zyxa dnixfd ziira

:mi‘ad mixhnxtd el mitqepy G = (V, E) oeekn sxbn diepa dnixf zyx

.xead cwcw t-e xewnd cwcw ‘xwp s cwcwd s, t ∈ V micgein micwcw ipy .1

(u, v) ∉ m‘e e rlvd ly leaiwd ‘xwp c(e) > 0 xtqnd c : E → R^+ divwpet .2 .c(u, v) = 0 mixicbn E

iaxind drepzd gtpk c(e) lre miixhiq cg miyiakk G ly zerlvd lr aeygl ozip mixfdl ‘id miilnxet ‘l migpena ,epzxhn .ef rlvl mi‘znd yiaka mixfdl ozipy eay mewnd ‘ed s-y xn‘p) t xeal s xewnd on dxegq ly xyt‘d lkk dlecb zenk :miveli‘ ipyl setka z‘f zeyrl epilr .(zkxvp ‘id eay mewnd t-e zxvein dxegqd

.rlvd ly dleaiw i”r zlaben rlva dnixfd •

zenk” .xnegd xeniy weg miiwzn xeade xewnd hrnl ,sxbd ly cwcw lka • .”epnn z‘veid zenkl deey miyiakd zyxa znev lkl zqpkpd dxegqd

z‘ zniiwnd f : V × V → R divwpet ef l”pd meyixa dnixf .zexcbda jiynp :mi‘ad mi‘pzd

miiwzn u, v ∈ V micwcw ipy lkl :leaiwd iveli‘ .1 c(u, v) ≥ f(u, v)

miiwzn u, v ∈ V micwcw ipy lkl :dixhniq‘ .2 f(v, u) = −f(u, v) -i‘ehpi‘ xaqd .aexwa eil‘ aeype mipeniqd z‘ hytl crepy ipkh i‘pz edf) u-n dxegq ly zecigi a zenxefy dcaerd z‘ miccewn ep‘y ‘ed oey‘x iaih .(f(v, u) = −a oke f(u, v) = a-y jka v-l

f‘ u ∈ V \ {s, t} m‘ :xnegd xeniy weg .3 ∑ v∈V f(u, v) = 0 z‘veid dxegqd jql minkzqn df mekqa miiaeigd mixaegnd :xaqd) . jql minkzqn miililyd mixaegnd ,lirly dixhniq‘d oexwir llbae u-n m‘ weica ,okl ,qt‘zn llekd mekqd .ilily oniqae u-l zqpkpd dxegqd .(xnegd xeniy weg miiwzn

-niq‘d i‘pz oiipra .|f| = ∑ v∈V f(s, v) i”r xcben f dnixf ly (shyd e‘) |f| jxrd (v, u) j‘ ,sxba z‘vnp (u, v) rlvd m‘ :d‘ad dl‘yd oiicr zywazn ,epbvdy dixh ,xn‘pe ipkh i‘pz ‘l‘ epi‘ f(v, u) = −f(u, v) i‘pzdy oiadl dyw ‘l ,sxba dppi‘ zenxefy avnd z‘ mdipy mi‘han f(v, u) = −5 lewyd i‘pzd mb enk f(u, v) = 5 aeygpe jiynp sxba ze‘vnp l”pd zerlvd izy ik dzr gipp .v-l u-n dxegq zecigi 5 -niq‘d i‘pz oi‘ m‘d .mixr oia dxegq zexiarnd zei‘yn ly dnixf zx‘znk f lr zexyt‘ ,ok‘ ? u-l v-n ode v-l u-n od mexfz dxegqy zexyt‘d z‘ lley dixh lk oi‘ dnixfd ziira ly ilnihte‘ oexzt jxevl .diira lk jka oi‘ mle‘ ,zllyp ef jxra rbet epi‘ ueli‘d xnelk .dl‘d mixrd izy oia aeye jeld dxegq mixfdl mrh micwcw bef oi‘ ik gipdl k”da ozip zilnihte‘ dnixfa :milina .dnixfd ly iahind .u-l v-n ode v-l u-n od edyn minixfny jk u, v ∈ V dnixfd zepekz

zenkl deey shyd .xnelk |f| = ∑ v∈V f(v, t)-y mzayg m‘ .shyd zxcbdl aeyp zeveaw izy lkl mixicbn :dgkedd oldle mkzi‘ wcvd f‘ ,xeal zqpkpd dxegqd :micwcw ly X, Y ⊆ V f(X, Y ) = ∑ x∈X ∑ y∈Y f(x, y)

