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Abstract. Several verification methods involve reasoning about rvaltiled sys-
tems, in which an atomic proposition is interpreted at aestiata lattice element,
rather than a Boolean value. The automata-theoretic appfoareasoning about
Boolean-valued systems has proven to be very useful andrfdwé/e develop
an automata-theoretic framework for reasoning about maltied objects, and
describe its application. The basis to our frameworklaitéce automataon finite
and infinite words, which assign to each input word a lattieenent. We study
the expressive power of lattice automata, their closur@ens, the blow-up
involved in related constructions, and decision probleorsttiem. Our frame-
work and results are different and stronger then those krfowesemi-ring and
weighted automata. Lattice automata exhibit interestgajures from a theoret-
ical point of view. In particular, we study the complexity ebnstructions and
decision problems for lattice automata in terms of the sfamth the automaton
and the underlying lattice. For example, we show that whgedninization of
lattice automata involves a blow up that depends on the $itgedattice, such
a blow up can be avoided when we complement lattice autoriates, comple-
mentation is easier than determinization. In addition tmiging the theoretical
aspects of lattice automata, we describe how they can befaseah efficient
reasoning about a multi-valued extension of LTL.

1 Introduction

Several recent verification methods involve reasoning aibailti-valued Kripke struc-
turesin which an atomic proposition is interpreted at a state dattice element,
rather than a Boolean value. The multi-valued setting aidéctly in systems in which
the designer can give to the atomic propositions rich valikes‘uninitialized”, “un-
known”, “high impedance”, “don’t care”, “logic 1", “logic Q and more (c.f., the IEEE
Standard Multivalue Logic System for VHDL Model Interopkilay [IEE93]), and
arise indirectly in applications like abstraction methadswhich it is useful to allow
the abstract system to have unknown assignments to atompogitions and transi-
tions [GS97,BG99], query checking [Cha00], which can beiced to model checking
over multi-valued Kripke structures, and verification afgms from inconsistent view-
points [HHO04], in which the value of the atomic propositiasithe composition of their
values in the different viewpoints. The various applicatiose various types of lattices
(see Figure 1). For example, in the abstraction applicatesearchers have used three

L A lattice (A4, <) is a partially ordered set in which every two elememts € A have a least
upper boundd join b) and a greatest lower bound heetb).



values ordered as ii; [BG99], as well as its generalization to linear orders [CDEGO
In query checking, the lattice elements are sets of formolaered by the inclusion or-
der [BGO01]. When reasoning about inconsistent viewpogdsh viewpoint is Boolean,
and their composition gives rise to products of the Booledtick, as inl; » [ECO1].
Finally, in systems with rich values of the atomic propasi8, several orders may be
used with respect to the various values, which in fact do ledys induce a lattice.

Theautomata-theoretiapproach uses the theory of automata as a unifying paradigm
for system specification, verification, and synthesis [KiiyaVv94,KVWO00]. Automata
enable the separation of the logical and the algorithmieetspof reasoning about sys-
tems, yielding clean and asymptotically optimal algorighrithe automata-theoretic
framework for reasoning about Boolean-valued systems hagep to be very ver-
satile. Automata are the key to techniques such as on-theefification, and they
are useful also for modular verification, partial-orderifieaition, verification of real-
time and hybrid systems, open systems, and infinite-statersys. Many decision and
synthesis problems have automata-based solutions ancheo silution for them is
known. Automata-based methods have been implementedliralsatiemic and indus-
trial automated-verification tools (c.f., COSPAN and SPIN)

In this work, we describe an automata-theoretic frameworkréasoning about
multi-valued objects. Consider a lattigk For a setX of elements, arC-set overX
is a functionS : X — L assigning to each element &f a value in£. For an alphabet
X, an L-language is a functiod, : >* — L that gives a value i to each word
over .. A nondeterministic lattice automaton on finite wo@SFW, for short) gets as
input words overr and assigns to each word a valuednThus, each LNFW defines
an L-language. Technically, in an LNFWM = (£, X, Q, Qo, d, F'), the sets of initial
and final states aré-sets over) (i.e.,Qo, F' € £? describe the “initial value” and the
“acceptance value” of each state), and anL-set overQ x X x @ (i.e.,§ € LOX¥*Q
describes the “traversal value” of each labeled trangitibhen, the value of a run od
is themeetof values of the components of the run (that is, the initidlgaof the first
state, the traversal values of the transitions that hava tden, and the acceptance
value of the last state), and the value thlaassigns to a word is thein of the values
of the runs of4 onw.

The definition of LNFW is not too surprising, and, as we memtiothe sequel, itis
similar to previous definitions of “weighted automata”. figs, however, become very
interesting when one starts to study properties of LNFWseR#ally, in the Boolean
setting, the only important piece of information about a isithe membership of its
last state in the set of accepting states. In the latticengethn the other hand, all the
components of the run are important. To see the computatiballenges that the lattice
setting involves, consider for example the simple propeftglosure under join for
deterministic lattice automata (LDFW, for short, whereyoalsingle initial/successor
state is possible (has a value different frar)). Stating that LDFW are closed under
join, one has to construct, given two LDFW4 and.A,, an LDFW A such that for
every wordw, the value ofA on w is the join of the values ofd; and.A4; onw. In
the traditional Boolean setting, join corresponds to unemd it is easy to construct
A as the product of4; and A. In the lattice setting, however, it is not clear how
to define the traversal value of the transitions.4fbased on the traversal value of



the transitions of4; and.4,. We show that, indeed, the product construction cannot
work, and the LDFWA must contain in its state space a component that depends on
Dependency irC cannot be avoided also when we determinize LNFWs: every LNFW
A has an equivalent LDFWA’. Nevertheless, while in the traditional Boolean case
the construction ofd’ involves the subset construction [RS59] andfowith n states

we get A’ with 2™ states, here the subset construction looses informaticin &si the
traversal value with which each state in the set has beehedaand we show a tight
m™ bound on the size oft’, wherem = |L|.

Of special interest is the complementation proieior LNFW. In the Boolean
setting, it is easy to complement deterministic automatd,@mplementation of non-
deterministic automata involves determinization. In ide setting, determinization
involves anm™ blow up, and moreover, complementation involvesianblow up even
if we start with a deterministic automaton. Interestinglyadopting ideas from the the-
ory of automata on infinite words [KVO£] we are able to avoid determinization, avoid
the dependency im, and complement LNFW with 2" blow up only. For this purpose
we define universal lattice automata (LUFW, for short), vahitualize LNFW, show
that complementation can be done by dualization, and th&\W(\dan be translated to
LNFW with a 2" blow ug.

Once we prove closure properties, we proceed to study thdafaantal decision
problems for the new framework: tleenptiness-valuand theuniversality-valugrob-
lems, which corresponds to the emptiness and universaiitlyl@ms in the Boolean
setting and decide, gived, how likely it is (formalized by means of values i) for
A to accept some word or all words; and ihglication-value problegwhich corre-
sponds to the language-inclusion problem and decides) ¢ive LNFWs.4; and. A,
how likely it is that membership in the language4f implies membership in the lan-
guage of4,. We show that, using the tight constructions describedezatthe problems
have the same complexities as the corresponding probleths Boolean setting.

We then turn to applications of LNFW for reasoning about imdiued temporal
logics and systems. We define the logattice LTL(LLTL, for short), where the con-
stants can take lattice values, and whose semantics is defiitle respect to multi-
valued Kripke-structures. We extend LNFW to the framewoflaotomata on infi-
nite words, definenondeterministic lattice 8chi word automatgLNBW, for short),
and show that known translations of LTL to nondetermini&icchi word automata
[VW94] can be lifted to the lattice setting. Then, we use LNBY$olve the satisfiabil-
ity and model-checking problems for LLTL, and show that hatbblems are PSPACE—

2 Discussing complementation, we restrict attentioDeMorgan latticeswhere complemen-
tation inside the lattice is well defined (See Section 2.1).

3 As we discuss in the paper, there are several common corignataaspects of LNFW and
automata on infinite words, as reasoning in both theoriesdaspe with the fact that the
outcome of a run depends on its on-going behavior, ratheritedast state only. This feature
makes complementation very challenging also in the thebdrgutomata on infinite words
[Saf88].

4 We note that the latter construction is not trivial; it has flavor of the construction in [MH84]
for the case of infinite words, but unlike [MH84] (or the mud@mpler Boolean case), the result
LNFW is nondeterministic; if one seeks an equivalent LDF\Wilegendency imn cannot be
avoided.



complete — not harder than in the Boolean setting. In adulitiee study some basic
theory of lattice automata on infinite words. In particulee show that the comple-
mentation construction of [KV01] can be combined with thesid we use in the case of
LNFW complementation, thus LNBW complementation invola€$’ (" 1°2™) blow up
and is independent of.

