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we come to know these factors. Optimism, however, is permissible. After all, the worst-case

bounds rarely occur in practice, and life, fortunately, are full of heuristics.
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provide a PSPACE procedure for CTL* model checking of concurrent programs, and provide
an explanation why this bound can not be achieved for p-calculus model checking, and even
for its alternation-free fragment. We saw that the improved bounds hold also for the fair
model-checking problem. We extended the automata-theoretic framework to handle modular

branching model checking as well.

Our complexity results suggest an additional view on the long-standing argument of linear
versus branching temporal logics, and not necessarily in favor of the branching paradigm. Tra-
ditionally, model checking has been considered easier for the branching paradigm [EH86]. The
linear time-complexity of CTL model checking compensated on its lack of expressive power and
gave LTL a hard time. Yet, examining the space complexities of CTL and LTL model checking,
the linear paradigm seemed to be preferable: LTL model checking for concurrent programs has
been known to be in PSPACE [LP85, VW86a]. To this, the branching paradigm seemed to have
no answer: the known algorithms for CTL model checking worked in a bottom-up manner and
had to construct an exponential extension of the concurrent program. So, our PSPACE new
bound for branching-time model checking is definitely good news for the branching paradigm.
There are, however, bad news too. The advantage that CTL enjoys over LTL when time-
complexity is considered expires not only when space complexity is considered, but also, as
we saw here, when the complexity of modular model checking is considered. Indeed, for both
logics, the modular model checking problem is in PSPACE. Moreover, the lower bound for the
branching paradigm holds even when both the assumption and the guarantee are in YCTL, the

universal fragment of CTL.

Then, we turned to examine branching temporal logics that collaborate with the linear
paradigm. This was explicit for the logics CTL!. There, we allowed a “bounded linearity”
between the branching operators of the logics. The collaboration was implicit for the two
other augmentations of branching temporal logics. When interpreted over computation trees,
both existential quantification over atomic propositions and past modalities induce temporal
logics in which future is branching and past is linear. We saw that the resulted logics are very
expressive and that they correspond to the natural way in which designers and specifiers regard
time. We saw that while the increase in the expressive power does not harm the complexity
of the satisfiability problem for the augmented logics, it does increase the complexity of their

model-checking problem.

The model-checking complexity of the augmented logics, as well as the improved space
complexity of CTL and CTL* model-checking is only one factor, among many others, when
we come to examine the practical contribution of this work. Crucial additional factors are
the performances of the automata-theoretic framework and the augmented logics when applied
to the verification of real-life designs and systems. Another factor is how they combine with

existing tools and methods that are already in use. Some good years will probably pass before
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Chapter 5

Discussion

We have examined theoretical and practical aspects of branching-time model checking.

First, we saw that alternating tree automata are the key to a comprehensive automata-
theoretic framework for branching temporal logics. Not only, as was shown by Muller et al.,
can they be used to obtain optimal satisfiability procedures, but, as we saw here, they also
make it possible to derive optimal model-checking algorithms. For linear temporal logics, the
complexities of the satisfiability problem and the model-checking problem coincide. As we saw,
this makes the automata-theoretic framework for these logics simple. For branching temporal
logics, there is a gap between the complexities of these problems, and alternation is required
in order to overcome this gap. Using alternating tree automata, satisfiability is reduced to
the usual nonemptiness problem, while model checking is reduced to the 1-letter nonemptiness

problem, which is much easier.

We believe that alternation, and the two different versions of the nonemptiness problem
that it induces, can be used for solving additional “gap problems”. The gap between the
satisfiability problem and the model-checking problem becomes more significant when we turn
to consider real-time branching logics. Real-time branching logics enable a qualitative reference
to time. For example, the real-time branching logic TCTL augments the branching temporal
logic CTL with clock variables. While the satisfiability problem for TCTL is undecidable,
its model-checking problem is in PSPACE [ACD90]. Can alternating tree automata provide a
framework for real-time branching logics and explain also this gap? We believe they can. In the
case of real-time branching logics, while satisfiability is reduced to the nonemptiness problem
of alternating timed tree automata, which is undecidable, we conjecture that model checking
can be reduced to the 1-letter nonemptiness of alternating timed tree automata with a bounded

number of clocks, which is in PSPACE [HKV95].

Using the automata-theoretic framework we were able to improved the space complex-

ity of branching-time model-checking. In particular, we saw that alternating tree automata
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Proof: Hardness in EXPTIME follows from hardness of the satisfiability problem for CTL.
To prove membership in EXPTIME we extend the tableau method for CTL used in [EH85].
The puzzle in this method lays in the fact that the quotient construction does not preserve
modelhood. Let K’ denote the quotient structure of a Kripke structure K. A formula of the
form ApUg, which is satisfied in K might not be satisfied in K’ due to cycles introduced
into it. Emerson and Halpern solve this puzzle by showing that if K is a model for a CTL
formula ¢, then K’ is “almost” model for ¢ (a pseudo-Hintikka model), and that a model of
size exponential in the size of ¢ can be constructed from it. This establishes a small model

property for CTL and yields a tableau-based satisfiability procedure.

The fact that CTL;, assumes a finite past makes the extension of the above described
method easy. The crucial point is that when past is finite, the quotient construction preserves
modelhood with respect to all past-time modalities. Indeed, paths that get stuck in a cycle
introduced into K’ do not reach the initial state and can thus be ignored. Hence, if K is a model
for a CTL,, formula, then K’ is a pseudo-Hintikka model for it, in which the only eventualities
that may not be fulfilled are of the form AU. We now sketch how, given K’, we construct an
exponential size model for ¢ from it. As a first step we construct a Kripke structure, K", in
which every state satisfies all its subformulas that have an outermost future modality (modulo
the assumption that every state satisfies its subformulas that have an outermost past modality).
This is done using the “matrix construction” for CTL [EHS85]. Since each transition in K"
exists in K’, then each state in K’ satisfies also all its subformulas that have an outermost and
universal past modality. It is thus left to worry only about subformulas that have an outermost
existential past modality. Some of these subformulas may be satisfied in K’ but for some it may
be required to add transitions to K’. Still, these transitions are contained in the transitions of
K’ and can be added to K" preserving the fulfillment of AU formulas. L]

Theorem 4.24 The satisfiability problem for CTLy, is EXPTIMFE-complete.
Proof: Hardness in EXPTIME follows from hardness of the satisfiability problem for CTL.

Membership in EXPTIME follows from the linear translation of CTL;, formulas into EQCTL,
formulas and Theorem 4.10. L]
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Theorem 4.22 The model-checking problem for C'T'Ly, is PSPACE-hard.

Proof: We prove hardness in PSPACE using the same reduction used in [SC85] for proving
that model checking for LTL is PSPACE-hard. There, Sistla and Clarke associate with a
polynomial space Turing machine M and an input word w, a Kripke structure K and an LTL
formula ¢, such that K | ¢ iff M accepts w. The formula ¢ uses the X operator to describe
the possible successors of a configuration of M and uses the F operator to ensure that an
accepting configuration is eventually reached. A similar formula, that uses the operators F and
Y can be written in CTL;,. The formula is of the form FF¢, where £ is a past LTL, formula,
asserting that the current configuration is accepting, and that it has been reached by a valid

run of M on w. As %, the length of £ is polynomial in M and w. L]

So, while the model-checking problem for CTL;, is in linear time, as is the one for CTL
[CES86], augmenting CTL with linear past makes its model-checking problem PSPACE-hard.
Typically, the gap follows from the fact that CTL;, actually subsumes the expressive power of
linear temporal logic. Since the linear-past (rather than the branching-past) approach corre-
sponds to the natural way branching temporal logics have been used to represent computations,
these news are, all in all, sad. The problem of finding a tight bound for CTL;, model checking is
still open. While an EXPTIME upper bound is straightforward (e.g., by the linear translation
to EQCTL), we did not find an EXPTIME lower bound. A good excuse for this is our conjec-
ture that the problem is PSPACE-complete. In more details, the automata-theoretic framework
from Chapter 3 can be used to reduce the model-checking problem for CTL;, to the 1-letter
nonemptiness problem of weak alternating automata. Unlike CTL, where the automata are of
linear size, the automata for CTL;, are of exponential size. We believe that, as with CTL, the

structure of these automata enables a space-efficient 1-letter nonemptiness procedure.

4.3.4 Satisfiability Complexity

As with model checking, there are two interpretations of the satisfiability problem for a branch-
ing temporal logic which is sensitive to unwinding. The first interpretation, which is the one
appropriate to branching past, asks whether there exists a Kripke structure K and a state w°
in it, such that w® has no predecessors and w” = ¢. In the second interpretation, which is
the one appropriate to linear past, we are given ¢ and are asked to determine whether there
exists a computation tree (7', V') such that (T, V') = ¢. In this section we consider satisfiability

complexity for the two interpretations.

Theorem 4.23 The satisfiability problem for C'TL;, is EXPTIME-complete.
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4.3.3 Model-Checking Complexity

As in Section 4.2.2, we distinguish between two interpretation to the model-checking problem
The first interpretation, which is the one appropriate to branching past, asks whether w° |= ¢.
In the second interpretation, which is the one appropriate to linear past, we are given ¢ and K
and are asked to determine whether (T, Vi) = . In this section we consider model-checking

complexity for the two interpretations.

Theorem 4.20 The model-checking problem for CTLy, is in linear time.

Proof: We present a model-checking procedure for CTL;,. Our procedure is a simple exten-
sion of the efficient model-checking procedure for CTL in [CES86], and is of complexity linear
in both the length of the formula and the size of the Kripke structure being checked. As there,
the algorithm labels with a formula ¢ exactly all the states that satisfy ¢. This is done by
recursively labeling the Kripke structure with the subformulas of ¢. Once the Kripke structure
is labeled with the subformulas of ¢, it is possible to label it also with ¢. Handling of past-time
modalities is symmetric to the one suggested in [CES86] for future-time modalities, switching
successors and predecessors. Careful attention, however, should be payed to the fact that past
is finite. While finiteness of the past does not influence checking of Ey15¢,, it does influence
checking of Ep;5p,. When past is finite, a state w for which there exists a path from w° to
w such that all the states in this path satisfy s, satisfies E¢;Sp,. Accordingly, labeling w®
with a fresh atomic proposition init, we have that Ep; 5@, ~ E@,S(ps A (init V ;1)) Thus,
the modality ES is handled using the same procedure that handles the modality ES. ]

Theorem 4.21 The model-checking problem for CTL;, is PSPACE-complete.

Proof: Hardness in PSPACE follows from hardness of the model-checking problem for CTL*.
To prove membership in PSPACE, we present a PSPACE model-checking algorithm. Our
algorithm uses the PSPACE model-checking algorithm for LTL, [Var88] and it is based on
the method of reducing branching-time model checking to linear-time model checking [EL85a].
According to this method, nested formulas of the form FE¢ are evaluated by recursive descent.
For example, in order to model check FX FXGp, we first model check £ X Gp using the model
checker for LTL and label every state that satisfies it with a fresh atomic proposition ¢. Then,
we model check £ Xgq. In order to adopt this method for CTLj,, we should guarantee that the
model checker for LTL, considers only paths that start in the initial state. This can be easily
done by labeling the initial state with a fresh atomic proposition init and conjuncting each
linear-time formula checked with Pinit. For example, in order to check EX EFX Pp, we first
model check, in PSPACE;, the formula E((X Pp) A (Pinit)) and label every state that satisfies
it with a fresh atomic proposition ¢. Then we model check, again in PSPACE, the formula
E((Xq) A (Pinit)). It is easy to see that the overall complexity is PSPACE. 0
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o spread(E g5, p) = AG(ps — p) NAG(p — AX((¢1 V a) — p)).
o spread(EgolScpg,p) =(p= @) NAG(p — AX (o2 — p)) NAG((p2 A 1) — p).

The definition of spread(y,p) guarantees that if a Kripke structure K satisfies spread(y,p),
then for every state w for which w | ¢, we have w = p. We now define the formula label(p, p)
which guarantees that the labeling of p is tight.

label(p, p) = spread(p, p) AVr(spread(p,r) — AG(p — 7)).

If a Kripke structure K satisfies label(¢p, p), then for every state w, we have w | p iff w = ¢.
Once label(p, p) is defined, we proceed as in the linear-past case. As there, the translation is
linear. Note that the fact that past is finite plays a crucial role in our translation. Only thanks
to it we are able to determine labeling of E¢; S, in w® and then to spread labeling forward.
To see this, consider for example the formula ¢ = EfalseSq (“exists a path in which ¢ holds
always in the past”). The first conjunct in spread(p, p) is p < ¢ and it determines the labeling

in w®. If we eliminate it (as we should have done if past was not finite), we get
label(p,p) = AG(p — AX (¢ — p)) AVr[(AG(r — AX (¢ — 1)) — AG(p — 1))].

Thus, we get that label(p,p) is equivalent to AG-p and no state, in no Kripke structure, is
labeled as satisfying ¢. ]

As QCTL satisfies the finite model property, Theorem 4.18 implies that CTL,, satisfies the
finite model property as well. The logic POTL, which essentially differs from CTL;, in allowing
infinite past, does not satisfy this property [PW84]. Indeed, the fact that CTL,, assumes a
finite past, makes it an “easy” language. On the other hand, CTL;, does not satisfy the tree
model property. To see this, consider the formula EF((EY p) A EY —p) which is satisfied in K,
yvet no computation tree can satisfy it. As EQCTL, does satisfy the tree model property, we

could not do without universal quantifiers in the translation.

Theorem 4.19 CTLy, > CTLy,, CTL;, > CTLy,, and CTL;, > CTL*.

Proof: In [EH86], Emerson and Halpern show that the CTL* formula EG Fp has no equivalent
of CTL. Tt is easy to extend their proof to consider also CTL;, and CTLy,. Hence, CTL}, >
CTL;, and CTLj, > CTLy,. In the proof of Theorem 4.18, we point on a CTLy, formula ¢
which distinguishes between a Kripke structure and its unwinding. Since CTL* is not sensitive
to unwinding, ¢ has no equivalence of CTL*. Hence, CTLj, > CTL*. L]
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The specification “g holds at all even places” is expressible in EQCTL;, using the formula
¢ =3dp(pN AG(p — AXAXp) AN AG(p — q)). Extending Wolper’s result from [Wol83], ¢ has
no equivalent of CTL*. Hence, as CTL;, < CTL*, we have CTL;, < EQCTLy,.

To prove EQCTL;,, = EQCTL;, we prove that EQCTL,, < EQCTL,. Equivalence then fol-
lows by syntactic containment. Given an EQCTL,, formula ), we translate ¢ into an equivalent
EQCTL; formula. Let ¢ be a formula of the form Y, or ¢15¢,, and let p be a fresh atomic
proposition. We define the formula label(yp, p) as follows:

o label(Yo1,p) = -p AN AG(p1 — AXp) N AG(—g; — AX —p).
o label(p1Spar,p) = (p = p2) NAG(p — AX(p < (1 V 2))) AN AG(=p — AX (p < 2)).

The definition of label(p, p) guarantees that if a computation tree (1',V) satisfies label(yp, p),
then for every node 2 € T, we have z = p iff for every path p C T and j > 0 with p; = z,
we have p, j = ¢. The above observation is the key to our translation. Given %, we translate
it into an equivalent EQCTL; formula by replacing its path subformulas ¢ of the form Y ¢, or
154, with a fresh atomic proposition p,, conjuncting the resulted formula with label(y, p,),
and prefixing it with 3p,. Replacement continues for the past formulas in label(p, p,), if exist.
It is easy to see that the translation is linear. For example, the formula AXAF(p A Yp) is
translated to the formula 3gAX AF(p A ¢) AN =g AN AG(p — AXq) N AG(—p — AX —q). ]

Theorem 4.18 CTL < CTLy, < QCTL,, = QCTL.

Proof: Consider the CTLy, formula ¢ = EF((EYp) A EY —p) and consider the Kripke struc-
tures K; and K, presented in Figure 4.5. It is easy to see that K; | ¢ and K, [~ ¢. As K, can
be obtained by unwinding K; and as CTL is not sensitive to unwinding, no CTL formula can
distinguish between K; and K,. Hence CTL < CTL;,. As with linear past, CTL;, < QCTL,,

follows from the inexpressibility of “q holds at all even places” in CTLy,.

To prove QCTL,;, = QCTL, we suggest a translation of QCTL;, formulas into QCTL
formulas. We assume a normal form for QCTL;, in which the allowed past operators are Y,
ES, and ES. Intuitively, we would have liked to do something similar to the translation of
CTL;, formulas into EQCTL. However, since a state in a Kripke structure may have several
predecessors, which do not necessarily agree on the formulas true in them, we cannot do it.
Instead, we label K in two steps: for every past formula ¢, we first label with p, all the states
that satisfy ¢. Then we require p, to be the least such labeling, guaranteeing that only states
that satisfy ¢ are labeled. Let ¢ be a formula of the form EY ¢y, Ep15¢,, or E@;5¢,, and let

p be a fresh atomic proposition. We define the formula spread(y, p) as follows:
o spread(LY ¢1,p) = AG(p1 — AXp).
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Lemma 4.15 Let Ev be a CTL;, formula all of whose state subformulas are in CTL*. E is
congruent to a disjunction of formulas of the form p A Eq where p is a past LTL, formula and
Eqis a CTL* formula.

Proof: By the Separation Theorem, ¥ is congruent to a boolean combination, ', of future
and past LTL, formulas. Without loss of generality, ¥’ is of the form V., (p: A ¢;), where
forall 1 <14 < mn, p; is a past LTL, formula and ¢; is a future LTL, formula. As past is linear,

path quantification over past LTL, formulas can be eliminated using the congruences below.

E \/ (pi AN q;) =~ \/ E(piNg) = \/ (i N Eg;).

1<i<n 1<i<n 1<i<n

Theorem 4.16 CTL,*p = CTL*.

Proof: Given a CTLj, formula ¢, we translate ¢ into an equivalent CTL* formula. The
translation proceeds from the innermost state subformulas of ¢, using Lemma 4.15 to propagate
past outward. Formally, we define the depth of a state subformula £ in ¢ as the number of
nested E’sin £, and proceed by induction over this depth. Subformulas of depth 1 have atomic
propositions as their subformulas and therefore they satisfy the lemma’s condition. Also, at
the end of step ¢ of the induction, all subformulas of depth 7 are written as disjunctions of
formulas of the form p A E¢q where p is a past LTL, formula and £¢ is a CTL* formula. Thus,
propagation can continue. In particular, at the end of the inductive propagation, ¢ is written
as such a disjunction. Then, as the past formulas refer to the initial state, we replace Y ¢ with

false, replace pSq with ¢, and we end up with a CTL* formula. L]

As our semantics allows past to go beyond the present, Theorem 4.16 is much stronger than
the PCTL* = CTL* result in [HT87]. In all the L; < L, relations in Theorems 4.17, 4.18, and

4.19 below, the L; < L, part follows by syntactic containment and we prove only strictness.
Theorem 4.17 CTL < CTL, < EQCTL, = EQCTL,.

Proof: In [EH86], Emerson and Halpern show that the CTL* formula AF(p A Xp) has no
equivalent of CTL. We prove that the CTL;, formula AX AF(pAY p) is equivalent to AF (pAXp),
thus it has no equivalent of CTL. Consider a computation tree (T, V). Clearly, (T, V) [
AF(pAXp) iff for every path p C 7', there exists j > 0 such that p,j |E pA Xp, or, equivalently,
there exists ¢ > 1 such that p,i = pAY p. This holds iff for every path p C T, p,1 = F(pAYp),
which holds iff (T',V) = AXAF(p AYp). Hence, CTL < CTLy,.
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Figure 4.5: The Kripke structures K, and K.

Proof: Consider the Kripke structure K; appearing in Figure 4.5. The computation tree
induced by K is (Tk,, Vk,) where Tk, = 0* and Vg, is defined by Vg, (¢) = 0 and Vg, (z) = {p}
for all # € 0F. It is easy to see that while K; = AF(p A AY p), we have (Tk,,Vk,) E
AF(p N AY p). U

Note that since CTL}, assumes a finite past, both K, and (Tk,, Vi, ) satisfy AGAP-p. Also,
as both w°® and € have no predecessors, then w° = EYt and € £ EYt. Clearly, for all w # w°
and = # ¢, we have w = EYt and = = EYt. Thus, both CTL;, and CTLj, can characterize
the starting point of the past.

Expressive power

In this section we consider the expressive power of branching temporal logics with past with
respect to branching temporal logics without past. Our results are summarized in the hierarchy
presented in Figure 4.6. In the Figure, we use L; « L, toindicate that Ly > L,, weuse L; < L,
to indicate that L; = L, and we use L; — L, to indicate that L, ? L, and L, ? L;.

QCTLy,, = CTLy, —= CIL},

@ N

QCTL - .
goorL, ——  CTL CTL

@ i $

EQCTL; =—— CTL, —— CTL},

Figure 4.6: Hierarchy of expressive power.

We first prove that CTLy,= CTL*. While CTLj, is interpreted over computation trees,
CTL* is interpreted over Kripke structures. However, as CTL* is insensitive to unwinding, this

causes no difficulty. We use the Separation Theorem for LTL,, quoted below.

Theorem 4.14 [Gab87] Any LTL, formula is congruent to a boolean combination of past and
future LTL, formulas.
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We consider also the logic QCTL;,, obtained by adding both universal and existential quan-
tification over atomic propositions to CTLy,. Precisely, every CTL;, formula is a QCTL,, for-
mula and, in addition, if ¢ is a QCTL,, formula and p is an atomic proposition occurring free
in ¢, then dpe is also a QCTL,, formula. The semantics of 3py is given by K |= Jpe iff there
exists a Kripke structure K’ such that K’ |= ¢ and K’ differs from K in at most the labels of
p. We use Vpip to abbreviate =dp—1b.