:zeheyt zepga‘ dnk oldl .1 ∀X ⊆ V f(X, X) = 0 .2 ∀X, Y ⊆ V f(X, Y ) = −f(Y, X) :f‘ ,X ∩ Y = ∅ m‘ ,∀X, Y, Z ⊆ V .3 f(X ∪ Y, Z) = f(X, Z) + f(Y, Z)

f(Z, X ∪ Y ) = f(Z, X) + f(Z, Y ) :raep o‘kn |f| = f(s, V ) = f(V, V ) − f(V \ s, V ) = −f(V \ s, V ) =

= f(V, V \ s) = f(V, t) + f(V, V \ {s, t}) = f(V, t) zepekzdn zelwa zeraep ode .diptly ze‘gqepa yeniy ‘l‘ dppi‘ dgkedd mekqa mixaegnd z‘ obx‘l ozipy iptn f(X, X) = 0 ,lynl f ly zeiceqid .0 ‘ed mdn cg‘ lky f(x, y) + f(y, x) zebefa f(X, X) = ∑ x∈X ∑ y∈X f(x, y) ,ztqep dgked oldl

,xnegd xeniy weg t”r :xzei ziaih‘ehpi‘ ile‘ u ≠ s, t lkl ∑ v f (u, v) = 0 u ∈ V ⟨s, t⟩ lk t”r oeieyd z‘ mkqp . ∑ u≠s,t ∑ v f (u, v) = 0 lawp -en ,s, t -n mipey mdipy p, g micwcwd m‘y ‘vei f (p, q) = −f (q, p) y zeid -xaegnd lehia xg‘l .0 mnekqy f (p, q)+f (q, p) mixaegnd ipy l”pd mekqa mirit ∑ u≠s,t f (u, s) + xnelk ∑ u≠s,t ∑ v=s,t f(u, v) = 0 oeieyd mr x‘yip elld mi

