zix‘ipil dxabl‘ ly miiaeyigd mihaiddn dnk dxabl‘d cenila zexxerznd zeinzixebl‘d zeiradn dnk lr cenrp df wxta mle‘ miihpeelxd miqxewa mkicenila erited elld mi‘yepdn daxd .zix‘ipild -dl‘ zeira ly sqep aeyg haid lr dligz xirp .inzixebl‘d oeicd z‘ winrp o‘k milwzp ep‘ miiynn mixtqna miaeyig rval yi xy‘k .zixnep zeaivia xaecnd jxe‘n zraepd dneqg weic zbxca mixtqnd mibvein aygnay jkn raepd iyewa miaeyigd dfn d‘vezk .eply aygna mixtqnd mibvein eay (mihiad xtqn) dlind -liaen dl‘ milewiy .zihxe‘izd d‘vezl aexiw xcba wx md aygna mirvan ep‘y ertyeiy aeyig zehiy miytgn ef zxbqna .zixnep dfilp‘ ly dxezl cg‘ cvn mi mb .o‘k ea oecp ‘ly mly megz edf .aygna labend weicd zeiran xyt‘d lkk hrn ly mbevii .izedn ote‘a dl‘d milewiyd mirityn miaygn ly dxnegd dpan lr -nzix‘d zelertd ly yenind ote‘e zexg‘e dtv dcewp zhiya miiynn mixtqn miqeknd mi‘yep el‘ .miaygn oepkza miifkxnd milewiyd oia md zeiceqid zeih .”aygn dpan” qxewa :dxewd iaera qpkipy iptl zg‘ zebiizqd cer ipta df ‘yep .wenre agx ‘ed zix‘ipil dxabl‘ ly miiaeyigd mihaida oeicd zvwn merhl wx ul‘p ep‘e mly i‘hiqxaipe‘ qxewl xneg zelwa wtql leki envr .epnn :df wxta oecp mday miixwird mipiiprd mekiq oldl ezxcbdk mzixebl‘d oday zeiqiqa zeixabl‘/zeinzixebl‘ zeira dnk xikfp .‘ .(wnerl oecp ‘l dfa) ilnihte‘ biydl mkgezn mzixebl‘ leki oday zeifkxn zeira izy d‘xp ,‘qib jci‘n .a mihxetqpxh zxfra) minepilet ltke (Strassen t”r) zevixhn ltk :ynn ly oekqg ( DFT cicad diixet oiicr zeniieqn zeixabl‘ zeira ly zeikeaiqd idn mircei eppi‘ xy‘k mb .b .df beqn ze‘eeyd dnk jexrp .iqgid oiiyew lr dn xac xnel ozip dnk mibcpe axewn ixabl‘ aeyiga oecl zxyt‘nd mibyen zkxrn qipkp .c .diyeniyn .SVD -e PLU hxta :zevixhnl miwexit z‘ivnay zeaiygd z‘ oiivp .d dnke (DFT) cicad diixet mixetqpxh ixeg‘ny xzei agxd rwxd z‘ xiaqp .e .eiyeniyn hwiiae‘ (aexiwa e‘ wiiecna) bivdl liren mixywd ly oeebna ji‘ d‘xp .f .xzei zeheyt ”oiipa ipa‘” ly sexivk jaeqn ihnizn iai‘pd mzixebl‘d oday zix‘ipil dxabl‘ ly zeiqiqad zelertdn dnk yi dltkn”) zixlwqd dltknd aeyig lynl jk .ilnihte‘ ‘ed dxcbdd on raepd ef .ltk zelert n jixvn ok‘ ⟨x, y⟩ = ∑ x_iy_i miicnin -n mixehwee ipy ly (”zinipt ‘veik .aeyigd zeikeaiqa miqxewa dqekne o‘k gikep ‘ly zil‘iaixh ‘l dcaer ,xnelk ,x icnin -n xehweea A_{n×n} ziynn dvixhn ly ltk mb ea mzixebl‘ ef diral oi‘ xnelk ,ltk zelert n^2 zaiign ok‘(Ax)_i = ∑ j a_{ij} x_j zncwzn d‘vez aey idef .dxcbdd on raepd iai‘pd mzixebl‘d xy‘n xzei liri aeyigd z‘f znerl .df qxewa zgken dpi‘ ‘ide aeyigd zeikeaiq ly dxeza icnl jynda .ltk zelert n^3 jixvn AB = C n×n zeiynn zevixhn ltk ly dxcbdd t”r .zeihnzix‘ zelert O ( n^{2.81} ) wx jixvnd (Strassen ly) xzei liri mzixebl‘ xikp idn ,zeax zeinzixebl‘ zel‘y zg‘a zxxerzn ,eply hand zcewp zxxazny rbxn ze‘eeyn zkxrn oexzt ly ?n × n dvixhn ly hppinxhcd aeyig ly zeikeaiqd ?minepilet ltk ly ?mepileta jxr zavd ly iaeyigd xignd edn ?Ax = b zeix‘ipil .cere cere zhiy z‘ ziy‘x xikfp ,zeix‘ipil ze‘eeyn ly zekxrn oexzta xvw oeica gztp Ax = b zeix‘ipild ze‘eynd zkxrn z‘ mixzet ef dhiya .qe‘b ly divpinil‘d dvixhn ‘id L ,dxenz zvixhn ‘id P o‘k .A = P LU dxeva A z‘ mibivny jk i”r