We now turn to the logic CTL},. We define its semantic with respect to a computation tree
(T, V). We use z = ¢ to indicate that a state formula ¢ holds at node z € T. We use p,j E ¢
to indicate that a path formula ¢ holds in position j of the the path p C T. The relation [ is
defined similarly to the one of CTL},, taking a node z here instead a state w there, and a path
p here, instead 7 there. In particular, we have:

o z = Ev, iff there exist a path p and 5 > 0 such that p; = z and p,j = ;.

e p,j = ¢ for a state formula ¢, iff p; = ¢.

For a computation tree (T,V), we say that (T, V) E ¢ iff € |E .

The logic LTL, is an extension of the linear temporal logic LTL. It extends LTL by allowing
also the past-time operators Y and 5. Recall that the logic CTLy, is the linear-past extension of
CTL. As past is linear, path quantification of past-time operators is redundant. Thus, in CTLy,
we require the temporal operators X and U be to preceded by a path quantifier, yet we impose
no equivalent restriction on the operators Y and 5. This implies that in CTL;,, path quantifiers
are followed by LTL, formulas that have in them a single, and outermost, future-time operator.
We consider also the logic EQCTL,,, obtained by adding existential quantification over atomic

propositions to CTLy,. The logic EQCTL,, is interpreted over computation trees, as EQCTL,.

4.3.2 Expressiveness

Branching past versus linear past

Unwinding of a Kripke structure has two implications on past: it makes past linear and it
makes past finite. We have already pointed on the strong relation between quantification over
atomic propositions and past-time operators. In some sense, that we clarify later, quantified
atomic propositions can be viewed as history variables that record events that happened in the
past. It is not surprising then that once we augment a branching temporal logic with past-time
operators, it becomes sensitive to unwinding. Hence, the two approaches we present for past

induce different logics.

Theorem 4.13 Satisfaction of C'TL;, is sensilive to unwinding.
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o If ¢ and v, are CTL;, (or CTLj,) path formulas, then so are Y, and 9;.5¢,.

We consider also the logics CTL;, and CTL;, which augment CTL with the temporal operators

Y and 5. We use the following abbreviations in writing formulas:
o Py =15¢% (“sometime in the past”).
o H1y=—-P-1 (“always in the past”).
o 15y = ~((=%1)8(~¢)) (duality for the Since operator).

A past formula is a formula in which no future-time operators occur. Similarly, a future formula

is a formula in which no past-time operators occur.

The difference between CTLj, and CTLj, arises when we consider their semantics. Let
us starts with CTLy,. As CTL*, we define the semantics of CTLj, with respect to a Kripke
structure K = (AP, W, R, w°, L). Defining the semantics of CTL*, satisfaction of a path formula
at some position in the path is independent of earlier positions in the path. This is not the
case with CTLj,, where a reference to past is possible. In CTLj,, we define the semantics of
path formulas with respect to both a path and a position in it. As with CTL*, we use w | ¢
to indicate that a state formula ¢ holds at state w. We use 7,7 = ¢ to indicate that a path
formula ¢ holds at position j of the path 7. For ¢ = true, false, p € AP, -, or ¢ V 5, the
relation w |= ¢ is identical to the one in CTL*. Below we give the semantics for ¢ = E,; and

for path formulas.

o w = Ety iff there exist a path 7 = wg, wy,...and 7 > 0 such that w; = w and 7, j = 9.
o T,j | ¢ for a state formula ¢, iff w; = ¢.

o m,j ¢y iff T, 5 [ .

o T, JE LI Vil m,j = ¢y or 7,5 .

o T, E X iff m,j4+ 1 .

e m,jEYY iff j>0and 7,5 — 1 ¢;.

o 7,7 = U1, iff there exists k > j such that 7,k |= ¢, and 7,4 | ¢, for all j <@ < k.

o m,7 | 15, iff there exists 0 < k < j such that 7,k = ¢, and 7,i = ¢, for all
k<1< g

Note that the past-time operator Y is interpreted in the strong sense. That is, in order to

satisfy a Y requirement, a state must have some predecessor.

90



is not more expressive than CTL*. Another augmentation of CTL* with past-time modalities
is the ockhamist computational logic (OCL), presented in [ZC93]. We found the semantics of

OCL unsatisfactory, as it is interpreted over structures which are not fusion closed.

In this section, based on [KP95], we consider the logics CTL;, and CTLj,, as well as their
sub-languages CTL;, and CTL;,. Syntactically, CTLj, and CTLj, are exactly the same: both
extend the full branching temporal logic CTL* with past-time modalities. Semantically, we
have two completely different interpretations. Formulas of CTLj, are interpreted over states of
a Kripke structure with a definite initial state. Since each state in a Kripke structure may have
several successors and predecessors, this interpretation induces a “branching reference” to both
future and past. Accordingly, we regard CTLj, formulas as we did with formulas of EQCTL*.
That is, a formula of CTLj, describes a single computation which is a partially ordered set
[PW84]. The initial state corresponds to a single initial process, a state with several successors
corresponds to creating new processes, and a state with several predecessors corresponds to
merging processes. Unlike [PW84], we consider only paths that start in the initial state and
thus ignore computations which can be traversed backwards an infinite number of steps. For
example, the CTL}, formula AG(term — ((EPterm;)A...A(E Ptermy,))) states that the entire
system can terminate only after all its n processes have terminated. The semantics of CTLj,,
on the other hand, correspond to the semantics of EQCTL}. That is, formulas of CTLj, are
interpreted over nodes of a computation tree obtained by, say, unwinding a Kripke structure.
Since each node in a computation tree may have several successors but only one predecessor
(except the root that has no predecessor), this interpretation induces a linear reference to past
and a branching reference to future. Accordingly, we regard CTLj, formulas as describing a set
of computations of a nondeterministic program, where each computation is a totally ordered
set. The branching in the tree represents non-determinism or interleaving due to concurrency.
For example, the CTL}, formula AG(grant — P(req)) states that grant is given only upon
request. Note that there is no path quantification over P(req). It is clear from the semantics
that a request should be found along the path that led from the root to the state in which
the grant is received. As with EQCTL* and EQCTLY, the two different views to past not only
induce two different practices as specification languages but also differ in their expressive power

and model-checking complexities.

4.3.1 The logics CTL;, and CTL;j,

Recall that CTLj, and CTL}, have the same syntax, extending CTL* by allowing past-time
operators. Formally, we obtain CTLj, and CTLj, by augmenting CTL* by the two temporal
operators Y (“Yesterday”) and S (“Since”). Thus, we add to the syntax of CTL* the following

rule:
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the formulation of specifications more intuitive and does not increase the complexity of the
validity and the model-checking problems [LPZ85, Var88§].

Is the same true of branching temporal logics? Examining this question, we found in the
literature several logics that extend branching temporal logics with past-time modalities. Yet,
as we soon specify, we did not find a logic that meets our understanding of past in a branching-
time model: we distinguish between two possible views regarding the nature of past. In the
first view, past is branching and each moment in time may have several possible futures and
several possible pasts. In the second view, past is linear and each moment in time may have
several possible futures and a unique past. Both views assume that past is finite. Namely, they
consider only paths that start at a definite starting time. There is much similarity between the
two views here and the two semantics we considered for branching temporal logics augmented

with existential quantification over atomic propositions. We will get back to this point later.

Before going on with our two views, let us consider the branching temporal logics with past
that we found in the literature. The original version of propositional dynamic logic (PDL),
as presented by Pratt in [Pra76], includes a converse construction. The converse construction
reverses the program, thus enabling the specifications to refer to the past. As each state
in a program may have several predecessors, converse-PDL corresponds to the branching-past
interpretation. Beyond our aspiration to replace the PDL system with branching temporal logics
used nowadays, our main complaint about the converse construction is that it allows infinite
paths in the reversed programs. Thus, it does not reflect the (helpful, as we shall show) fact
that programs have a definite starting time. As a result, combining the converse construction
with other constructions, e.g. the loop construction and the repeat construction, results in
quite complicated logics [Str81, Var85, VWS86b]: they do not satisfy the finite model property,
their decidability becomes more expensive, and no model-checking procedures are presented
for them. In addition, while converse-DPDL satisfies the tree model property [VW86b], the
logics we introduce for the branching-past interpretation do not satisfy it. So, intuitively, our
branching past is “more branching”. In spite of this, our logics satisfy the finite model property.
The same tolerance towards paths that backtrack the transition relation without ever reaching
an initial state is found in POTL, which augments the branching temporal logic B(X, F,G)
with past-time modalities [PW84], in the more expressive logic EBTL [Kam94], and in the

reverse operators in [Sti87].

A logic PCTL*, which augments the branching temporal logic CTL* with past-time modali-
ties, is introduced in [HT87]. Formulas of PCTL* are interpreted over computation trees. Thus,
PCTL* corresponds to the linear-past interpretation. However, the semantics of PCTL* makes
the usage of past-time modalities very limited. Actually, past cannot go beyond the present.
For example, the PCTL* formula EX EYtrue (“exists a successor state for which there exists

a predecessor state that satisfies {rue”) is not satisfiable. It is not surprising then, that PCTL*
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alternating_path(s,t) holds iff K¢ . ¢. Note that, as with G2(p), the formula ¢ is not appro-

priate for the structure semantics. L]

The fact that the program complexity of EQCTL and EQCTL* is in P is quite surprising.
Mysteriously, while model checking in the tree semantics is harder than model checking in the
structure semantics, we have that the program complexity of model checking is lower in the
tree semantics. The elucidation of this mystery lies in the fact that the model-checking problem
for EQL, is closer to the satisfiability problem for £ than the model-checking problem for EQL
is. While this disfavors the tree semantics when we consider model-checking complexity, it
advantages the tree semantics when we fix the formula. It follows from our results that in the
structure semantics, fixing the formula still leaves us with the naive algorithm that checks all
possible labeling for the quantified propositions. In the tree semantics, we can apply automata-
theoretic methods to obtain model-checking procedures which are polynomial in the size of the

Kripke structure. We can not, however, reach the space-efficient program complexity of model

checking for CTL and CTL*.

We conclude with the table in Figure 4.4, summarizing our main results.

Quantification with Quantification with
No Quantification structure semantics tree semantics

CTL | model linear time NP-complete EXPTIME-complete
checking [CES86] [Theorem 4.5] [Theorem 4.6]
program NLOGSPACE-complete | NP-complete P-complete
complexity || [BVW94] [HK94, Theorem 4.11] | [Theorem 4.12]

CTL* | model PSPACE-complete PSPACE-complete 2EXPTIME-complete
checking [EL85a] [Theorem 4.5] [Theorem 4.6]
program NLOGSPACE-complete | NP-complete P-complete
complexity || [BVW94] [Theorem 4.11] [Theorem 4.12]

Figure 4.4: Model-checking Complexity.

4.3 Once and For All

Striving for maximality and correspondence to natural languages, philosophers developed tem-
poral logics that provide temporal modalities that refer to both past and future [Pri57, Kam68].
Striving for minimality, computer scientists usually use temporal logics that provide only future-
time modalities. Since program computations have a definite starting time and since, in this
case, past-time modalities add no expressive power to linear temporal logics [GPSS80], this

seems practical. Nevertheless, enriching linear temporal logics with past-time modalities makes
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propositions. In this section we try to find comfort in the program complexity of the model-

checking problem for these logics.

Theorem 4.11

(1) [HK94] The program complexity of EQCTL model checking is NP-complete.

(2) The program complezxity of EQCTL* model checking is NP-complete.

Proof: (1) Membership in NP is immediate. In [HK94], Halpern and Kapron reduce satisfia-
bility of CNF formulas to model checking of a fixed EQCTL formula. This establishes hardness
in NP.

(2) Hardness in NP follows from the hardness for EQCTL. We prove membership in NP.
In order to check whether a Kripke structure K satisfies an EQCTL* formula 3p; ...p,%¥, we
guess a Kripke structure K’ that differs from K in at most the labeling of p;...p,. As the
program complexity of CTL* model checking is in P, the result follows. L]

Thus, as long as we are interested in the structure semantics, fixing the formula brings no
good news. Moreover, the fact that the program complexity of EQCTL* model checking is
NP-hard implies that the PSPACE complexity we have for EQCTL* model checking is prac-
tically worse than the PSPACE complexity for CTL* model checking. Indeed, while the time
complexity of the first is exponential in the Kripke structure, we have that the time complexity
of the latter is exponential in the formula. Fortunately, the tree semantics (rather than the
structure semantics) corresponds to the natural way branching temporal logics have been used
to represent computations. There, as follows from the theorem below, the time complexity is

polynomial in the Kripke structure.

Theorem 4.12 The program complexily of both EQCTL, and EQCTL} is P-complete.

Proof: Since the algorithms given in the proof of Theorem 4.6 are polynomial in the size of K,
membership in P is immediate. To prove hardness in P, we employ again the Alternating Graph
Accessibility problem. We have already used its hardness in P in the proof of Theorem 3.22.
Given G,&,U,s, and t, we define K¢ = ({t, exist, univ},V, FE, s, L), where for all w € &\ {t},
we have L(w) = {exists}, for all w € U \ {t}, we have L(w) = {univ}, and L(t) = {t}. Consider

the fixed formula
¢ =3q[g N AG(q — (tV (exist A EXq) V (univ A AX q))) N AFq].

The two leftmost conjunctions in ¢ label with ¢ nodes of (T, Vi) that correspond to states
z € V for which alternating_path(z,t) should still be verified in order to guarantee that alter-

nating_path(s,t) holds. Since ¢ also requires that eventually no such z is left, we have that
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Note that the definition of K] guarantees that path quantification in f(%) plays a role only
when interpreted in states {1,...,m} x {n —1}. U]

In fact, a more sophisticated construction can avoid the free proposition start (e.g., by encoding
the beginning of a sequence which encodes the assignment to the atomic propositions by a
sequence that does not appear elsewhere), thus showing that the EXPTIME lower bound holds
even for (1,0)-EQCTL,.

Examining our results, we conclude the following. First, in the structure semantics, existen-
tial quantification takes the model-checking problem for CTL from P to NP-complete. Thus, we
can not expect an algorithm that does better than a naive check of all the possible labeling for
the quantified propositions. The same penalty (moving from a deterministic complexity class to
its nondeterministic variant) applies also for CTL*. There, however, as PSPACE = NPSPACE,
it seems we do not really pay for it. Second, in the tree semantics, existential quantification
makes model-checking as hard as satisfiability. We showed that these results hold also for very
limited fragments of EQCTL and EQCTL*; e.g., when the propositional assertions are in 2CNF
or when only a single quantified proposition is allowed. In addition, we showed that there are
branching temporal logics £ for which the model-checking problem for EQL is harder than the
satisfiability problem for £. We now use the finite model property of CTL and CTL* to show
that as far as satisfiability is concerned, existential quantification does not harm satisfiability

complexity, for both semantics.

Theorem 4.10

(1) The satisfiability problem for EQCTL and FQCTL, is EXPTIME-complete.

(2) The satisfiability problem for EQCTL* and FQCTL? is 2EXPTIME-complete.

Proof: (1) Hardness in EXPTIME follows from hardness of the satisfiability problem for CTL.
To prove membership in EXPTIME, we reduce satisfiability of a formula ¢ = 3p; ...p, ¥ to
the satisfiability of the CTL formula . This is straightforward for ¢ in EQCTL, but requires
some attention for ¢ in EQCTL;. Then, while satisfaction of % is checked with respect to
Kripke structures, satisfaction of ¢ is checked with respect to computation trees. It is easy to
see that if ¢ is satisfiable then ¢ is satisfiable too. For the second direction, we need the finite
model property of CTL. The proof of (2) is similar, using the 2EXPTIME bounds for CTL*
[VS85, ES84, EJ&S]. L]

4.2.3 Program Complexity of Model Checking

In the previous section, we presented some cheerless results concerning the model-checking

complexity of branching temporal logics augmented with existential quantification over atomic
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Note that constructing i above, we needed a fragment of (1,0)-EQCTL that contains the
temporal operator £ X only. The satisfiability problem for this fragment can be solved in linear
time. Nevertheless, the model-checking complexity of this fragment is NP-hard. Thus, there
are branching temporal logics with existential quantification for which model checking is harder
than satisfiability.

Theorem 4.9 The model-checking problem for (1,1)-EQCTL; is EXPTIME-hard.

Proof: We reduce satisfiability of CTL to (1,1)-EQCTL, model checking. Typically, we do
something similar to what we did for proving that EQCTL; model checking is EXPTIME-hard.
Yet, as here we have only a single quantified proposition, we have to encode the states of K,,,
as we did for the initial state in the proof of Theorem 4.8. Given m > 1 and n > 1, let
K" = ({start},W, R, w° L) be the Kripke structure defined as follows:

o W={l,...m}x{0,...,n—1}.

o R={((i,n—1),(k,0)),((5,5),(ij+ 1)) : 1< i,k <m,0<j<n—2}.

o w° = (1,0).

o Forall 1 <i<m, we have L((i,0)) = {start} and L((i,j)) = 0 for all j # 0.

The frame of K is presented in Figure 4.3. Now we have to translate a CTL formula
¥(pos ..., Pn—1) into a formula that instead of talking about the value of p; at a state ¢ of
K ,,, talks about the value of ¢ at the state located j positions after the state (¢,0) in K. For
example, the formula £ F(p; A AGp;) is translated to the formula

EF(start A (EX) g A AG(start — (EX)'q)).

Such a translation may increase the formula ¥ by at most a factor of |¢| (because of the
extra £ X’s). Formally, we present a function f such that ¢ of length m over py...p,_; is
satisfiable iff 3¢ f(¢) is satisfied in K. We define f by induction on the structure of ¢ as
follows (@ stands for either £ or A):

o f(p) = (EX)Yq.

o f(=t1) =S ().

@V aba) = f(1) V [ ().

FQX ) = (QX)™ f(¢n).

J(Qy1Uts) = Q(strat — [(¥1))U(start A f(12)).
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logic for which satisfiability is in P? Let 2CNF-EQCTL denote the subset of EQCTL in which

the propositional assertions are in 2CNF.

Theorem 4.7 The model checking problem for 2CNF-EQCTL is NP-hard.

Proof: For every n > 1, let ¢¥(n) = A;; AG((=p:) V (-p;)) where ¢ and j range over 1...n.
For every Kripke structure K, we have that K |= ¢ (n) iff at most one p; holds in each state of
K. Note that all the propositional assertions in ¢(n) are in 2CNF. Given a graph with n nodes,
we can use ¥(n) to specify properties whose decidability is NP-hard. For example, given an
undirected graph G = (V, E) with |V| = n, let K¢ = (V, E',v), where £/ = EU{(v,v):v € V},

and v is an arbitrary node in V', and let
e=3p1..p[¥() AP AEX (ps AEX (psA oo . AEX (puos A EX (pa A EXpr)) -+ )]

It is easy to see that both Kg and ¢ are of size polynomial in the size of G and that Kg | ¢

iff there exists an Hamiltonian circle in G. [l

Theorem 4.7 implies that it is the modality of CTL, by itself, that makes EQCTL model
checking NP-hard. Still, proving the lower bounds in the theorems above, we reduced hard
problems to model checking of formulas in which the number of quantified propositions is linear
in the size of the reduced problem. Thus, there is still a hope that if we restrict EQCTL and
EQCTL; to have a fixed number of quantified proposition, we get easier logics. The theorems
below refute this hope. For i > 0 and j > 0, let (¢,7)-EQCTL denote the restricted subset

of EQCTL in which only ¢ quantified propositions and j free propositions are allowed, and
similarly for EQCTL,.

Theorem 4.8 The model-checking problem for (1,0)-EQCTL is NP-hard.

Proof: We reduce SAT to (1,0)-EQCTL model checking. Intuitively, we do something sim-
ilar to what we did for proving that EQCTL model checking is NP-hard. Since, however, a
propositional formula £ may talk about more than one proposition, we translate a formula
&(po, ..., pPn_1) into a CTL formula that instead of talking about the value of p; in the ini-
tial state, talks about the value of a single atomic proposition ¢ in a state located i positions
from the initial state. Formally, for n > 1, let K" be the frame ({0,...,n — 1}, R,0) where
R = {{(0,1),(1,2),...,{n—2,n—1),{n—1,0)}. The frame K® is presented in Figure 4.3.
Giving a propositional formula £ over pg,...,p,._1, let b be the CTL formula obtained from
replacing each occurrence of p; in £ by (EX)’q. For example, if £ = (po V p1) A (=p1 V ps), then
Y=(qVEXq)AN(-EXqV EXFEXq). It is easy to see that £ is satisfiable iff K" = 3¢y. U
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Figure 4.3: The frames K,, K°, and Kj.

Proof: (1) We first prove membership in EXPTIME. Given a set D C IN and an EQCTL,
formula ¢ = 3p; ...p, ¢, let Ap 4 be a Biichi tree automaton that accepts exactly all the D-trees
that satisfy ¢. By [VWS86b], such Ap,, of size O(|D] - 2/¥!) exists. Given a Kripke structure
K = (AP,W,R,w’ L) and a set S of atomic propositions, let Ax s be a Buchi tree automaton
that accepts exactly all the (247V%)-labeled trees (T, V) for which V} differs from Vi in at
most the labels of the propositions in §. It is easy to see that such Ag s of size O(|K]| - 2!°1)
exists. Taking D as the set of branching degrees in Tk and taking S = {p;...p,}, we get that
K &= piff L(Ag.s)NL(Apy) # 0. By [VWS6b], the later can be checked in time poly(|K|-2!¢1).

For proving hardness in EXPTIME, we reduce the satisfiability problem for CTL, proved
to be EXPTIME-hard in [FL79], to EQCTL, model checking. For m > 1, let K,, be the
frame ({1,...,m},{1,...,m} x {1,...,m},1). The frame K, is presented in Figure 4.3. Since
a CTL formula ¢ is satisfiable iff it is satisfied in a tree of branching degree [¢|, and since
unwinding K,y results in such a tree, satisfiability of ¢ can be reduced to model checking of
K|y with respect to the EQCTL; formula dp, ...p,%, where p, ...p, are exactly all the atomic
propositions in .