Related WorkWe are aware of two previous definitions of automata oveickdtand
their applications in verification. Our framework, howensithe first to study the theo-
retical aspects of lattice automata, rather than only useatiAlso, the applications we
suggest go beyond these that are known. Below we discusg/thientown definitions
and compare them with our contribution. In [BGO01], Bruns &@wlefroid introduce
Extended Alternating Automat&AA, for short). EAA extend the automata-theoretic
approach to branching-time model checking [KVWO0Q], they om trees, and map each
input tree to a lattice value. EAA have been used for quergking [BG01] and model
checking multi-valued:-calculus [BG04]. EAA are incomparable with the model we
study here. On the one hand, EAA are more general, as theynrtre@s and are alter-
nating. On the other hand, they are not making full use ofdttece framework, as their
“lattice aspect” is limited to the transition function hagilattice values in its range.

Also, the application of reasoning about LLTL propertiesjeh we describe here,
cannot be achieved with EAA, as it involves a doubly-expaiaétranslation of LLTL
to u-calculus, which we avoid. In [CDGO01], Chechik, Devereuxd &urfinkel define
multiple-valued Bichi automatg X'Blichi automata, for short) and use them for model
checking multiple-valued LTL. Like LNFW, each transitiona X Buichi automata has a
traversal value and the automata deffanguages. Unlike LNFWY Biichi automata
(and the multiple-valued LTL that correspond to them) astrieted to lattices that are
finite linear orders. Thus, the setting and its potentialiapfions is weaker.

In addition to lattice-based multi-valued logics, othdated concepts were inves-
tigated. Lattice-based automata (for distributive laisiccan be seen as a special case
of weighted automatfMoh97], which are in turn a special cases&miring automata
[KS86]. Semiring automata is a very general algebraic motibautomata in which
computations get values from some semiring. However, thgefraf semiring automata
is algebraic in nature and is relatively far from the staddastion of finite automata.
Weighted automata is another notion in which computati@ts/glues from a semir-
ing, one that closely resembles the standard model of finitenaata. In fact, since a
distributive lattice is a semiring in whick is a join and® is a meet, the definitions
of lattice automata are a special case of the definitions gfhted automata. However,
while (distributive) lattices are semirings, lattices ighaome properties that general
semirings do not. Specifically, the idempotent laws (ke/,a = a anda A a = a) as
well as the absorption laws (i.e.V (a Ab) = a anda A (a V b) = a), which are very
intuitive in a logical context, do not hold in a general sangr and do hold for lattices.
Furthermore, the complementation operand that is essémtiahoosing lattices as a
framework for multi-valued reasoning, has no natural itetation in a general semir-
ing. Finally, our results here go beyond these that are krfowsemiring automata. In
particular, we consider also automata on infinite wordsh Ineindeterministic and uni-
versal automata, and we study the computational aspectmefractions and decision
problems.



2 Preliminaries

2.1 Lattices

Let (4, <) be a partially ordered set, and Btbe a subset afl. An element, € Ais an
upper boundn P if a > b for all b € P. Dually, a is alower boundon P if a < b for
allb € P. An elementz € A is theleast element oP if « € P anda is a lower bound
on P. Dually,a € A is thegreatest element d? if « € P anda is an upper bound on
P. A partially ordered setA, <) is alatticef for every two elements, b € A both the
least upper bound and the greatest lower bounghob} exist, in which case they are
denoteds V b (a join b) anda A b (a meeth), respectively. A lattice isompletsif for
every subseP C A both the least upper bound and the greatest lower bouRdexdst,
in which case they are denot§tlP and A\ P, respectively. In particulak/ A and A\ A
are denoted (top) and_L (bottom), respectively. A latticé A, <) is finite if A is finite.
Note that every finite lattice is complete. A latticedistributiveif for everya, b, c € A,
we haveu A (bVe) =(aAb)V (aAc)andaV (bAc) = (aVb)A(aVec).

The traditional disjunction and conjunction logic operatoorrespond to the join
and meet lattice operators. In a general lattice, howeleretis no natural counterpart
to negation. ADe Morgan(or quasi-Booleajlattice is a lattice in which every element
a has a unique complement elemefat such that-—a = a, De Morgan rules hold, and
a < bimplies—b < —a. In the rest of the paper we consider only firfitdistributive
De Morgan lattices.

1 1)
1 {a, b}
1 (0,1) (1,0)
0 {a}
0 (0,0)
[:2 [:3 £2,2

Fig. 1. Some lattices

In Figure 1 we describe some (finite distributive De Morgatii¢es. The elements
of the latticeL- are the usual truth values frie) and O false) with the order) < 1.
The lattice£3 contains in addition the valu§, with the ordery < % < 1, and with
negation defined by-0 = 1 andﬂ% = % The latticeL; 5 is the Cartesian product
of two £, lattices, thuga,b) < (a/,V') if botha < o andd < ¥'. Also, —(a,b) =

5 Note that focusing on finite lattices is not as restrictiverasy first seem. Indeed, even when
the lattice is infinite, the problems we consider involveydintite Kripke structures, formulas,
and automata. Therefore, only a finite number of lattice el@m appear in a problem, and
since the lattice is distributive, the logical operatiotesare of these values is still finite.



(—a, —b). Finally, the lattice2{®t-<} is the power set ofa, b, ¢} with the set-inclusion
order. Complementation is interpreted as set complenienteglative to{a, b, c}. In
this lattice, for examplefa} Vv {b} = {a,b}, {a} A {b} = L, {a,c} V {b} = T, and
{a,c} AN{b} = L.

A join irreducibleelement] € L is a value, other then , for which if i; vV is > [
then eitheri; > [ orl; > [. By Birkhoff’s representation theorem for finite distribue
lattices in order to prove thd{ = [ it is sufficient if to prove that for every join
irreducible elementit holds thatl; > [ iff I > [. We denote the set of join irreducible
elements of£ by JI(L). A meet irreducibleelement! € £ is a value for which if
I3 Nly < [then eitheri; < [ orly < [. Note that in a De Morgan lattice an element
is meet irreducible iff its complement is join irreduciblée denote the set of meet
irreducible elements of by MI(L).

Consider a latticeC (we abuse notation and refer thalso as a set of elements,
rather than a pair of a set with an order on it). For a)aif elements, arL-set overX
is a functionS : X — L assigning to each element &f a value inL. It is convenient
to think aboutS(z) as the truth value of the statement Is in S”. We say that an
L-setS is Booleanif S(z) € {T,L} forall z € X. The usual set operators can
be lifted to L-sets as expected. Given twhsetsS; and Sy over X, we define join,
meet, and complementation so that for every elemeatX, we have® S; v Sy (x) =
Si(z) V S2(x), S1 A S2(x) = Si(z) A S2(z), andcomp(S1)(z) = ~S1(z).

2.2 Lattice Automata

Consider a latticeC and an alphabel’. An L-languageis an £-set overX*. Thus
an L-languagel : X* — L assigns a value i to each word ovel’. A nonde-
terministic lattice automatomn finite words (LNFW, for short) is a six-tupld =
(£, X2,Q,0Q0,6, F), whereL is a lattice,X is an alphabet() is a finite set of states,
Qo € L9 is anL-set of initial states§ € £@***Q is an L-transition-relation, and
F € L9 is anL-set of accepting states.

A run of an LNFW on a wordw = o1 - 02 - - - 0,, IS @ SEQUENCE = qq, - - - , Gy, Of
n-+1 states. Thealueof r onw is val (r, w) = Qo(qo) AN 0(qi, Tiv1s i 1) AF (gn).
Intuitively, Qo (qo) is the value ofj being initial, 6 ((¢:, 0511, ¢;i+1)) is the value ofy;
being a successor @f wheno, is the input letterF'(g, ) is the value ofg,, being
accepting, and the value ofis the meet of all these values, with< i < n — 1. We
refer toQo(qo) A A?:_Olé(qi, oi+1, ¢i+1) as thetraversal valueof r and refer toF'(¢,,)
as itsacceptance valud~or a wordw, the value ofA onw, denotedA(w) is the join
of the values of all the possible runs dfonw. That is,val (A, w) = \/{val(r,w) :
risarunofd onw}. The £L-language of4, denotedZ(.4), maps each word to its
value inA. Thatis,L(A)(w) = val(A, w).

An LNFW is adeterministidattice automaton on finite words (LDFW, for short) if
there is exactly one statee @ such thatQy(q) # L, and for every state € @ and
letteroc € X, there is exactly one statg € @ such thati(q,o,q’) # L. An LNFW

81f S; and S, are over different domain&; and X», we can view them as having the same
domainX; U X, and letS;(z) = L forz € X2 \ X1 andSz(z) = Lforz € X; \ Xo.



is simpleif Qo andé are Boolean. Note that the traversal value of arwf a simple
LNFW is either L or T, thus the value of is induced byF'.