Ax = b zix‘ipild zkxrnly ‘vei .dpeilr zyleyn dvixhn U -e dpezgz zyleyn izxciq ote‘a xeztl ozip Ly = u dxevdn zkxrn .LUx = P^{−1}b = u dxevd yi :jk xeztl epilr f‘ .d‘ld oke y_2 -l d‘eeynd z‘ mixzete miaivn f‘ y_1 =^{u1}_{ℓ11} -a miligznyk mrtd ,dnec ote‘a xeztl ozip dze‘e Ux = y beqdn zkxrn .x_n =^{yn}_{unn} Ax = b ze‘eeynd zkxrn mday miavna oecle drixid z‘ aigxdl dvxp ep‘ mday miax miavn x‘zl mileki ep‘ lynl jk .zizin‘d diiral aexiw ‘l‘ dpi‘ rah zkxrn ly dcicn i”r milawzn b xehweed ixai‘ mb enk A dvixhnd ixai‘ zeraepd zeiraa lthl xfer oeicd eze‘ ik mb xxazn .yrxa mirebp okle idylk weicd zelabna ,xen‘k ,oxewn dl‘ ze‘iby .x xehweeay mipzyna lebir ze‘ibyn .eply miaygnd ly -icxe‘ewd mdy minlrpd mipzynd :dfk avn x‘zp oeirxd z‘ yigndl zpn lr ep‘y ieqip lk m‘ .reawl eppevxa mze‘y miilwifit milcb n md x xehweed ly zehp miielz izla miieqip n ihxe‘iz ote‘a f‘ ,zg‘ zix‘ipil d‘eeyn xicbn mirvan .zecigia x icnin n -d xehweed z‘ reawl zpn lr miwitqne miigxkd xtqn mirvane micitwn epgp‘ ,miieqipa yrxd ziiral mircen epzeiday gipp ze‘eeyn zkxrn xeztl ok m‘ ,miqpn ep‘ .miieqip ly m ≫ n xkip ote‘a lecb m xehwee b -e icnin n xehwee x ,m × n ziynn dvixhn A day Ax = b zeix‘ipil ote‘a x z‘ zraew l”pd zkxrnd dzid ,yrx zelehp eply zecicnd eid eli‘ .icnin dpi‘ llk libxk l”pd zkxrnde yrxn zertyen eply zecicndy ‘wr ‘c .ikxr cg ep‘ ,minlrpn ze‘eeyn xzei yi zeix‘ipil ze‘eeyn zkxrna m‘ ,illk ote‘a) dxizt .(llk dxizt didzy mitvn eppi‘ xehwee ‘vn” ‘id Ax = b ze‘eeynd zkxrnl dcigid dxiaqd zepyxtdy ‘vei z‘ ‘lnl zpn lr .”b oezpd xehweel xyt‘d lkk aexw didiAx xehweedy jk x liaeny dn ,”mixehwee oia daxiw” ly byen dligz gztl epilr okeza efd dl‘yd .‘ad eppeicl epze‘ -eel qgiil mivex ep‘ .miiynnd lrn ixehwee agxn V didi :zeixehwee zenxep dtvp .v ly dnxepd el ‘xwpe ‖v‖ -a onqp v ly jxe‘d z‘ .”jxe‘” u ∈ V mixehw :zepekz izyl dnxepd byenn .∀_{u,u∈V} ‖u + v‖ ≤ ‖u‖ + ‖v‖ :yleynd oeiey i‘ .‘ ‖αv‖ = |α|‖v‖ α ∈ R lkle u ∈ V lkl :zeipbened .a ?l”pk zenxep yi m‘d .zepiiprn ody zepeye zeax zenxep mb yie zepey zenxep seqpi‘ yiy xazqn -xcbd oldl .ℓ_∞ znxepe ℓ_1 znxep ,ℓ_2 znxep ze‘xwp xzeia zeaeygd zenxepd yely icnin n agxn ‘ed V -y gipp .odl laewnd oeniqde odize

x = (x_1, . . . , x_n)

. V -a ipiite‘ xehwee ‘ed

‖x‖_2 := n∑ i=1 x^2_i ‘pc zncwn mvra mixikn mz‘ ℓ_2 znxep z‘

‖x‖_1 := ∑_n 1 |x_i| :jk zxcben ℓ_1 znxep ‖x‖_∞ := max |x_i| :ℓ^∞ znxepe zeiexwd zenxep ly ziteqpi‘ dgtyn ly miihxt mixwn od ozyelyy xirp ‖x‖_p := ( ∑ |x_i|^p)^{1p} (∞ > p ≥ 1 o‘k) ℓ_p zenxep lim_{p→∞} ‖x‖_p = ‖x‖_∞ -y al eniy (egiked)

-xehwee dnxep idyefi‘ rawp :d‘ln dxeva zncewd epzl‘y z‘ gqpl lkep dzr .micnin m mixehwee lr ‖•‖ zi icnin m xehwee rank (A) = n dzbxce m > n yk A_{m×n} ziynn dvixhn :hlw .b -‘d lkk b -l aexwAx xehweed) ixrfn‖Ax − b‖ y jk x icnin -n xehwee :hlt .(xyt xzeia dgepd mb (cinz ‘l j‘) libxke xzeia daeygd dnxepd epfnx xaky itk znxep ‘id yeniyay dnxepd xy‘k .lthp eay dxwnd ok‘ edf .ℓ_2 znxep ‘id aeyigl .(least squares approximation) mizegt mireaixa aexiwd ziira l”pd diirad z‘xwp ℓ_2 min ∑ i (∑ j a_{ij} x_j − b_i )_2

