zevixhna zelert

2004 x‘epia 28

AB =m‘ .zevixhn ltk ‘id zix‘ipil dxabl‘a mzcnly zeiqiqad zelertd zg‘ xekfk ,xcben zeiynn zevixhn A, B-yk C c_{ij} = ∑ k a_{ik}b_{kj}

zelerte ltk zelert Θ(n^3) zeyxcp ,dxcbdd t”r xiyi ote‘a c_{ij} z‘ miaygn m‘ -kl xzei liri mzixebl‘ bivde miax Volker Strassen riztd 1969 zpya .xeaig ly ltk aeyigl zeixhpnl‘ zelert O(n^α) wx yxec ely mzixebl‘d .zevixhn lt -liri minzixebl‘ mb e‘vnp jynda .α = log_2 7 = 2.81 . . . yk n × n zevixhn .β = 2.376 . . . zelert O(n^β ) zyxec meid drecid xzeia dlirid dhiyd .xzei mi (dpenya ‘le) raya yeniy jez 2×2 zevixhn izy letkl ozipy ‘ed iqiqad oeirxd -xhna xaecn m‘ mb lret ‘edy ‘ed dfd mzixebl‘d ly aeyg haid .ltk zelert gipp .(yx-l deey gxkda ‘l xy ,xnelk) iaihhenew ‘l begl mikiiy odixai‘y zevi ciin) ibef n-y rbxl gipp ok enk .zevixhn ltkl xen‘d mzixebl‘d epl reciy rbxl :jk oze‘ letkpe n/2 lcebn miwelal A, B z‘ lvtp .(df oiipra lthp A = A_1 A_2 A_3 A_4 B =

B_1 B_2 B_3 B_4

al eniy .d‘ld oke C_1 = A_1B_1 + A_2B_3 f‘ A =

A_1 A_2 A_3 A_4 m‘y wecal lw ‘id zixwird dcewpd .miiaihhenew mpi‘e (n/2 lcebn) zevixhn iltk md miltkdy 7-a yeniy jez ltkd z‘ rval leki epgpd eneiw z‘y zevixhn ltkl mzixebl‘dy miyxcp ep‘ ltkd zelertl xarn .A_iB_j dxevdn od ltkd zelert .cala ltk zelert xtqnl d‘ad ziaiqxewxd dkxrdd zlawzn .xeqige xeaig ly zelert O(n^2) cerl ,epiidc zevixhn izy ltkl ‘lnd mzixebl‘d yxecy T (n) zeihnzix‘d zelertd

T (n) ≤ 7T (n/2) + O(n^2)

Reverse engineering qetihn gezip ‘evnl elkez xtqa .T (n) ≤ n^α xen‘k epexzty cer xn‘p oldle l”pd mzixebl‘d ziipal zixyt‘ zizhiy jxc x‘znd (?dpcqd) .eixeg‘ny zepeirxd lr edyn xy‘a 2^k × 2^k dvixhnl miqt‘ i”r dvixhnd z‘ milyp ?ibef i‘ n-a lthp ji‘ zeikeaiqd lr rityn epi‘ okle 2-n ohw iltk mxeba n z‘ licbn df .k = ⌈log n⌉ .zihehtniq‘d

-xhn 7 miaygn dligzay wx xn‘p .xtqa ‘exwl elkez eihxtl mzixebl‘d z‘ zevi

P_1 = A_1(B_2 − B_4); P_2 = (A_1 + A_2)B_4, . . . P_7 = (A_1 − A_3)(B_1 + B_2)