Traditional nondeterministic automata over finite word$={® for short) corre-
spond to LNFW over the latticé,. Indeed, oveL,, the value of a rum on a wordw is
eitherT, in case the run uses only transitions with valuand its final state has value
T, or L otherwise. Also, the value o4 onw is T iff the value of some run on it ig.
This reflects the fact that a word is accepted by an NFW if some legal run @nis
accepting.

Example 1 Figure 2 depicts three LNFWs. When we draw an LNFW, we derfate t
fact thaté(q,0,¢’) = [ by an edge attributed bi, l) from ¢ to ¢’. For simplicity,
we sometimes label an edge with a $2tC Y x L. In particular, whenY = L,
we use(l, T) to denote the sef(l, T) : I € L} and we us€l,!) to denote the set
{(1,1) : 1 € L}. For stateg with Qo (q) =1 # L, we draw intog an edge labeled and
for statesg with F'(¢) = | # L, we drawg as a double circle labeldd For example,
the LNFW Ay = (£, L, {q1,¢2}, Qo, 0, F) is such that)o(q1) = T andQo(¢2) = L.
Also, for everyl € £, we haves(qi,1,q1) = 8(q2,1,q2) = T, andd(qy, 1, g2) = 1. All
other triplets(q,l,¢) € Q x £ x @ are mapped by to L. Finally, F(¢;) = L and
Flg)=T.

(1,0 (1, 7T) (1, 7T) (1, 7T) (1, 7T)
&’ N &’ < C &’

: O OB e
Ay As As

Fig.2. Three LNFWs.

Let us consider th&-languages of the LNFWs in Figure 2. The LNFW is de-
terministic. Its single run- a wordw = Iy - l5--- [, starts ing; with value T and
whenever the lettel; is read, the traversal value so far is met withThe acceptance
value ofr is T, thus the value of onw is A, l;. Hence, the languag, of A, is
such thatZy(ly - lo---1,) = A, l;. The LNFW A4, is nondeterministic. Reading a
wordw = Iy - lo-- -1, it guesses a lettdf with which the transition frony; to ¢ is
made. Since the values of the self loopsjinand¢, are T and so are the initial and
acceptance values, the value of such a rumasi;. Taking the join on all runs, we get
that the languagé, of A is such thatls(ly < lo---1,,) = \/?:1 l;. Finally, the LNFW
As is also nondeterministic. Here, going framto ¢3; two successive letters are read,
each contributing its value to the traversal value of the Hence the languages of
Aszissuchthatis(ly - lo---1n) = /7 (li Aligs). O

In the traditional Boolean setting,umiversalautomaton (UFW, for short) accepts
a wordw if all its runs onw are accepting. Lifting this definition to the lattice frame-



work, a universal lattice automaton (LUFW, for short) has $ame components as an
LNFW, only that the value of a run = ¢¢...¢q, on awordw = o1 - 02+ -0y, IS
val(r,w) = comp(Qo(qo)) V \/?;01 comp(0(qi, 0ix1, ¢ir1)) V comp(F(gy)), and the
value of A onw is val(A,w) = A{wval(r,w) : risarunofdonw}. Thus, LUFW
dualize LNFW in the three elements that determine the valla@ automaton on a run:
first, the way we refer to the components of a single run isidigjve (rather than con-
junctive). Second, the way we refer to the collection of risnsonjunctive (rather than
disjunctive). Finally, the initial values, transition u&ls, and acceptance values are all
complemented.

Example 2 Consider the three LNFWs discussed in Example 1. When wethiem as

LUFW, their language&, Lo, andLs are such thaktq (I -lo - - - 1,,) = V?:l comp(l;),

Lo(lily - 1n) = Ni_y comp(l;), andLs(l1-lz - - 1) = AL (comp (1) V comp (li+1)).
O

Remark 3 In many applications, the input words to the LNFW are germerdty a
graph in which each vertex is labeled by a lettefinln some applications, the transi-
tion relation of the graph is af-set, thus each edge has a valu€irAccordingly, in a
more general framework, each letterlihhas a weight — a value if that corresponds
to the value of the edge between the current and next verfidem, the value of a
run of the automaton over a weighted watd= (o1,11) - (02,l2) - - - {on, l,,) takes the
weights of the letters into account: when we are in sigteead a letteto; 1, 1;41), and
move to statey; 1, the contribution to the value of the runlis1 A 6(qi, oit+1, ¢it1)
(rather thand(¢;, 041, ¢i+1) only). Since the lattice is distributive, it is easy to see
that the value of such an LNFW over the wardis equal to the meet of its value on
(01, T) - (o2, T) -+ (on, T) with A; -, ., ;. Thanks to this decompositionality, it is
easy to adjust our framework to automata that read words wiighted letters. For
technical simplicity, we assume no weights. ]

Remark 4 It is interesting to compare LNFW's to EAAs as defined in [BGO(For-
mally, EAA are defined only for infinite trees but it is easy tcammodate them to
finite words). In EAA, there is no explicit concept of tramit value. Since, however,
EAA are alternating, it is possible to model a transitiomistateg with valuel by the
formulag A [. By taking the meet of a transition with a lattice value, ipisssible to
ensure that in all runs, the value attached toshwercevertex of the transition is at most
[. Intuitively, the value of an EAA run flows “upwards” while éhvalue of an LNFW
run flows “downwards”. An interesting outcome of this obsdion is that while it is
natural to define the value of a prefix of a run of an LNFW, an LNRW, it does not
seem possible to define the value of a prefix of an EAA run. Wetfindbility to refer
to this value helpful both in understanding the intuitiomimel the runs of automata and
in reasoning about them — as we will demonstrate in Section 3. l

3 Closure Properties

In this section we study closure properties of LNFW and LDRVE. show that LNFW
and LDFW are closed under join, meet, and complementatiamw shat LNFW can



be determinized and simplified, and analyze the blow-upttievarious constructions
operators involve. In addition to the dependency in the sinéthe original automaton
(or automata, in case of the join and meet operators), olysiaaefers to the sizen
of the lattice over which the automata are defined. The deggres®lon botl andm is
tight and the proofs in Appendix A provide both upper bounais lwer bounds.

3.1 Nondeterministic Automata on Finite Words

Theorem 5. [closure under join and meet]Let A; and A be LNFW overZ, with
ny1 andn; states, respectively. There are LNEYY and A, withn; + ne andng - no
states, respectively, such thiat A, ) = L(A;)V L(Az) andL(Ax) = L(A1)AL(Az).

The constructions are slight variants of the standard lamodase constructions.

Theorem 6. [simplification] Let. A be an LNFW (LDFW) with, states, over a lattice
L with m elements. There is a simple LNFW (resp. LDEMV) with n - m states, such
that L(A") = L(A).

Intuitively, the state space of’ is @ x £, where a statéq, [) stands for the statg
with valuel.

We now turn to consider determinization of LNFW. For simpRW, determiniza-
tion can proceed using the subset construction as in theeBoaase [RS59]. If we start
with a general LNFWA with state spac@), this results in an LDFWA’ with state space
20x£ As Theorem 7 below shows, LNFW determinization does dejpengd, but we
can do better than maintaining subsetg)ot £. The idea is to maintain, instead, func-
tions in L%, where each statgof A is mapped to the join of the values with whigh
might have reachegl Note that the resulting automaton is a simple LDFW.

Theorem 7. [determinization]Let.A be an LNFW with, states, over a lattic&€ with
m elements. There is a simple LDRW, with m™ states, such that(A’) = L(A).

We now turn to study complementation on LNFW. As with traafitil automata, it is
possible to complement an automaton through determipizaftarting with an LNFW
with n states over a lattice witlm elements, we can construct, by Theorem 7 a simple
LDFW which can be easily complemented to LNFW wittt states. We now show that
by using universal automata, it is possible to circumvergmheinization and avoid the
dependency om. We first observe that viewing an LNFW as an LUFW complements
its language. The proof is easy and is based on applying Dgahaules orval(A, w).

Lemma 1. Let A be an LNFW and letd be A when viewed as an LUFW. Then,
L(A) = comp(L(A)).

Theorem 8. Let A be an LUFW, withn states. There is an LNFW’, with 2™ states,
such thatZ (A") = L(A).

In Section 3.3, we present a general paradigm for decomgdattice automata to
Boolean automata, each associated with a join-irredueilgiment of the lattice. The
paradigm can be used for proving Theorem 8 too. In Appendixie describe a direct



construction, which applies the paradigm, but hides therinédiate Boolean automata.
Below is a high level view of the direct construction.