:y jk x ok m‘ miytgn l”pk A, b ozpida :k lkl ik lawpe x_k t”r xefbp ∑ i a_{ik} (∑ j a_{ij} x_j − b_i ) = 0 :mixaegnd z‘ ycgn xcqp ∑ j x_j ∑ i a_{ik}a_{ij} = ∑ i a_{ik}b_i :jk z‘f meyxp ∑ j x_j ∑ ( a^T_{ki} ) a_{ij} = ∑ i a_{ik}b_i xnelk ∑ i ( A^T A ) kj x_j = (bA)_k rank (A) = n dgpdd t”ry iptn ,zixlebpiq ‘l A^T A -y xirp .A^T Ax = A^T b xnelk ok m‘ eplaiw .u = 0 okle ‖Au‖^2 = 0 xnelk u^T A^T Au = 0 mb f‘ A^T Au = 0 m‘ .x = ( A^T A )_{−1} A^T b dyrp aexiwdyk zeix‘ipil ze‘eeyn zkxrn axewna xeztl ji‘ epi‘x o‘k :dxrd mle‘ l_∞ -a axewn oexzt ly diirad z‘ xeztl ozip ix‘ipil oepkz zervn‘a .ℓ_2 -a .diirad oexztl miliri minzixebl‘ epl yi mday miax mipiiprn mixwn cer oi‘ :l”pd oeaygd revial zitilg jxc ‖ Ax − b ‖^2= (x^T A^T − b^T , Ax − b) = x^T A^T Ax − 2b^T Ax + ‖b‖^2 :l deey l”pd f‘ Z = A^T A onqp ∑ k,l x_k x_lz_{kl} − 2 ∑ k x_k ( A^T b ) k + ‖b‖^2

Zx = A^T b xnelk 2 ∑ z_{kl}x_l = 2 ( A^T b ) k lawp f‘ qt‘pe x_k t”r xefbp -ed ece‘qtd mi‘xew ( A^T A )_{−1} A^T dvixhnl .x = Z^{−1}A^T b = ( A^T A )_{−1} A^T b .A ly Moore − P enrose zikted e‘ A ly zikt :ze‘eeyn zkxrn ly axewnd oexztd ziiral itelg xe‘iz diirad .ℜ^m ly icnin n agxn zz ‘ed L = {Ax | x ∈ ℜ^n} mixehweed sqe‘ dgqepd .L lr b ly lhidd oaenk edfe b -l xzeia daexwd dcewpd z‘ ‘evnl ‘id .lhidl yxetn iehia zpzep ikted ece‘qtl epgzity gztp .(Curve fitting) zenewr zn‘zd :epxzty diiral aeyge dti yeniy oldl :zihnizn dfilp‘a miqxewdn mkl zxken xak ile‘y ziqiqa zihnizn dcaera yi f‘ .dfn df mipey x_i - dyk xeyina zecewp n (x_i, y_i) i = 1, ....., n eidi dxidn zxekfz .P (x_i) = y_i miiwzn i lkly jk n > dlrnn P cigie cg‘ mepilet zecewpd n -a P − Q = 0 f‘ zepexzt ipy P, Q m‘y jkn zraep zecigi :dgkedd lr .P ≡ Q m‘ ‘l‘ miyxey n-1 xzeid lkl yi P-Q mepiletl la‘ x_1, .....x_n -cwna zeix‘ipil ze‘eeyn zkxrnl diirad mebxz i”r ’‘ gikedl ozip :meiw okle zixlebpiq dpi‘y dcpenxcpe zvixhn ‘id zkxrnd zvixhn .P mepiletd in -na P z‘ meyxl ozip :oiteligl .yweand P -d z‘ wtqn dpexzte dxizt zkxrnd .P (x) = ∑ i y_i ∏ j≠i x−x_j x_i−x_j :’fpxbl ly divletxhpi‘d zgqep ‘xwpy dn i”r yxet

x_r −x_r = 0 mxebd ik miqt‘zn i ≠ r mday mixaegnd lk ,x = x_r xy‘k :xaqd .1 ‘ed y_r z‘ ltekd mxebd ik y_r epl ozep r-d xaegnd jci‘n .dpena riten dlrnn mepilet ‘evnl dvxpe xeyina zecewp (a_1, b_1).... (a_p, b_p)- dpiidz aey miytgn xnelk .l_2 ly oaena xyt‘d lkk ahid dl‘d zecewpd z‘ axwnd p > q ≥

A = 1 a_1 .. a^q_1 1 a_2 ... a^q_2 . . 1 a_p .. a^q_p xicbp m‘ min ∑ i (P (a_i) − b_i)^2 y jk P (x) = ∑_r j=0 α_j x^j