.C_2 = P_4 + P_5 + P_6 − P_2 lynl ,C_i-d z‘ miaygn k”g‘e zevixhn ltkl minzixebl‘e zevixhn ly zebxc lr ztqep dxrd mixicbn libxk .dvixhn ly dbxc ly byend z‘ mzcnl zix‘ipil dxabl‘a dvixhnd z‘ mi‘exy jk i”r mze‘ mipiit‘n .zecenr zbxce zexey zbxc dligz zitelig jxc mb yi .geehd lye oirxbd ly micnind z‘ miaygne ix‘ipil xehxte‘k dvixhn A-y mixne‘ .1 dbxcn dvixhn idn dligz mixicbn :ef ‘ide cnind zxcbdl mixne‘ ,illk ote‘a .i, j lkl a_{ij} = u_iv_j -y jk u, v mixehwee ipy yi m‘ ,1 dbxcn xcbenk) 1 dbxcn zevixhn r ly mekqk B z‘ bivdl ozip m‘ ,r ‘id B ly dbxcdy .zegt ‘l j‘ (lirl dxevd yi P_i zevixhndn zg‘ lkl ,Strassen ly mzixebl‘d gezita ik al eniy ep‘hia C_i-d z‘ B_j -d ly ix‘ipil sexiv Y -e A_i-d ly ix‘ipil sexiv X-yk XY zenvnhvday (o‘k z‘f dyrp ‘l j‘) ze‘xdl ozip . P_i-d ly mix‘ipil mitexivk .zeillkd on epcai‘ ‘l efk dhiyl mewnay dvixhnd z‘ mini‘zn ep‘ P = ( ∑ α_iA_i)( ∑ β_iB_i) dxevd on iehial ep‘ C_i-dn cg‘ lkl mb .1 dbxcn dvixhn oaenk idef .α_iβ_j meyx dly (i, j)-d dvixhnd dl m‘zez C_2 = A_1B_2 + A_2B_4-y zeid ,lynl .dvixhn mini‘zn

0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0

7 ‘vn :ok m‘ ziidp dl‘yd (.B_j -l j-d dcenrde A_i-l dni‘zn o‘k i-d dxeyd) . dritend C_2 ly ef enk) C_i-l zeni‘znd zevixhnd 4 lky jk 1 dbxcn zevixhn ly dbxcl rbepa diira dpi‘ xak ef .oda miix‘ipil mitexivk iehial zepzip (mcewn .epnegzl xarn daxd epylb xak o‘k mle‘ ,miieqn xeqph ly ‘l‘ dvixhn xy‘a P A = LU dxeva A dpezp zireaix dvixhn bivdl mivex :LUP wexit oexzid yi efk dbvdl .dpeilr U-e dpezgz ziyleyn dvixhn L ,dxenz zvixhn P -l znbxzin ef zkxrn Ax = b zeix‘ipil ze‘eeyn zkxrn oexzt lr dlwn ‘idy .xeztl lw Ly = v dxevdn zkxrn .LUx = P b

y_1 = v_1 l_{11}

zkxrn mb mixzet dnec ote‘a .’eke y_2 z‘ mi‘ven ,diipyd d‘eeyna z‘f miaivn .Uz = w dxevdn dxabl‘a qxewa mzxkd dze‘y qe‘b ziivpinil‘ ?LUP wexit mi‘ven ji‘ ulnen .ax hexit ‘ll ,cvik xiaqp .dfk wexit ‘vend mzixebl‘ ‘id zix‘ipil ‘l dvixhn A didz .zix‘ipil dxabl‘a qxewdn xnega mkpexkf z‘ oprxle xefgl

ixehwee v, w-yk A = a_{11} w^T v A^′ meyxp .a^{11} ≠ 0 ik zeigepd ornl gippe zixlebpiq (n − 1) × (n − 1) dvixhn A^′-e dcenr

.2 wlg-zevixhn lr zelert

dbvdd zbyen jka ely dcenrd lr a_{11} mr qe‘b ziivpinil‘ mirvan A = ( 1 ⃗0 v/a_{11} I_{n−1} ) · ( a_{11} v^T 0 A^′ )

‘iaiy dfk zexeyd xcqa iepiy yxcp a_{11} = 0 m‘. A^′ mr diqxewxa mikiynne .wgynl P dxenzd zvixhn zqpkp jke 0 -n dpey xai‘ (1, 1) -d xewnl dnbec ef .dvixhn ly iktedd aeyign xzei dyw epi‘ zevixhn ltky :dzr gikep -xebl‘d zxeza od ceqi oa‘ ‘idy zeira oia divwecxd e‘ mevnvd oexwirl daeyg .(deewn ip‘ ,mzrny xak mewnewd lr dgicad z‘) aeyigd zeikeaiqa ode minzi