.epywean z‘ lawpe f (s, t) + f (t, s) = 0 z‘ cer siqep ∑ u≠s,t f (u, t) = 0

:Ford-Fulkerson zhiy

lk ‘ly iptn ”mzixebl‘” ‘le ”dhiy” Ford-Fulkerson ly oexwirl mi‘xew epgp‘ izla yenina mb xegal ozip ,d‘xpy itk .oexztd xe‘iza miriten mivegpd mihxtd -ird ly divhxtxhpi‘ yi ,‘qib jci‘n ,mle‘ .inepilet dvix onf gihan epi‘y glven zqxib) dfd mzixebl‘d z‘ .dnixfd ziiral inepilet mzixebl‘ zwtqnd dfd oexw ,jli‘e o‘kn .mixacd jynda gzpp (Ford-Fulkerson ly dhiyl Edmonds-Karp mixtqn ‘le) miirah mixtqn md mileaiwd lk eay avnl oeicd z‘ minvnvn ep‘ .(mdylk miiynn icn mixtyne (0 zizedf f) f = 0 dnixfdn mi‘vei :Ford-Fulkerson ly oexwird xiaqp .(oldl xaqeiy byen) dagxd zliqn lr dnxfd zervn‘a dnixfd z‘ crv didz .zwiiecnd dxcbdl dptp k”g‘e dagxd zliqn idn iaihi‘ehpi‘ ote‘a dligz dheyt dliqn ‘evnl ozip m‘ .dilr dnixf f-e dnixf zyx G = (V, E, s, t, c) ok m‘ efk dliqn mi‘ex epgp‘ t-l s-n ztqep dnixf mixfdl oiicr ozip dkxe‘ly t-l s-n t-l s-n P zpeekn dliqna xaecnyk epeylk yxtzn dfd byend .dagxd zliqnk 1 xeiv e‘x .(ynn lecb) c(e) > f(e) miiwzn e ∈ P rlv lka xnelk ,dieex dpi‘y .gtqpa zelg o‘k miritend micwcwa hxtae zyxdn wlg wx riten xeivay oiadl yi -dn ‘”ka dnixfd z‘ licbdl ozip ef dnbeca .df xeiva zeriten opi‘y zerlv cer miny .(dliqnd zerlv t”r min(c(e) − f(e)) xeza lawzn 3 xtqnd) 3 a zerlv -lvdn cg‘ lka Δ lceb eze‘a f ikxr z‘ milicbn m‘e zxzen dnixf f m‘y al xeniy weg z‘ zniiwn f dlcbdd xg‘l mb f‘ ,t-l s-n idylk dliqn jxe‘ly zer .xnegd ly micwcwa eli‘e ,iepiy lk oi‘ dliqna epi‘y cwcw lka :ef ‘id daiqd ,okl .Δ-a z‘veid dnixfd z‘ ode zqpkpd dnixfd z‘ od milicbn ep‘ dliqnd ly sqep beq yiy ‘id xzei dpicrd dcewpd .miiwzne jiynn xnegd xeniy weg -n‘a mb shyd lcbeiy jk dnixfd iepiyl dnec dlert zeyrl ozipe dagxd zliqn .gtqpa 2 xeiv d‘x ,lynl .t-l s-n zpeekn ‘weec e‘l dliqn zerv jxrd z‘ Δ = 3-a eplcbd o‘k .gtqpa 3 xeiv d‘x - onwlck iepiy rval ozip rlvd ly jxrd z‘ 3 a ephwde ,t-l s-n dliqnd oeeikk opeeiky zerlvd lk lr ly :o‘k .dliqnd oeeikl cbepn dpeeiky

Δ = min(min(c(e) − f(e)), min(f(e))

menipinde t-l s-n dliqnd oeeikk zepeeknd zerlv t”r ‘ed oey‘xd menipind . xeniy weg z‘ zniiwn f m‘ ,o‘k mb .dliqnd oeeik cbpk zepeeknd zerlv t”ripyd dnl xarn dpga‘ cer zyxcp o‘k .iepiyd xg‘l mb eniiwl jiynz ‘id f‘ ,xnegd mb ,z‘f znerl x-n ze‘veid zerlva dnixfa iepiy lg ‘l .mcewd dxwna epiyry dnixfd dcxi x-l zeqpkpd zerlvd zg‘ay iptn ,iepiy oi‘ x jezl zllekd dnixfa dnixfa mb iepiy lg ‘l d”qae Δ-a dzlr dnixfd zxg‘ zqpkp rlvae Δ = 3-a .(”‘vei”a ”qpkp” ztlgda) y cwcwa mb a”eik .x jezl zllekd

Ford-Fulkerson oexwir ly dliri ‘l dvxdl dnbec

rexb ote‘a ynnl ozip Ford-Fulkerson oexwir z‘y ze‘xnd zeheyt ze‘nbec yi zyxa hiap .dphw ‘id zyxd m‘ s‘ meqg ‘l dvix onf lawznd mzixebl‘ly jk irah xtqn ‘ed M-e mileaiwd md zerlvd cily mixtqnd) .gtqpa 4 xeivay dard dagxdd zliqna mixgea ep‘ dzr .f = 0 ‘id dpey‘xd dnixfd .(lecb miribne Δ = 1-a dagxdd zliqn jxe‘l dnixfd z‘ milicbn ,gtqpa 5 xeivay .gtqpa 6 xeivay dnixfl