(2) The model-checking procedure for EQCTL} is similar to the one for EQCTL,. Here,
following [ES84], we have that Ap, is a Rabin tree automaton with 22" states and 21¥I
pairs. By [EJ88], checking the nonemptiness of L(Ag s) N L(Ap ) can then be done in time
poly(|K| - 22“"). To prove hardness of EQCTL} model checking in 2EXPTIME, we reduce
satisfiability of CTL*, proved to be 2EXPTIME-hard in [VS85], to EQCTL} model checking.
Since a CTL* formula % is satisfiable iff it is satisfied in a tree of branching degree |¢|, the
same reduction that works for EQCTL; works also here. ]

As CTL subsumes propositional logic, being EQCTL model checking NP-hard is far from

being surprising. What, however, if we restrict CTL to subsume only a subset of propositional

82



existential quantification is sufficient to express any occurrence of events in the past that can
be expressed by linear temporal logic. In addition, we can use existential quantification to
count ¥y modulo z. The way we use formulas in the structure semantics is different. There,
formulas describe a single computation which is a partially ordered set [PW84]. For example,
the formula 3¢(¢ A AG (¢ — AX AX ¢q) A AG(q — send;) specifies that process ¢ sends a massage
in all its even positions. So, existential quantification is definitely helpful. We now turn to

analyze the complexity of the model-checking problem and consider its price.

4.2.2 Model-Checking Complexity

The model-checking problem for a variety of branching temporal logics can be stated as follows:
given a branching temporal logic formula ¢ and a finite Kripke structure K = (AP, W, R, w°, L),
determine whether K satisfies . When some of the logics are sensitive to unwinding, there
are two possible interpretations of this problem. The first interpretation, which is the one
appropriate for EQCTL and EQCTL*, asks whether K |= . In the second interpretation,
which is the one appropriate for EQCTL, and EQCTL}, we are given ¢ and K and are asked
to determine whether K =, . In this section we consider model-checking complexity for the

two interpretations.

Theorem 4.5

(1) The model-checking problem for EQCTL is NP-complete.

2 e model-checking problem for ] g -complele.
Th del-checki blem for EQCTL* is PSPACFE l

Proof: (1) We first prove membership in NP. In order to check whether a Kripke structure
K satisfies an EQCTL formula 3p; ...p,%¥, we guess a Kripke structure K’ that differs from
K in at most the labeling of p;...p,, and then check, in linear time [CES86], whether K’
satisfies the CTL formula . To prove hardness in NP, we do a reduction from SAT. Clearly,
a propositional formula £ over the propositions p; ...p, is satisfiable if and only if the EQCTL

formula dp; ...p,¢ is satisfied in a one-state frame.

(2) Both membership and hardness in PSPACE follow from being CTL* model checking
PSPACE-complete [EL85a]. While hardness is immediate, Savitch Theorem [Sav70] is required
for the membership. L]

Theorem 4.6

(1) The model-checking problem for EQCTL, is EXPTIME-complete.

2) The model-checking problem for EQCTLY is 2EXPTIME-complete.
t
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p€ AP\{p1,...,pn}, we have p € Vi (z) iff p € V] (z). Note that K |= ¢ implies that K =, ¢.
It is the other direction which makes EQCTL sensitive to unwinding.

An interesting example for the sensitivity of EQCTL to unwinding is the formula ¢; =
Jq(gN(AX-¢)NAG(q — AXAXq)NAG(q¢ — p)). The formula is suggested in the literature for
specifying the property G2(p) =“p holds in all even places”. When interpreted over computation
trees, ¢; indeed specifies G2(p). Yet, for a Kripke structure with a state that can be reached
from the initial state by both an even number and an odd number of transitions (e.g., a Kripke
structure that consists of a single state with a self loop), any labeling of ¢ fails, even if this

Kripke structure does satisfy G2(p). Hence, ¢, is appropriate only for the tree semantics.

Insensitivity to the sensitivity of EQCTL and EQCTL* to unwinding hides also when com-
paring these logics with tree automata [ES84]. Indeed, EQCTLY is as expressive as symmetric
pair automata on infinite binary trees. Nevertheless, the translation of EQCTL} into 252,
which is the base of this equivalence, does not hold for EQCTL*. Similarly, it is EQCTL;, only,

which is as expressive as symmetric Biichi automata on infinite binary trees.

We have just seen that EQCTL; is strong enough to specify G2(p). In fact, the formula
vy = 3q(g N AG(q — AX AXq) AN AG(q — p)) specifies G2(p) faithfully with respect to both
the tree and the structure semantics. As opposed to ¢, the formula ¢, enables states which
can be reached from the initial state by both an even and an odd number of transitions can be
labeled with ¢. As CTL can not specify G2(p) [Wol83], we have the following:

Theorem 4.4 EQCTL and EFQCTL,; are both strictly more expressive than CTL.

Theorems 4.3 and 4.4 clearly hold also with respect to EQCTL*. The increase in the
expressive power is significant. In particular, existential quantification in the tree semantics
is strong enough to replace satellites. A satellite, as introduced in [BBG194], is a small finite
state machine, linked to a design to be verified. It can read the design at any moment and
it records particular events of interest, for possible use in the specification of the design. A
concept similar to satellites is introduced in [Lon93] as observer processes. For example, we
can define a satellite Raise(s) which detects cycles in which the signal s is raised (changes
its value from false to true). Satellites overcome the expressiveness limitations of CTL and
are used successfully as a part of the formal-verification system in IBM Haifa. The price of
satellites is the increase in the state space, which now consists of the product of the state
space of the design with the state space of the satellite. Existential quantification leaves the
design clean and shifts this price to the specification. For example, instead of checking a CTL
formula ¢ which requires the activation of the satellite Raise(s), we can check the EQCTL,
formula obtained from % by conjuncting it with 3¢gAG(s — AXq) A AG(-s — AX~—q) and
replacing each occurrence of Raise(s) by s A =¢. Note that the quantified proposition ¢ labels

a node iff s holds in its predecessor node. In fact, in Section 4.3 we are going to see that
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is defined similarly, by adding existential quantification to CTL.

Given a formula 3p; ...p,1¥, we call the atomic propositions p; ...p, quantified propositions
and we call all the other propositions in ¥ free propositions. Note that satisfaction of an
EQCTL* formula with no free propositions in a Kripke structure K is independent of AP and
L. A frame is a Kripke structure with no AP and L. A frame K = (W, R, w°) satisfies an
EQCTL* formula 3p; ...p,¢ iff there exists a Kripke structure K’ = (AP, W, R, w°, L) with
{p1,.-.,pn} C AP, such that K’ |= .

Consider a Kripke structure K and the computation tree (T, Vi) obtained by unwinding
K. Each state in K may correspond to several nodes in (T, Vi ). Since all these nodes have
the same future (i.e., they root identical subtrees) and since CTL can refer only to the future,
CTL is insensitive to unwinding. That is, for every CTL formula ¢ and for every Kripke
structure K, we have that K | ¢ iff (T, Vk) = ¢. Insensitivity to unwinding is an important
property for a branching temporal logic. Logics which are insensitive to unwinding, we can
model check their formulas with respect to a finite Kripke structure, and adopt the result for
its infinite computation tree. Symmetrically, we can model check an infinite computation tree
using, say, automata-theoretic methods, and adopt the result for all Kripke structures that can
be unwound into this tree. In Theorem 4.3 below we show that once we augment CTL with

existential quantification over atomic propositions, it becomes sensitive to unwinding.

Theorem 4.3 FQCTL is sensilive to unwinding.

Proof: Consider the EQCTL formula ¢ = 3¢AG(p < AX¢q) and consider the Kripke structure

K = <{p}7 {w07 w1}7 {<w07 w1>7 <’LU1, w1>}7 Wy, {<w07 {p}>7 <’LU1, ®>}>

Since p € L(w) and since w, is a successor of wy, it must be that ¢ holds in the state w; of a
Kripke structure that satisfies AG(p < AXgq) and is {¢}-different from K. On the other hand,
since p € L(w;) and and since w; is the only successor of itself, it must be that ¢ does not hold
in the state w; of a Kripke structure that satisfies AG(p < AXgq) and is {¢}-different from K.
Thus, there exists no Kripke structure that satisfies AG(p < AX¢q) and is {¢}-different from
K. Hence, K [~ ¢. We now show that (T, Vi) = ¢. Consider the computation tree (T, Vj)
over the alphabet 2{7¢} where V(0) = {p}, VL (1) = {¢}, and for all z > 2, we have that
Vi (z) = 0. Clearly, (Tx, V() E AG(p — AX¢q) and thus, (T, Vk) E ¢. O

So, it makes sense to define two different semantics for EQCTL. The first corresponds to
the original structure semantics and the second, which we call EQCTL;, corresponds to a tree
semantics. Precisely, an EQCTL; formula ¢ = dp;...p,¢ is satisfied in a Kripke structure
K, denoted K =, ¢, iff there exists a computation tree (Tk, V) such that (Tx,Vy) = ¢ and

V) differs from Vi in at most the labeling of pq,...,p,; i.e., for every # € Tk and for every
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the other hand, as in satisfiability, we are asked about the existence of some Kripke structure
that satisfies the formula. Essentially, we can view the model-checking problem for EQL as
a restricted (or perhaps extended) version of the satisfiability problem for £, in which the
candidates to satisfy the formula are not all Kripke structures, but only a limited subset of them.
Here, naturally, comes the question of complexity. The satisfiability problem for a branching
temporal logic £ is usually harder than its model-checking problem. For example, we have
seen that the branching temporal logics CTL and CTL* have, respectively, EXPTIME and
2EXPTIME complete satisfiability bounds [FL79, VS85, ES84, EJ&8] and have, respectively,
linear-time and PSPACE-complete bounds for their model checking problems [CES86, EL85a).
Where does the complexity of the model-checking problem for EQL stand? Is it necessarily
between the complexities of the model-checking problem and the satisfiability problem for £7
To which of them is it closer? Is it worth paying the increase in model-checking complexity for

the increase in the expressive power?

A key observation that should be made before answering these questions is that once we add
existential quantification to a branching temporal logic £, it becomes sensitive to unwinding.
That is, unwinding of a Kripke structure into an infinite computation tree does not preserve the
set of EQL formulas it satisfies. Consequently, we distinguish between two semantics for EQL.
The first is the structure semantics given above. The second, which we call EQL;, corresponds
to a tree semantics. According to this semantics, a Kripke structure K satisfies a formula
dp; ... p, 0 iff there exists a computation tree that satisfies ¢ and differs from the computation
tree obtained by unwinding K in at most the labels of py,...,p,. Intuitively, it is harder for K
to satisfy a formula in the structure semantics: among the infinitely many computation trees
that we have as candidates for satisfaction in the tree semantics, only finitely many (these in
which nodes that correspond to the same state of K have the same labeling) are candidates
in the structure semantics. We show that the logics EQL and EQL, differ in their practices
as specification languages, differ in their expressive power, and differ in their model-checking

complexities. Nevertheless, we found in the literature unawareness to this sensitivity.

4.2.1 Expressiveness

The logic FQCTL* is obtained by adding existential quantification to CTL*. If ¢ is a CTL*
formula and p; ...p, are atomic propositions, then Ip; ...p,% is an EQCTL* formula. Given
two Kripke structures K = (AP,W, R,w° L) and K’ = (AP', W', R,w'°, L'), we say that K’
is {p1,...,pn}-different from K ifft AP = AP U {py,....pn}, W = W, R = R, v'° = w°,
and for all w € W and p € AP\ {p1,...,pn}, we have that p € L'(w) iff p € L(w). The
semantics of Ip; ...p, 1 is given by K = Ip; ... p, 1 iff there exists a Kripke structure K’, such
that K’ = ¢ and K’ is {p1,...,p,}-different from K. Note that EQCTL* is not closed under
negation. Thus, formulas of the form Vp; ...p,% are not EQCTL* formulas. The logic FQCTL
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4.1.4 The Logics CTL'

For every 7 > 1, let us define the subset CTL! of CTL*. A CTL* formula ¢ is in CTL? if and
only if each of its path formulas contains at most ¢ operators. The logic CTL, for instance,
is syntactically equivalent to CTL;. Consider the construction of HAAs presented for CTL*
formulas in Theorem 3.14. The exponential blow up in these HAAs originates from formulas
of the form F¢. Hence, bounding the number of operators in the path formulas bounds the
exponential factor in the construction. Indeed, composing automata for ¢; and ¢, into an
automaton for either ¢; A 3 or 1 V ¢, causes no blow up. Precisely, an HAA associated with
a CTL! formula v is of size O(|¢]-2"). Since the 1-letter nonemptiness problem for HAAs is in
linear time, this implies that model checking of a CTL? formula % in a Kripke structure K can
K
counterpart to the reduction of branching-time model checking to linear-time model checking
in [EL85a].

be done in time O(|K|-[¢|-2%). The above discussion can be viewed an the automata-theoretic

Thus, in particular, the fact that we were able to provide a linear-time model-checking
procedure for CTL? is not surprising. Today’s model-checking tools involve many heuristics
and methods which make the theoretical complexity bounds only one factor, among many
others, when considering the adaption of a new model-checking tool. Hence, when we improve
model-checking complexity, a crucial step is to check how the new procedures combine with
existing methods. The advantage of our procedure is that once having a CTL model-checking
package, extending it to a one that handles CTL? is very easy. Indeed, for the happy subset of
CTL?, it involves only a translation. For the rest of CTL?, techniques like BDDs [BCM*92] that
are helpful in CTL model checking, are adaptable for CTL?. In addition, the extension preserves
the ability to handle fairness. Hence, we believe that CTL? constitutes an additional step in

the process of making model checking a practical and convenient tool for formal verification.

4.2 Existential Quantification over Atomic Propositions

Adding quantification over atomic proposilions increases the expressive power of temporal logics
[Sis83, Wol83, SVWS87, PR89]. In this section, based on [Kup95], we consider the extension
of branching temporal logics with ezistential quantification. Formally, if % is a formula in
some branching temporal logic £, then dp;...p, ¥, where py,...,p, are atomic propositions,
is a formula in the logic EQL, which augments £ with existential quantification. The formula
dp; ... p,t is satisfied in a Kripke structure K iff there exists a Kripke structure that satisfies
1 and differs from K in at most the labeling of py,...,p,.

The model-checking problem for EQL stands somewhere between the model-checking and
the satisfiability problems for £. On the one hand, as in model checking, we are given both a

Kripke structure and a formula and we are asked whether the structure satisfies the formula. On
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procedure EGU _check (p2, @3, ¢);
begin
for j€[0...|W| do S’ := ) end;
for every C € find_-MSCCs(p2 V ¢3) do
if there exists w € C such that p3 € L(w) then

for every w € C do add ¢ to L(w); add w to S° end

end;

J=0;

while j < |IW| do
S =57,

while S # () do
remove some w from S
for every predecessor w of w do
if p € L(w') and (g2 € L(w') or 3 € L(w')) then
add ¢ to L(w') ; add w' to S7+!

end;

end,

i=it

end;

end;

Figure 4.2: The procedure EGU _check.

A crucial point in our extension is that the equivalences given for happy formulas are valid
also when interpreting the formulas over modules. Therefore, the only thing to do is to extend
our FGU _check procedure to handle fairness. This can easily be done by requiring each MSCC
in find_-MSCCs(ps V @3) to contain at least one state from each F' € a. In fact, having a fair
model-checking procedure for CTL, things are even simpler. There, one can check the formula
EG(psUs) by checking the CTL formula EG(gs V ¢3) with a fairness condition 3 [Gei94].

As in CTL, fairness constraints can be used to increase the expressive power of the logic.
Instead of a set of subsets of W, one can specify the fairness condition a as a set of CTL?
formulas. A path 7 is fair iff for each formula £ € a, there are infinitely many states in 7 that
satisfy €. Consider the CTL* formula v = A(GFp — ¢), where p is atomic. Checking the
formula Ae with respect to a module that has o = {{p}} as its fairness condition is equivalent
to checking % in a Kripke structure with no fairness conditions. Using the extended model
checker for CTL?, we can thus check formulas of the form A(GFp — ) for which Ay is a
CTL? formula. In particular, we can check the formula A(GFp — GFq) that specifies strong

fairness. So, the combination of CTL? and fairness is really powerful.
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procedure model_check (¢, K);
begin
for i := 1 to |cl(¢)| do
for every ¢ € cl(y) with |cl(¢)| =i do
case structure of ¢ is of the form
An atomic proposition : noop;
p1 Vs : for every w € W do
if o1 € L(w) or 3 € L(w) then add ¢ V ¢3 to L(w);
] : for every w € W do
if o1 ¢ L(w) then add —¢; to L(w);
EXyp, : for every we W do
if p; € L(wl) for some successor w of w then add EX¢; to L(w);
Ep Uy + EU_check (p1, 92, ¢);
Ep Uy : EU _check (¢1, 92, 0);
Ep1U(p2Ugps) : for every w € W do
if E(p2 V 3)U(p1 A E(p2Ups)) € L(w) and EG(p2Ups) € L(w) then
add Ep U (p2Ups) to L(w);
EG(p2Ups) : EGU _check (p2, ¢3,¢)

end;

end;

Figure 4.1: The model-checking procedure for CTL>2.

to non-trivial MSCC. L.e., a single state without a self loop is not a MSCC). The output of
find_MSCCs(v) is a set of (disjoint) subsets of W such that every subset is a MSCC.

We now consider the complexity of the procedure. As find-MSCCs(¢) is of complexity
linear in | K| [Tar72], initialization is performed in linear time. Since all the sets 7 are pairwise
disjoint, the body of the for-loop is executed at most once for each transition in R. Hence, the

whole procedure terminates after at most O(|K|) steps.

Fair Model Checking for CTL?

In Section 3.6, we considered modules and the fair model-checking problem. There, each module
has a Rabin acceptance condition a. In this section, we consider modules in which a C 2% is a
set of subsets of W, each corresponds to a Biichi acceptance condition. A path 7 = wq,wy, ...
is fair iff for each set F' € a we have w; € F for infinitely many ¢ > 0. Such a fairness condition
was considered in [CES86]. Clarke et al. show that the fair model checking problem for CTL
can be solved in linear time. Todays model-checking tools for CTL handle modules with this
fairness condition. We now show that once one has a fair model-checking tool for CTL, it can

be very easily extended to handle CTL?, preserving its complexity.
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Below we define the closure of a formula for every CTL? formula. The closure of ¢, cl(y),
extends the notion of sub-formulas used in [CES86]. Intuitively, it is the set of CTL? formulas
that contains ¢ and all the formulas that the labeling of ¢ depends on. Given a CTL? formula
@, the set cl(¢) is inductively defined as follows (@1, @2, and 3 are CTL? formulas):

o If ¢ is either true or false, then cl(p) = {¢}.

e If ¢ is a proposition, then cl(yp) = {p, true, false}.

If ¢ is ¢y or EX ¢y, then cl(p) = {p} U cl(e).

If @ is 01 V o, Ep1Uss, or E Uy, then cl(p) = {@} U () U cl(is).

If ¢ is a happy formula, then ¢l(¢) = cl(¢'), where ¢ is the CTL equivalent of ¢.

If ¢ is EpU(psUps), then cl(p) = {p, EG (02U ps) } Ucl(E(p2V 03)U(p1 A E(p2Ugs))).

Lemma 4.2 For every CTL? formula 1,

(a) All the formulas in cl(i) are either true, false, atomic propositions, or have the form
01, o1 Vs, EX 1, EoiUpy, Eo1Ueps, EpiU(paUs), or EG(p,Ups).

(b) The size of cl(v) is linear in ||.

Lemma 4.2 is the key for the model-checking procedure, presented in Figure 4.1.

Given a CTL? formula ¢, the procedure is called with the CTL equivalent of ¢ (if exists). As
in [CESS86], it iteratively labels formulas from ¢l(¢). It is guaranteed that when ¢ is labeled, then
all the formulas in ¢l(p) \ {¢} are already labeled. Formulas of the form =y, 1 V @2, EX ¢y,
EpUgs, or E@Ugp, are labeled using the corresponding procedure described in [CESS86].
Formulas of the form F¢, (':’(99267993), are labeled, according to Lemma 4.1, using the procedure
EGU _Check( s, ¢3,¢), presented in Figure 4.2 and explained below.

EGU _check(pq, 3, @) labels states w of K for which w | EGe,Ups. Note that w =
EGp,Ups iff there exists a path 7 starting at w such that all the states in 7 satisfy either ¢, or
3, and infinitely many states in 7 satisfy 3. Accordingly, EGU _check first labels states that
belong to a maximal strongly connected component (MSCC) for which all states are labeled
by either ¢y or 3, and there exists a state in it that satisfies 3. These states are inserted
into the set S°, meaning that there is a path of length 0 from them to such a MSCC. Then,
the procedure proceeds backwards the transition relation, inserting to $7 states for which there
exists a path (whose all states satisfy either ¢, or ¢3) of length j from them to such a MSCC.
Clearly, there is no need to proceed with j’s greater than |W]|.

EGU _check uses the procedure find_MSCCs(1)), which, given a formula ¢, finds the MSCCs

in the sub-structure of K that consists of all the states in K that are labeled with 7 (we refer
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Hence, it is left to show that E((¢2Ue3)U (1 A (p2Us))) ~ E((w2V @3)U (g1 A E(e2Ups))).

It is easy to see that a state that satisfies the left-hand side of the equivalence, satisfies also
its right-hand side. We consider the second direction. Assume that w | E(ps V ¢3)U (1 A
EpsUeps). Then, there exists a path @ = wg, wy,..., with wy = w, for which there exists
i > 0 such that w; = @1 A E@yUps, and for all 0 < 7 < 4, we have that w; = @5 V @z, If
w; = 3, then it is guaranteed that every suffix 7/ of 7 eventually reaches a state (w; or an
earlier one) that satisfies 3. Also, as for all 0 < j < ¢, we have that w; |= @5 V @3, then, as
long as @3 is not reached, ¢, is satisfied. Therefore, in this case, 7 |= (p2Uws)U(p1 A (02U e3)).