LetA = (L, X, Q,Qo,d, F). Consider a wordv = o1 - - - o,,. The runs ofd onw
can be arranged in a directed acyclic gréph- (Q x {0,...,n}, FE), whereE({(q,7 —
1),({q',i)) forall ¢,¢' € Q and1 < i < n. Each edgé(q,i — 1), (¢, %)) in G has a
value in£, namelycomp(d(q, 0i,4’)). Also, vertices i x {0} and@ x {n} have an
initial and an acceptance value, respectively, induceclyp (Qo) andcomp(F). The
value of A onw is the meet of the values of the paths@fwhere a value of a path is
the join of the values of its components.

Thus, one can look at the value @f on w as computed by a formula_\/, Ix
wherer ranges over paths arig ranges over the values appearingrinThis type of
formula, namelyA /(.. .) corresponds naturally to an LUFW calculation of the value
of aword. The type of formula that corresponds to an LNFWdalion of the value of
a word would be\/ A(...). The LNFW type formula whose value equals the value of
A V. lxis Vg \ics I WhereS ranges over the sets of values that contains exactly one
value from each path. (The equivalence of the formulasyioffom distributivity laws
and corresponds to similar familiar algebraic maniputagiof products and sums).

Thus, our goal is to constructan LNFW in which a run nondebeistically “chooses
one value from each path, and the value of that run is the ni¢®bse “chosen” values.
The construction of such an LNFW resembles the constructiphiH84]. The idea is
to keep track of the states from which there are paths tHhtastie” us a value. Thus
the states of the LNFW would be the subsets of stated4.dhstead of the details of
the LNFW construction, we proceed to illustrate by exampteitieas underlying the
construction.

Assume, for example, that we already read some prdfixk] of the word, and
already “chosen” some values, in fact, the only paths frontkvho value was chosen,
all end up in the state after readingr[1..k]. In such a case we say thais the only
state that still “owe” us a value, and the LNFW state aftediegr[1..k] will be {¢}.
Assume now that the next letter readbisand that, in4, the possible transitions (i.e.
transitions not mapped td) from ¢ on o are a transition t@; with valuel;, and a
transition togs with valuel,. In such a case we have several ways to proceed (the
LNFW chooses nondeterministically which way is taken)skiwe might choose not
to choose either transition values to be “chosen”. In suchsecbothy; and g, will
“owe” us a value and the LNFW will move to the stdte, ¢o}. Since no value was
chosen the value of the transitidéfig}, o, {q1, ¢=}) in the LNFW is T. Another way
to proceed, would be to “choose” the valljeof the paths going from to ¢;. In this
case, onlyg, will still owe us a value, however, the valde should me met with the
LNFW run value. Therefore, the value of the transitida}, o, {g2}) is l;. Similarly,
there would be a transition td ¢}, o, {q1 }) with valuel,, and a transitior{{q}, o, 0)
with valuel; A [5. Initial and accepting values are dealt with in a similahfas.

We can now complement an LNFW by transforming the LUFW with the same
structure asd to an LNFW. Hence, by Lemma 1 and Theorem 8, we have the fallgwi

”

Theorem 9. [closure under complementation]Let 4 be an LNFW withn states.
There is an LNFWA’, with 2™ states, such thakt(A') = comp(L(A)).
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3.2 Deterministic Automata on Finite words

Theorem 10. [closure under join and meet] et.A; and.4; be LDFW overL. There
are LDFW A, and A, such thatL(Ay) = L(A;) V L(A2) and L(AA) = L(A7) A
L(As). If Ay hasn, states,A; hasn, states, andC hasm elements, theml,, has at
mostn; - ns - m? and at leastu; - n» - m states, andd, hasn; - no states.

The meet construction coincides with the one for LNFW. Ferjtdin construction, we
first simplify A; and.4; using Theorem 6 and only then apply the construction for
LNFW 7.

We now turn to study complementation of LDFW. In the Booleattisg, com-
plementation of deterministic automata is easy, and iraeblualization. In the lattice
setting dualization does not work, and should be combinéld sinplification. There-
fore, we have the following.

Theorem 11. [closure under complementation].et . A be an LDFW, withn states,
overL. There is an LDFWA', with n - m states, such thal(A") = comp(L(A)).

3.3 Lattice Automata on Infinite words

Lattice automata can run on infinite words and deffrkenguages of words iA“. A
nondeterministic Bchi lattice automatoon infinite words (LNBW, for short) has the
same components as an LNFW, thdis= (£, X, Q, Qo, d, F'), only that it runs on infi-
nite words. Arunof A on awordw = o103 - - - is an infinite sequence= qqg, ¢1, . . . of
states. Theraversal valueof r onw is trval(r,w) = Qo(qo) A Nj>o 0(di, Tit1, Git1)-
Theacceptance valuef r onw is acval(r,w) = A\;5, V;>; F(q;)- Thevalueof r on
w is val(r,w) = trval(r,w) A acval (r, w).

Note that the acceptance value of a run corresponds to tbkiBondition in the
Boolean case. Theré; should be visited infinitely often, thus all suffixes shoulisiity
F. Accordingly, here, the meet of all suffixes is taken, whexehesuffix contribute the
join of its members.

Theorem 12. [LNBW closure properties]Let.4; and.A; be LNBWSs witln; andng
states, respectively.

1. There is an LNBWA,, with ny + ns states such that(Ay) = L(A;) V L(Az).
2. There is an LNBWA,, with 3 - n; - ny states such that (A,) = L(A1) A L(As).
3. There is an LNBWA; with 20(m1108(n1)) states such that (A;) = comp(L(Ay)).

" The gap between the upper and the lower bound in Theorem b@&from the fact that the
exact dependency im depends on the type of the latti€e For all types, the join construction
requires at most am? blow-up, and at least am blow-up. By considering the types individ-
ually, it is possible to tighten the bound. In particular, fattice that is a full order, the tight
bound isns -n2 -m, and for the powerset lattice, the tight bounekis n2 -mlos23, Essentially,
the different types of lattices induce different ways totiian the m? pairs of lattice values
between the state space of the joint automaton and the vetuenallated by the run in the
form of traversal value.

11



The proof of Theorem 12 follows from a general paradigm fansformation be-
tween lattice automata. The key observation is that a éatittomaton over latticé
can be decomposed to a family Boolean automata where eadbd@oautomaton in
the family corresponds to a join-irreducible (or meet itreithle) element of.. A trans-
formation on the lattice automaton can then be obtained plyam the transformation
on the underlying Boolean automata, which can then be coatdosck to a lattice au-
tomaton. For the paradigm to work, we need to ensure soméstemnsy requirements
that have to do with maintaining the order of the lattice.Ha following NBW stands
for Nondeterministic Biichi automata on Words. We procedH the details.

For an underlying set of statég, we introduce an ordering on NBWs whose state
space i€). Fori € {1,2},letA; = (2, Q,QY,6;, F;) be an NBW. Let4; < A, when
QY C @Y, 5, C 4y, andF, C Fy. Intuitively, “smaller automata have more accepting
runs”. Formally, it is easy to see tha < A impliesL(A;) C L(Ay).

A family {A4;},c, of NBWs that share a state space and are indexed by lattice
elements igL-consistentf I; < Iy implies.A;, < A;,. Similarly, a family isC-reverse-
consistentf [; < [y impliesA;, > A,,.

Lemma 2. [decomposition]For an LNBWA it is possible to construct, in logarithmic
space, the following -consistent families:

1. Afamily{A;};c1(c) of NBWs such that for alb € X, we havew € L(A,) iff
A(w) > 1.

2. Afamily{A;};crrr(c) of NBWs such that for alb € X, we havew ¢ L(A;) iff
A(w) <.

Proof: LetA= (L, X, Q,Qo,d, F). We start with claim 1. For every join irreducible
1 € JI(L), we define the NBWA, = (¥, Q,QY, &, F}), where:

1. QY ={geQ|Qolq) > 1}.
2.6 ={(q,0,¢) e Q x X xQ|d(q,0,9)>1}.
3. F={qeQ]|F(q) =1}

First, note that the family i€-consistent. Indeed, If < I, thenQ}, € Q7 , &, C 4y,
andfy, C Fy,.