.gtqpa 7 xeiv d‘x - d‘ad dagxdd zliqna mixgea dzr •

.gtqpa 8 xeivay dnixfl xearle Δ = 1-a dnixfd z‘ licbdl dzr mb ozip • gtqpa 5 xeivay dagxdd zliqna xgap aey • .gtqpa 9 xeivay dnixfl xearp •

xeivay zilnihte‘d dnixfl ribp mteqae micrv Ω(M) jynii jildzd .d‘ld oke .gtqpa 10 .micwcw drax‘ wx zyxa ik s‘ ,eppevxk lcbi dvixd onf M xtqnd zlcbd i”r .Ford-Fulkerson ly oexwird z‘ liri ote‘a ynnl ji‘ d‘xp xzei xge‘n

zixeiy zyx .dagxd zeliqn xicbdl epl zxyt‘nd zilnxetd zxbqnd z‘ dzr gztp G = (V, E, s, t, c) didz .(Residual network) zixeiy zyx ly byena ligzp ly zixeiyd zyxd z‘xwpd G_f -dycg zyx dzr xicbp .da dnixf f-e dnixf zyx .G-a enk s, t md da xeade xewnd V ‘id G_f ly micwcwd ’aw .f-n zixyend G :k (u, v) ly ixeiyd leaiwd z‘ mixicbn ep‘ u, v ∈ V micwcw bef lkl c_f (u, v) = c(u, v) − f(u, v)

:jk G_f zixeiyd zyxd ly zerlvd zveaw z‘ xicbdl ozip dzre E_f := {(u, v) ∈ V × V |c_f (u, v) > 0}

f‘ (u, v) ∈ E_f m‘y al miyp .c_f (u, v)-k xcben (u, v) ∈ E_f rlv ly leaiwde (v, u) ∈ E e‘ (u, v) ∈ E (u, v), (v, u) ∉ m‘y iptn ,oketid e‘ G ly zerlv wx ze‘vnp E_f -a zexg‘ milina c_f (u, v) = mb okle f(u, v) = f(v, u) = 0 mb c(u, v) = c(v, u) = 0 df dxwna f‘ E .c_f (v, u) = 0

.dni‘znd zixeiyd zyxd G_f didze G = (V, E, s, t, c) zyxa dnixf f didz :dprh |g| = |f| + |f^′| miiwzne G-a dnixf g = f + f^′ f‘ G_f -a dnixf f^′ didz

.ziciin - zeixhniqihp‘ :dgked • :f‘ ,s, t-n dpey cwcw u didi :xnegd xeniy • ∑ v∈V g(u, v) = ∑ V f(u, v) + ∑ V f^′(u, v) = 0

:leaiwd z‘ zxaer dppi‘ dnixfd • g(u, v) = f(u, v)+f^′(u, v) ≤ f(u, v)+c_f (u, v) = f(u, v)+c(u, v)−f(u, v) = c(u, v)

.ziciin shyd lr dprhd mb

.dnixfa zekexkd zexcbdd ly zeix‘ipildn zeraep zeprhd lky al eniy :dxrd dagxd zliqn :dagxd zliqn ly zilnxetd dxcbdl eprbd dzr dheyt dliqn ef P dagxd zliqn .da dnixf f-e zyx G = (V, E, s, t, c) didz c_f (P ) := min{c_f (u, v)|(u, v) ∈ :k xcben P ly ixeiyd leaiwd .G_f zixeiyd zyxa t-l s-n P } xicbp .dagxd zliqn P didze ,da dnixf f-e zyx G = (V, E, s, t, c) didz :dprh :jk Δ_P : V × V → R Δ_P (u, v) = c_f (P ) f‘ ,(u, v) rlvd z‘ dlikn P dliqnd m‘ • Δ_P (u, v) = −c_f (P ) f‘ ,(v, u) rlvd z‘ dlikn P dliqnd m‘ • Δ_P (u, v) = 0 zxg‘ • .|f| < |f| + |c_f (P )| jxr zlra dnixf ‘id (Δ_P + f) : V × V → R divwpetd f‘ Δ_P dxcbdd t”r ok‘e .G_f -a dnixf ‘id Δ_P -y ‘ceel ic zncewd dnld itl :dgked .mileaiwd z‘ zxaer dpi‘e zixhniq‘ mikzg s ∈ S-y jk mixf miwlg ipyl dnixf zyx ly micwcwd ’aw ly V = S ∪ T dwelg :k xcben df jzg ly leaiwd .zyxa jzg z‘xwp t ∈ T -e c(S, T ) = ∑ x∈S,y∈T c(x, y)

