mizegtd mireaixd zhiy cg‘ mepilet yi ,dfn df mipey x_i-yk (x_1, y_1), . . . , (x_n, y_n) xeyina zecewp n ozpida -xhpi‘d mepilet mi‘xew dfd mepiletl ∀iP (x_i) = y_i miiwnd n − 1 ≤ dlrnn P cigie zecigia xcbend xyia xaecn n = 2 xzeia heytd dxwna) .l”pd zecewpd ly divlet divletxhpi‘d zgqep - dfd mepiletl zyxetn dgqep mb yi .(xeyina zecewp izy i”r :’fpxbl ly

P (x) = n∑ i=1 y_i ∏ j≠i x − x_j x_i − x_j mepileta mipiipern .zxg‘ ‘id zpiiprnd dl‘yd mineyii ly agx oeebna ,zeaexw mizirl P (x_i) = y_i cer miiwl didi ozip ‘ly oaen ,n-n (daxda ile‘) ohw m-yk m ≤ dlrnn Q daxiwd byen z‘ znkp ji‘ .y_i mixtqnl miaexw eidi Q(x_i)-y mivex epiid mle‘ .i lkl ?dfd epilr ,okl .(y_1, . . . , y_n) xehweel aexw didi Q(x_1), . . . , Q(x_n) xehweedy ‘id epzxhn ly jxe‘ ly byen epl yexc jk myl .mixehwee oia wgxn miccen ji‘ dligz xicbdl xehweed ly (”jxe‘d”) dnxepd z‘ ‖z‖-a mipnqn .dnxep ‘ed ipkhd byend .mixehwee :od dnxepn zeyixcd .z ∈ R^n

.z = 0 m”m‘ oeieye ‖z‖ ≥ 0 miiwzn z ∈ R^n lkl .1 .‖λz‖ = |λ|‖z‖ iynn λ lkl .2 ∀u, v ‖u + v‖ ≤ ‖u‖ + ‖v‖ .3 ‘id wtq ‘ll (mkl zxkene) xzeia daeygd .zepiiprne zeaeyg zenxep ly agx oeebn yi ze‘nbec izy cer ‖z‖_2 = √∑ z^2_i :jk zxcbene ‖ · ‖_2 zpneqnd zecilwe‘d dnxepd ‖z‖_∞ = max_i |z_i| :dzxcbdy l_∞ znxepe ‖z‖_1 = ∑ |z_i|-k zxcbend l_1 znxep od zeaeyg eniy .1 ≤ p < ∞ lkl ‖z‖_p = ( ∑ |z_i|^p)^{1/p} :jk zxcben l_p znxep xzei illk ote‘a .(jk z‘xwp mb minrtle) l_2 znxepl ddf zicilwe‘d dnxepdy al miqxewa cenll ozip miinxep miagxn ly dxezd lr .zexg‘ zepiiprn zenxep cer yi ep‘ .epzl‘yl ok m‘ xefgp .zilpeivwpet dfilp‘a cgeinae zihnizn dfilp‘a mincwzn xehweel aexw (Q(x_1), . . . , Q(x_n)) xehweedy jk m ≥ dlrnn Q mepilet xekfk miytgn xyt‘ .zicilwe‘d dnxepd ly df didi ynzyp eay daxiwd ccn .(y_1, . . . y_n) oezpd edfy ‘id zixwird daiqd .zexg‘ zenxep ipt lr l_2 znxep z‘ eptcrd recn o‘k le‘yl myl mle‘ l_∞ znxepa mb liri ote‘a diirad z‘ xeztl ozip .oexztl xzeia lwd dxwnd divfinihte‘ qxewa cenll ozip dze‘y) ix‘ipil oepkz ly dxezd z‘ gztl jixv jk ozipy miax mixwn oi‘ mdly zeheyt zeiv‘ixee dl‘ mixwn ipy caln .(zihxwqic .liri ote‘a xeztl meyxl ozip m ≥ dlrnn mepilet .l”pk mepilet ytgpe ziceqid epzl‘yl ok m‘ ,aeyp xzeia miaehd mincwnd z‘ ‘evnl ‘id dirad okle Q(x) = c_0 + c_1x + . . . c_mx^m :k :jk ycgn gqpl ok m‘ ozip dl‘yd z‘ . c_0, . . . , c_m i”r zxcbend dpenxcpe zvixhn A_{n×(m+1)} didz a_{ij} = x^j_i (1 ≤ i ≤ n , 0 ≤ j ≤ m) xehweel l_2 znxepa ,xyt‘d lkk aexw Ac xehweedy jk c xehwee ‘evnl ‘id diirad f‘ z‘ivnl dlewy dl‘yd ,t > 0 megza dler t → t^2 divwpetdy oeeikn ,zexg‘ milina y :y jk c xehwee min_c ‖Ac − y‖^2