We proceed to prove that € L(.A;) iff L(A)(w) > [. Consider an infinite word
w = ogoy . ... Assume first thatv € L(.A;). Then, there exists an accepting nup-
ror1 ... of the NBW 4; onw. As A; and A share a state spaceis also a run of the
LNBW A. Furthermore, since is a run of.4; we haver, € Q! and for everyi > 0,
we have(r;_1,0;,7;) € ;. Thus, inA we haveQo(ro) > [ and for everyi > 0, we
haved(r;_1,04,7;) > l. Thereforetrval(r,w) > [. Similarly, sincer is accepting in
A, it visits infinitely often in£;. Thus, for alli > 0 we have\/,.; F'(g;), and therefore
acval(r,w) > 1. Thus,val(r,w) > [, implying thatL(A)(w) > 1

Assume now thaf.(A)(w) > I. Recall that.(A)(w) > I means thaval (A, w) >
l,i.e.,\, val(r,w) > l. Therefore, by the join irreducibility of, there exists at least
one runr = rory ... of 4 onw with val(r,w) > I. In r, the initial value, all the
transition values, and the acceptance value are all greaeguall. Therefore, the run
r is also a run of4,. To see that is an accepting run, note that the acceptance value
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Ni>o Vs F(r;) is greater than or equal toBy the join irreducibility ofl, this means
that there are infinitely man;’s for which F'(r;) > 1.

We proceed to claim 2. For every meet irreducibée M I(L), we define the NBW
A =(2,Q,QY, 6, F), where:

1. Q) ={q€Q|Qulg) £1}.
2.6, ={(q,0,¢') € Q@ x X xQ1(q,0,q") £1}.
3. Fi={qeQ|F(qg £1}.

First, note that the family i€-consistent. Indeed, ifi < I5, thenQo(q) < I; implies
thatQo(q) < la. ThereforeQo(q) £ l2 implies thatQo(q) £ 1. Thus,Q}, € Q7.
The same argument holds f@r, C ¢;, andF}, C Fj,.

We proceed to prove that ¢ L(A;) iff L(A)(w) < [. Consider an infinite word
w=0109....

Assume first thatv ¢ L(A;). Then, every sequence of states= ror; ... is ei-
ther not a run of4; on w, or visits only finitely often inF;. If r is not a run ofA,
then eitherry ¢ QY (i.e. Qo(ro) < 1) or for somei > 0, we have(r;_1,0;,7;) ¢
o; (i.e. 6(ri—1,04,7m;) < 1). In either case, we havewval(r,w) < I, and therefore
val(r,w) < [. If, on the other handy visits only finitely often in Fj, then, there
exists aj > 0 such that for al: > j we haver; ¢ F, (i.e. F(r;) < l). Since
acval(r,w) = N;>o V;>; F(g;), we get thatacval(r,w) < I. Thus, in any case, we
haveval(r, w) < I and thereford.(A)(w) < 1.

Assume now thaL(A)(w) < . Then, every sequence of states- ror; ... of A
has value smaller then or equalt®ecall thatl.(A) (w) < I meansthay/, val(r,w) <
l. Therefore, for every rum we haveval(e,w) = trval(r,w) A acval(r,w) < .
Sincel is meet irreducible, this means that in every rueither trval(r,w) < [ or
acval (r,w) < 1. If troal(r,w) < 1then (again by meetirreducibility) eith€Xy(ro) <1
(i.e.ro ¢ QY) or for somei > 0 we haved(r;_1,0;,7;) < (i.e. the transition is notin
d;)- In both cases the run is not a run.f. If, on the other hand, the acceptance value,
i.e. A\jso Vi F(r;), is smaller then or equal to then, by the meet irreducibility of
I, there exists an for which\/,; F'(r;) < [ This implies that for allj > 4, we have
F(r;) < l(e.g.r; ¢ F). Thus,F; is visited only finitely often implying that is
rejecting inA;. Thus, every sequence of states is either not a rud;ar a rejecting
run. Thereforew ¢ L(A;). O

Next, we extend the order on NBWs to an order on tuples of NBVike following
way: (A, ..., Ax) < (Bi,...,By) iff A; < B, foreveryi € {1,...,k}.

A constructiony : NBW* — NBW is monotonéf (A1, .. Ag) < (B1,...,Bg)
impliesp((A1, ..., Ax)) < ©((B1,...,Bx)). Aconstructionisntitoneif (A;,..., Ax) <
<Bl, - ,Bk> implies<p(<A1, . ,.Ak>) > (p(<31, - ,Bk>)

Lemma 3. Letk > 0 be an integer. For every < k, let {A}'}leg be an/L-consistent
family. If p : NBW* — NBW is a monotone construction, thép( A}, . .. Af) e
is an L-consistent family. Similarly, ip is antitone the{ (A}, ... A¥)}iec is an -
reverse-consistent family.
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Proof: For the monotone case, if < I, then(A} ,... A}) < (A} ,...A}) and
therefore, by the monotonicity @f, we havep(A; ,... A}) < (A} ,... A}). The
antitone case is similar. |

Lemma 4. [composition]Let{.A; };c j;(c) be anl-consistent family of NBWs, parametrized
by the join irreducible elements d@f. There is an LNBWA, sharing the state space of

the family, such that for every € X« andl € JI(L), it holds thatw € L(A;) iff
L(A)(w) > I. Furthermore, the construction of can be made in logarithmic space.

Proof: Since allthe NBWs share the same state space, we ddpete X, Q, QY, &, F}).
Let.A be the LNBW(L, ¥, Q, Qo, 6, F'), where:

- Qolg) =V{leJIL)|qeQ}}.
- (q,0,9") =\V{L € JI(L) | (g,0,9") € 01}
- F(g)=V{leJI(L)]|q€ b}

We prove thatv € L(A,;) iff L(A)(w) > [. Consider an infinite word = o105 ...
and! € JI(L). Assume first thatv € L(A;). Then, there exists an accepting run
r = roT1... 0ONwW. Sincery € Q?, we haveQo(ro) > [. Similar argument holds for
the value of the transitions. Thereforepal(r,w) > [ in A. In addition, since- is
accepting in4;, we know that- visits infinitely often inF;. For every state € Fj it
holds thatt'(q) > [. Therefore, for every > 0 we have\/ . ; F'(r;) > [, implying that
the acceptance valuecval(r,w) = A;5V,>; F'(g;) is greater or equal td Thus,
val(r,w) > 1, andL(A)(w) > 1.

Assume now thaL(.A)(w) > I. Sincel is join irreducible, and sincé(A)(w) =
V, val(r,w), there must exist a run = 7or; ... for which val(r,w) > 1. In the
runr, the initial value must be greater than or equal.t®herefore there exists some
U > [ for whichry € Qu. By the consistency of the family we get that is an
initial state of.4; as well. Similarly, all the transition values must all be @ than
or equal tol and therefore must be transitions.it). Since the acceptance value, i.e.
/\i20 VjZi F(r;), is greater than or equal #o we get from join irreducibility ofl
that the run must visit infinitely often in some statdor which F'(¢) > [. Again by
consistencyg must be accepting it;. Therefore, the rum is an accepting run of;,
implying thatw € L(A;). O

We now have the basic building blocks needed to apply thediaraof reducing
lattice automata constructions to Boolean ones. We nowegab¢o show how to ap-
ply this paradigm in the case of LNBW complementation. THeeotases are simpler
and are left to the reader. As a first step, we need a booleastraotion for NBW
complementation which is also antitone.

Lemma 5. There exists a antitone constructipn NBW — NBW such that for every
NBW A, with . states, we havé(p(A)) = comp(L(A)). Furthermorep(.A) has at
most2©(n1ee(n)) states, and the construction can be made using space poighiom
n.
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In Appendix A.7, we prove the lemma by proving that (a smatlasat of) the [KV01]
construction for NBW complementation is antitone. To prive results for join and
meet of languages, we need similar constructions of momotather than antitone)
constructions of union and intersection. The standardtoactson for union is already
monotone. For the meet case, a small variant of the usual7@hmonstruction for
intersection is needed, and is discussed in Appendix A.8.

We can now complete the construction for LNBW complemeatatiGiven an
LNBW A, we use the decomposition lemma to construct a consistentyfd.A; }icarr(c)
of NBWs such thad(w) < [iff w ¢ L(A;) forallw € X.

We now apply the construction from Lemma 5 to get a reversesistant family
{Al}ieri(c) of NBWs such thatd(w) < 1iff w € L(A]) forallw e X.

Next, we re-index the family by identifyingl; with A/c/omp(l)' Since an element is
meetirreducible iff its complementis join irreducible tfesulting family{Agomp(l)}leMI(L)
is indexed by the join irreducible elements&fand can be seen g4y’ }c j1(c). Fur-
thermore, folly,ly € JI(L), if i1 < I3, thencomp(ls) > comp(ly). Therefore, since
{A;} is areverse-consistent family, we getthdt, ., <A, ., ie A < A].
Thus,{ A} }ics1(c) is a consistent family.

Finally, we apply the composition lemma ¢’} j;() to get a single LNBW
A. To prove that4 is indeedcomp(.A) fix a wordw € X* and a join irreducible
element! € JI(£). The following equivalences holdd(w) > [ iff w € L(A) iff
w e L(A ) iff w & L(Acompqy) Iff A(w) < comp(l) iff comp(A(w)) > 1. The

comp(l)

result follows from Birkhoff’s representation theorem.