-y iptn c(S, T ) ≥ f(S, T ) oaenk f‘ ,jzg (S, T )-e dnixf f m‘ .c (S, T ) = ∑ x∈s ∑ y∈T c (x, y) ≥ ∑ x∈s ∑ y∈T f (x, y) = f (S, T ) f(S, T ) = |f| :miiwzn (S, T ) jzg lkle f dnixf lkl :dprh :dgked f(S, T ) = f(S, V ) − f(S, S) = f(S, V ) = f(s, V ) + f(S \ s, V ) = f(s, V ) = |f|

ef hxtae lirly zeheytd zepga‘d on dlwp lr miraepe mipaen micrvd lk raep ‘ed .o‘k iriaxd xarnd z‘ xidadl ,ile‘ ,ie‘x .zexf zeveawa zlthnd :y iptn .f(A, V ) = 0 miiwzn ,t z‘ ‘le s z‘ zllek dpi‘y A ⊆ V lkly jkn .f(A, V ) = ∑ a∈A ∑ v∈V f(a, v) = 0 mi‘pzd f‘ .da dnixf f-e zyx G = (V, E, s, t, c) didz :jzgde shyd htyn :milewy mi‘ad .(iaxin shy zlra ‘”f) G zyxa zilniqwn dnixf f .1 .dagxd zliqn oi‘ zixeiyd zyxa .2 .|f| = c(S, T ) miiwnd G-a (S, T ) jzg yi .3 :dgked z‘ xtyl ozip f‘ ,dagxd zliqn G_f zixeiyd zyxa yi m‘ epi‘xy itk :(2 xxeb 1) .xzei lecb shy zlra dnixfl f oaenk .x-l s-n dliqn G_f -a yiy jk x micwcwd lk sqe‘k S ⊆ V xicbp :(3 xxeb 2) lkl la‘ .G-a jzg ‘ed (S, V \ S) xnelk .(eply dgpdd weica ef) t ∉ S oke s ∈ S ribdl ozip did zxg‘) f(u, v) = c(u, v) xnelk c_f (u, v) = 0 miiwzn u ∈ S, v ∉ S |f| = f(S, V \ S) = c(S, V \ S) ,ok m‘ .(v ∉ S-y dgpdl cebipa ,u jxc ,v-l mb s-n .yexck oeiey miiwzn m‘ ,okle .|f| ≤ c(S, T ) miiwn (S, T ) jzg lk ,epi‘xy itk :(1 xxeb 3) .ilniqwn gxkda |f| :daeyge zillk drtez o‘k yibcdl i‘ck -iynn mixtqn ly zeveaw izy dpnn zexfbp G = (V, E, s, t, c) idylk zyx ozpida edfy C :diipyde .G-a zexzen zenixf ly |f| miixyt‘d mithyd lk sqe‘ edf F :mi miiwzn γ ∈ C lkle φ ∈ F lkly gikedl lw .G-a mikzg ly mileaiwd lk sqe‘ lecbd xtqnde C-a xzeia ohwd xtqndy ‘ed jzgde shyd htyn okeze γ ≥ φ .micklzn F-a xzeia illk ote‘a mi‘xwpy miax miaeyg mixwna da milwzpy zipiite‘ drtez ef mzcnl xy‘k mb efk drtez mzi‘x jzgde shyd htyn caln .min-max ihtyn .Hall ly dpezgd htyn z‘ i”r hxtae ix‘ipil oepkz ly dxezd zxbqna zexaqen dl‘d zertezd on daxd .”zihxwqic divfinihte‘” qxewa cenll ozip eze‘y ix‘ipil oepkza zeil‘ecd htyn f m‘d zrcl eppevxae G dpezp zyxa f dnixf epiptly gipp :daeyg dxrd cere epl wtqn jzgde shyd htyn .(iaxin shy zlra ‘”f) G zyxa zilniqwn dnixf .|f| = c(S, T )-y jk zyxa jzg yi f‘ ,zilnihte‘ f ok‘ ,m‘ .z‘f zn‘l dhiy aeyp cer df oiiprl .zilnihte‘ f-y jkl (witness - cr e‘) dii‘x deedn dfk jzg .jynda