:xzei zillkd dl‘ya oiirl ozip .ok m‘ ,zixewnd diiral epnvr z‘ liabpy daiq oi‘ diirad z‘ xeztl mivex ep‘e y xehwee A ziynn dvixhn dpezp

min_c ‖Ac − y‖^2 miiwnd c mi‘veny jka diirad z‘ xeztl ozip zixlebpiq ‘l zireaix dvixhn A m‘ .zecenrn zexey xzei A-a yi eay df ‘ed oiiprnd dxwnd .0 ‘ed menipinde Ac = y ix‘ipild agxnd L didi .zixhne‘ib ,ztqep han zcewpn mb ef dl‘ya opeazdl ozip iwgxna) xzeia daexwd dcewpd z‘ ‘evnl epzxhn .A dvixhnd ly zecenrd i”r yxtpd oexztd - daeyzd z‘ ciin dxidan zixhne‘ibd hand zcewp .dpezpd dcewpl L-a (l_2 .L agxnd lr y dcewpd ly lhidd didi ly menipina mipiipern ep‘ .diirad z‘ xeztl dzr ybip epldipy oeicd lk xg‘l ‖Ac − y‖^2 = ∑ i ( ∑ j a_{ij} c_j − y_i)^2

:lawp 0-l zxfbpd z‘ deeype c_r itl xefbp ∀r 2 ∑ i a_{ir}( ∑ j a_{ij} c_j − y_i) = 0

xnelk ∀r ∑ i a_{ir} ∑ j a_{ij} c_j = ∑ i a_{ir}y_i

:k meyxp l‘ny sb‘ z‘ .A^T y-a r-d dhpicxe‘ewl deey ∑ i a_{ir} y_i la‘ ∑ j c_j ∑ i a_{ir}a_{ij} = ∑ j c_j ∑ i a^T_{ri}a_{ij} = ∑ j c_j (A^T A)_{rj}

A^T Ac = A^T y :ok m‘ eplaiw .A^T Ac xehweea r-d dhpicxe‘ewd ,epiidc :xnelk c = (A^T A)^{−1}A^T y

A-y al eniy) A dvixhnd ly zikted-ece‘qtd okl mi‘xew (A^T A)^{−1}A^T dvixhnl .(jitd f‘ dl oi‘ ‘linne zipaln zeidl dleki :onwlck ,miqwcpi‘a fxten weqir ‘ll mb rval ozip l”pd oeaygd z‘ ‖Ac − y‖^2 = (Ac − y)^T (Ac − y) (.envra Ac − y xehweed ly zinipt dltkn) okle ∂ ∂c (‖Ac − y‖^2) = 2(Ac − y)^T A = 0

-pi‘ miwtqn dly miinvrd mixehweede miinvrd mikxrd ,zireaix dvixhn A m‘ zipaln A m‘ .zix‘ipil divnxetqpxhk dxe‘ize dvixhnd lr dax dliren divnxet ly gezip)-ilxhwtq gezipl silgz deednd dnec byen yi ,ok‘e .silgz ytgl epilr -xhnd .miixlebpiq mikxra xaecn .(miinvr mixehwee miinvr mikxr zervn‘a zeira σ_1 ≥ σ_2 ≥ . . . ≥ 0 miinvr mikxr dl yi okle ziaeig zxcbene zixhniq ‘id AA^T dvi jexrpy oeica ixwir aikxn didi df .A ly miixlebpiqd mikxrd mi‘xwp √ σ_i mixtqnd i”r A ly xzeia aehd aexiwd edn ,t irah xtqne A dvixhnd ozpida :d‘ad dl‘ya ,mcewnk .zevixhn oia daxiw cecnp ji‘ dligz xidadl epilr aey ?t ≥ dbxcn dvixhn :onwlck od zeyixcd o‘k .zil‘ivixhn dnxep ly byenn xfbiz daeyzd A = 0 m”m‘ oeieeye |‖A|‖ ≥ 0 .1 iynn c lkle A dvixhn lkl |||cA||| = |c| · ‖A‖ .2 zevixhn izy lkl |‖A + B|‖ ≤ |‖A|‖ + |‖B|‖ .3 el oi‘e zevixhn ly zenxepl icegii oaenky i‘pz df) |‖AB|‖ ≤ |‖A|‖ · |‖B|‖ .4 .(zeixehwee zenxep ly xywda belp‘ zeil‘ivixhn zenxepl ze‘nbec xtqn oldl |‖A|‖_1 = ∑ |a_{ij} | :l_1 znxep .‘ (xey znxep e‘ hciny-hxalid znxep ,qeipaext znxep mb diexwd) l_2 znxep .a .|‖A|‖_2 = √∑ (a_{ij} )^2 |‖A|‖_∞ = max |a_{ij} | :l_∞ znxep .b dnxepd lr xacp o‘k ,zeixehweed zenxepl zenecd zencewd zenxepl cebipa .c :zix‘ipil divnxetqpxhk A lr aeygl zaiign dzxcbd mvry zixehxte‘d |‖A|‖ = max_{‖x‖=1} ‖Ax‖ :dnbecl zg‘ dl‘ya jk m‘ oecp min |‖A − B|‖_2 :y jk 1 dbxca B miytgn .zireaix ‘weec e‘l ,A dvixhn ozpida min ∑ (a_{ij} − x_iy_j )^2 :y jk x, y mixehwee ipy miytgn ep‘y ‘ed xacd yexit :milawne x_i itl mixfeb .(dcenr xehweek y lre dxey xehweek x lr miayeg ep‘) ∑ j (a_{ij} − x_iy_j )y_j = 0