-iad min_z ‖Az − b‖_2 y jk z = (α_o, . . . , α_q ) xehwee ‘evnl eppevx f‘ b = b_1 . . b_p .zaxewnd divletxhpi‘d ziiral daeyz ok m‘ wtqn lirl epgzity ieh zeipeivixhn zenxep ozip ziy‘x ?dvixhnl ”lceb” qgiip ji‘e zevixhn ipy oia wgxnd z‘ cecnp ji‘ diexw ef) ‖A‖_2 := √∑ a^2_{ij} xicbdl ozip lynl jke xehwee l‘k dvixhnl qgiizdl ‖A‖_∞ = max |a_{ij} | e‘ (hiny hxalid znxep e‘ qeipaext znxep mb j‘ ,l_2 znxep byen xywzn ji‘ oiadl oiiprne miix‘pil mixehxte‘ mb od zevixhn mle‘ .’eke zevixhn lr zxcbend‖·‖ dnxepy mixne‘ ok‘e .zevixhn ly df haid mr dnxepd oaenk yxcp)‖A · B‖ ≤ ‖A‖ · ‖B‖ m‘ xvd oaena zipeivixhn dnxep ‘id zeireaix i‘pz zniiwn ‖•‖_2 znxepy lynl ze‘xdl dyw ‘l .(efa ef A,B z‘ litkdl ozipy .df -xte‘d zenxepd od ,df i‘pz zniiwnd zipeivixhn dnxep ly zeaeyg ze‘nbec eilr lrtenyk lecbl xehwee ly dnxepd dleki dnk cr” dl‘yd lr zeper od .zeixeh dnxep ly dxiga lkl ef dxcbda mrh yi‖A‖ := max_x^{‖Ax‖}_{‖x‖} ,xnelk .”A xehxte‘d

‖A‖_{2→2} = max^{‖Ax‖2}_{‖x‖2} :lynl jk .dpkna dnxepe dpena .’eke‖A‖_{1→∞} = max_x^{‖Ax‖∞}_{‖x‖1} ‖A‖_{∞→1} = max ‖Ax‖_1 :d‘ad dnbecak itilg geqipa ynzydl gep minrtl bef lkl swz l”pd ,oaenk .‖x‖_∞ = 1 y jk mixehweed lk t”r ‘ed meniqwndyk .zenxep ,lynl jk .oiprn itelig xe‘iz odl yiy zeixehxte‘ zenxep yi ‖A‖_{∞→∞} = max_i ∑ j |a_{ij} | .(z‘f egiked - miyw ‘l milibxz el‘) ‖A‖_{1→1} = max_j ∑ i |a_{ij} |dnec ote‘a cery itk .‖A‖_{2→2} = √ λ_{max} (A^T A) :‘id dgked dkixvnd ztqep daeyg dprh .A ly xzeia lecbd ixlebpiqd jxrd mi‘xew df lcebl jynda d‘xp mb df oeniqly al eniy .‖A‖_2 -k ‖A‖_{2→2} z‘ minyexe mixvwn minrtl :dxrd .dpeekd idn xxal yie lirl x‘eznk zxg‘ zernyn iaeigd xtqnd ‘id ‖A‖ zixehxte‘d dnxepd :ef ‘id xirdl i‘cky ztqep dxrd dnxepa eply miyeniyd aex .‖Ax‖ ≤ c‖x‖ miiwzn x xehwee lkly jk c xzeia ohwd .dxcbd ly ef dxev jxc exari zixehxte‘d -yn zkxrn ly zeyibxd z‘ gzpl ick dl‘ mibyena ynzydl ji‘ d‘xp dzr idyefi‘ zbviind Ax = b ze‘eeyn zkxrn epiptly gipp .yrxl zeix‘pil ze‘ee oiadl eppevx mle‘ .efk zkxrn xeztl mircei ep‘ .ziqcpd zkxrn e‘ rahdn zkxrn .b ly zehpicxe‘ewa m‘ oiae A ixai‘a m‘ oia ,zerh dlg m‘ oexztl dxwi dn mivex epgp‘ eze‘y oexztd ‘ed x dpexzte zizin‘d d‘eeynd ‘id ,Ax = b :xnelk dvixhnd ixai‘ly iptn (A + Δ) x̂ = b + β ‘id lreta xeztpy zkxrnd .‘evnl oexzte β yrxd xehwee sqep b xehweed ixai‘le Δ dvixhnd zxeva yrx sqep A zerhd z‘ jixrdl mipiipern ep‘ .x̂ xehweed ‘ed epl zyben ‘idy itk zkxrnd lcebd z‘ oiadl eppevx ,x̂ − x = δ m‘ xnelk .yrxdn zraepd aeyiga ziqgid .(dphw efd ziqgid zerhdy mieewn ep‘e)^{‖δ‖}_{x̂} okl (A + Δ) (x + δ) = b + β Aδ + Δx̂ = β oklAx = b la‘ Ax + Aδ + Δx + Δδ = b + β ‖δ‖ ≤ ‖A^{−1}‖ (‖β‖ + ‖Δ‖ ‖x̂‖) y raep zhlyp oexzta ziqgid d‘ibydy xxazn .^{‖δ‖}_{‖x̂‖} ≤ ‖ A^{−1} ‖ ‖A‖ (_{‖Δ‖} ‖A‖ +^{‖β‖}_{‖A‖‖x̂‖} ) .A ly ( Condition Number) dbvdd mxeb ‘xwpy ‖ ‖A−1 ‖ ‖ ‖A‖ i”r zevixhnl .k(A) = ‖A^{−1}‖‖A‖ ≥ ‖I‖ = 1 miiwzn A dvixhn lkly al eniy eli‘e ”ahid zbven” ze‘eeyn zkxrn dni‘zn (1-l aexw) jenp dbvd mxeb zelra yibx oexzitdy xnelk ,”ahid zbven dpi‘” zkxrndy mixne‘ ep‘ lecb k(A) xy‘k .diirad ipezpa zelw zeierhl elit‘ :zpzep zekxrdd ly xzei zwiiecn dqxib .^{‖δ‖}_{‖x‖} ≤^{k(A)} 1−k(A)^{‖Δ‖}_{‖A‖} (_{‖Δ‖} ‖A‖ +^{‖β‖}_{‖b‖} ) f‘ ‖Δ‖ ≤^1_{A−1} m‘ :(dgked ‘ll) htyn