Ford Fulkerson oexwir ly liri yenin

yenin bivp dzr .liri ‘l ote‘a Ford-Fulkerson oexwir z‘ ynnl ozipy epi‘x xak Edmonds- mzixebl‘ edf .O(V E^2) inepilet onfa zilnihte‘ dnixf ‘vend ely liri .xzeia dxvw dagxd zliqn mixgea cinzy dfa l”pd oexwird z‘ ynnnd Karp xzeid lkl rvan mzixebl‘dy mi‘xn :z‘fk ‘id dgkedd ly ziqiqad zipazd lynl ,O(E) onfa rval ozip dfk yetig lke) dagxd zeliqn ly miyetig O(V E) dagxd zliqn lka ?dagxdd zelert xtqn z‘ meqgp cvik .(agex yetig zxfra rlv lky d‘xp ep‘ .(dliqna mixfp dnk zraewy ef) zihixw rlv yi ,mi‘ven ep‘y .E-K mzixebl‘a dagxd zeliqn O(V )-a xzeid lkl zihixw zeidl dleki sxba

migiken miiy‘x micrv ipya ziyrp dgkedd

Edmonds- mzixebl‘ z‘ dilr lirtpe ,dnixf zyx G = (V, E, s, t, c) didz :1 dprh f‘ .f dnixfl ziqgi G_f zixeiyd zyxa v-l s-n wgxnd δ_f (v) didi Karp :z‘ miwiqn ep‘ 1 dprhn .mzixebl‘d jldna cxei ‘l dfd xtqnd

’bl‘ revia i”r dpnn dlawzd f^′ ik gippe dnixf f didz .dlilya :1 dprh zgked .G_f zixeiyd zyxd lr Edmonds-Karp ik gipp δ_f ′ (v) ≤ δ_f (v) − 1

.G_f ′ -a xzeia dxvw s, v zliqn P = s, . . . , u, v didz .df i‘pza ixrfn δ_f ′ (v) ike ciin G_f ′ -a xzeia dxvw dliqn lr z‘vnp u ixd) δ_f ′ (s, u) = δ_f ′ (s, v) − 1 ok m‘ ,zxg‘ :(u, v) ∉ E_f ik d‘xp .δ_f ′ (u) ≥ δ_f (u) :raep v ly zeilnipind i‘pzn .(v iptl δ_f (v) ≤ δ_f (u) + 1

if‘ .f^′ xzei zxge‘n dnixfl mbe f dnixfl zihixw(u, v) rlvdy gipp :2 dprh megza rp δ_g (u) ixd .htynd zepekp z‘ zxxeb xak 2 dprh .δ_f ′ (u) ≥ δ_f (u) + 2 zihixw(u, v) okle 2-a δ_g (u) xtqnd lcb zihixw(u, v) day zepncfd lka .[1, v − 1] onfa rval ozip mzixebl‘d ly df‘t lk :ok m‘ mkqp .minrt O (v) xzeid lkl wx zihixw zeidl dleki rlv lke zihixw zerlvd E -n zg‘ divxhi‘ lka .O (E) .O ( V E^2 ) okl ‘ed dvixd onf k”dq .minrt O (v) (sqep cg‘ crv+ u jxc v-l G_f -a ribdl ozip)

≤ δ_f ′ (u) + 1 = δ_f ′ (v)

(δ_f ′ (u) ≥ δ_f (u) dlrnl epi‘xy itk) .v lr epzgpdl cebipa z‘ licbd dagxdd crvy rnyn (u, v) ∈ E_f ′ la‘ (u, v) ∉ E_f -y ok m‘ ‘vei zexvw zeliqna wx ynzyn Edmonds-Karp mzixebl‘ mle‘ .u-l v-n dnixfd :ok m‘ u-l s-n G_f -a xzeia dxvw dliqna rlv ‘id (v, u)-y raep .xzeia