4 Applications

In this section we apply our framework to the satisfiabilihdanodel-checking prob-
lems of multi-valued LTL. We first discuss decision probleiorsLNFW and LNBW.

4.1 Decision Problems

Consider an LNFW (or LNBW) over a lattice. Therangeof A is the set of lattice
values! for which there is a wordv that.4 accepts with valué. Thus,range(A) =
Uwe s+ val(A, w). Theemptiness valuef A, denotede_val(A), is then the join of all
the values in its range; i.ee,val(A) = \/ range(A). Intuitively, e_val(.A) describes
how likely it is for .4 to accept a word. In particular, #_val(A) = L, then.A gives
value L to all the words inX*. Over Boolean latticeg_val(A) = L if A is empty and
e-val(A) = T if Ais notempty. Note, however, that for a general (finite distiive De
Morgan) lattice e_val(A) # L does notimply that there is a word that is accepted with
valuee_val(A). Theemptiness-value probleisito decide, given an LNFW (or LNBW)
A, avaluel € £, and an order relatione {<, <,=,>, >}, whethere_val(A) ~ .

Theorem 13. The emptiness-value problem for LNFW (or LNBW) is NLOGSRACE
complete.

In Appendix B, we discuss theniversality-valueand theimplication-valueprob-
lems, which corresponds to the universality and the langiragjusion problems in the
Boolean setting.
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4.2 LLTL model Checking and Satisfiability

As discussed in Section 1, the multi-valued setting appeapsactice either directly,
with multi-valued systems and specifications, or indirg@hb various methods are re-
duced to reasoning in a multi-valued setting. In this secti@ show how lattice au-
tomata provide a unifying automata-theoretic framewonkrigasoning about multi-
valued systems and specifications,

A multi-valued Kripke structurés a six-tupleK = (AP, L, W, Wy, R, L), where
AP is a set of atomic propositions,is a lattice J¥ is a finite set of state$}, € £" is
an £-set of initial statesR € LW>*W is an£-transitions relation, and : W — £AF
maps each state to ahiset of atomic propositions. We requiieto be total in its first
element, thus for every € W there is at least one’ € w such thatR(w, w') # L.

A path of K is an infinite sequence, ws, . .. of states. For technical simplicity, we
assume that¥, and R are Boolean. As discussed in Remark 3, it is easy to adjust
our framework to handle weighted input letters, and henegghited initial states and
transitions. In the Boolean setting, a pathfofis one that has valu€, thusw; € wy
andR(w;, w;4+1) forall i > 1.

The logicLTL is a linear temporal logic. Formulas of LTL are constructeshf
a setAP of atomic propositions using the usual Boolean operatodsthe temporal
operatorsX (“nexttime”) andU (“until”). The semantics of LTL is traditionally defined
with respect to computations of Kripke structures in whiahtestate is labeled by a set
of atomic propositions true in this state and each two stateseither connected or
not connected by an edge. Note that traditional Kripke stinés correspond to multi-
valued Kripke structures over the lattice. We define the logi¢atticed-LTL(LLTL,
for short), which is the expected extension of LTL to mukikved Kripke structures.
The syntax of LLTL is similar to the one of LTL, except that flgic is parameterized
by a lattice£ and its constants are elements@flLet 7 = wy, wo, ... be a path of
a multi-valued Kripke structure. The value of an LLTL forraub on the pathr in
positioni, denotedval (7, 7, ¢) is inductively defined as follows:

— For alattice elemerite L, we haveval(w,,[) = [ for all 7 andi.

For an atomic propositiopn € AP, we haveval (7, i, p) = w;(p) for all = and:.
val(m, 4, ) = —wal(m,i,1).

— val(m,i,¢% A 0) = val(m,i,9) A val(m,i,0).

val(m, i, X)) = val(m,i 4+ 1,9).

= wal(m,i,YpU0) = ;5 (val(m, k, 0) AN N\, <, val(m, j, ¥)).

For an LLTL formulay, thesatisfiability valueof ), denotedat (v), is \/{val(m, 1, ) :

7 € (LAP)«}. Thus, the satisfiability value describes how likely it is some path to
satisfy«. The LLTL satisfiability problem is to determine, given anTlL formula

¥, avaluel € £, and an order relation-e {<,<,=,>,>}, whethersat(¢) ~ 1.
For a multi-valued Kripke structur® and an LLTL formulay, the satisfaction value
of ¢ in K, denotedsat(K, ), is A{val(r,1,) : wisapath ofK}. Thus, the sat-
isfaction value describes how likely it is for all paths &fto satisfy. The LLTL
model-checking problem is to determine, given a multi-edliripke structurgs, an
LLTL formula ¢, a valuel € £, and an order relatior € {<, <,=,>, >}, whether
sat(K, ) ~ L.
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Theorem 14. Given an LLTL formulap, there is an LNBWA,, such that for every
wordw € (£AF)«, we haved, (w) = val(w, 1,).

Proof. Let L be the set of lattice elements appearing as constants We refer to
an element{ € L as a new atomic proposition whose value is fixed.thet i/, =
(24PYL ), Qo, M, F) be an NBW that corresponds t0. Thus, L(Uy) = {w €
24PV g = 9} (c.f., [VW94]). The transition function/ : Q x ¥ — 29
of U, maps a state and a truth assignmentddh U L to a set of possible successor
states. LeB3(AP U L) be the set of propositional Boolean formula oveP U L. We
can rewriteM as a functiolM’ : Q x Q@ — B(AP U L) that maps two stategand
¢’ to a formula specifying the set of assignments with whighmoves fromg to ¢’.
Formally, M’(q,q') = @ iff for all o € 247YL, we have that |= 0 iff ¢ € M(q,0).
Now, for§ € B(AP U L) and anC-seto’, the formulas’(6) is obtained fromd by
replacing an atomp € AP by the valuer’(p). We defined,, = (LT, £,Q,Qb, 5, F')
where for every; € Q, we have that)((q) is T if ¢ € Qo and is_L otherwise;F”(q)
is T if ¢ € F and is_L otherwise; and for every’ € Q ando’ € £AF, we have
6(g,0",q") = 0’ M(q,q'). 0

We can now use the automata-theoretic approach in ordeihte @ satisfiability
and model checking problems for LLTL.

Theorem 15. [LLTL satisfiability and model checking] The LLTL satisfiability-value
and satisfaction-value problems are PSPACE-complete.

Proof: Given an LLTL formulay, let A4, be the LNBW corresponding . By The-
orem 14, the size ofl,, is exponential iny. Sincesat () = e_val(Ay), we can reduce
the satisfiability-value problem fap to the emptiness-value problem fdr,. By Theo-
rem 12, the latter is in NLOGSPACE, implying membership & th.TL satisfiability-
value problem in PSPACE. For the satisfaction-value problge follow the automata-
based algorithm [VW94] for the Boolean setting: &k be an LNBW that gives value
T to exactly all the paths ak'. Note that all the states of x have acceptance vallue
Note also that handlingl with weighted transitions can be done easily by letting the
transitions ofd x have valuesirC. Sincesat (K, 1) = e_val (Ax N A-y), membership
in PSPACE follows from Theorem 12. For both problems, hasdme PSPACE follows
from the Boolean setting. ]

Note that Theorem 15 also follows from reduction to seve@IBan problems as
presented in [BG04]. The advantage of the approach preséete, is solving LLTL
model checking and satisfiability using direct lattice nogth The advantages of such
direct methods were argued in [BG04], which solved the matiecking foruL (the
lattice extension ofi-calculus) directly, using EAA. Theorem 15, however, does n
follow from the latter due to the doubly-exponential blowafgranslating LTL formu-
las tomu-calculus.
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A Detailed Proofs and Constructions

A.1 Proof of Theorem 5

Fori € {1,2} let A; = (£, X, Q% Q}, 4, F'), and assume w.l.o.g. thgt' and Q?
are disjoint. As in the case of traditional NFW,, can be obtained by “putting; and
Az next to each other”. Formallyl, = (£, X, Q' UQ?, Q4 vV Q3,5 v §2, F1 v F?).
Correctness follows from the fact that for every ward= X, every run ofd,, onw is
either a run ofA' onw or a run of.4? onw, and vice versa.
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As in the case of traditional NFW4,, can be obtained by taking the Cartesian
product of4; andAs. Thus, A, = (£, X, Q* x Q?,Qf, 8", F'), whereQ({q1, g2)) =
Qo(a1)NQ3(42), 0 (a1, 42), 0, (41, 45)) = 01 (q1,0,41)Ad2(g2, 0, g5), andF” (g1, g2)) =
Fi(q1) N Fa(qe).