dyrp df .zixlebpiq zeidl A dvixhnd daexw dcin efi‘a ccen k(A) y oiiprn :‘ad htyna .^1_{k(A)} = inf{^{‖Δ‖}_{‖A‖} | det(A + Δ) = 0} :htyn

.^1_{k(A)} ≥ inf^{‖Δ‖}_{‖A‖} | det(A + Δ) = 0 ik wx d‘xp ep‘ xehwee x didi .‖Δ‖ ≤^{‖A‖}_{k(A)} =^1_{‖A−1‖} -e zixlebpiq A + Δ y jk Δ dvixhn ‘vnp

miyp .y =^{A−1 x}_{‖A−1‖} onqp .‖A^{−1}‖ = ‖A^{−1}x‖ xnelk ‖A^{−1}‖ dnxepd zbyen eay dcigi

miyp .Δ := −^{xyT}_{‖A−1‖} (1 dbxcn) dvixhnk Δ z‘ xicbpe dcigi xehwee ‘ed y ik al :ok‘e ,zixlebpiq A + Δ y dligz al (A + Δ)y = Ay − xy^T y ‖A^{−1}‖ = x ‖A^{−1}‖ − x ‖A^{−1}‖ = 0 dvixhnd ly zixehxte‘d dnxepdy xnelk ,‖Δ‖ ≤^1_{‖A−1 ‖} ik ze‘xdl cer yi f‘ ‖z‖ = 1 m‘ ,ok‘e 1 ≥ ‘id xy^T ‖xy^T z‖ = ‖x‖ < y, z >≤ 1 .dcigi ixehwee x, y, z ik :miinvr mikxr ly zipeiv‘ixed dxcbdd mikxrd λ_1 ≥ ..... ≥ λ_n eidie n × n zixhniq ziynn dvixhn A didz :htyn λ_1 = max^{xT Ax}_{‖x‖2} :f‘ A ly miinvrd λ_n = min^{xT Ax}_{‖x‖2} v m‘y dligz al miyp .dnec λ_n-l dgkedd λ_1 iabl dprhd z‘ gikep :dgked .max_x^{xt Ax}_{‖x‖2} ≥ λ_1 okle^{vT Av}_{‖v‖2} =^{λ1 ‖v‖2}_{‖v‖2} = λ_1 f‘ λ_1 r”rl mi‘znd r”ed -pil dxabl‘a mzcnly d‘ad dcaerd z‘ xikfp icbpd oeieey i‘d z‘ gikedl ick -xehwee ly ilpebezxe‘ qiqa agxnl yi f‘ ,zixhniq ziynn dvixhn A m‘ :zix‘i mini‘znd(‖u_i‖ = 1) milnxepn miinvr mixehwee u_1, . . . , u_n eidi .A ly miinvr mi llba .x = ∑ α_iu_i :k cigi ote‘a x xehwee lk bivdl ozip .λ_1 ≥ ....... ≥ λ_n r”rl mb dnec ote‘a ‖x‖^2 = ∑ α^2_i ‖u_i‖^2 miiwzn u_i -d ly zeilpebezxe‘d x^T Ax = ∑ λ_iα^2_i ‖u_i‖ ≤ λ_1 ∑ α^2_i ‖u_i‖^2 = λ_1‖x‖^2

.eprhy itk zixehxte‘d dnxepl d‘ad dlirend dgqepd z‘ wiqdl epl xyt‘i dfd oeit‘d :onwlck ,2 → 2 ‖A‖_{2→2} √ λ_{max} (A^T A) A^T A ly xzeia lecbd invrd jxrd lr zipeiv‘ixed dgqepd z‘ lirtp :dgked .λ_{max} ( A^T A ) = max^{xT AT Ax}_{‖x‖2} = max^{‖Ax‖2}_{‖x‖2} = ( max^{‖Ax‖}_{‖x‖} )_2