.jetidn xzei dyw epi‘ zevixhn ltk :htyn

:dgked I A 0 0 I B ) ) I −1 = I −A AB 0 I −B 0 0 I

.dpeilrd zipnid dpita z‘vnp ltkd ly d‘vezde izy okle ,zevixhn ltkn xzei dyw epi‘ zevixhn jetidy mb ze‘xdl ozip .odly aeyigd zeikeaiq zpigan f”lf zelewy zeirad

i‘ceea mzcnl :mizegt mireaix i”r aexiw zevixhn ly miaeyg miyeniy ipy cer cg‘ mepilet yi (x_1, y_1), . . . , (x_n, y_n) xeyina ’wp n ozpda .divletxhpi‘ ze‘gqep zyxetn dgqep mb yi .P (x_i) = y_i miiwzn i lkly jk n − 1 ≥ dlrnn P cigie zeyrl ozip dn .dfd mepiletd z‘ aygnd (’fpxbl ly divletxhpi‘d zgqep) dheyt ?xzei dphw dlrnn mepilet zxfra mle‘ ozipd lkk ahid axwl eppevxa m‘ j‘) xzeia aeygd ccnd .miynzyn eay daxiwd ccn edn xidadl yi ziy‘x least mizegt mireaixa aexiw ‘xwp mby l_2 oaena aexiw ‘ed (icigid ‘l hlgda .squares approximation ly dnbeca) A_{m×n} dvixhn epl dpezp :xzei cer zillk dl‘ya lthp mvra xehwee mb epl yi . m >> n y migipn ep‘e (dcpenxcpe dvixhn ‘id A minepiletd biyny c z‘ xnelk xzeia aehd aexiwd z‘ miytgn ep‘e y dxhn min_c ||Ac − y||^2.

agxn mbe y dcewp epl dpap R^m a :zixhne‘ib ‘id diirad lr aeygl zxg‘ jxc dcewpd z‘ ‘evnl epilr .(A dvixhnd zecenr i”r yxtpd agxnd) L icnin-n ix‘ipil (Ac − y)^T A = 0 lawpe c itl ||Ac − y||^2 z‘ xefbp .L agxna y-l xzeia daexwd mi‘xew (A^T A)^{−1}A^T dvixhnl . c = ((A^T A)^{−1}A^T )y okle A^T Ac = A^T y xnelk, .A ly zikted-ece‘qtd dvixhnd

-niq ziynn dvixhnl ,zix‘ipil dxabl‘n mkl xekfk (cala dxiwq) SV D wexit zeyrp zevixhn mr dceara zekexkd zeira daxd .miiynn miinvr mikxr iy zixh .(”zilxhwtq dfilp‘”) miinvr mikxre miinvr mixehweea yeniy i”r xzei zeheyt zeixhniq ‘weec e‘l ody zevixhn mr mb zeyrl ozipy zeibelp‘ zelert yi m‘d ?zeipaln s‘ e‘ -piqd mikxrd ‘ed ze‘pd silgzd .ziaeig dax dcina ‘id daeyzdy xazqn AA^T dvixhnd .zireaix ‘weec e‘l dvixhn A_{m×n} didz .dvixhnd ly miixleb -td dltknl deey dly (i, j)-d xai‘dy dvixhn ef .zixhniq ziynn dvixhn ‘id ‘id AA^T -y ze‘xl lw ,ok lr xzi .A ly j -d dxeya i -d dxeyd ly zinip miilily i‘e miiynn miinvr mikxr m dl yi okle zilily-i‘ zxcben dvixhn ozip . A ly miixlebpiqd mikxrd mi‘xew dl‘ mixtqnl . σ_1 ≥ σ_2 ≥ . . . ≥ σ_m ≥ 0 .λ_i = √ σ_i zipeqkl‘ Λ . A = XΛY dxeva ziynn ( m ≤ n xy‘k) A_{m×n} lk ‘hal miaexiw zilnxepezxe‘ zkxrn od Y ly zexeyde XX^T ly r”ed md X ly zecenrd mikxrd mi‘han dn ?zevixhn oia daxiw miccen ji‘ .dkenp dbxcn A dvixhnl ?zeiynn zeiv‘ehiqa miixlebpiqd