We prove thatL(A,) = L(A:) A L(As). That is, we prove thatal(Ax, w) =
val(A1,w) A L(Ag,w) for all w € X*. Consider a wordv € X*. Note that ev-
ery runr of A, onw corresponds to a rum, of A; on w paired with a runry of
Ay onw. Furthermorepal(r,w) = wval(ri,w) A val(rz,w). Dually, every two runs
ry of A; onw andry; of A, onw can be paired to a run of A, onw such that
val(r,w) = wval(ri,w) A val(rz,w). So, by the distributivity of the lattice, we have
val(An,w) = \{val(r,w) : risarunofd, onw} = \V{val(r1,w) A val(re,w) :
r1 andrq are runs ofd; andA; onw} = \/{val(r1,w) : ryisarunof4; onw} A
VA{val(re,w) : ryisarunofdz onw} = val( Ay, w) A val( Az, w).

A.2 Proof of Theorem 6

Let A= (L, X,Q,Q0,0,F). We defined’ = (L, ¥,Q x L,Qf,d, F') where a state
(q,1) of A’ corresponds to the stajef A being reached with traversal valli@ndQy,,
¢', andF” are accordingly defined as follows.

— For every statg € Q, we haveQ(({q,Qo(q))) = T. All other states inQ x L
are mapped by to L. Thus, a run of4 that starts in a state with Qo (¢) = {
corresponds to a run of’ that starts in statéy, 7).

— Foreveryg,q' € Q,0 € X, and! € L, we haved’'({(g,),0, (¢, I A d(q,0,¢))) =
T. All other transitions are mapped to. Thus, a transitiorq, o, ¢’) of A induces
a transition ofA’ whose traversal value i8, yet the value-component of the states
are updated according &g, o, ¢').

— For every(q,l) € Q x L, we haveF’({(¢,l)) = I A F(q). Thus, the acceptance
value of a run of4’ that ends with statéy, [) is the meet of — the traversal value
of the corresponding run od with F(q).

Note that whend is an LDFW, so is4'.

For the lower boun® consider the single state LDFW; from Example 1. For
everyl € L, its languagd.; maps the word to the valud. Let A’ be a simple LNFW
equivalent ta4;. Consider a lattice&,,, that forms a linear order. Every values £,,
is join irreducible in the sense thatliequals the join of a set of valuésC L,, then

8 We prove a lower bound on the lattice complexity (the comipfeix terms ofm, assuming
n is fixed). By extending the alphabet of the automaton to paifd, ..., n} x £, itis not
hard to use the same idea in order to prove the joint complekite same holds for other
lower bounds we prove in this section: we prove lower bountthe lattice complexity, but
since the these lower bounds are orthogonal to the lowerdsoumthe Boolean case, we can
conclude that the lower bound on the joint complexity is thedpct of the lower bounds on
the automaton and lattice complexities. Indeed, a lowentan the joint complexity can be
proven directly by considering language®ver alphabets’ x £, where the projection of the
language or¥ is a language with which a lower bound on the automaton cotitplis proven
and the projection of the language 6ris a language with which a lower bound on the lattice
complexity is proven.
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lisin S. This means that on such lattices, if an LNFW accepts a wotld valuel, it
must have a single run that accepts the word with val&nce the traversal value of
the run of 4] onlis T, each word must reach a different stagg, one withF'(¢;) = 1.
Therefore, every simple LNFW fdE (.4, ) must have has at leddi| states.

A.3 Proof of Theorem 7

We first describe the upper bound. Ldt = (£, X, Q, Qo,d, F). We defined’ =
(£,2,Q',Q,¢, F"), where

— Q' = L°. After reading a wordv, the LDFW A’ is in stateS € £% such that
for every state; € @, the valueS(q) is the join of all the traversal values of runs
of A on w that ends ing. Thus, rather than maintaining all paifg !) such that
A reacheg with traversal valué, the LDFW A’ maintains only the join of these
values.

— Q4(Qo) = T. All other L-sets overy are mapped by(, to L.

— The transition relation’ is defined, for allS, S’ € £? ando € X, as follows.

5(5,0,5) T Ifforall ¢ € Q, we haveS’(¢') = \/Q(S(q) AS(q,0,q)).
, 0, = qe
1 Otherwise

Thus, in thel-setS’, each state’ is mapped to the join of all the traversal values
with which the input word read so far can reaghThis is done by taking for each
stateq € @, the meet of its corresponding value $hand the value of taking the
transition fromy to ¢’. Note that, in facty’ is indeed deterministié’ (S, 0,5") = T

for exactly oneS’.

— Forall S € £9, we haveF’(S) = \/ (S(¢) A F(q)).
q€Q

Note thatA’ is both deterministic and simple. The Boolean case imphas the
exponential dependency incannot be avoided. We now show that the dependency in
L is also essential, and the subset construction by itsetitisuificient. Let |£| = m,

X} = L, and consider the language from Example 1. Recall that, can be accepted
by the 2-state LNFWA, described in Figure 2. Letl, = (£, £,Q,Qo, 4, F) be an
LDFW for L. We prove thatd, must have at least states. For that, we prove that
Al must be simple. As argued in the proof of Theorem 6, a simplE\MNor L, has at
leastm states, so we are done. To see thatmust be simple, note thédt, (w) = T for
each wordw that contains the lettef. Hence, the traversal value of the single run of
Al on any wordw’ is alwaysT . Indeed, once the traversal value goes beloivcannot

be increased, yet may be concatenated td requiring the traversal value to be It
follows thatQo(qo) = T, for the single statgy with Qo(qo0) # L andd(q,0,¢') = T

for all ¢, o, andq’ with 6(q, 0,¢’) # L. Hence A} is simple.

% Note that this still leaves the tight complexity open, as wpper bound isn™ whereas the
lower bound is linear inn and exponential im.
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A.4 Proof of Theorem 8

Let A = (£,X,Q,Qo,0, F). Consider a wordv = oy - --0,. The runs ofd onw
can be arranged in a directed acyclic gréph- (Q x {0,...,n}, FE), whereE({(q,7 —
1),(¢,i)) forall ¢,¢' € Q andl < i < n. Each edgé(q,i — 1), (¢,4)) in G has a
value in £, namelycomp(6(q, 0i,q")). Also, vertices inQ x {0} and@ x {n} have
an initial and an acceptance value, respectively, indugecbtnp (Qo) and comp(F).
The value ofA onw is the meet of the values of the paths@®@f where a value of a
path is the join of the values of its components. In ordet46to mapw to this value,
we let A’ keep track of paths that still have to contribute to a compbwelue, and let
the traversal value of the runs gf maintain the value contributed so far. Thus, as in
the subset constructionl’ follows all runs of A (that is, all the paths aff). However,

at any time during the rund’ may decide nondeterministically to take into account
the current component value of some of the paths. Two thiaggén in a transition
in which A’ decides to take into account paths that go through a vert@sevktate
component belongs to a st C Q. First, the traversal value of the transition is the
meet of the traversal value of transitions that efteSecond, in its subset construction,
A’ release the sdP, as there is no further need to follow paths that vigitFormally,

A =(L,X,Q,Q,¢, F') is defined as follows.

— Q' = 29. Intuitively, if A’ is in stateS C @ after readingr; - - - 0;, then the paths
of G that go througtt x {i} still need to contribute a value.

— ForallP C @, we havel,(Q\ P) = A . p comp(Qo(q)). Intuitively, P is the set
of states for which all paths @¥ that start inP x {0} contribute to the value of the
run of A’ their initial value. Accordingly, the initial value af \ P is the meet of
the complemented initial values of the stateg’inin addition, P is removed from
the set of states whose paths owe a contribution.

— ForallS € Q',0 € X,andP C Q, we havey'(S, 0, Q\P) = A\ ,cg ,cp comp(0(q,0,q")).
As above, the seP contains the states that the paths that enter them are tatken i
account in the current transition. Accordingly, the meethaf complemented val-
ues of the edges frorfi into P is the transition value, an& is removed from the
set of states thatl’ follows. Note that having) as the subset successorsfneans
that S can reach all states. Indeed, by the definitiorzofall the vertices in level
i — 1 are connected to all the vertices in levebnly that some edges are labeled
T, which in our context means they have no effect. TechnicadiyAn T = [ for all
[, states that are not “really reachable” can be addddand contribute their value
in the present.

— For everyS € Q', we havé® F'(S) = A\ g comp(F(q)). Thus, the acceptance
value of the states ofl’ is the meet of the complemented acceptance values of the
last states of paths i@ that still owe a contribution to the meet of all paths.

A.5 Proof of Theorem 10

We start with.A,. Here, things are easy, as the product of LDEAVand . A; used in
the proof of Theorem 5 results in an LDFW.