If w; £ @3, then there must exist a path 7 = w;,w;+1,..., with w; = w; such that 7 |=
waUps. Consider the path p = wq,wy, .. .,wi,w;+1,w;+2, ... Similarly to the previous case,
pE (p2Ups)U(p1 A (92U 3)) and thus w = E(02Ups)U (1 A (02Usps)). [

In the next section we show that the additional expressive power of CTL? is given for free.
Namely, the model-checking problem for the logic CTL? is of the same complexity as is the one

for CTL.

4.1.3 Model Checking

In this section we introduce an efficient algorithm for the model-checking problem for CTL2.
Given a Kripke structure K = (AP,W, R, w° L) and a CTL? formula ¢, our algorithm labels
K such that for every state w € W, we have that w is labeled with ¢ iff w = . The algorithm
is of complexity linear in both the size of K and the length of ¢». Thus, the increase in the
expressive power does not effect model-checking complexity which remains linear, exactly as
the one for CTL.

The algorithm extends the efficient model checker for CTL introduced in [CES86]. There,
a formula is handled by successively applying a state labeling algorithm to its sub-formulas. In
more details, given a CTL formula ¢ and a Kripke structure K, the algorithm takes the sub-
formulas of 1, starting with the innermost ones, and, iteratively, labels with each sub-formula
exactly these states of K that satisfy it. Each iteration handles a single sub-formula which
may have one of seven forms that together cover CTL modalities. Since ¢ has at most ||
sub-formulas, the check terminates after at most |¢| iterations. Each iteration requires O(|K|)

steps and hence, the entire check is accomplished after O(|¢| * | K|) steps.

In CTL?, there are more than seven forms. All the possible combinations of one or two
temporal operators should be considered. However, as we showed in the previous section, all
those forms, except Ec,olﬁ(goQL’c,og), have CTL equivalences. Thus, labeling with happy sub-
formulas can be done by labeling their CTL equivalences. In addition, we introduce a procedure

that handles sad sub-formulas.
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3. E((piU@2) V (paUa)) ~ (Epr1Ugpz) V (EpsUps)
E((@1Up2) V (03Ua)) ~ (E1Ugp2) V (EpaUps)
E((p1U@2) V (psUa)) ~ (E1Upz) V (EpsUcp)

4. E((@1U@s) A (psUpa)) ~ E((p1 A 03)U (02 A LpsUpa)) V E((01 A p3)U(pa A EorUps))
E((991~U<P2) A (99?:U994)) ~ E((¢2 A p3)U(pa A ENS@lU(Pz)) V E((¢2 A @3)U(p2 /N\ Eo3Upa))
E((e1Upa)N(p3Upa)) ~ E((p2/pa)U(eaNE01Upa) )VE((p2hea) Ui AE@3U a))V EG (92 94)

Equivalences for nested temporal operators

1. EXX¢, ~ EXEX ¢,
EXQleTQOQ ~ EXEQOlUQDQ
EX@167992 ~ EAXVE@lUQOQ

2. BEeU(Xgs) ~ EX@y A (01 V EXEpiU(ps A EX 93))
EpU(psUps) ~ EpiU(EpyUps)

3. E(X@l)ﬁQOQ ~ E(EX@l)ﬁ(PZ
E(e1Ugs)Ups ~ E(E@Upz)Ups
E(p1Ups)Ups ~ E(Ep1Ugps)Ucps

4. E@QlU(XQDQ) ~ ESOlLT(EXQOz)
Ep,U(paUps) ~ EoU(EpaUps)
EpU(paUpsz) ~ EoU(E@aUps)

5. E(X@l)UQOQ ~ P2 V EXEQOlU(QOQ A 991)
E(p1Up2)Us ~ o3V E(p1V 02)U((g2 A EXp3) V (93 A E1Usps))
E(@iUp2)Ups ~ @3V E@U((01 A pa A EX@3) V (3 A Ep1Usps))

We now show that sad formulas have equivalences in CTL augmented with EG(p2U gs).
Lemma 4.1 Ep;U(pUps) ~ E((¢2V 03)U (01 A E(p2U03))) V EG (02U ).

Proof: Consider the congruence

QU & (PU (1 A1) V G

Taking ¢ = @, Us, we get EoyU(palUps) ~ E(((92U@3)U (1 A (92Up3))) V G(p2U g5)). By
distributing the F quantifier over the disjunction, we have that

E@ U (p2Ugs) ~ E((aUgs)U(pr A (95U 93))) V EG (92U 03)).
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@1 = invoke(p) and @, = —execute(p), gives “in all computation paths, if p is executed, then p is
invoked two steps earlier or before”. Note that since we usually want to specify behaviors as in-
variants, we should precede these formulas with AG, resulting in formulas like AGAp, U (g2 Ugog)
or AGE(p,U(X ¢)), all syntactically correct in CTL?

Surprisingly, the increase in the expressive power of CTL? with respect to CTL is not as
significant as one might expect. In the rest of this section we show that the CTL? formula
EG(psUps) embodies all the expressiveness superiority of CTL? over CTL. Namely, extending
CTL by the binary operator EGU results in a logic which is as expressive as CTL?! To do this,
we first present the logic CTL? in terms of modalities. It is easy to see that each CTL? formula
has one of the following forms (where * stands for either V or A and ¢, @2, @3, and @4 are
CTL? formulas):

R1. true, false or p, for all p € AP.
R2. —¢p; or 1 V ps.
R3. EX 1, EgUp,, or EpUgps,.

R4. E(p1+ (Xa)), E(p1+ (02U s)), E(1* (92U 03)), i
E((X@n) * (X)), E(Xr) * (92U3)), E((Xpn) % (92U 03),
E((e1Ugps) * (p3Uspa)), E((@1U2) * (p3Ua)), or E((p1Us) * (03Up4)).

R5. EX X1, EX(p:1U¢s), EX(SQlﬁS%)a
E((Xe)Uga), E((p1Up2)Uss), E((@lU@z)U@S)
E(o1U(X2)), E(p1U(02Us)), E(o1U (920 03)),
E((X@l)Uﬂﬁz)a E((p1U002)Usps), E((#1U02)Usps),

E(o1U(X @), E(e1U (02U 3)), or E(p1U (02U p3)).

We assume that CTL? formulas are given in this form. We say that a CTL? formula ¢
is a sad formula iff it is of the form Egolﬁ(QQLTa,og). Otherwise, it is a happy formula. We
now present CTL equivalences to all the happy formulas. Having a CTL equivalent to a CTL?
formula ¢ means that if the maximal formulas in ¢ (i.e., the greatest strict subformulas of ¢)

are in CTL, then so is ¢. A formal proof of the equivalences can be found in [BG94].

Equivalences for connected temporal operators
L. E(pr* (X)) ~ 1% EX
E(p1+ (p2Ups)) ~ @1 % E@yU s

2. E((Xo1) * (Xp2)) ~ EX (g1 * 02)
E((X¢r) * (992[{993)) ~ (3% EX 1)V (02 A EX (1 % EpaUps)) )
E(X 1) * (p2Ugs)) ~ ((p3 A @2) * EX 1) V (03 A EX (01 % E@yUps))
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temporal operators in its path formula and the second formula indeed has only two temporal
operators but they are neither nested nor connected by a binary Boolean operator in a simple

way. It is easy to see that as far as syntax is concerned, CTL Cc CTL?cC CTL*.

4.1.2 Expressive Power of CTL?

In this section we consider the expressive power of the logic CTL?. The CTL* formula AF(p A
X p) which is not expressible in CTL? (this can be proved by an easy extension of Emerson and
Halpern’s proof from [EH86] for inexpressibility of AF(p A Xp) in CTL) testifies that CTL*
is strictly more expressive than CTL? The CTL? formula EGFp, which is not expressible in
CTL [EHS86], testifies that CTL? is strictly more expressive than CTL. So, CTL < CTL? <
CTL*.

T1 T2 92 41

A((=raUry) — (—92Ug1))

EGF!!

gl

Fairness 777

AXpaV(p1 ANAXAP U (pz V AXp3)) Ag1U(X¢2)

o O
( O o O
1. A designer that uses CTL. 2. A designer that uses CTL2.

We focus on the relation between CTL? and CTL. Definitely, an important advantage
of CTL? over CTL is the increase in the expressive power. Consider the CTL? formula
A(p1U (20U ps)) which is not expressible in CTL. The formula is a base for many specifica-
tions used for reasoning about concurrent programs. Taking for instance ¢; = req;, @s = reg,,
and @3 = C8), it specifies the property “in all computation paths, process 1 keeps signaling
req, until it eventually enters the critical section and stays there as long as process 2 does
not signal reg,”. Not less important, however, is the neat presentation that CTL? suggests
for specifications whose CTL equivalences are very hard to understand. Indeed, the branch-
ing nature of CTL not only makes it difficult to understand a specification, but also makes
it difficult for specifiers to express correctly their intuition. For example, the CTL? formula
A((p1Ups) — (p3Ueps)) can express elegantly a FIFO policy. Taking ¢, = —req;, @2 = regs,
w3 = ~granty,, and @4 = grani,, gives “in all computation paths, if req, does not precede
reqy, then grant, does not precede grant,”. The CTL? formula A(p,U (X ¢,)) enables specify-

ing more accurate properties than these enabled without nesting of the next operator. Taking
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problem and has been an active area of research [Eme90]. In this section, based on [BG94], we

introduce such a language.

4.1.1 The Temporal Logic CTL?

The logic CTL?, introduced here, is a result of a new approach for defining sub-languages of
CTL*. The syntax of CTL* allows path quantifiers to be applied to path formulas composed of
an arbitrary combination of linear-time operators. The syntax of CTL restricts path quantifiers
to be applied to path formulas with a single linear-time operator. The idea behind our approach
is to allow a bounded number of linear-time operators within the path formulas of CTL*. In
CTL?, we investigate the simplest version of this extension: path formulas may contain an
assertion composed of two, possibly negated, linear-time operators, either nested or connected
by a binary Boolean operator. Formally, we distinguish between three types of CTL? formulas:
state formulas, path formulas of degree 1, and path formulas of degree 2. Given a set AP of

atomic propositions, a CTL? state formula is either:

S1. true, false, or p, for all p € AP.
S2. -, or ©1 V s, where ¢; and ¢, are CTL? state formulas.

S3. FE¢i, where ¢, is a CTL? path formula of degree 1 or 2.

A CTL? path formula of degree 1 is either:

P1l. X1, 01U, or Uy, where ¢, and ¢, are CTL? state formulas.
A CTL? path formula of degree 2 is either:

P2. ¢ V ¢y or 1 A s, where ¢, is either a CTL? state formula or a CTL? path formula of
degree 1, and ¢, is a CTL? path formula of degree 1.

P3. X1, 01Ups, 0Ur, @1Ups, or o,Up;, where @, is a CTL? path formula of degree 1
and ¢, is a CTL? state formula.

The logic CTL? consists of the set of state formulas generated by the above rules, where we
also allow the usual abbreviations. Thus, formulas like AG Fgrant, E(X req)U grant, A(F—busy
V Guwait), and E(busyUreq)U grant, are all CTL? formulas. Indeed, CTL? is strong enough to
express neatly both liveness and safety properties used for reasoning about concurrent pro-
grams, such as unconditional fairness, preservation of FIFO order, more accurate specification
of accessibility, absence of unsolicited response, and others. On the other hand, the formulas
A(GF req — GF grant) and AF(busy A X busy) are not in CTL?. The first formula has four
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Chapter 4

Augmenting Branching Temporal
Logics

Improving model-checking complexity is only one way to make this verification method prac-
tical. Naturally, there is a trade-off between the expressive power of a temporal logic and the
complexily of its model-checking problem: the more a temporal logic is expressive, the higher
its model-checking complexity is. A wise model checker should enable the maximal expressive

power and ease of use within the complexity limits of the user.

In this chapter we consider three different ways of augmenting branching temporal logics.
Each of the three ways makes branching temporal logic a more useful specification language.
In Section 4.1 we show a simple yet powerful extension of the logic CTL. The extended logic,
CTL?, is strictly more expressive than CTL and is much more convenient as a specification
language. Nevertheless, model checking of CTL? can be done with the same tools and is of the
same complexity as is the one for the logic CTL. In Section 4.2 we consider the augmentation of
branching temporal logics with existential quantification over atomic propositions. The resulted
logics are very strong. Their computational price, however, is high. Quantification over atomic
propositions has a lot in common with temporal operators that refer to the past. In Section 4.3

we study the augmentation of branching temporal logics with such operators.

4.1 Buy One, Get One Free

The exponential gap between CTL and LTL model-checking complexity led to a development
of model checking tools for CTL [Bro86, McM93], while model checkers for LTL have lagged
behind. Users of these tools, however, have to struggle with the limited expressive power of
CTL. Unfortunately, the branching nature of CTL prevent them from checking many impor-
tant behaviors. As a matter of course, finding specification languages which are strictly more

expressive than CTL and yet maintain its attractive model-checking complexity is a challenging
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assumption in the assume-guarantee pair concerns the interaction of the module with its envi-
ronment along each computation, and is therefore more naturally expressed in a linear temporal
logic. We denote this kind of assertion by [¢]M (7). The meaning of such an assertion is that the
branching temporal formula 1 holds in the computation tree that consists of all computations
of the program that satisfy the linear temporal formula ¢. Verifying such assertions is called
the linear-branching modular model-checking problem. This problem is studied in [Var95]. We
now show that the branching modular framework is more general than the linear-branching

modular framework.

Theorem 3.40 For every LTL formula ¢, module M, and a YCTL* formula 1, we have that
(AG)M () i [FIM ().

Proof: To prove the claim, we need to generalize the notion of module. An eztended module
is a pair (M, P), where M is a module and P is a set of computations of M that start from
some initial state. Formulas of VCTL* can be interpreted over an extended module (M, P)
by letting path quantifiers range over suffixes of computations in P. The notion of simulation
can be easily extended to extended modules. As detailed in [Var95], the truth of [p]M (¢) is
determined by interpreting ¢ over the extended module (M;, P,), where M, is the computation
tree of M and P, is the set of computations of M, that satisfy .

Given ¢, M, and %, assume first that [¢]|M (¢) holds. Let M’ be such that M| M’ =; Aep.
Then, all fair computations in M|| M’ satisfy ¢. Therefore, M||M’ < (M, P,), and M| M’ |=; .
Thus, (Ap) M ().

Assume now that (A@)M(¢) holds. Since My, =5 A, it follows that M||M,, =; . For
every module M, we have that (M, P,) < M and (M,, P,) < Mu,. Since (M, P,) < M, we
have that (M., P,) < (M,, P,)||M too. Since (M, P,) < M,,, we have that (M,, P,)||M <
M 4,||M too. Thus, together, we have that (M;, P,) < M||M,. It follows that (M,, P,) |=; ¥,
which means that [¢]M () holds. 0

It is known that the YCTL formula AFAGp is not equivalent to any formula of the form
Ap, where ¢ is an LTL formula [CD8S].

Thus, the branching modular framework is strictly more expressive than the linear-branching
modular framework. It is shown in [Var95] that linear-branching modular model checking is
EXPSPACE-complete. Thus, the increase in expressive power is obtained with no increase
in worst-case computational complexity. We note, however, that the algorithm in [Var95] for
linear-branching modular model checking is simpler than the algorithm here, as it avoids the

use of Safra’s co-determinization construction.
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Assume now that M||M, =; ¢ and let M|| M’ be such that M||M' }=; ¢. Then, M||M' <
M., which implies that M||M||M' < M||M,. Thus, M|/ M’ < M||M, and therefore M| M’ |=;
1. Hence, (p)M (). U

Theorem 3.38 Given a module M and two universal branching temporal logic formulas ¢ and
¥, the problem of determining whether (@) M (1) is solvable in space polynomial in mlog(nl-|M])
where m and n are the depth and the size, respectively, of an HAA corresponding to ¥, and l
s the size of a mazximal model for ¢.

Proof: By Theorem 3.37, the problem of determining whether (¢)M (¢) is reducible to model
checking of ¢ in M||M,. The result then follows from Theorem 3.28. U

In Theorem 3.39 below we apply the method to the logics CTL and CTL*. We also show
that the upper bounds that follow are tight.

Theorem 3.39

(1) The branching modular model-checking problem for YCTL is PSPACE-complete.

2 e branching modular model-checking problem for ] -complele.
The b hi dul del-checki blem for VCTL* is EXPSPACFE l

Proof: The upper bounds follow from Theorem 3.38. The lower bound for YCTL* follows from
[Var95] and the relation between the branching modular framework and the linear-branching
modular framework (to be discussed in the next section). To get the lower bound for VCTL, we
reduce the implication problem for YCTL to the branching modular model-checking problem
for it. For a set AP of atomic propositions, let M4p be the maximal model over AP. That is,
Map = (AP, 247 247 % 24P 24P T {(247 ()}) where for all w € 24 we have that L(w) = w.
Let ¢ and 9 be YCTL formulas over a set AP of atomic propositions. Clearly, for every
module M and VCTL formula ¢ over AP we have that M| Map =5 ¢ iff M = ¢. Thus, the
implication ¢ — 9 is valid iff (¢)Map(1p). The complexity of the reduction depends on the size
of M4p. Since the satisfiability problem for LTL is PSPACE-hard already for formulas with a
fixed number of atomic propositions [SC85], so does the implication problem for YCTL. Thus,
the size of M ,p is fixed. J

The Linear-Branching Modular Model Checking Problem

The modular proof rule in the preceding section uses branching assumptions and guarantees.
As mentioned in the introduction, there is another approach in which the assumption is a linear

temporal formula, while the guarantee is a branching temporal formula. In this approach, the
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in Sge,vp, that do not satisfy ¢, in their initial state are required to satisfy ¢, (rather than
the less-economical E¢,Up,) in a successor state. Following the same idea, since the initial
state of each module that satisfies Ep,U g, must satisfy ¢,, the set of initial states of modules
in Sp,.p,, 18 equal to the set of initial states of modules in S,,. In addition, all the modules
in Sg, p,, satisly EGp,, which is the most economical way to satisfy E@lﬁ@Q. It is easy to
prove, by an induction on the structure of ¢, that each module in S, has at most |p| states
and || transition and that if ¢ is satisfiable, then 5, # 0.

It is left to prove PSPACE completeness for the validity problem for VCTL*. Since a VCTL*
formula 7 is valid iff the implication ¢rue — 1 is valid, and since the implication problem
@ — ¥ for ¢ in YCTL and ¢ in YVCTL* is still in PSPACE, membership in PSPACE is easy.
To prove hardness, we use the PSPACE-hardness of the validity problem for LTL. Clearly, an
LTL formula £ is valid iff the VCTL* formula A€ is valid.

O

3.6.4 Modular Model Checking

Branching Modular Model Checking

In branching modular verification, one uses assertions of the form ()M () to specify that
whenever M is part of a system satisfying the universal branching temporal logic formula ¢, the
system satisfies the universal branching temporal logic formula ¢ too. Formally, ()M (1) holds
if M||M'" |=; ¢ for all M’ such that M||M’ |=; ¢. Here ¢ is an assumption on the behavior of
the system and 4 is the guarantee on the behavior of the module. Assume-guarantee assertions

are used in modular proof rules of the following form:

(true) M, (¢1)
(1) M>(p2) (true) M, || M>(ps)
(2) M1 (ps)

Thus, a key step in modular verification is checking that assume-guarantee assertions hold,
which we called the branching modular model-checking problem. We now show that the tech-
niques developed in the previous sections, maximal models and space-efficient fair model check-

ing, yield also a solution to the branching modular model-checking problem.

Theorem 3.37 For all YVCTL* formulas ¢ and v, and for every module M, we have that
()M () iff MM, = .

Proof: Assume first that ()M (¢). Thus, whenever M is part of a system satisfying ¢, the
system satisfies ¢ too. Since M, }=; ¢ and M||M, < M,, we have that M| M, satisfies .
Consequently, M|| M, satisfies 9.
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For the upper bound, given a YVCTL* formula ¢, it is easy to see that ¢ is satisfiable iff the LTL

formula obtained from ¢ by eliminating its path quantifiers is satisfiable.

Since VCTL subsumes propositional logic, hardness in NP for the validity problem of YCTL
is immediate. To prove membership in NP, we prove that the satisfiability problem for 3CTL
is in NP. To do this, we present a linear-size model property for 3CTL. Precisely, we prove
that a satisfiable JCTL formula ¢ is satisfiable also in a module with at most |¢| states and
|| transitions. Recall that each JCTL formula has one of the following forms: true, false,
p € AP, —pfor p € AP, ©1 V @o, 01 A 02, EX 1, EUqs, or Eg U, where ¢; and o, are
JCTL formulas. With each JCTL formula ¢, we associate a set 5, of modules that satisfy ¢.
The definition of S, proceeds by induction on the structure of ¢. Each module in S, has a
single initial state. We use 5,, X S, to denote the set of all modules obtained by taking a
and a module M, from 5

module M, from S such that M, and M, agree on the labeling of

®1 Y29

their initial states, and by unifying their initial states to a single initial state. We use S,, — 9,

to denote the set of all modules obtained by taking a module M; from S, , a module M, from

SWzv
initial state to be the one of M;. We use S5,, | to denote the set of all modules obtained by

taking a module from 5,, and adding a self loop to its initial state.

Y1
adding a transition from the initial state of M; to the initial state of M5, and fixing the

® Sirue 18 the set all one-state modules over AP.

o Statse = 0.

o 5, for p € AP is the set of all one-state modules over AP in which p holds.

o 5., for -p € AP is the set of all one-state modules over AP in which p does not hold.
o Sove, =855, US,,.

® Soing, =55, XS,

L4 SEXW = Strue — SW-

¢ Seuve, = 55, U (Se, — 5,,).

® Spoite, = 9pu |-

Note that the definition of S, guarantees that for every module M which satisfies ¢, there
exists a module M’ € 5, such that M and M’ agree on the labeling of their initial states. On
the other hand, the modules in S, are economical with respect to states that are required for
satisfaction of formulas that refer to the strict future. For example, since the initial state of each
module that satisfy F¢,Ups must satisfy either ¢; or @5, the set of initial states of modules in

SEe,Uy, 15 equal to the set of initial states of modules in S,, or in S,,. In addition, modules
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The complexity of our method with respect to two logics L; and L, depends on the ability
to associate with formulas of L, HAAs, in the size of these HAAs, their depth, as well as in
the size of the maximal models for formulas in the logic L;. In Theorem 3.35 below we apply
the method to the logics CTL and CTL*. We also show that the upper bounds that follow are
tight.