δ_f (v) = δ_f (u) − 1 ≤ δ_f ′ (u) = δ_f ′ (v) − 2

(v ly zeilnipindn zraep dprhd mcewn epi‘xy itk :ipyd xarnl xaqd) .δ_f ′ (v) < δ_f (v) ik epzgpdl dxizqa :gikedle miiql lkep dzr :2 dprh zgked zihixw e xy‘k ,zexvw zeliqna ynzyn EK-y oeeikn e = (u, v) ∈ E didz zliqn lr dnixfd ztqez i”r e rlvd z‘ mieexn ep‘ dzr .δ_f (v) = δ_f (u)+1 miiwzn ynzydl yi ,riteze xefgzy zpn lr .zixeiyd zyxdn znlrp (u, v)-e ,dagxdd miiwzn df onfa f^′ ‘id dnixfdyk xn‘p ,dagxd zliqn idyefi‘a (v, u) rlva .δ_f ′ (u) = δ_f ′ (v) + 1 :ok m‘ δ_f ′ (u) = δ_f ′ (v) + 1 ≥ δ_f (v) + 1 = δ_f (u) + 2

.1 xtqn dprhn raep ipyd xarnd

,minly md c leaiwd ikxr G = (V, E, s, t, c) zyxa m‘ (zenlyd zpekz) :dpwqn .minly mikxr zlawnd zilnihte‘ dnixf yi f‘

leaiwd ikxr xy‘ke zilnihte‘ dnixf ‘ven EK mzixebl‘y jkn zraep dgkedd ‘veny zenixfd lk okl .mly ‘ed dagxd zliqna ihixwd jxrd cinz ,minly .minly mikxra od zilnihte‘d dnixfd llek EK mzixebl‘

dnixfd htyn ly ze‘vez

wiqdl ji‘ ,lynl ,d‘xp .zetie zeax zeixehpianew zepwqn zeraep dnixfd htynn .dligz eze‘ xikfp .Hall ly dpezgd htyn z‘ epnn beeif dfd sxba yi .|A| = |B| y jk iccv ec sxb G = (A, B, E) didi :Hall htyn xy‘a |Γ(X)| ≥ |X| miiwzn X ⊆ A lkl m”m‘ mlyen Γ(X) = {y ∈ B|∃x ∈ X, xy ∈ E}

:jk jzgde shyd htynn df htyn wiqp ep‘ micwcw - t xeae s xewn siqepy i”r dnixf zyxl l”pd sxbd z‘ jetdp ziy‘x didi zerlvd lkl .B-a cwcw lkl t z‘e A-a cwcw lkl rlva xagp s z‘ .miycg epiivy zenlyd zpekz llba .s → A → B → t dxeva oeekp olek z‘e dcigi leaiw -a zerlvd sqe‘y ‘ceel lw .0, 1 mikxr wx zlawnd zilnihte‘ dnixf yi ,lirl dnixf yi m”m‘ mlyen beeif G-a yi okle G-a beeif deedn f = 1 oday E(A, B) jzg lkl m”m‘ avnd edf jzgde shyd htyn itl .t-l s-n n = |A| = |B| jxra f‘ |Γ(X)| ≤ |X| − 1-y jk X ⊆ A yi m‘ :dzre c(S, T ) ≥ n leaiw yi G-a (S, T ) .S = {s} ∪ X ∪ Γ(X) xicbp

X-n zerlv oi‘) c(S, V \ S) = n − |X| + |Γ(X)| ≤ n − 1 :ik al miyp • .sxba mlyen beeif oi‘ df dxwna okle (B \ Γ(X)-l

meyxpe zillk S-a opeazpe X ⊆ A lkl |Γ(X)| ≥ |X|-y gipp ,‘qib jci‘n • c(S, T ) ≥ n − |Y | + |Γ(Y ) \ f‘ Z ⊆ B-e Y ⊆ A-yk S = {s} ∪ Y ∪ Z-k dze‘ .Z| + |Z| .yexck c(S, T ) ≥ n-y d‘xp |Γ(Y )| ≥ |Y |-y dcaera ynzyp m‘ •

.sxba mlyen beeif gxkda yi ,ok m‘ ,df dxwna