wixt n m‘y dricia i‘xw‘a .1/2 zegtl ‘ed (n ly zewixtl cr a -y jkl wtzqp ‘l libxk ,ok‘e .zwtqn 1/2 ly dglvd zexazqd m‘ zedzl mewn yi .a z‘ mixver ep‘e dpekp daeyzdy epl reci ”wixt n” daeyzd z‘ eplaiw m‘ .jka xefgl ievx ”ipey‘x d‘xpk n” ‘id daeyzd m‘ ,‘qib jci‘n .mzixebl‘d zvix d‘xpk n” ‘id daeyzd mrt lkae mrt 20 xn‘p jk lr xefgpy gipp .xg‘ a mebcle dphw ‘id (wixt n -y ‘id zn‘de) epcbp lret rxd eplfn wxy zexazqdd .”ipey‘x zexazqdd z‘ ce‘n jenp iaeyig xigna oihwdl ozipy oaen .10^{−6} > (1/2)^{20} -n .epytp zee‘k zerh ly dfk beql (igkepd qxewa miyer eppi‘y) miizexazqd minzixebl‘a xzei agx oeica .b yi Miller -oiax mzixebl‘a ,epi‘xy itk .zexg‘ zepiiprn zeiexyt‘ zexxerzn -izexazqd minzixebl‘a .eppevxk dpihwdl mileki ep‘e ziccv cg zerhl zexyt‘ .zeiccv ec zeierha mb mizirl milwzp (minegz ly agx oeebna zeiral) mixg‘ mi epi‘e hrnk mzixebl‘d ly dvixd onf eply dxwna .zxg‘ drtez mb yi ,mle‘ -xbel) dylg zelz ielz ‘ede (a xtqnd ly) epiyry zi‘xw‘d dxigadn rtyen lr dyrpy zexfgd xtqn jxc) epl dievxd zihqihhqd ze‘ceed zbxca (zinzi -xigaa ielz dvixd onf mday miizexazqd minzixebl‘ mb yi ,mle‘ .(mzixebl‘d dl‘k md epl miievxd miavnd .(”ixwn dpzyn ‘ed dvixd onf”) eply zei‘xw‘d ze ‘id jex‘ dvix onfl zexazqddy dfn ahen .dphw ‘id dvixd onf zlgez mday .(cinz xiaq dvixd onf eay o‘k enk avnd dfn aeh oaenke) .ziqt‘ :miixwir mipte‘ ipya ritydl dleki zei‘xw‘dy xn‘p z‘f mkql ick daeyz ly cg‘ beq ,ddeab zexazqda dpekp ,cinz dpekp) daeyzd zepekp .‘ .(’eke ddeab zexazqda wx xg‘ beq ,cinz oekp .(’eke ze‘ceea hrnk xvw ,rvenna xvw ,cinz xvw) dvixd onf .a xak dglvda zeyridl leki zeipey‘xd ogan ”libxk”y ‘id ztqep daeyg dxrd -tl ,n miwixtd miirahd mixtqnd aexl .(lirl 1 dprh) oey‘xd oeixhixwd jnq lr mi‘xn mdy df oaena n ly zewixtl micr md 1 < a < n mixtqnd on zivgn zeg mdipian ohwdy) miwixt minly mixtqn yi ,‘qib jci‘n .xten dnxt htyn ik mixtqnd on cg‘ s‘y .’’Carmichael ixtqn” mi‘xwpd (561 = 3 · 11 · 17 ‘ed dprhd mb zyxcpy daiqd idef .df oaena mzewixtl cr epi‘ n -l mixfd 1 < a < n :epl yexcd beqdn zylgen dprh gikep ep‘ .diipyd md 1 < a < n mixtqnd on zivgn zegtl f‘ lwiinxw xtqn epi‘ n m‘ :dprh .n ly zewixtl micr n -l xf epi‘y 1 < a < n lky xexa .mzixebl‘d ly oey‘xd crva ligzp :dgked mixtqnd oian mby d‘xp ep‘ .n ly zewixtl cr ‘ed (gcd(a,n)>1 xnelk) dveawa opeazp ,ok‘e .n ly zewixtl micr md zivgn zegtl ,n -l mixfd 1 < a < n .S = {1 < a < n | gcd (a, n) = 1, a^{n−1} ≡ 1(modn)} t”ry iptn dxeagd lk dpi‘ S ok lr xzi .n elecen ziltkd dxeagl ziwlg S ‘id ,‘ceel lwy itky iptn ,dxeag ‘id S :cere z‘f .lwiinxw xtqn epi‘ n dgpdd hxtae ,dxeagd znver z‘ wlgn dxeag zz ly dznver xekfk .iktedle ltkl dxebq .dlek dxeagd lcebn zivgn xzeid lkl dlceb epi‘xy itke ,n ly zewixtl micr mpi‘y mixtqnd z‘ weica zllek S la‘ .dgked dprhde ,|S| ≤^{ϕ(n)}_2 ≤^{n−1}_2