Theorem 3.35

(1) The implication problem for YVCTL is PSPACE-complete.

(2) The implication problem for YCTL* is EXPSPACE-complete.

Proof: Theorems 3.32 and 3.33 provide us with a double exponential bound for maximal
models of CTL* and an exponential bound for maximal models of CTL. Theorems 3.12 and 3.14
provide us with sizes and depth for HAAs of CTL and CTL*. Together with Theorem 3.34,
this yields the upper bounds. To prove the PSPACE lower bound for the implication problem
for YCTL, we prove that the satisfiability problem for VCTL is PSPACE-hard. The result then
follows from Lemma 3.30. We prove hardness in PSPACE by a reduction from LTL satisfiability,
proved to be PSPACE-hard in [SC85]. Given an LTL formula ¢, let {4 be the VCTL formula
obtained from £ by preceding each temporal operator with the path quantifier A. For example,
if £ = FXpthen £4 = AFAXp. It is easy to see that £ is satisfiable iff £, is satisfiable. Indeed,
a computation that satisfies £ can be viewed as a module satisfying £4. Also, if £, is satisfiable
then it is also satisfiable in a module with a single computation. Clearly, this computation
satisfies €. The EXPSPACE lower bound for the implication problem for YCTL* is similar to
the EXPSPACE lower bound proved in [Var95] for linear-branching modular model checking.

]

Note that the implication problem ¢ — 1 for ¢ in YCTL and ¢ in YCTL* is still in PSPACE.
Recall that satisfiability and validity are special cases of the implication problem. As The-

orem 3.36 below shows, these problems are easy special cases.
Theorem 3.36

(1) The satisfiability problems for YVCTL and YCTL* are PSPACE-complete.
(2) The validity problem for VCTL is NP-complete.

(8) The validity problem for VCTL* is PSPACE-complete.

Proof: The results for the satisfiability follow from the PSPACE-completeness of the satisfia-
bility problem for LTL. We have already seen the lower bound in the proof of the theorem 3.35.
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that (w, ¢) =y . The proof proceeds easily by induction on the structure of . In particular,

satisfaction of formulas of the form A¢ follows from the product with Av(g,).

Consider now a module M = (AP, Wy, Ry, W, Ly, opy) and assume that M |, . We
show a simulation H from M to M,. For every state w € W)y, define f(w) to be the set of

state formulas in ¢(¢) which are true in w. The simulation H is defined as follows:
e For every w € Wy, we have H (w, {f(w), q)).

e For every wy,ws in Wy and (f(wi),q1) € c(p) X @ such that (wy,w,) € Ry and
H(w17 <f(w1)7 q1>)7 we have H(w27 <f(w2)7 6((]17 f(wl))>)

We prove that H is indeed a simulation from M to M,. That is, we prove that for all
w € Wy, there exists w’ € W x {¢°} such that H is a simulation relation from (M, w) to
(M,,w'). Consider a state w € Wyg,. Clearly, (f(w),q) € W° X {g} and H(w,{f(w),q))-
Now, let w € Wy and (f(w), ¢) € ¢(¢) x @ be such that H(w,(f(w),q)). By the definition of
H, all the pairs in H are of this form. By the definition of L', we have that L'({f(w),q)) =
Ly (w). So, the first requirement on pairs in a simulation holds. For the second requirement,
let T = wq,wy,... be a fair computation in M with wy = w. Consider the computation 7/ =
(f(w),q), (f(w1),q1),... where ¢ = 8(q, f(w)) and for every i > 1, we have g;11 = 6(q;, f(w;)).
By the definition of H, we have that H (w, (f(w),¢)) and for all ¢ > 1 we have H (w;, (f(w;), ¢;)).
So, it only remains to show that 7’ is fair in M,. Since M |= ¢ and 7 is fair, then for each
state w; and formula A € V(¢) such that A € f(w;), we have that £ is satisfied in ¢;, giy1,- . -
Thus, ¢;, ¢i41, - - - is accepted by fivw) with ¢; as an initial state and therefore, by the definition

of #', the computation 7’ is fair. L]
Theorem 3.33 For every VCTL formula ¢, there exists M, of size 20(¢l),

Proof: Exactly as for VCTL*. Here, however, f{v(w) is of size 20U¢D), L]

The Complexity of the Implication Problem

We are now ready to combine the maximal-model technique with the space-efficient fair-model-

checking algorithm to solve the implication problem.

Theorem 3.34 Given two universal branching temporal logic formulas ¢ and ¥, the implica-
tion problem ¢ — 1 can be solved in space polynomial in mlog(nl) where m and n are the depth
and the size, respectively, of an HAA corresponding to 1, and l is the size of a mazimal model

Jor .

Proof: By Theorem 3.31, the validity problem of ¢ — 4 is reducible to fair model checking
of ¢ in M,. The result then follows from Theorem 3.28. L]
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Biichi word automaton over ¥ = 257(¥) such that Av(y) accepts an infinite word © = wg, wy, ...
iff there exists a suffix w;, w;;1,... of 7 and a formula A¢ € V(p) such that A € w; and
Wi, Wiy1, ... does not satisfy £. That is, Ay(,) nondeterministically guesses a location 7 and a
formula A¢ and then proceeds as the Biichi word automaton of ~{. By [VW94], such Ay,
of size 2°0¢D exists. Note that though ¢ is a path formula of a branching temporal logic, we
interpret it here over linear sequences. Since these sequences are labeled with all the branching
subformulas of £, this causes no difficulty, as we can regard the branching subformulas of £ as

atomic propositions and regard £ as a linear temporal logic formula.

We now take Ay(,) and co-determinize it. The resulted automaton, called f{v(w), is a de-
terministic Rabin automaton which accepts exactly all the words m = wq, wy, ... for which if a
state w; is labeled with some A£ € V(g), then £ is satisfied in the suffix w;, w;41,... of 7. By
[Saf89], the automaton Ay, is of size 22700

For a set s C sf(p), we say that s is consistent iff the following four conditions hold:

1. For every p € AP, if p € s, then —p & s.
2. For every p € AP, if -p € s, then p & s.
3. For every ¢; A @5 € s, we have that ¢; € s and ¢, € s.

4. For every o1 V ¢ € s, we have that ¢; € s or 3 € s.

Let ¢(¢) denote the set of all consistent subsets of sf(¢). Consider the module

M = (AP, c(¢), () x c(), W, L, {(c(¢),0)}),

where the initial set W° includes all states w € ¢(¢) for which ¢ € w, and for every w € ¢(y),
we have that L(w) = w N AP. That is, M is more general than any model of ¢, yet, it
is not necessarily a model of ¢. To make it a maximal model, we take the product of M
with Ay, as follows. Let Ay, = (X,Q,6,4¢°, 8), where 8 = {(G1, B1),...,(Gx, By)}. Then,
M, = (AP,c(¢) x Q,R,W° x {¢°}, L', 3'), where R, L', and 3" are defined as follows.

o R={({w,q), (v, q)):6(q,w) =¢}.
e Forall w € ¢(p) and ¢ € @, we have L'((w, q)) = L(w).
o 8= {{e(p) x Gr,e(p) X Br),. o5 (ep) X G, e(p) X By)}.

We now prove the correctness of our construction. That is, we show that M, |=; ¢ and that
for all modules M, we have M |=; ¢ only if M < M, We first prove that M, |=; ¢. More

precisely, we prove that for every state (w, ¢) € ¢(¢) x @, and for every formula ¢ € w, we have
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3.6.3 Satisfiability, Validity, and Implication

Three basic decision problems for a specification language are satisfiability, i.e., is the specifica-
tion trivially false, validity, i.e., is the specification trivially true, and implication, i.e., does one
specification logically imply another specification. For a specification language that is closed
under negation, these problems are inter-reducible. This is not the case, however, for universal

branching temporal logics.

The satisfiability problem for a universal branching temporal logic is defined as follows:
given a formula ¢, is there a nonempty module M such that ¢ holds in M7 As a module with
no fair path trivially satisfies any YCTL* formula, the nonemptiness requirement is essential.
The validity problem is defined as follows: given a formula ¢, does ¢ hold in all modules? (It is
easy to see that ¢ holds in all modules iff ¢ holds in all nonempty modules.) The implication
problem is defined as follows: given two formulas ¢ and %, does ¥ hold in every module in
which ¢ holds? In Lemma 3.30 below, we show that the satisfiability and the validity problems

are special cases of the implication problem.
Lemma 3.30 Let ¢ be a formula in VCTL*. Then,

(1) The formula ¢ is satisfiable if and only if ¢ does not imply Afalse.

(2) The formula ¢ is valid if and only if true implies .

Maximal Models and Implication

By definition, the implication ¢ — 1 is valid iff ¢ holds in all modules M in which ¢ holds.
Since the more behaviors M has the less likely it is to satisfy %, it makes sense to examine
the implication by checking ¢ in a maximal model of ¢ (we assume, without loss of generality,
that ¢ and ¢ are defined over the same set AP of atomic propositions). Formally, we have the
following theorem. The theorem is proved in [GL94] for YCTL, but the proof applies also to
YCTL*.

Theorem 3.31 Let ¢ and 1) be VCTL* formulas, and let M, be a maximal model of ¢. Then
@ tmplies ¥ iff M, =¢ 9.

To complete the reduction of implication to fair model checking, we have to describe the

construction of maximal models.

Theorem 3.32 For every VCTL* formula ¢, there exists a marimal model M, of size 227170,

Proof: For a VCTL* formula ¢, let sf(¢) denote the set of state subformulas of ¢. Given ¢,
let V(¢) C sf(p) denote the set of all the state subformulas of ¢ of the form A£. Let Ay, be a
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e Lor ﬁM = {<G17B1>7 . '7<Gk7Bk>}7 ﬁ — {<G1 X QdeBl X Qw>7 .. 7<Gk X Qvak X Qw>}
Proposition 3.27

(1) [Amyl = O(IM]-[Ap ).

(2) L(Anmy) is nonemply if and only if M =; 9.

The proof of Proposition 3.27 is very similar to the proof of Proposition 3.2. The only difference
is the fairness condition of the module, which is handled here by 3. In particular, an infinite
path p of a run r which gets trapped in the set Eirue should have 1 < 7 < k such that
Inf(rlp) N (G; x {Etrue}) # 0 and Inf(r|p) N (B; x {Etrue}) = (. Similarly, an infinite path
p of a run r which gets trapped in the set Afalse should have Inf(r|p) N (G; x {Afalse}) =0
or Inf(r|p) N (B; x {Afalse}) # 0 for all 1 < i < k. As with the product of Kripke structures
and HAAs, the depth of Ay is equal to the depth of Ap .

In conclusion, given an HAA Ap , such that Ap , accepts exactly all the D-trees that satisfy
1, fair model checking of % in a module M with branching degrees in D is reducible to checking
the 1-letter nonemptiness of a LAA of size O(|M]| - |Apy|) and of the same depth as Ap 4.
Thus, Theorem 3.26 implies the theorem below.

Theorem 3.28 Given an HAA Ap  of size n and of depth m, and a module M of size | with
branching degrees in D, fair model checking of v in M can be done using space O(mlog”(nl)).

Applying Theorem 3.28 to CTL and CTL*, we have the following:

Theorem 3.29

(1) The model-checking problem for CTL can be solved in space O(mlog®(mn)), where m is
the length of the formula and n is the size of the Kripke structure.

(2) The model-checking problem for CTL* can be solved in space O(m(m + logn)?), where m
s the length of the formula and n is the size of the Kripke structure.

In the following sections, we show how this result can be used to derive tight space complex-
ity bounds also for the satisfiability, validity, and implication problems of universal branching
temporal logics, as well as for the branching and the linear-branching modular model-checking

problem.
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transition from A X p, then not having p in the input letter still does not imply that we should
reject; it might be that all the paths in the input tree are not fair.

Generally, when considering fair model checking, we attribute each atomic proposition and
each negation of an atomic proposition with either A or E. As every state formula of the form
FE¢, the formula Ep, for an atomic proposition p, means that there exists a fair path for which
p holds in its first position. Thus, w =; Epiff p € L(w) and there exists a fair path starting at
w. Similarly, w =; Ap iff p € L(w) or there exists no fair path starting at w. Below we adjust
HAAs to handle formulas with attributed atomic propositions. Each adjusted HAAs has two

new states, Afalse and Ftrue, and the following new transitions:

o (Ap,0,k)=trueif p € 0. ¢ 0(Ep,o,k) = Etrueif p € 0.

o 0(Ap,0,k)= Afalseif p¢ o. ¢ 6(Ep,o,k)=falseif p¢ o.

o 0(A-p,o,k)=trueif p g o. ¢ §(E-p,0,k)= Etrueif p ¢ o.

o 0(A-p,o,k)= Afalseif p € 0. ¢ §(E-p,o,k) = falseif p € 0.

o §(Afalse,o,k) = N°Z3(c, Afalse). o §(Etrue,o,k) = \'Z, (c, Etrue).

In addition, we adjust the acceptance condition to be (G U {Ftrue}, BU {Afalse}), where
(G, B) is the acceptance condition of the original HAA (namely, the one that corresponds to
the same formula without the attribution of the atomic propositions). It is easy to see that the
state Afalse constitutes a universal set and that the state Ftrue constitutes an existential set.
The task of the states Afalse and Firue will get clearer after the definition of the product
automaton. For now, note that the language of an adjusted HAA is exactly the same as the
language of the original HAA. It is only that some finite paths in a run of the original HAA
may now be infinite and get trapped in the existential set F{rue and that some runs of the
adjusted HAA that have infinite paths which get trapped in the universal set Afalse are not
possible runs of the original HAA.

Given a branching temporal logic formula % and a set D C IN of branching degrees, let
Apy = (8,D,Qy,0y,9, ay) be an HAA which accepts exactly all the D-trees that satisfy
¢. Consider a module M = (X, W, R,W° L, 3y) with branching degrees in D. The product
automaton of M and Ap , is the LAA Ay = ({a}, D, W x Qy, 6, W° x {¢},, 3), where 6,

a, and [ are defined as follows:

o Let ¢ € Qy, w € W, succy(w) = (wq, ..., Whaqw)-1), and 6y (q, L(w),bd(w)) = 6. Then
0((w, q),a,bd(w)) = @', where @' is obtained from # by replacing each atom (¢,n) in 6 by
the atom (¢, (w.,n)). For k # bd(w), we have §({(w, ¢), a, k) = false.

e For oy = (G, B), we have that o = (W x G, W x B).
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q €Gq.
q" € Gj-
¢' is reachable from g¢.

¢" is @; \ Bj-reachable from ¢'.

A

¢’ is @; \ Bj-reachable from ¢".
If such ¢’ and ¢” are found (possibly ¢’ = ¢”), label ¢ with ‘T".

e For a universal set ();, we now have

(4.2) If no such state exists, guess 1 < j < k and search for states ¢’ and ¢” of @); such
that the following hold:

1. ¢ € B.

2. ¢" € dG;y.

3. ¢ is reachable from gq.

4. ¢" is @; \ Bj-reachable from ¢'.
5

. ¢ is @; \ Bj-reachable from ¢".
If such ¢ and ¢’ are found, label ¢ with ‘F’.

The idea of the algorithm is straightforward: in an existential set, finding ¢ and ¢’ as required
witnesses a path that satisfies both @ and . In a universal set, finding ¢ and ¢’ as required
witnesses a path that satisfies 5 and does not satisfy a. Since we only elaborate the reachability

checks, the complexity of the algorithm is the same as in Theorem 3.17. ]

Fair Model Checking

The method presented in Section 3.2 reduces branching-time model checking to 1-letter nonempti-
ness of alternating tree automata. We now extend this method and reduce fair branching-time
model checking to 1-letter nonemptiness of LAAs. To do this, we define the product of a module
and an alternating tree automaton, extending the definition of a product of a Kripke structure
and an alternating tree automaton, described in Section 3.2.2. The alternating tree automata

we consider here are HAAs. In this case, the resulted product automaton is a LAA.

Before defining the product, we have to adjust the HAAs to handle fairness. Consider the
HAA of some CTL formula and consider a state p in it which is associated with an atomic
proposition. We may reach the state p in a transition from, say, a state £ Xp. Then, when
the HAA is in state p, it is not sufficient to have p in the input letter; we also have to make

sure that the HAA can proceed along a fair path of the input tree. Similarly, if we reach pin a
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(3) For every M, M', and M", if M < M’ then M| M" < M'||M".
(4) For every M, we have M < M||M.

(5) For every M and M’ such that M < M’, and for every universal branching temporal logic
formula ¢, M' = ¢ implies M = ¢.

A module M is a mazimal model for an YVCTL* formula ¢ if it allows all behaviors consistent
with . Formally, M is a maximal model of ¢ if M |=; ¢ and for every module M’ we have
that M’ < M if M’ }=; . Note that by the preceding theorem, if M’ < M, then M’ |=; .
Thus, M, is a maximal model for ¢ if for every module M, we have that M < M, iff M |= ¢.
A construction of maximal models for VCTL formulas is described in [GL94]. We will describe

later a construction of maximal models for VCTL* formulas.

3.6.2 An Automata-Theoretic Framework to Fair Model Checking
Libi Alternating Automata

In order to perform fair model checking, we introduce Libi alternating automata (LAAs). A
LAA A= (3,0,6,Q° a,()is an HAA extended with a Rabin acceptance condition 3 C 29 x29.
For a run 7 of a LAA with a = (G, B) and g = {(Gy, B1), ..., (G, Br)}, a path p which gets
trapped within a set (); is accepted by the run iff either (); is an existential set, in which case
Inf(r|p) NG # 0 and there exists 1 < j < k such that Inf(r|p)NG; # 0 and Inf(r|p)NB; =0, or
@; is a universal set, in which case Inf(r|p)NB = Q or, for all 1 < j < k, either Inf(r|p)NG; =0
or Inf(r|p) N B; # (). This means that we require paths that get trapped in an existential set to
satisfy both a and 3, and that we require paths that get trapped in a universal set and satisfy
0 to satisfy a too.

We now show that the space complexity result presented in Theorem 3.17 for the 1-letter
nonemptiness of HAAs extends to LAAs.

Theorem 3.26 The I-letter nonemptiness problem for a LAA of size n and with m sels can
be solved in space O(mlog® n).

Proof: Consider a LAA with o = (G, B) and 8 = {(G1, B1),...,(Gy, By)}. We extend the
nonemptiness procedure presented for HAAs in the proof of Theorem 3.17. The only change
required is in steps (3.2) and (4.2) that handle existential and universal sets. For a set S C @
and two states ¢ and ¢, we say that ¢ is S-reachable from ¢, if ¢’ is reachable from ¢ using

states from S only (in particular, ¢ and ¢’ are members of 5).

e For an existential set ¢);, we now have

(3.2) If no such state exists, guess 1 < j < k and search for states ¢’ and ¢” of @); such
that the following hold:
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(2.1) L(s) N AP’ = L(s').

(2.2) For every fair computation m = sg, s;,...in M, with s, = s, there exists a fair path

' =sp,8),...in M', with sj = s', such that for all ¢ > 0, we have H (s;,s}).
A simulation relation H is a simulation from M to M' iff for every w € WP there exists
w € W such that H(w,w'). If there exists a simulation from M to M’, we say that M
simulates M’ and we write M < M’. Intuitively, it means that the module M’ has more
behaviors than the module M. In fact, every possible behavior of M is also a possible behavior
of M’. Note that our simulation is different from the classical simulation used by Milner [Mil71],

where there are no fairness conditions.

Let M and M’ be two modules. The composition of M and M’, denoted M||M’, is a module
hat has exactly these behaviors which are joint to M and M’ and are fair in both of them. In
order to define M||M’, we define first the structure M”, which has no fairness condition and

which has exactly the joint behaviors of M and M’, ignoring their fairness conditions. Formally,

M" = (AP",W" R",W°' L"), where:

o AP"=APUAP.

W" = {{w,w') : L(w) N AP' = L(w") N AP}.

R" = {{({w,w'),(s,s")) : (w,s) € R and (w',s') € R'}.
o W' = (WO x W) nWw".
e For every (w,w’) € W”, we have L"((w,w')) = L(w) U L'(w').

In order to get M||M’, we have to elaborate M" such that its behaviors will be fair in both M
and M’. Clearly, a computation 7 in M” is fair iff there exist a pair (G, B) € a and a pair
(G, B") € o such that 7 visits states from G' x W’ infinitely often, visits states from W x G’
infinitely often, and visits states from (B x W’) U (W x B’) only finitely often. Thus, checking
the fairness of 7 with respect to a single pair of pairs can be done, as in the product of two
Biichi automata, by augmenting each state of M" with a Boolean flag. For mm’ such pairs of
pairs (originating from m pairs in a and m’ pairs in a'), checking the fairness of 7 can be done,
by augmenting each state of M"” with a 2mm’-valued flag, resulting in M||M’ with 2mm/|W"|

states.

Theorem 3.25 [GL94]

(1) The simulation relation < is a preorder.

(2) For every M and M’, we have M||M' < M.
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A VCTL* path formula is either:

o A CTL* state formula.

o 1 Ay, 1 V o, Xahy, 1 Uthsy, or 0 Uy, where 1 and 1, are YCTL* path formulas.

The logic VCTL* consists of the set of state formulas generated by the above rules. Note that
since negation in YCTL* can be applied only to atomic propositions, assertions of the form
- A, which is equivalent to F—1, are not possible. The logic YCTL is defined similarly, as
the restricted subset of CTL which allows the universal path quantifier only. The logics JCTL*
and ACTL are defined analogously, as the existential fragments of CTL* and CTL, respectively.
Note that negating a VCTL* formula results in an 3CTL* formula.