1% Note that\ 0 = T.
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Consider now closure under join. We start with the upper dolet. A} and.4,
be simple LDFWSs equivalent tal; and.A;. By Theorem 6,4} and.A}, haven; - m
andn, - m states, respectively. Using the standard Cartesian ptagunstruction for
the union of deterministic DFWs we get a simple LDFW for théomranguage with
nq - ny - m? states.

For the lower bound, we define two languages over the alpl&bel. The first lan-
guageL, maps(l1, 1) --- (I}, 12)to A\, I}. The second languade maps(li,7) - - - (1},12)

to A/, [?. Each of the languages is accepted by an LDFW with one sthtef Fig-
ure 2, with the input letters being projected on the firsselcelement in each letter).
We show that every LDFWA,, acceptingL = L; U L, must have at leash states.
Note thatL((11,13) -~ (11,12)) = (N 1) V (AL, 13). Forly # l5, we claim that

Ay must be in different states after reading the wafidsT) and(l2, T). Assume by
way of contradiction that this is not the case. Siddel,, T)) = L({l2, T)) = T, the
traversal value ofd,, on both words isT. Thus, not onlyA4, is in the same state after
reading(l;, T) and(ls, T), it also has the same traversal value. Consider now the words
wy = (I3, T) - (T,L) andwy = (I, T) - (T, L). On the one hand,(w,) = I; and
L(wy) = l2. On the other hand, sinee; andw, are obtained by concatenating the
same letter tqly, T) and(ls, T), the LDFW A, assigns them to the same value, and

we reach a contradiction.

A.6 Proof of Theorem 11

Let A = (£,X,Q,Qp,d, F') be the simple LDFW obtained fromd by applying
Theorem 6, and letl” = (£, ¥, Q’, Q;, 0’, F"") be such that for every € @, we have
F"(q) = —F'(q). Itis easy to see thdi(A") = comp(L(A)).

For the lower bound, consider the langualgefrom Example 1. Recall thak,
is accepted by the single-state LDF¥{. The complementary languagemp (L) is
such thatcomp(L1)(l1 - --1,) = Vi, ~l;. As argued in the proof of Theorem 7, an
LDFW acceptingcomp(L1) has at leastn states.

A.7 Proof Lemma5

We prove that a slight variant of the construction in [KVO0%]antitone. Letd =
(£,2,Q,0Q0,6,F),and letAc = (L, X, Q°, QF, §°, F°) be the complement ofl. For
states inA°, we say thatS, O) < (S’,0’) if S C §"andO C O’. Note that the state$
andO correspond to requirements on the run of the NBW (the run e states in
S should accept, and all the stateglrowe a visit to the set of accepting states). There-
fore, for every wordw € X, if there is an accepting run from some sta$é, O’) then
there is an accepting run from every stageO) for which (S, O) < (57, 0’).

In the construction itself, we set as initial state everyestagger then((Qo, 2n), 0)
where() is the initial set of4°. In addition, if in the original [KV01] there was a tran-
sition from (S, O) to (S’, O’), then for everyKS”, 0”) > (S’,0’), we add a transition
from (S, O) to (S”,0"). Itis easy to see that this variant maintains the correstoés
the construction.

We claim that this variant is antitone. It is enough to seetlhapens when a single
initial state, transition, or accepting state is addedto
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If an initial state is added, the s@ is enlarged, and therefore there are fewer sets
that contain it. Therefore, in the resulting constructidhsre are fewer initial states.

If atransition{q, o, ¢'), is added, then in the original [KVO1] every transitigi$, O), o, (S’, 0'))
whereg € S is changed to a transitiailS, O), o, (S”, 0")) where(S’, 0") < (S”,0").
Therefore, in our variant less transitions are added.

Finally, if an accepting state is added then in [KV01] sonamsitions are removed
(transitions from states encoding the new accepting stifeawen rank).

A.8 Monotone construction for meet

The standard construction for intersection of languageBichi automata [Cho74] is
not monotone. In the [Cho74] construction, two copies of pheduct automata are
constructed. The computation begins in the first copy, antppito the second copy
when an accepting state of the first NBW is encountered. 8itpilthe computation
continues in the second copy and returns to the first copy @whetcepting state of the
second NBW is encountered. The accepting states are thptaxggstates of the first
NBW in the first copy. This construction is not monotone, siaclding an accepting
state to the second NBW will make us add a transition from ¢foesd copy to the first
copy, but will also make us remove the corresponding treomsitithin the second copy.

To solve this problem, we use a small variant. We construgtetitopies of the
product automaton. The computation begins in the first cdfiyen an accepting state
of the first NBW is reached it is possible to continue in thet fagpy or jump to the
second copy. Similarly, when the computation is in the sdampy and an accepting
state of the second NBW is reached, it is possible to contimibe second copy or
jump to the third copy. Any visit to the third copy immediategturns to the first copy.
The states of the third copy are accepting and no other statecepting. It is not hard
to see that the construction is monotone and correct.

B Decision Problems

B.1 Proof of Theorem 13

The LNBW case is the same as the LNFW case which we treat b&lmmMower bound
follows from the NLOGSPACE-hardness in the Boolean settitay the upper bound,
consider first the casee {>, >}. To prove that_val(.A) ~ [ one can guess several
runs.A, compute the value of each run, and compute the joof these values. The
algorithm returns “yes” iff’ ~ [.

For the other cases we use the fact that co-NLOGSPAGE OGSPACE [Imma88].
First, when~ is =, one can show that val(A) > I but note_val(A) > I. Then, when
~ is <, one can use the fact thatval(A) < [ iff val(r,w) < forall runsr, and check
the latter by guessing a rurwith value that is either bigger than or incomparable with
I. Finally, when~ is <, one can show that_val(.A) < [ but note_val(.A) = 1.
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B.2 Universality value and implication value

In addition to the emptiness value, one can define a dualmatifouniversality value.
The universality valueof A, denotedu_val(.A), is the meet of all the values in its
range; i.e.u-val(A) = A range(A). Intuitively, u_val(.A) describes how likely it is
for A to accept all words. In particular,if_val(A) = T, thenA gives valueT to all the
words inX*. Theuniversality-value problergets the same input as the emptiness value
problem and the goal is to decide whethewpal(A) ~ [. Note that the universality-
value problem is dual to the emptiness-value problem. Itiqudar, over the lattice s,

the universality-value problem corresponds to the unaléysproblem.

Theorem 16. The universality-value problem for LNFW (or LNBW) is PSPAE-
plete.

Proof: The lower bound follows from the known PSPACE-hardness énBbolean
case. For the upper bound, note that, by De Morganrules/(A) = A\, . 5. e-val(A,w) =
comp(V e 5+ e-val(comp(A),w)). For~ {<, <, =,>,>}, let < be the connective
dual to~, where< is dual to>, < is dual to>, and= is dual to itself. By the above,
u_val(A) ~ Liff e_val(comp(A))~—l. Since the complementation construction de-
scribed forA in Theorem 9 can be done on-the-fly, the upper bound followm fr
NLOGSPACE-complexity of the emptiness-value problem. ]

Consider two LNFWs4; and A, over a latticed. Forawordw € X*, letimp(A;, Az, w) =
val (A1, w)V-wal (Az, w). Theimplication valueof A, with respecttods is imp_val( Ay, As) =
Nwe s+ imp(Ax, Az, w). Intuitively, the implication value ofd; with respect tod, de-
scribes the extent with which membership in the languagéoimplies membership
in the language ofl;.

Theimplication-value problenis to decide, given a paid; and.4; of LNFWs, a
valuel € £, and an order relatiore {<, <,=,>, >}, whetherimp_val(A;, A2) ~
l. Note that both the emptiness-value and the universatityesproblems are special
cases of the implication-value problem: foe {T, L}, denote byA4; an LNFW that
maps all words td. Then,e_val(A, 1) iff imp_val(A, AL, -, ~), andu_val(A,1) iff
imp_val(At, A1, ~).

Theorem 17. The implication-value problem for LNFW (or LNBW)is PSPAGHnplete.

Proof: The lower bound follows from the PSPACE-hardness of theamality-value
problem. For the upper bound, note that, by De Morgan ryles, y.. (—e_val (A1) V
eval(Az)) = =(V e~ (e-val(A1) A —e_val(Az))). Thereforejimp_val(Ay, Az) ~
Liff e_val(Ay A comp(Az))~—l, where A; A comp(As) is the LNFW (or LNBW)
accepting the meet o4; and the complement od;. By Theorems 9 and 5 (or 12), the
latter can be constructed on-the-fly and its size is lineadirand exponential inds.
Membership in PSPACE then follows from Theorem 13. ]
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