= ‖A‖^2_{→2} ,epiidc

.A ly ilniqwnd ixlebpiqd jxrd √ λ_{max} (A^T A) -l ‘xwp jynda ze‘xl dyw ‘l .W W^T = I m‘ zilpebezxe‘ z‘xwp W dvixhn :zxekfz -nxepezxe‘ zkxrn od W ly zexeyd .2 ,zilpebezxe‘ W .1 :milewy mi‘ad mi‘pzdy .zilnxepezxe‘ zkxrn od W ly zecenrd .3 ,zil zxney ‘id :zix‘ipil divnxetqpxhk ze‘ad zepekzd yi zilpebezxe‘ dvixhnl xehwee lkly dyexit jxe‘d lr dxinyd .zeief lr zxneye (ℓ_2 ly oaena) mikxe‘ lr miiwzn x ‖W x‖ = ‖x‖ zxiny ,xnyp jxe‘dy oeeikn ‖W x‖^2 = x^T W^T W x = x^T Ix = ‖x‖^2 aygp ok‘e ok‘e ⟨W x, W y⟩ = ⟨x, y⟩ miiwzn x,y mixehwee ipy lkly dzernyn zeiefd -xehwee bef lkl ⟨W x, W y⟩ = ⟨x, y⟩ m‘y mb siqep .y^T W^T W x = y^T Ix =< x, y > .ef dcaerl o‘k wwcfp ‘l la‘ zilpebezxe‘ W -y mb raep mi dcy ‘ed dcyd xy‘k :(dfd qxewa uegp ‘l ,zillk dlkydl) ztqep dxrd ⟨x, y⟩ = ∑ x_iȳ_i :k ziniptd dltknd zxcben miiynnd ‘le miakexnd mixtqnd zakexn dvixhnl .(slgene cenv) W^∗ = (¯ W )_T xy‘k ⟨W x, y⟩ = ⟨x, W^∗y⟩ okle ly dl‘l zeibelp‘ zepekz dl yie zixhipe‘ dvixhn mi‘xew XX^∗ = I zniiwnd .zilpebezxe‘ dvixhn ixdy ,zilpebezxe‘ XY mb f‘ zeilpebezxe‘ n × n zevixhn X, Y m‘y al eniy .(XY ) (XY )^T = XY Y^T X^T = XIX^T = XX^T = I mixlebpiq mikxr wexit -SV D :zixhne‘ibd hand zcewpa ligzp .miixyt‘ mixe‘iz xtqn efd diiral yi mi‘vei :oitilgl .zix‘ipil dwzrd zgz dcigid xeck ly dpenzd ef ci‘eqtil‘ mirvan mipeeikdn ‘”kae zilpebezxe‘ zehpicxe‘ew zkxrn mixgea ,dcigid xeckn .R^m -a dcigid zxitq S didz .σ_i mxeba dgizn dbxcde m ≥ n -yk ziynn dvixhn A_{m×n} didze S = {x ∈ R^m | ‖x‖_2 = 1} eidi .R^m -a okeynd icnin -n ci‘eqtil‘ edf AS -a hiap .n ‘id A ly dcigid ixehwee u_1, ....., u_n m‘ .ci‘eqtil‘d ly mixivd ikxe‘ σ_1 ≥ ...... ≥ σ_n > 0 miil‘nyd miixlebpiqd mixehweed mi‘xwp u_1, ......, u_n f‘ AS ly mixivd ipeeika jk v_1, ......, v_n dcigid ixehwee n el‘ A ly miipnid miixlebpiqd mixehweed .A ly :z‘f mkqp Av_i = σ_iu_i -y