We define the semantics of VCTL* with respect to fair modules (modules, for short). Modules
augment Kripke structures with a fairness condition. In addition, a module may have several
initial states. Precisely, a module M = (AP,W, R, W° L,a) consists of a set AP of atomic
propositions, a set W of states, a total transition relation R C W x W, a set W° C W of
initial states, a labeling function L : W — 247 and a Rabin fairness condition a (our choice
of this type of fairness condition is technically motivated, as will be clarified in the sequel). A
computation of a module is a sequence of states, 7 = wg, wy, ... such that for every ¢ > 0, we
have that (w;, w;41) € R. A computation of M is fair iff it satisfies the fairness condition a.
That is, if @ = {(G1, B1),. .., (G, By)} then 7 is fair iff there exists 1 < ¢ < k such that w; € G;
for infinitely many j’s and w; € B; for only finitely many j’s. When defining the semantics
of YCTL* over modules, path quantifiers range only over fair computations, cf. [CES86]. A
module M satisfies a formula ¢ iff ¢ holds in all initial states of M. We say that a module is
nonempty iff there exists a fair computation that starts at an initial state. We use M =; ¢ to
denote that a module M satisfies the VCTL* formula ¢.

Simulation Relation and Composition of Modules

In the context of modular verification, it is helpful to define an order relation between modules
[GL94]. Intuitively, the order captures what it means for a module M’ to have “more behaviors”

than a module M.
Let M = (AP,W,R,W° L,a)and M' = (AP'",W',R", W L', a') be two modules for which
AP" C AP, and let w and w’ be states in W and W', respectively. A relation H C W x W' is

a simulation relation from (M, w) to (M', w') iff the following conditions hold:
(1) H(w,w’).

(2) For all s and s, we have that H (s, s’) implies the following:
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are not closed under negation, these problems are not inter-reducible as they are for CTL and
CTL*).

We use two fundamental techniques to solve these questions. The first technique is the
mazimal-model technique introduced in [GL94]. It is shown there that with every VCTL formula
 one can associate a mazimal model M, (called the tableau of ¢ in [GL94]) such that a module
M satisfies ¢ precisely when M simulates M, (we define simulation later on). We use here
automata-theoretic techniques for CTL* [VS85, EJ88] to construct maximal models for YCTL*
formulas. While maximal models for YVCTL involve an exponential blow-up, maximal models

for YCTL* involve a doubly exponential blow-up.

The second technique is the automata-theoretic framework to branching-time model check-
ing introduced in Section 3.2. There, we showed how to use alternating tree automata to
obtain space-efficient model checking methods. Since the maximal models that we construct
include fairness conditions, we extend the automata-theoretic method to yield space-efficient
fair model-checking algorithms. We then show how performing fair model checking over maxi-
mal models can solve the satisfiability, validity, and implication problems for YCTL and YCTL*.
Our results show that these problems are computationally easier than the analogous problems
for CTL and CTL*. For example, while all three problems are EXPTIME-complete for CTL,
we have that satisfiability and implication are PSPACE-complete and validity is NP-complete
for VCTL.

We turn on to the branching modular model-checking problem. Interestingly, the same two
fundamental techniques of maximal models and space-eflicient fair model checking also yield

a solution to this problem. We prove that the branching modular model-checking problem is
PSPACE-complete for YCTL and EXPSPACE-complete for VCTL*. We show that the increase
in complexity is solely to the assumption part of the specification. This suggests that modular
model checking in the branching temporal framework can be practical only for very small
assumptions.

3.6.1 Preliminaries

Universal Branching Temporal Logics

The logic VCTL* is a restricted subset of CTL* which allows only the universal path quantifier.

Formally, let AP be a set of atomic proposition names. A YCTL* state formula is either:

o true, false, p, or —p, for all p € AP.
o 01 A s or 1 V gy, where ) and ¢, are VCTL* state formulas.

o Ay, where 9 is an YCTL* path formula.

53



computations of the module are guaranteed to satisfy 1, assuming that all the computations
of the environment satisfy . As observed in [Pnu85], in this case the assume-guarantee pair
(¢, 1) can be combined to a single linear temporal logic formula ¢ — 7. Thus, model checking
a module with respect to assume-guarantee specifications in which both the assumed and the
guaranteed behaviors are linear temporal logic formulas is essentially the same as model checking

the module with respect to linear temporal logic formulas.

The situation is different for the branching temporal paradigm. Here the guarantee is a
branching temporal formula, which describes the computation tree of the module. There are
two approaches, however, to the assumptions in assume-guarantee pairs. The first approach,
implicit in [CES86, EL85b, EL87] and made explicit in [Jos87a, Jos87b, Jos89, DDGJRY], is
that the assumption in the assume-guarantee pair concerns the interaction of the module with
its environment along each computation, and is therefore more naturally expressed in linear
temporal logic. Thus, in this approach an assume-guarantee pair should consist of a linear
temporal assumption ¢ and a branching temporal guarantee 1». The meaning of such a pair
is that ¢ holds in the computation tree that consists of all computations of the program that
satisfy ¢. The problem of verifying that a given module M satisfies such a pair (¢, ), which
we call the linear-branching modular model-checking problem, is more general than either linear

or branching model checking and is studied in depth in [Var95].

A second approach was considered in [GL94], where assumptions are taken to apply to the
computation tree of the system within which the module is interacting. Accordingly, assump-
tions in [GL94] are also expressed in branching temporal logic. There, a module M satisfies
an assume-guarantee pair (p, ) iff whenever M is part of a system satisfying ¢, the system
satisfies ¥ too. We call this branching modular model checking. Furthermore, it is argued there,
as well as in [DDGJ89, Jos89, GLI1, DGGI3], that in the context of modular verification it
is advantageous to use only universal branching temporal logic, i.e., branching temporal logic
without existential path quantifiers. That is, in universal branching temporal logic one can state
properties of all computations of a program, but one cannot state that certain computations
exist. Consequently, universal branching temporal logic formulas have the helpful property
that once they are satisfied in a module, they are satisfied also in a system that contains this
module. The focus in [GL94] is on using YCTL, the universal fragment of CTL, for both the

assumption and the guarantee.

In this section, based on [KV95], we focus on the branching modular model-checking prob-
lem, which we show to be a proper extension of the linear-branching modular model-checking
problem. That is, the linear-branching modular model-checking problem is a special case of
the branching modular model-checking problem. We consider assumptions and guarantees in
both YVCTL and in the more expressive YCTL*. We start by examining the most fundamental
questions about these logics: satisfiability, validity, and implication (since VCTL and VCTL*
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of P is of size exponential in the size of P. According to [EL86], model checking of a Kripke
I( )n-}—l)’

where n is the alternation depth of %. The alternation depth of a formula % is the maximal

structure K with respect to a p-calculus formula % is of time complexity O((]?] -

number of alternations between p and v on any syntactic path from an occurrence of py or vy
to an occurrence of y. A formal definition can be found in [EL86], yet the one we gave here is
good enough to get convinced that n < |¢|. Therefore, model checking of K with respect to v
is of time complexity O((|¢|-2¥1)I¥l). Hence, fixing ¢ we get that the program complexity of
p-calculus model checking for concurrent programs is in EXPTIME. ]

To conclude, the automata-theoretic framework provides improved (and significant) space-
complexity upper bounds for the model checking problem of CTL and CTL* and explains why

similar improved bounds can not be obtained for model checking of the p-calculi.

3.6 The Complexity of Modular Model Checking

Even with the improved space complexity results, model checking still suffers from the state-
explosion problem. Modular verification is one possible way to address the state-explosion
problem [CLMB89, GL94, ASSSV94]. In modular verification, we use proof rules of the following
form:

M,

My ¢ MM

C(Y1,¢2,¥)
Here, C(¢1,4,1) is some logical condition relating 11, 1, and ¢. The advantage of using
modular proof rules is that it enables us to apply model checking to components of a system
(which we call modules) and deduce the correctness of the entire system. Obviously, the modules

of the system have much smaller state spaces.

The state-explosion problem is only one motivation for pursuing modular verification. Mod-
ular verification is advocated also for other methodological reasons; a robust verification method-
ology should provide rules for deducing properties of programs from the properties of their con-
stituent modules. Indeed, efforts to develop modular verification frameworks were undertaken
in the mid 1980s [Pnu85].

A key observation is that in modular verification the specification should include two parts
[Lam83]. One part describes the desired behavior of the module. The other part describes
the assumed behavior of the system within which the module is interacting. This is called
the assume-guarantee paradigm, as the specification describes what behavior the module is
guaranteed to exhibit, assuming that the system behaves in the promised way.

For the linear-time paradigm, an assume-guarantee specification is a pair (g, ), where

both ¢ and % are linear temporal logic formulas. The meaning of such a pair is that all the
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corresponds to the formula ¥ = py.(p V EXAXy) and in which an alternation between exis-
tential and universal states that belong to the same set is possible. So, while the syntax of
CTL and CTL* makes the alternation of the path quantifiers A and F bounded by the length
of the formula, the fixed-point operators in p-calculus enable an unbounded alternation. This

unbounded alternation is the key for the following theorem:

Theorem 3.23 The program complezity of allernatlion-free p-calculus model checking for con-
current programs is EXPTIME-complete.

Proof: Clearly, the problem can be solved in EXPTIME by building the nondeterministic
program corresponding to the concurrent program and using the model-checking algorithm
from Section 3.3.1. To prove that it is hard in EXPTIME, we do a reduction from alternating
linear-space Turing machines, proved to be EXPTIME-hard in [CKS81].

Similarly to what we have done proving Theorem 3.20, we show that there exists an
alternation-free p-calculus formula % such that given an alternating Turing machine T of space
complexity s(n) and a word w of length n, it is possible to build, with a logarithmic space
construction, a concurrent program P of size O(s(n)) such that P satisfies ¢ if and only if
T accepts w. The model of alternation we use is that 7" is universal in its even steps and is

existential in its odd steps.

Given T, the construction of P is exactly the same as in Theorem 3.20. Consider the
p-calculus formula
¥ = py.(accept V. EX (accept V AXy)).

P | « if and only if there exists a computation of 7" on w in which all the leaves of the
computation tree eventually reach an accepting state. Thus, P |= ¢ if and only if T" accepts

the empty tape. L]

Theorem 3.23 implies that while the time complexities of model checking for CTL and
alternation-free p-calculus coincide, there is a gap between the space complexities of model
checking for these logics. Moreover, the program complexity of model checking for CTL* is
lower than the program complexity of model checking for the alternation-free p-calculus. In
Theorem 3.24 we go further, showing that the program complexities of model checking for

concurrent programs for alternation-free p-calculus and general p-calculus coincide.

Theorem 3.24 The program complezity of p-calculus model checking for concurrent programs
is EXPTIME-complete.

Proof: Clearly, hardness in EXPTIME follows from Theorem 3.23. To prove membership in
EXPTIME we use the algorithm suggested in [EL86]. Given a concurrent program P and a p-

calculus formula ¥, the size of a Kripke structure K that models the nondeterministic expansion
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Theorem 3.21 The program complezity of CTL and CTL* model checking for concurrent pro-
grams is PSPACE-complele.

Proof: Clearly, the upper bound proved in Theorem 3.20 holds here too. Since proving the
lower bound we used a fixed formula, hardness in PSPACE holds too. L]

The fact that CTL and CTL* formulas can be translated to HAAs plays a crucial role in
our upper bound. To see this, we prove in Theorem 3.22 bellow, that the 1-letter nonemptiness
problem for WAAs is P-complete. Thus, the restricted structure of HAAs is essential for a

space-efficient nonemptiness test.

Theorem 3.22 The 1-letter nonemptiness problem for weak alternating automata is P-complete.

Proof: Membership in P follows from Theorem 3.9. Hardness in P follows by a reduction
from the Alternating Graph Accessibility problem, proved to be P-complete in [Imm81, CKS81,
GHRO1], to nonemptiness of weak alternating word automata. The result for WA As then follows
by Theorem 3.1. In the Alternating Graph Accessibility problem, we are given a directed graph
G = (V, E), a partition EUU of V', and two designated vertices s and ¢. The problem is whether
alternating_path(s,t) is true, where alternating_path(z,y) holds if and only if:

1. z=1y, or
2. z € £ and there exists z with (z,z) € £ and alternating_path(z,y), or

3. # € U and for all z with (z,2) € F, we have alternating_path(z,y).

Given G,&,U, s, and ¢, we define the weak alternating word automaton A = ({a},V, 6, {s},{t})

where § is defined as follows:

o If g€ & and qg#¢ then 6(q,a) =V, nep ¢
o Il g €U and g # ¢, then é(q,a) = Ny yer ¢
e 0(t,a) = true.
It is easy to see that a partition of V into two sets, V' \ {¢} and {t}, satisfies the weakness

requirements and that the language of A is not empty iff alternating_path(s,t). L]

We now consider the program complexity of p-calculus and alternation-free u-calculus model
checking for concurrent programs. The WAAs that correspond to alternation-free p-calculus
do not have the restricted structure of HAAs. In Example 3.7, we presented the WAA that
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of the Kripke structure. Since the product of the components of a concurrent program is at
most exponentially larger than the program, membership in PSPACE is immediate. To prove
hardness in PSPACE, we do a reduction from polynomial space Turing machines.

Precisely, we show that there exists a CTL formula % such that given a Turing machine T’
of space complexity s(n) and a word w of length n, it is possible to build, with a logarithmic
space construction, a concurrent program P of size O(s(n)) such that P satisfies ¢ if and only
if T accepts w.

Let T =(I',Q, —, qo, ') be a Turing machine where [' is the alphabet, @ is the set of states,
—C Q@ xI'xQ xI'"x {R, L} is the transition relation (we use (¢,a) — (¢’,b,A) to indicate
that when 7' is in state ¢ and it reads the input « in the current tape cell, it moves to state ¢/,
writes b in the current tape cell, and its reading head moves one cell to the right/left, according
to A), ¢o is the initial state, and F C @ is the set of accepting states. Let w = wy---w,.
The concurrent program P has s(n) processes, one for each tape cell that is used. For all

1 <@ < s(n), the process P; is defined as follows.
1. AP, = {accept;} and AC; = {i —1,¢,014+ 1} x Q.

2. The state set of P; is (@ x I') UI'. A state of the form (g, a) indicates that T" is in state ¢,
its reading head is on cell ¢, and the content of cell 7 is a. A state of the form a indicates

that the content of cell 7 is ¢ and the reading head is not on cell ¢.

3. For each transition (¢,a) — (¢’,b,A) of T', we have the following transitions in P;.

(a) A transition from (g, a) to b labeled by (¢ +1,¢) if A= R and by(:—1,¢") if A= L.
This transition corresponds to the head moving from cell ¢ to cell i + 1 or ¢ — 1.
(b) A transition from every a € I" to (¢’, a) labeled by (7, ¢’). This transition corresponds

to the head moving to cell 7 from cell ¢+ 1 or ¢ — 1.

4. The initial state of P; corresponds to the initial content of cell ¢. Thus, it is (g, w;) for

i=1,itis wy for 1 << m, and it is € for n < i < s(n).
5. We label a state (¢, a) with accept; if and only if ¢ € F.

The concurrent behavior of the processes embodies all the computations of 7" on w. To see
this, observe that each reachable state s in P has exactly one 1 < ¢ < n for which s[i] € @ x T
Thus, each reachable state in P corresponds to a configuration of T'. Also, a transition from
a state s; to a state sy corresponds to a possible transition from the configuration associated

with s; to the one associated with s,.

Now, let accept=\/; accept;. Consider the CTL formula ¢» = E Faccept. P |= ¢ if and only
if there exists a computation of T on w which eventually reaches an accepting state. Thus,
P =4 if and only if T accepts w. L]
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3.5 The Complexity of Model Checking for Concurrent Pro-
grams

We consider a concurrent program P composed of n concurrent processes FP;. Fach process is
described by a transition system D; = (AP;, AC;, S;, Ay, so,, L;) where AP; is a set of atomic
propositions, AC; is an action alphabet, 5; is a finite set of states, A; C S; x AC; X 5; is a
transition relation, s;, € S; is an initial state, and L; : S; — 24% maps each state to the set
of atomic propositions true is this state. We require that the atomic-proposition sets of the
processes are disjoint.

A concurrent behavior of these processes is defined by the usual interleaving semantics:
actions that appear in several processes are synchronized by common actions. Using this con-
vention, one can obtain a global transition system D describing the joint behavior of the pro-
cesses P;. This global transition system is computed by constructing the reachable states of the
product of the processes P;. This product is the transition system D = (AP, AC,S, A, sq, L)

where

o AP =Ucic, AP

o AC =U,cic, AC.

S =Tli<i<n Si- We denote the ith component of a state s € S by sq].

(s,a,s’) € Aif and only if
— for all 1 < ¢ < nsuch that @ € AC;, we have (s[i],a, s'[7]) € A;, and
— for all 1 < ¢ < nsuch that a € AC;, we have s[i] = s'[i].

® Sg = <50173027 .. .750n>.

e For every s € 5, we have L(s) = {J; L;(s[7]).
We define the complexity of model checking for a concurrent program P with respect to
the size of its components P; and the length of the formula being checked. Accordingly, the

program complexity of model checking for concurrent programs is defined in terms of the size

of the components of the concurrent program.

Theorem 3.20 The complexity of CTL and CTL* model checking for concurrent programs is
PSPACE-complele.

Proof: We have just proved that the model-checking problem for CTL and CTL* can be

solved in space polynomial in the length of the formula but only poly-logarithmic in the size
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(4.1) Search for a reachable state ¢’ of the same @; that is provably false. If such a state
¢’ is found, label ¢ with ‘F”.

(4.2) If no such state exists, search for a state ¢’ € Q; N B that is reachable from ¢ and
from itself. If such a state is found, label ¢ is with ‘F’.

(4.8) if none of the first two cases apply, label ¢ with “T".

With every state ¢ we can associate a finite integer, rank(q), corresponding to the depth
of the recursion required in order to label ¢. It is easy to prove, by induction on rank(q), that
¢ is labeled correctly. The procedure is recursive, but since each recursive call takes us to a
lower ();, the depth of the recursion is bounded by m. Each invocation of the procedure can
be executed nondeterministically using space O(logn). Therefore, by Savitch Theorem [Sav70],
it can be executed deterministically in space O(log2 n). Hence, the whole procedure can be

executed using space O(mlog” n). U

Theorems 3.12 and 3.14 provide us with sizes and depths of the HAAs associated with
formulas of CTL and CTL*. Together with Proposition 3.2 and Theorem 3.17, we have the

following.

Theorem 3.18

(1) The model-checking problem for CTL can be solved in space O(mlog®(mn)), where m is
the length of the formula and n is the size of the Kripke structure.

(2) The model-checking problem for CTL* can be solved in space O(m(m + logn)?), where m
s the length of the formula and n is the size of the Kripke structure.

It is interesting to note that a less space-efficient deterministic version of the algorithm given in
the proof of Theorem 3.17 can be viewed as the automata-theoretic counterpart of the algorithm
presented in [VL93].

Now, let us define the program complexzity [VW86a] of model checking as the complexity of

this problem in terms of the size of the input Kripke structure; i.e., assuming the formula fixed.

Theorem 3.19 The program complexity of CTL and CTL* model checking is NLOGSPACE-
complete.

Proof: Fixing the formula, we get an HAA of a fixed depth. According to the algorithm
presented in the proof of Theorem 3.17, the nonemptiness problem for such an HAA is in
NLOGSPACE. Thus, sois the program complexity of CTL and CTL* model checking. Hardness
in NLOGSPACE is immediate by a reduction from the graph accessibility problem, proved to
be NLOGSPACE-complete in [Jon75]. U]
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graph of the automaton. We now show that by using a top-down exploration of this transition

graph, we can get a space efficient 1-letter nonemptiness algorithm for HA As.

Theorem 3.17 The 1-letter nonemptiness problem for an HAA of size n and depth m, can be
solved in space O(mlog” n).

Proof: The property of HAAs we use is that, from a state in @);, it is possible to search for
another reachable state in the same @); nondeterministically using space O(logn). For transient
Q;, there are no such states. For universal and existential ();, the exact notion of reachability
we use is the transitive closure of the following notion of immediate reachability. Consider a
set (); and assume that we have a Boolean value for all states in sets lower than ();. Then,
a state ¢’ € @ is immediately reachable from a state ¢, if it appears in the transition from ¢
when this transition has been simplified using the known Boolean values for states in lower
@);’s. Note that the simplified transition is always a disjunction for a state of an existential @);,
and a conjunction for a state of a universal ;. A key step in our algorithm is the evaluation
of Boolean expressions. It is known that this can be done using space that is logarithmic in the
size of the expression [Lyn77]. Here, we evaluate expressions over (), using a recursion of depth

at most m to trace their Boolean value.

We call a state ¢’ of @; provably true if, when the procedure is applied to the successors of
¢’ that are not in @);, and the Boolean expression for the transition from ¢’ is simplified, it is

identically true. States that are provably false are defined analogously.

The following recursive procedure labels the states of the automaton with ‘T’ (accepts) or

‘F” (does not accept).

(1) Start at an initial state.

(2) At a transient state ¢, evaluate the transition from ¢ by recursively applying the procedure
to the successor states of ¢. Label the state with the Boolean value that is obtained for

the transition.
(3) At a state ¢ of an existential @;, proceed as follows.

(3.1) Search for a reachable state ¢’ of the same @); that is provably true (note that this
requires applying the procedure recursively to all states from lower @);’s that are
touched by the search). If such a state ¢’ is found, label ¢ with “T".

(3.2) If no such state exists, search for a state ¢’ € @); N G that is reachable from ¢ and
from itself. If such a state is found, label ¢ with “T’.

(3.8) if none of the first two cases apply, label ¢ with ‘F’.