Ay = x^T ‖y‖^2 :‘”f .x_i‖y‖^2-l deey Ay ly i-d dhpicxe‘ewd ,xnelk xA = y^T ‖x‖^2 a”eike y-l a”eike xAA^T = ‖x‖^2y^T A^T = x · ‖x‖^2‖y‖^2 ik raep ,invr jxr eze‘ mr mdipy ,A^T A ly ipni r”e y-e AA^T ly il‘ny r”e ‘ed x xnelk .σ .xAA^T = σx; A^T Ay = σy ,xnelk f‘e ∑ (a_{ij} − x_iy_j )^2 = ∑ a^2_{ij} − xAy + ‖x‖^2‖y‖^2 xy‘k byen menipind ∑ (a_{ij} − x_iy_j )^2 = ∑ a^2_{ij} − σ okl xAy = ‖x‖^2‖y‖^2 = σ la‘ .A ly oeilrd ixlebpiqd jxrd σ = σ_1 ozip f‘ .k dbxcn ziynn dvixhn A_{m×n} didz :‘ad htynd z‘ migiken illk ote‘a micigid mixai‘d .zeilpebezxe‘ zevixhn W_{n×n}-e V_{m×m} xy‘a A = V ΣW^T meyxl ly r”e md V ly zecenrd .A ly miixlebpiqd mikxrd (Σ)_{ii} = σ_i md 0 mpi‘y Σ-a .A^T A ly r”e od W ly zecenrd AA^T Σ^{(r)}-yk V Σ^{(r)}W ‘id r ≤ dbxcn dvixhn i”r l_2 oaena A ly xzeia aehd aexiwd i > r lkl 0-a σ_{ii} mixai‘d ztlgd i”r Σ-n zlawzn .zixehxte‘d dnxepa xzeia aehd aexiwd mb edf :dxrd dbvdd z‘ meyxp :mineyii ly agx oeebna ritend aeyg oexwir cer o‘k yibcdl i‘ck .A = V ΣW^T :jk a_{ij} = ∑ t v_{it}σ_tw_{tj} :okle A = ∑ σ_tV^{(t)} · W_{(t)}

zevixhndn ‘”ky al eniy .W -a t-d dxeyd W_{(t)}-e V -a t-d dcenrd ‘idV^{(t)}-yk .1 dbxcn dl‘d minrt .1 dbxcn zevixhn - ”miixhpnl‘ miaikxn” ly sexivk A ly zipepw dbvd idef wlg wx mixagn eay aexiwd dpap cvik ze‘xl oiiprn (jynda dl‘k cer d‘xpe) zeax ‘ed ce‘n giky .lecb ixlebpiq jxrl mini‘zny dl‘ - ”miixhnl‘d miaikxn”d on xcqn aexiw ,lynl jk .dnvr dvixhndn xzei lreta miliren dl‘k miaexiwy avnd -dcicn iyrxn dwepn ‘edyk dvixhna x‘eznd (lpbiq) ze‘d zeidl ieyr xzei jenp xtqn m‘y mb oiivl yi .envrlyk cecnd ze‘d xy‘n xzei daxd epze‘ oiiprnd oezp .rcin ly zxkip dqigc mb o‘k zbyen ,ohw mixaegnd