-xhn oeniqae A | | v_1 · · · v_n | | = | | u_1 · · · u_n | | σ_1 .. . σ_n zilpebezxe‘ dvixhn V_{n×n} .n × n zipeqkl‘ dvixhn D o‘k AV = UD :ipeivi (U^T U = I) zeilnxepezxe‘ zecenr mr m×n dvixhn U .(V V^T = V^T V = I xnelk) i”r byen ‘ln SV D wexit .mvnevn SV D mi‘xew ef dbvdl A = UDV^T okle miqt‘ ly zexey m − n -a D cetixe m × m zilpebezxe‘ dvixhnl U zagxd -ezxe‘ V_{n×n} -e ”zipeqkl‘” D_{m×n} zilpebezxe‘ U_{m×m} -yk .A = UDV^T ,xnelk ,dxitqd z‘ aaeqn V^T -a ltkd :ci‘eqtil‘ ‘ed AS recn ze‘xl lw eiykr .zilpeb .miqt‘ ly zehpicxe‘ew m − n cer siqene zehpicxe‘ewd n z‘ gzen D -a ltkd .R^m -a icnin n -d ci‘eqtil‘d z‘ zaaeqn U ,seqal zevixhn ly SVD wexit lr sqep han oeica xaecne dvnn dxcbd zzl dyw .”zeikeaiq” byena xvwe illk oeica ligzp sqe‘ midfn epgp‘ :zillk zipaz lr riavdl ozip z‘f mr cgi .cala iaihi‘ehpi‘ .xzei akxen dpanl oze‘ sxvl zexyt‘nd zelert xtqn oke ”oiipa ipa‘” ly iqiqa .ezxivil zeyxcp zelert dnke ceqi ipa‘ dnk ,edylk dpan ozpida ,‘id dl‘yd zeihnzix‘ zelert lynl zeidl zeleki ceqid zelert aeyigd zeikeaiq ly xywda xtqnd edn ‘id dl‘yde dhppinxhc aeyig oebk aeyig zeidl leki lecbd dpande .dhppinxhc ly edylk aeyiga zeixhpnl‘ zelert ly ixrfnd dbxcy d‘xp ,lynl ,jk .mixg‘ mibeqn ze‘nbec yi dfd illkd aihenl mle‘ dxabl‘n d‘ad dcaerd z‘ xikfp ?recn .dfky zeikeaiq ccn oin ‘id dvixhn ly .zix‘ipil A z‘ ‘hal ozipy jk r xzeia ohwd xtqnd ‘id A dvixhn ly dbxcd :htyn M dvixhnl :zxekfz) .1 dbxca zevixhn M_i- yk A = M_1 + ........ + M_r dxeva recn xiaqn dfd htynd .(M_{ij} = x_iy_j -y jk x,y mixehwee ipy yi m‘ 1 dbxc yi zevixhnd od eply oiipad ipa‘ .zeikeaiql ccnk dvixhn ly dbxcd z‘ ze‘xl ozip 1 dbxca zevixhn sexivl zxzend jxcd .zercd lkl miheyt mihwiiae‘ - 1 dbxcn ick zeyexcd oiipa ipa‘ ly ixrfnd xtqnd edn” ‘ed zeikeaiqd ccne mekiq i”r ‘id div‘ixea oiiprzdl epze‘ ‘ian epkd xaky rwxd ?’’A dpezpd dvixhnd z‘ xevil :ef dl‘y lr d‘ad aehd aexiwd edn .k < rank (A) mb oezp didie A dvixhn dpezp didz :diira z‘ miytgn xnelk .k ≥ dbxcn B dvixhn i”r A -l xzeia ,2 → 2 zixehxte‘d dnxepd ‘id dnxepd o‘k .min{‖A − B‖ | rank (B) ≤ k} znxepa xaecnyk xzeia aehd oexztd z‘ mb zpzep B -d dze‘ ,xazqiy itk la‘ mixlebpiq mikxr wexit ly byenl ‘ed mb epze‘ liaen ef dl‘ya letihd .Frobenius .Singular Value Decomposition=SVD U_{m×m}-yk ,A = UDV^T dbvd yi ,m ≥ n ,ziynn A_{m×n} lkl :SV D-d htyn mixai‘d .”zipeqkl‘” D_{m×n}-e zilpebezxe‘ V_{n×n} ,zilpebezxe‘ htynd zgked z‘ dgcp .zecigia mirawp oeqkl‘ay σ_1 ≥ σ_2 ≥ · · · ≥ σ_n ≥ 0 .epnn zraepd daeyg dpwqn dligz oiivpe mirawp u_i, v_j mb f‘ dfn df mipey σ_i-de zireaix A m‘ :(dgked ‘ll) dxrd .oniq ick cr zecigia mixai‘d k wx mixzep day dvixhnd D_k didze k < m, n didi :dpwqn f‘ .A_k = UD_kV didz .D-ay mipey‘xd σ_{k+1} = ‖A − A_k‖_{2→2} = min_{rank(B)≤k} ‖A − B |_{2→2} . oian A z‘ xzeia zaxwnd dvixhndA_k didz :jiynp mxha zg‘ dxrd cere ly mekqk A_k z‘ ‘hal ozip ,k dbxcn dvixhn lk enk .k ≥ dbxcn zevixhnd y xxazn ,df beviia mihian xy‘ky ‘id driztnd dcaerd .1 dbxcn zevixhn zenkzqn A_k ‘ed onekqy 1 dbxcn zevixhnd oian zepey‘xd zevixhnd k − 1 dbxcn zg‘ dvixhn ztqed i”r A_{k−1} n zlawzn A_k zexg‘ milina .A_{k−1} l z‘ ‘ven SV D-d mzixebl‘y epzprh z‘ dwicvnd driztn dcaer xen‘k ef .1 ef ixg‘ efa oze‘ minkqnyk .(1 dbxcn zevixhn ody) A diiepa odny ”oiipad ipa‘” :d‘ad drtezd driten miax mineyiia .A-l mixtzyne mikled miaexiw milawzn miixlebpiqd mikxrd lke milecb miixlebpiq mikxr ly t xn‘p ,ohw xtqn yi A l glven iyrn aexiw A_t libxk deedn dfk dxwna .zxkip dcina miphw mdixg‘y .A dvixhnl mineyiia driten ‘idy itk divhxtxhpi‘ dl wtqp dpwqnd z‘ gikepy iptl mb xyt‘ (m > n e m × n dvixhn A o‘k) A = UDV^T dbvdd z‘ :miax miiyrn :jk meyxl A = n∑ j=1 σ_j u_j v^T_j