(4) At a state ¢ of a universal @);, proceed as follows.
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e The set (J; can not be a transient set. Consider the case where it is an existential set.
Then, for every ¢ € @7, it must be that §(¢,a) is a disjunction of states in @7. The
algorithm labels all the states in @7 with ‘T’ if and only if Q] N G # (. Assume first
that @1 N G # (. Then, as Q1 is a strongly connected component, there exists, for every
q € Q1, a state ¢ € G such that ¢ is reachable from ¢ and from itself. Hence, there
exists a run of A7 that visits (in its single branch) the state ¢’ infinitely often. This run is
accepting an thus the language of A? is not empty. Assume now that @1 NG = (). Then,
for every ¢ € @1, no run of A? can visit, even once, a state in G. Thus, no run of A? is

an accepting run. The proof is symmetric for the case (), is a universal set.

e Assume that we have already labeled correctly all the states in all Q% with (k,1) < (4, ),
and let g € Qf If ¢ is labeled before the phase (7, ) then, by the same consideration we
used for WA As, it is labeled correctly. Consider the case that ¢ is labeled during the phase
(7,7) and let @; be a universal set. Then, the simplification of §(¢, a) is a conjunction of
states in Q) and ¢ it is labeled ‘F” if and only if Q) N B # (). Assume first that Q) N B # §.
Then, as Qf is a strongly connected component, there exists, for every ¢ € Qf, a state
¢’ € B such that ¢ is reachable from ¢ and from itself. Hence, in every run of A? there is
a copy that visits ¢ infinitely often. Thus, no run of A? is an accepting run. Assume now
that Qf N B = (. Then, for every ¢ € Qf, no copy of A? can visit, even once, a state in
B. So, every copy either stay in Qf without visiting B, or reaches a state ¢’ for which the
language of A? is not empty. Thus, all the copies of A? are accepting and the language

of A? is not empty. The proof is symmetric for the case (); is an existential set.

Since partitioning each graph into maximal strongly connected components can be done in
linear running time [Tar72], the overall running time remains linear, as with WAAs. The data
structure used for a linear-time implementation is similar to the one described for WA As. Since
the nonemptiness test for WA As is described for simple WA As, taking the nodes of the and/or
graph to be the states of the WAA induced an and/or graph in a straightforward way. Here,
however, A is not simple. Let A’ be the simple alternating word automaton obtained from A
by the simplification described in Theorem 3.1, and let @} < ... < @’ be the order on its sets
(described there too). The automaton A’ is no longer an HAA. Still, taking its states as the
nodes of the and/or graph is proper: the flow of the labeling in the graph guarantees that when
the algorithm reaches an existential (universal) set, all the nodes of this set which are still not

labeled induce an or-graph (and-graph) as required. L]

So, the 1-letter nonemptiness problem for HAAs can be solved in linear running time. This,
together with Theorem 3.14, provides us with an exponential-time model-checking procedure for

CTL*. Note that the algorithm used there is essentially a bottom-up labeling of the transition
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Before we get to the space complexity of the 1-letter nonemptiness problem for HAAs, let

us consider the time complexity of this problem.

Theorem 3.16 The 1-letter nonemptiness problem for hesitant alternating automata is decid-
able in linear running time.

Proof: Following Theorem 3.1, we present an algorithm with a linear running time for
checking the nonemptiness of the language of an hesitant word alternating automaton A =
{a},Q,6,Q°% (G, B)). The algorithm is very similar to the one described in the proof of The-
orem 3.9. The only change is that here we do not have accepting and rejecting sets. Rather,
being trapped in an existential set, the automaton should be able to visit states from G in-
finitely often. Similarly, being trapped in a universal set, the automaton should be able to visit
states from B only finitely often. As there, the algorithm proceeds up a total order of the @;’s,
labeling states with ‘T’ and ‘F’, guaranteeing that when it reaches a set @);, all the states in
all sets ();’s for which ¢); < @);, have already been labeled. For a transient set @;, the above
implies that the states in it have already been labeled too. For existential and universal sets,

the algorithm proceeds as follows.

e In an existential set ();, all the transitions from states in ); only contain disjunctively
related elements of ¢);. So, when the algorithm reaches @);, all its simplified transitions
are disjunctions and induce an or-graph that has states in ¢); as nodes. The algorithm
partitions the graph into maximal strongly connected components Q7. Since the partition
is maximal, there exists a partial order over these component (Q{ < QF if and only if
there exists a transition from Q¥ to QJ) and there exists an extension of it into a total
order @} < ... < Q7. The algorithm proceeds up this total order. When it reaches a
component Q! for which QI NG # (), then all the states in @’ are labeled “T’. Otherwise
(Qf NG = (), they are labeled ‘F’. In both cases, the labeling is propagating. Indeed, a
copy of A can stay in @); and visit states in G infinitely often if and only if it reaches a

maximal strongly connected component Q?, with Q! N G # .

e For a universal set, the transitions induce an and-graph. Accordingly, when the algorithm
reaches a maximal strongly connected component Q! for which Q! N B # 0, all the states
in Qf are labeled ‘F’ (and the labeling is propagating). Otherwise, they are labeled “1".
Here, a copy of A can stay in (); and visits states in B only finitely often if and only if it
reaches a component @7, with Q) N B = .

Consider the total order Q1 < Q? < ...QT* < Qi <...< Q™. We prove that forall 1 <i < n
and 1 < 5 < my, all the states in Qﬁ are labeled correctly. The proof proceeds by induction on
(7,7) (with the ordering (7, j1) < (t,72) iff 41 < iy or ¢; = i3 and j; < ja):
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Starting with a sequential Biichi automaton U for £ = FGo, we construct Ap, p.

UE = <{{9‘9}7®}7{QO7(]1}7*147 qo, {Q1}>7 with

o M(qo,{v}) ={9, 0}

o Mg, {¢}) ={a}

g *M(QO,Q) = {(Jo}
o M(q,0)=10

Hence7 AID,E& = <{{99}7®}7D7{QO7Q1}76/7QO7 <{Q1},®>>, with

q || (g, {¢}. %) | 6'(q,0,k) |
% \/’cc:_ol((ca q) V (¢, q1)) \/]cc:_ol(ca %)
o || Vil (eq1) false

We are now ready to compose the automata into an automaton over the alphabet {{p},0}.

AD,E& = <{{p}7®}7D7{q07q17qS7q~3}767 Go, <{q1}7®>>7 Wlth

g | 8(q.{p}. k) | 8(q.0.%) |

@ || ViSo(eoao) | (VEZa((er o) V (e 1) A VIS5 (era5)) v (VS (s 0) A A (s i)
¢ | false Vezo(e501) A Vezo (€, as)

g3 || false true

Gz || true false

Consider 6(qo,®, k). The first conjunction corresponds to the case where A pe guesses that ¢
holds in the present. Then, Ap pe proceeds with 6'(qo, {¢}, k) conjuncted with 6(gs,0,%). The
later guarantees that ¢ indeed holds in the present. The second conjunction corresponds to the
case where ¢ does not hold in the present. Then, Ap pe proceeds with §'(go, 0, k) conjuncted
with 6(¢s, 0, k).

We obtain Ap , by dualizing Ap ge. Hence, Ap, = ({{p},0}, D, {Go, G1, Gs; g3}, 6, Go, (D, {d1}))
with

g || 8(q.{p}. k) | 8(q.0.%) |

Qo | AZo(esdo) | (NZ5((erdo) A (es60)) V NS (e 68)) A (AFZ0 (e, do) V VEZS (2 65))
¢ || true Aeco (i) V Niso (e, Gs)

g3 || true false

g3 || false true

Consider the state ¢;. A copy of Ap, that visits ¢; keeps creating new copies of Ap 4, all
visiting ¢;. Spreading a copy that visits ¢; stops only when it reaches a node that satisfies p or
AXp. Since ¢; € B, all the copies should eventually reach such a node. Hence, sending a copy
that visits the state ¢; to a node z, Ap , guarantees that all the paths in the subtree rooted z
eventually reach a node satisfying p vV AXp. Hence, in the state ¢y, unless Ap , gets convinced
that pv AXp holds in the present, it sends copies that visit ¢; to all the successors. In addition,
it always sends copies visiting ¢, to all the successors.
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proceeds according to an accepting run of #; on a word that agrees with p on the formulas in
maz (). Thus, p = € and (T, Vi) satisfies .

We now consider the size of A,. For every ¢, we prove, by induction on the structure of ¢,

that the size of A, is exponential in |¢|.

Clearly, for ¢ = p or ¢ = —p for some p € AP, the size of A, is constant.

For ¢ = o1 A g or ¢ = 1 V o, we have |A,| = O(|A,,| + |A,,|). By the induction
hypothesis, |A,,| is exponential in |¢;| and |A,,| is exponential in |@,|. Thus, [A,] is

surely exponential in |¢|.

For ¢ = E¢, we know, by [VW94], that the size of the word automaton ¥ is exponential
in |£]. Therefore, A, is exponential in |p|. Also, |¥'| is exponential in [maz(p)| and,
by the induction hypothesis, for all ¢; € maz(p), the size of A,, is exponential in |g;|.

Therefore, A, is also exponential in |¢|.

For o = A€, we know, by the above, that |Ag_¢| is exponential in . Since complement-
@ ’ , DY ’ 13 p @ p

ing an HAA does not change its size, the result for ¢ follows.

Finally, since each subformula of ¢ induces exactly one set, the depth of Ay is linear in |].

O

We note that the same construction holds also for ECTL* [VW84]. In ECTL*, formulas are

constructed from Boolean connectives and automata connectives. As the construction above

handles a formula F¢ by translating the path formula £ into an automaton, allowing automaton

operators in the path formulas causes no difficulty. We handle these automaton operators as

we handle the word automaton U, constructed for a CTL* path formula &.

Example 3.15 Consider the CTL* formula » = AGF(pV AX p). We describe the construction
of Ap y, for all D C IN, step by step. Since % is of the form A&, we need to construct and
dualize the HAA of the formula EFG((=p) A EX-p). We start with the HAAs Ap , and Ap
for ¢ = (=p) N EX —p.

A

A

Dy — <{{p}7®}7D7{q27QS}757 G2, <®,@>>, with

q || 6g{p}. k) | 6(a,0,k) |

g || false \/]cc:_()l(cv q3)
g3 || false true

pe = ({{p}, 0}, D, {2, G5}, 8, G2, (0, 0)), with
g | éa,{p}. k) | 6(a,0,.k) |
g> || true /\]cc:_o1 (¢, Gs)
g3 || true false
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{qo} constitutes a transient set, with the ordering {q,} > @; for all the sets @; in Q'
and Q2.

The construction for ¢ = ¢, V ¢, is similar, with §(go,0) = 6(g3,0) V 8(¢2,0).

o If p= E¢, where £ is a CTL* path formula, we first build an HAA, A, over the alphabet
Y = 2mae(¢)  That is, Al, regards the formulas maximal in ¢ as atomic propositions.
Let U = (¥',Q, M, qo, F') be a nondeterministic Biichi automaton on infinite words such
that Ug accepts exactly all the word models of £ [VW94]. Then, A, = (¥/,Q, ¢, qo, (F,0))
extends U, by tracing it in a single branch. Precisely, for all ¢ € ) and ¢’ € X', we have

6I(q70l) = \/ (07%) \% (17%)
q,EM(g,U’)
If M(q,0') =0, then §'(¢q,0’) = false. Note that the disjunction above is the only place
where D plays a role. Note also that ¢) constitutes a single and existential set. The HAA
Al, accepts exactly all the ¥'-labeled trees that satisfy ¢.

We now adjust A, to the alphabet ¥. The resulted automaton is A, . Intuitively, A, sends
additional copies to HAAs associated with formulas in maz(¢). These copies guarantee
that whenever A, assumes that a formula in maz(p) holds, then it indeed holds, and
that whenever A{, assumes that a formula does not hold, then the negation of the formula
holds. Formally, A, = (X,Q U U;(Q* UQ%), 6, q, (F U, (G UG, U, (B U BY))), where
6 is defined as follows. For states in [J;(Q* U @Z), it agrees with the corresponding é° and

6%, For ¢ € @ and for all o € ¥, we have

§(g.0)= "\ 66,0V AN\ 6, 0)) A C N\ 6 (ah, o))
oles! pi€a’ pigo!
Each conjunction in § corresponds to a label o’ € 3. Some copies of A, (these originated
from 6'(q,0')) proceed as A{, when it reads o’. Other copies guarantee that o’ indeed

holds in the current node. The set () constitutes an existential set, with the ordering

Q > Q' for all the sets Q" in U;({Q'} U {Q%}).

o If o = A¢, we construct and dualize the HAA of E-€.

We prove the correctness of the construction by induction on the structure of ¢. The proof
is immediate for the case ¢ is of the form p, =p, @1 A @2, 1 V g, or AE. We consider here the
case where ¢ = EE. If a tree (T, Vi) satisfies ¢, then there exists a path p in it such that
p = €. Thus, there exists an accepting run r of U, on a word that agrees with p on the formulas
in maz(g). Clearly, a run of A, that proceeds on p according to r accepts (T, Vk). Now, if

a run r of A, accepts a tree (T, Vi), then there must be a path p in this tree such that A,
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Translating an acceptance condition (G, B) of an HAA into the Muller acceptance condition,
one gets in a sets S for which S C @); for some ); and either @); is an existential set, in which
case SN G # 0, or Q; is a universal set, in which case S N B = (). Hence, dualizing this «,
one gets in @ sets S for which there exists no @; such that S C @;, or, if such ¢); exists, then
either it is existential and S NG = @, or it is universal and S N B # (. Since each path must
get trapped in some @);, we need in & only sets § for which S C @; for some @;. So, the only
relevant sets in @ are S for which either S C @; for an existential @;, in which case S NG = 0,
or 5 C @; for a universal @;, in which case S N B # (). Dualizing §, existential sets become

universal and vice versa. Hence, going back to an HAA we get the acceptance condition (B, G).

O

For an HAA A, we say that A is the dual HAA of A.

Theorem 3.14 Giwen a CTL* formula 7 and a set D C IN, we can construct an HAA Ap , of
size O(|D| - 2I¥1) and of depth O(|¢|) such that L(Ap.,) is exactly the set of D-lrees salisfying
.

Proof: Before defining .Ap , we need the following definitions and notations. For two CTL*
formulas 6 and ¢, we say that 8 is mazimal in ¢, if and only if 8 is a strict subformula of ¢ and
there exists no formula “between them”. Namely, there exists no strict subformula £ of ¢ such
that € is a strict subformula of £&. We denote by maxz(p) the set of all formulas maximal in .
For example, maz(A(Xp)U(EXq))={p, EXq}.

We construct Ap , by induction on the structure of ¢ (assuming it is in a positive normal
form). For technical convenience we describe the definition for binary trees and we assume that
each HAA has a single initial state. The extension to any D C IN and to any set of initial
states is straightforward. With each formula ¢ € cl(¢), we associate an HAA A, composed
from HA As associated with formulas maximal in ¢. We assume that the state sets of composed
HAAs are disjoint (otherwise, we rename states) and that for all the HAAs, we have 3 = 24°
(that is, an HAA associated with a subformula that does not involve all AP is extended). For
¢ with maz(¢) = {¢1,..., .} and for all 1 < i < n, let A,, = (,Q% 6, ¢, (G, B")) be the
HAA associated with ¢; and let A;l = <E,C§i,6~i,q~é, <C;”,]§Z>> be its dual HAA. We define A,

as follows.

o If p=por ¢ =-pforsome p e AP, then A, is a one-state HAA.

o If o = 1 Ay, then A, = (3,0 UQ*U{q}, 0, ¢, (G' UG?, B' U B?)), where ¢ is a new
state and § is defined as follows. For states in Q' and @5, the transition function ¢ agrees
with 6! and é2. For the state ¢, and for all o € X, we have é(q,0) = 6(¢3,0) A 6(¢2,0).
Thus, in the state ¢o, A, sends all the copies sent by both A,, and A,,. The singleton
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the translation of CTL formulas to HAAs.

Theorem 3.12 Giwen a CTL formula v and a set D C IN, we can construct an HAA Ap 4
of size O(|D| - |¢|) and of depth O(|®|) such that L(Ap ) is exactly the set of D-trees models

satisfying .

Proof: As observed above, each set in the WA As that correspond to CTL formulas is either
transient, existential, or universal. Thus, we only have to define a suitable acceptance condition.
In the WA As, we allow a path to get trapped in a set that corresponds to U-formulas. Accord-
ingly, in HAAs, we allow a path to get trapped in an existential set only if it corresponds to a
U-formula and we allow a path to get trapped in a universal set only if it does not correspond
to an U-formula. This is done with the acceptance condition (G, B) where G is the set of all
EU-formulas in ¢l(¢)) and B is the set of all AU-formulas in ¢l(%). Since each set in the HAA
corresponds to a single formula in ¢l(¢)), the depth of the HAA is at most |¢]. L]

We now present a translation of CTL* formulas to HAAs. Weak alternating automata define
exactly the set of weakly definable languages [MSS86]. The logic CTL* can define languages
that are not weakly definable. For example, the set of trees that satisfy the CTL* formula
AFGp is not weakly definable [Rab70]. Therefore, a stronger acceptance condition is required
for automata corresponding to formulas of CTL*. As we shall see later, the stronger acceptance
condition does not harm the complexity of the 1-letter nonemptiness problem. We first show
that complementation is easy for HAAs. For two HAA A; and A, over the same alphabet X,
we say that A; complements A, iff L(A;) includes exactly all the X-labeled trees which are not
in £L(A,).

Given a transition function 6, let 6 denote the dual function of §. That is, for every ¢, o,
and k, with 6(q,0,k) = 0, let S(q,a, k)= 6, where 6 is obtained from # by switching V and A
and by switching true and false. If, for example, § = p V (true A ¢q) then 6=pA (false V q),

Lemma 3.13 Given an HAA A= (3,0,6,Q° (G, B)), the alternating automaton
A= <E,Q,3,Q0, (B,G)) is an HAA and A complements A.

Proof: It is easy to see that A is an HAA. Indeed, the partition of @ into sets and the
partial order over them hold also with respect to A. In particular, a set that is existential
in A is universal in A and vise versa. In [MS87], Muller and Schupp prove that dualizing an
alternating automaton complements it. There, the acceptance condition used is @ C 29 (the
Muller acceptance condition). In order to satisfy a Muller acceptance condition « in a run r,
a path p should have Inf(r|p) € a. Dualizing this acceptance condition is taking @ = 29\ «
instead a. We show that translating A into a Muller automaton, dualizing this automaton, and
translating it back into an HAA, results in A.
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is at most one element of @; in each conjunct). These are the @;’s corresponding to the

Ap Uy and Ap, U, elements of ¢l(v)).

This means that it is only when moving from one ¢); to the next, we can move from a state
that is conjunctively related to states in its set to a state that is disjunctively related to states
in its set, or vice-versa. In other words, when a copy of the automaton visits a state in some
set Q; which is associated with an EU-formula of an EU-formula, then as long as it stays in
this set, it proceeds in an “existential mode”; namely, it imposes only existential requirements
on its successors in ¢);. Similarly, when a copy of the automaton visits a state in some set @);
which is associated with an AU-formula or an AU-formula, then as long as it stays in this set,
it proceeds in a “universal mode”. Thus, whenever a copy alternates modes, it must be that it

moves from one (); to a lower one.

The above observation is captured in the restricted structure of hesitant alternating au-
tomata (HAAs), and is the key to our space-efficient model-checking procedure for CTL and
CTL*. An HAA is an alternating automaton A = (3,D,Q,6,Q° «), where a = (G, B) with
G C @ and B C (). That is, the acceptance condition of HAAs consists of a pair of sets of
states. As in WA As, there exists a partition of ¢} into disjoint sets and a partial order < such
that transitions from a state in (); lead to states in either the same (); or a lower one. In
addition, each set (); is classified as either transient, existential, or universal, such that for each
set ¢; and for all ¢ € );, 0 € 3, and k € D, the following hold:

1. If Q; is a transient set, then é(¢, 0, k) contains no elements of Q);.
2. If @, is an existential set, then §(¢, 0, k) only contains disjunctively related elements of @);.
3. If @; is a universal set, then (¢, o, k) only contains conjunctively related elements of Q;.

It follows that every infinite path p of a run r gets trapped within some either an existential or a
universal set ();. The path then satisfies an acceptance condition (G, B) if and only if either Q;
is an existential set and Inf(r|p)NG # 0, or Q; is a universal set and Inf(r|p)N B = (). Note that
the acceptance condition of HAAs combines the Rabin and the Streett acceptance conditions:
existential sets refer to a Rabin condition {(G, )} and universal sets refer to a Street condition
{(B,0)}. Note also that while the transition function of HAAs is more restricted than the one
of WA As, their acceptance condition is more expressive. We will need the stronger acceptance
condition to handle CTL* formulas. The number of sets ¢); of an HAA is defined as the depth
of the HAA.

3.4.2 The Space Complexity of CTL and CTL* Model Checking

In Theorem 3.3 we presented a translation of CTL formulas to WA As. We have already shown
that the resulted WA As have the restricted structure of HAAs. Theorem 3.12 below completes
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the emptiness of a Biichi automaton on words which is NLOGSPACE-complete. Thus, if the
Biichi automaton whose emptiness has to be checked is obtained as the product of the compo-
nents of a concurrent program (as is usually the case), the space required is polynomial in the
size of these components rather than of the order of the exponentially larger Biichi automa-
ton. Pragmatically, this is very significant and is, to some extent, exploited in the “on the fly”

approaches to model checking and in related memory saving techniques [CVWY92, MP94].

Is the same true of branching-time model-checking? The answer to this question was long
thought to be negative. Indeed, the bottom-up nature of the known model-checking algorithms
seemed to imply that storing the whole structure was required. Using our automata-theoretic
approach to branching-time model-checking, we are able to show that this is not necessarily
so. In this section we introduce a new type of alternating automata, called hesitant alternating
automata (HAAs), for which the 1-letter nonemptiness problem can be solved in a very efficient
space. We show that formulas of CTL and CTL* can be translated to HAAs and that the
model-checking problem for these logics can be solved in space polynomial in mlogn, where
m is the length of the formula and n is the size of the Kripke structure. Hence, the model-
checking problem for concurrent programs for these logics is in PSPACE. We claim that the
ability to translate formulas to HAAs is of a great importance when space complexity of model
checking is considered. For example, formulas of the alternation-free p-calculus can not be
translated to HAAs and the model-checking problem for concurrent programs for this logic is
EXPTIME-complete.