z‘ miwxtny jk i”r mi‘ex z‘f .dn‘zda U, V a j d dcenrd ‘id u_j , v_j xy‘k mixai‘d x‘y lke (j, j) d mewna σ_j da yi odipian j dy zevixhn n ly mekql D .0 md aexiwdy ok m‘ ‘id dprhd .1 dbxcn ‘id σ_j u_j v^T_j zevixhndn ‘”ky al eniy .UD_kV^T = ∑_k j=1 σ_j u_j v^T_j ‘id A l k ≥ dbxcn xzeia aehd znxepl epzpy oeit‘dn raep ‖A − A_k‖_{2→2} = σ_{k+1} ik xirp :dpwqnd zgked W = ,ok m‘ .‖A − B‖_{2→2} < σ_{k+1} ike rank(B) ≤ k ik gipp .illk ote‘a 2 → 2 .Aw = (A − B)w miiwzn w ∈ W lkl .W ⊂ R^n icnin n − k agxn zz ker(B) :ok m‘ ‖Aw‖_2 = ‖(A − B)w‖_2 ≤ ‖A − B‖_2‖w‖_2 < σ_{k+1}‖w‖_2 miixlebpiqd mixehwed k + 1 i”r yxtpd W^′ agxn zza opeazp ,‘qib jci‘n .∀v ∈ W^′ ‖Av‖ ≥ σ_{k+1}‖v‖ miiwzne ,icnin k + 1 agxn zz edf .A ly mipey‘xd -ee md .mipey‘xd miipnid miixlebpiqd mixehweed (k + 1) v_1, . . . , v_{k+1} eidi ?recn agxna edylk xehwee x = ∑_{k+1} i=1 α_iv_i didi .Av_i = σ_iu_i e f”lf miavip dcigi ixehw dcigi ixehwee md u_i d mby xekfp .‖x‖^2 = ∑_{k+1} i=1 α^2_i f‘ .v_1, . . . , v_{k+1} i”r yxtpd W^′ okle f”lf miavip ‖Ax‖^2 = ‖ ∑ α_iAv_i‖^2 = ‖ ∑ α_iσ_iu_i‖^2 = k+1∑ i=1 α^2_i σ^2_i ≥ σ^2_{k+1} k+1∑ i=1 α^2_i = σ^2_{k+1}‖x‖^2

llkd jezig yi n − k cninn agxnd W le k + 1 cninn agxn zzd W^′ l la‘ oke ‖Az‖ < σ_{k+1}‖z‖ miiwl aiig z jeziga 0 ≠ xehwee lke 0-d xehwee z‘ wx ‘l .dxizq efe ‖Az‖ ≥ σ_{k+1}‖z‖ zeax zeiyrn zeiv‘ehiqa :SV D d htyn ly ipiite‘d meyiid lr dlin cere .A l ze‘p silgz zeedl leki A dvixhn ly dkenp dbxcn aexiw xaky xxazn .zepenzn miyrx oepiql mbe zepenz ly dqigcl miyeniy yi ef dcaerl jk v_1 xehwee yi f‘ .σ_1 = ‖A‖_{2→2} didi :SV D d htyn zgkedl dzr xefgp v_1, v_2, . . . , v_n-l v_1 z‘ milyp .Av_1 = σ_1u_1 onqp .‖Av_1‖_2 = σ_1-e ‖v_1‖_2 = 1 :y ilnxepezxe‘ qiqal u_1 z‘ milyp dnec ote‘a .R^n -l edylk ilnxepezxe‘ qiqa a”eike .v_1, . . . , v_n od dizecenry zilpebezxe‘d dvixhnd V_1 didz .R^m -l u_1, . . . u_m f‘ .u_1, . . . , u_m od dizecenry zilpebezxe‘d dvixhnd U_1

U^T_1 AV_1 = S = ( σ_1 w^T 0 B ) yexit .icnin-(n − 1) dxey xehwee w^T e (m − 1) × (n − 1) dvixhn B o‘k . -y ‘ed dfd oeieyd

U^T_1 Av_1 = σ_1 0 . . 0 .(jli‘e diipyd dcenrd lr xac mvra mipreh eppi‘y al eniy) :y okl ‘id dprhde Av_1 = σ_1u_1 la‘

U^T_1 u_1 = 1 0 . . 0 .U_1 ly zexeyd x‘yl avip u_1 e ‖u_1‖ = 1 y dcaerdn raep df ok‘e mle‘e | | | | | | ( σ_1 w^T 0 B ) ( σ_1 w )| | | | | 2 ≥ σ^2_1 + ‖w‖^2 = √ σ^2_1 + ‖w‖^2 | | | | | | ( σ_1 w )| | | | | 2 okle zeilpebezxe‘ zevixhn od U_1, V_1 la‘ .‖S‖_{2→2} ≥ √ σ^2_1 + ‖w‖^2 okle xnelk .w = 0 y ‘vei .‖S‖_{2→2} = ‖A‖_{2→2} = σ_1

U^T_1 AV_1 = ( σ_1 0 0 B )

okle B = U_2D^′V^T_2 miixlebpiq mikxr wexit B l yi ,divwecpi‘a .

A = U_1 ( 1 0 0 U_2 ) ( σ_1 0 0 D^′ ) ( 1 0 0 V_2 ) V^T_1

y iptn ,gken htynde

U_1 ( 1 0 0 U_2 )

mb oke zilpebezxe‘ dvixhn ‘id

V_1 ( 1 0 0 V_2 )

.(zeilpebezxe‘ zevixhn izy ly dltkn ‘id odn ‘”k) oeirxd z‘ xiaqp j‘ oiiprd ihxtl qpkip ‘l ?liri ote‘a SV D wexit mi‘ven ji‘ oke AV = UD hxta .A ly miixlebpiq mikxr wexit A = UDV^T ik gipp .ixwird okl .A^T U = V D ( 0 A^T A 0 ) ( V V U −U ) = ( V V U −U ) ( D 0 0 −D )

dvixhna zecenrdy ‘vei . ( V V U −U ) ly r”ed od ( 0 A^T A 0 )

ly miinvr mikxr wexit aygp m‘ okle ( 0 A^T A 0 )

.A ly miixlebpiqd mikxrd wexit z‘ okle U, D, V z‘ zg‘a lawp