3.4.1 Hesitant Alternating Automata

Consider the product automaton Ag y = K X Ap , for a Kripke structure K and a CTL formula
¥. The states of Ak , are elements of W X c/(7)) and they are partitioned into sets ¢); according
to their second component (two states are in the same @); if and only if their second components
are identical). Thus, the number of ();’s is bounded by the size of ¢l/(¢) and is independent of
the size of the Kripke structure. If we examine the @);’s closely, we notice that they all fall into

one of the following three categories:

1. Sets from which all transitions lead exclusively to states in lower @);’s. These are the @);’s

corresponding to all elements of ¢l(¢)) except U-formulas and U-formulas.

2. Sets @; such that, for all ¢ € @;, the transition é(g, a, k) only contains disjunctively related
elements of @; (i.e., if the transition is rewritten in disjunctive normal form, there is at
most one element of @); in each disjunct). These are the @;’s corresponding to the Ep; U,

and E@,Up, elements of cl(¢).

3. Sets @; such that, for all ¢ € @;, the transition 6(q¢,a,k) only contains conjunctively

related elements of Q); (i.e., if the transition is rewritten in conjunctive normal form, there
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3.3.2 Model Checking for the p-Calculus

The intimate connection between the p-calculus and alternating automata has been noted in
[EJ91, Eme94]. We show here that our automata-theoretic approach provides a clean proof
that model checking for the p-calculus is in NPNco-NP [EJS93]. The key steps in the proof are
showing that p-calculus formulas can be efficiently translated to alternating Rabin automata,

and that the 1-letter nonemptiness problem for alternating Rabin automata is in NP.

Theorem 3.10 Given a p-calculus formula 1 and a set D C IN, we can construct, in linear
running-time, an allernating Rabin automaton Ap ., such that L(Ap ) is exactly the sel of
D-trees satisfying 1.

Proof: Emerson and Jutla showed how to translate, in linear running-time, p-calculus formu-
las to alternating Streett automata [EJ91]. By constructing an alternating Streett automaton
for =7 and then complementing it (it is easy to complement alternating automata [MS87]), we

obtain an alternating Rabin automaton for . L

Theorem 3.11 The 1-letler nonempliness problem for alternating Rabin automata is decidable
in nondeterministic polynomial running time.

Proof: According to Theorem 3.1, the 1-letter nonemptiness problem for alternating Rabin
automata is of the same complexity as the nonemptiness problem for nondeterministic Rabin
tree automata. By [Eme85, VS85], the later is in NP. L]

Combining Theorems 3.10 and 3.11, Proposition 3.2, and the observation in [EJS93] that
checking for satisfaction of a formula ¢ and a formula =% has the same complexity, we get that

the model-checking problem for the p-calculus is in NPNco-NP.

3.4 The Space Complexity of Model Checking

Lichtenstein and Pnueli argued that when analyzing the complexity of model checking, a distinc-
tion should be made between complexity in the size of the input structure and complexity in the
size of the input formula; it is the complexity in size of the structure that is typically the compu-
tational bottleneck [LP85]. The Kripke structures to which model-checking is applied are often
obtained by constructing the reachability graph of concurrent programs, and can thus be very
large. So, even linear complexity, in terms of the input structure, can be excessive, especially as
far as space is concerned. The question is then whether it is possible to perform model-checking
without ever holding the whole structure to be checked in memory at any one time. For linear

temporal formulas, the answer is positive [VW86a]. Indeed, this problem reduces to checking
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Using an and/or graph, as suggested in [Bee80], the algorithm can be implemented in linear
running time. The graph, GG, induced by the transition function, maintains the labeling and
the propagation of labeling performed during the algorithm execution. In more details, each
node of G corresponds to a state ¢ € ). For ¢ with §(¢,a) = ¢1 * g2, the node ¢ is a *-node with
two successors, ¢; and ¢». For ¢ = {true, false}, the node ¢ is a sink-node. Since A is simple,
these are the only possible forms of transitions and hence the only possible nodes. Each *-node
q is denoted by a triple (x,last, ptrs), where last is a Boolean flag and pirs is a set of pointers
that point to nodes that have ¢ as a successor. The Boolean flag last is true iff one of the two
successors of g has already been labeled with ‘T’ or ‘F’, its labeling has been propagated to ¢,
but did not suffice to label ¢ as well. In the beginning, last = false for all the nodes. The
sink-node ¢ is denoted by a set pirs of pointers that point to nodes that have ¢ as a successor.

It is easy to see that the size of G is linear in the size of 6.

In addition, the algorithm maintains an integer ¢ that contains the current phase and two
stacks Sp and Sp. The stacks contain nodes that were labeled with “T” and ‘F’, yet still have not
propagated their labeling further. In the beginning, ¢+ = 1, the stack S contains the sink-node

true (if exists), and the stack S contains the sink-node false (if exists).

Using G, the algorithm proceeds as follows. Whenever a node in the graph is labeled with
‘T’ (‘F’), the node is pushed into Sy (Sr). As long as Sy or Sp are not empty, some node ¢ is
popped from, say, Sy and for every node ¢’ that has ¢ as a successor (as detected by ptrs), the
algorithm proceeds as follows (handling of ¢ € Sp is dual):

e If ¢’ is a V-node, then label ¢’ with ‘T’.
o If ¢’ is a A-node with last = true, then label ¢’ with “T".
o If ¢’ is a A-node with last = false, then change last to true.

When both Sp and Sg are empty, nodes that correspond to the states of the current ¢); are
labeled according to the classification of ); and ¢ is increased. Since each node of GG is pushed
into a stack only once, and since handling of a node that is popped from a stack involves a
constant number of operations to each of the nodes that have it as a successor, the entire

complexity is linear in the size of GG; hence linear in the size of é. L]

Theorems 3.3, 3.6, and 3.9, together with Proposition 3.2, yield model-checking algorithms
for CTL and for the alternation-free p-calculus, with linear (in the size of the input structure and
in the size of the input formula) running time. The bottom-up labeling of the algorithm used
in the proof of Theorem 3.9 is clearly reminiscent of the bottom-up labeling that takes place
in the standard algorithms for CTL and alternation-free p-calculus model checking [CES86,
Cle93]. Thus, the automata-theoretic approach seems to capture the combinatorial essence of

branching-time model checking.
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i.e., a conjunction with a conjunct ‘F’ is simplified to ‘F’ and a disjunction with a disjunct
“T” is simplified to ‘T’. Consequently, a transition function é(¢’,a) for some ¢’ (not necessarily
from ;) can be simplified to true or false. The state ¢’ is then labeled, and simplification

propagates further.

Since the algorithm proceeds up the total order, when it reaches a state ¢ € ¢); that is still
not labeled, it is guaranteed that all the states in all ¢); for which @; < @);, have already been
labeled. Hence, all the states that occur in §(¢, @) have the same status as ¢. That is, they
belong to @; and are still not labeled. The algorithm then labels ¢ and all the states in §(q, a)
according to the classification of ¢);. They are labeled ‘17 if @); is accepting and are labeled ‘F’

otherwise.

Correct operation of the algorithm can be understood as follows. It is guaranteed that
once the automaton visits a state that belongs to @1, it visits only states from ¢); thereafter.
Similarly, when the automaton visits a state ¢ whose labeling can not be decided according to
labeling of states in lower sets, this state leads to a cycle or belongs to a cycle of states of the
same status. Hence the labeling of states according to the classification of the set they belong

to.

Formally, we prove that for all 1 < 7 < n, all the states in @); are labeled correctly. The
proof proceeds by induction on i. The case © = 1 is immediate. Assume that we have already
labeled correctly all the states in all ); with j < ¢ and let ¢ € ;. We consider the case where
@); is an accepting set. The proof is symmetric for the case @); is a rejecting set. We distinguish

between three possibilities of labeling ¢:

1. Thestate ¢ is labeled ‘T before the phase ¢. Then, the value of §(g, a), simplified according
to the labeling already done, is true. Therefore, there exists a run of A? in which every
copy created in the first step reaches a state ¢’ for which, by the induction hypothesis,
the language of A? is not empty. Hence, the language of A? is also not empty.

2. The state ¢ is labeled ‘F’ before the phase 7. The correctness proof is symmetric to the

one of the previous case.

3. The state ¢ is labeled ‘T’ during the phase ¢. Then, it must be the case that the simplifi-
cation of §(q, a) contains states of @;. Moreover, it contains only states of @; and they all
have not been labeled before the phase 7. Thus, there exists a run of A? in which every
copy created in the first step either reaches a state ¢’ for which the language of A? is not

empty, or stays forever in ¢);. Hence, the language of A? is not empty.

Note that these are indeed the only possibilities of labeling ¢: a state in an accepting set @);
can not be labeled after the phase ¢ and it can not be labeled with ‘F’ during the phase .
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We now turn to study the time complexity of the 1-letter nonemptiness problem for WA As.

We first consider the general nonemptiness problem for them.

Theorem 3.8 The nonemptiness problem for weak alternating automata is EXPTIMFE-complete.

Proof: Membership in EXPTIME is proved in [MSS86]. Hardness in EXPTIME follows from
reduction of satisfiability of CTL, proved to be EXPTIME-hard in [FL79]. ]

Thus, the general nonemptiness problem for WA As can not be solved efficiently. Never-
theless, as we prove below, the 1-letter nonemptiness for WAAs can be solved in linear time.
Note that, as follows from Theorem 3.1, the best upper-bound known for 1-letter nonemptiness
of Buchi alternating automata is quadratic [VW86a]. Thus, the weakness of the automaton is

essential.

Theorem 3.9 The 1-letter nonemptiness problem for weak alternating automata is decidable
in linear running time.

Proof: Following Theorem 3.1, we prove that the 1-letter nonemptiness problem for simple
weak alternating word automata is decidable in linear running time. We present an algorithm
with linear running time for checking the nonemptiness of the language of a simple weak alter-
nating word automaton A = ({a},@,d,Q° a).

The algorithm labels the states of A with either ‘T’ standing for true, or ‘F’, standing for
false. Typically, states ¢ € () for which the language of A? (i.e., the language of A with ¢ as
the initial state) is nonempty are labeled with ‘T’ and states ¢ for which the language of A? is
empty are labeled with ‘F’. The language of A is thus nonempty if and only if the initial state
qo is labeled with ‘T".

As A is weak, there exists a partition of @ into disjoint sets (); such that there exists a
partial order < on the collection of the ();’s and such that for every ¢ € @); and ¢’ € (); for
which ¢ occurs in 6(g, a), we have that ; < @;. Thus, transitions from a state in ¢); lead to
states in either the same @); or a lower one. In addition, each set ); is classified as accepting, if
Q: C a, or rejecting, if @; N a = (. The algorithm works in phases and proceeds up the partial
order. We regard true and false as states with a self loop. The state true constitutes an
accepting set and the state false constitutes a rejecting set, both minimal in the partial order.
Let @, < ...< @, be an extension of the partial order to a total order. In each phase 7, the

algorithm handles states from the minimal set @); that still has not been labeled.

States that belong to the set ¢); are labeled according to the classification of ;. Thus, they
are labeled with ‘T7if @); is an accepting set, and with ‘F’ if it is rejecting. Once a state ¢ € @;

is labeled with ‘T’ or ‘F’, transition functions in which ¢ occurs are simplified accordingly;
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Theorem 3.6 Given an allernation-free guarded p-calculus formula ¢ and a set D C IN, we
can construct in linear running time, a WAA Ap , = (247 D, cl(¥), 6,4, @), such that L(Ap y)
s exactly the set of D-trees satisfying .

Proof: For atomic propositions constants and for formulas of the forms 1 Ay, w1 Aps, AX s,
or X ¢, the transition function 4 is equal to the one described for CTL. For g and v formulas,
and for all ¢ € ¥ and k € D, we define:

o o(py-f(y),0.k)=06(f(ny-f(y)),o.k).
o 6(vy.f(y),0.k)=6(f(vy.f(y)),0.k).

Note that since ¥ is guarded, it is guaranteed that we have no circularity in the definition of 6.

In order to define a, we define an equivalence relation R over ¢l(¢) where

©1Rs il 1 € cl(p2) and o5 € cl(p1).

Since ¢ is alternation free, each equivalence class of R can not contain both a v-formula and a
p-formula. A state ¢ € ¢l(¢) belongs to a if and only if it belongs to an equivalence class that

contains a v-formula.

To show that Ap, is a WAA, we use R as the required partition of ¢ into disjoint sets.
Each equivalence class of R constitutes a set ;. We denote each set @); by [¢], for some ¢ € @;.
The partial order is defined by [¢1] < [po] iff @1 € ¢l(¢2). As in CTL, since each transition of
the automaton from a state ¢ leads to states associated with formulas in ¢l(¢), the weakness

conditions hold. In particular, each set is either contained in « or disjoint from «a.

The correctness proof of the construction is similar to the one for CTL. Here, the definition
of a guarantees that an accepting run can not get trapped in a set with a p-formula, and, on

the other hand, it is allowed to stay forever in a set with a v-formula. L]

Example 3.7 Consider the formula ¢ = py.(p vV EXAXy). For every D C IN, the WAA
associated with ¢ and D is Ap , = ({{p}, 0}, D, {¢, AX¢},6,4,0), where § is described below
(we restrict Ap , to its reachable states).

By the definition of ¢, we have that é(uy.(p V EXAXy),0,k) = é(pVvV EXAXuy.(p Vv
EXAXy),o0,k). Hence we have:

g | (g {p}. k) | 8(q.0,k) |
2 true Vit (e, AX )
AXY | Ao (e,d) | Aeso (e, )

In the state 9, if p does not hold in the present, AX ) should be satisfied in some successor.
Since the state set of Ap , constitutes a single, and rejecting, set, p should eventually hold.
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(note that for every run, € is such a node). By the definition of §, the run can proceed such
that all the successors y - ¢ of y in T, have 7(y - ¢) = (2',¢’) with Vg (2') = ¢'. Let (T},r) be
a run that proceeds as above and, in addition, whenever ¢ is of the form Ag, U, or Fp,Up,
and Vg (z) = @2, proceeds according to § (s, Vi (z),d(x)). It is easy to see that all the paths
in such (T,,r) are either finite or reach a state associated with a U-formula and stay there

thereafter. Thus, (T, r) is accepting. L]

As the nonemptiness problem for WA As is in exponential time [MSS86], the above described
WA As provide also an exponential-time satisfiability procedure for CTL. In Examples 3.4 and
3.5 below, we describe the WA As of two CTL formulas.

Example 3.4 Consider the CTL formula ¢ = A(t'r’ueU(Afalseﬁp)). Note that @ is equiv-
alent to the formula AFAGp. For every D C IN, the WAA associated with ¢ is Ap, =
<{{p},®},D,{z,b,AfalseLN’p},é,z/J, {Afalseﬁp}>, where ¢ is described in the following table (we

restrict Ap , to its reachable states).

q | (g, {p}. %) | 6(q.0.k) |
v Ao (e, AfalseUp) V \iZ (e, %) | AZo(e, ¥)
AfalseUp || A*Zo (c, Afalseﬁp) false

In the state ¢, if p holds in the present, Ap , may either guess that AfalseUp, the eventuality
of 1, is satisfied in the present, or proceed with /\f;ol(c, ), which means that the requirement
for fulfilling the eventuality of v is postponed to the future. The crucial point is that since
¥ € a, infinite postponing is impossible. In the state AfalseUp, Ap 4 expects a tree in which
p is always true in all paths. Then, it keeps visiting AfalseUp forever. Since Afalselp € a,
this is permitted.

Example 3.5 Consider the CTL formula ¢ = A((EX-p)Ub). For every D C IN, the WAA
associated with ¥ is Ap, = (2PY D {4, -p},8,,0), where ¢ is described in the following
table (we restrict Ap 4 to its reachable states).

q | 6(a.{p.b}. k) | 6(q,{p}. k) | 6(q,{b}, k) | 6(q,0,%) |
¢ | true Vizo (e, 2p) A N2 (e, @) | true ViZo (e, =p) A Az (e, &)
-p || false false true true

In the state %, if b does not hold on the present, Ap , requires both EX —p to be satisfied
in the present (that is, =p to be satisfied in some successor), and ? to be satisfied by all the
successors. As ¢ € a, Ap 4 should eventually reach a node that satisfies b.

We now present a similar translation for the alternation-free p-calculus.

30



e i(p,o,k)=trueif p€o. ¢ d(p,o,k) = falseif p ¢ o.

o §(-p,0,k) = trueif pd o. o §(-p,0,k) = false if p € 0.
o 6(p1 Npa,0,k) =8(p1,0,k) Nd(p2,0,k).

o 0(p1 Vo, 0,k)="0(p1,0,k)V §(p2,0,k).

o 6(AX @y, 0,k) = NiZs (e, pa).

o §(EXps,0,k) = VI (c, ).

o (Ap1Ups,0,k) = 8(i02,0, k) V (8(21,0,k) A NZg (e, AprUpo)).
o (EprUs,0,k) = (2,0, k) V (8(1,0,k) AV (¢, EerUgs)).
o §(Ap1Ugps,0,k) = 8(i09,0,k) A (8(21,0,k) V NiZg (¢, Api Ugps)).
o (B Uy 0,k) = 6(ps,0.k) A (6(1,0,k) V V2 (¢, iU pa)).

To show that Ap, is a WAA, we define a partition of ) into disjoint sets and a partial
order over the sets. Each formula ¢ € cl(1) constitutes a (singleton) set {¢} in the partition.
The partial order is then defined by {¢:1} < {¢2} iff ¢1 € ¢l(p2). Since each transition of
the automaton from a state ¢ leads to states associated with formulas in ¢l(¢), the weakness

conditions hold. In particular, each set is either contained in « or disjoint from a.

Below we prove the correctness of our construction, namely, that £(Ap ) contains exactly
all the D-trees that satisfy ¢». We first prove that Ap 4 is sound. Given an accepting run (T, r)
of Apy on a tree (T'x, Vi), we prove that for every y € T, such that 7(y) = (z,¢), we have
Vi (z) E . Thus, in particular, Vi (€) = ¢. The proof proceeds by induction on the structure
of ¢. The case where ¢ is an atomic proposition is immediate and the cases where ¢ is @1 A o,
01V @y, AX @1, or AXp, follow easily, by the induction hypothesis, from the definition of
6. Less immediate are the cases where ¢ is an U-formula or a U-formula. Consider first the
case where ¢ is of the form Ap,Ups or EpUps. As (T,,7) is an accepting run, it visits the
state ¢ only finitely often. Since Ap, keeps inheriting ¢ as long as ¢, is not satisfied, then
it is guaranteed, by the definition of § and the induction hypothesis, that along all paths or
some path, as required in ¢, indeed @, eventually holds and ¢; holds everywhere until then.
Consider now the case where ¢ is of the form AU, or Eg,Ug,. Here, it is guaranteed, by
the definition of é and the induction hypothesis, that ¢, holds either always or until both ¢,
and ¢ hold.

We now prove that Ap , is complete. Given a D-tree (T, Vi) such that (Tk, Vi) = ¥, we
prove that Ap , accepts (T'x, V). Precisely, we show that there exists an accepting run of Ap
on (Tk,Vk). Consider a run (7,,r) and node y € T, for which r(y) = (z,¢) and Vi (z) = ¢
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IN* x @ and for every y € T, with r(y) = (z,w,q), we have '(y) = (z,¢). As in the previous

direction, it is easy to see that (7,,7') is an accepting run of Ap 4 on (T, Vk). L]

In conclusion, given an alternating automaton Ap , such that Ap , accepts exactly all the
D-trees that satisfy ¢, model checking of a Kripke structure K with branching degrees in D
with respect to 1 is reducible to checking the 1-letter nonemptiness of an automaton of the same
type as Apy and of size O(|K|- [ Ap y|). By the sufficient branching degree property [ES84],
a branching temporal logic formula ¢ is satisfiable if and only if it is satisfied in an {n}-tree,
where n is the number of occurrences of the path quantifier £ in . Hence, satisfiability of
¥ can be reduced to the nonemptiness of Ay,} . In the following sections, we show how this
approach can be used to derive, in a uniform way, known time complexity bounds for model
checking and satisfiability of several branching temporal logics, as well as to obtain new space

complexity bounds.

3.3 Primary Applications

In the previous section, we presented an automata-based method for model checking of branch-
ing temporal logics. The efficiency of our method depends on the efficiency of the translation of
branching temporal logic formulas to automata as well as the efliciency of the 1-letter nonempti-
ness test for them. In this section we present an application of the method with respect to CTL
and the alternation-free u-calculus. For some logics, satisfactory translations and nonemptiness
tests for the suitable automata are already known, yet never been used for model checking. We

point on p-calculus as such a logic.

3.3.1 Model Checking for CTL and the Alternation-free y-Calculus

Vardi and Wolper showed how to solve the satisfiability problem for CTL via an exponential
translation of CTL formulas to Biichi automata on infinite trees [VW86a]. Muller et al. provided
a simpler proof, via a linear translation of branching dynamic logic formulas to WA As [MSS88].
We extend here the ideas of Muller et al. by demonstrating a linear translation from CTL

formulas to WAAs.

Theorem 3.3 Given a CTL formula ¥ and a set D C IN, we can construct, in linear running
time, a WAA Apy = (247,D,cl(¥),8,v,a), such that L(Ap ) is exactly the set of D-irees

satisfying .

Proof: The set a of accepting states consists of all the U-formulas in cl(v); that is, formulas
of the form Ay, U, or E@,Up,. It remains to define the transition function 8. For all & € 247

and k € D, we define:
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e The acceptance condition a is defined according to the acceptance condition ay of Ap .
For example, if ay C @, is a Biichi condition, then a = W X a, is also a Biichi condition.
If ay = {(G1, B1),...,(Gp, Bn)}is a Rabin condition, then a = {(W x G, W x By),...,
(W x G,,, W x By,)} is also a Rabin condition.

It is easy to see that Ak 4 is of the same type as Ap . In particular, if Ap , is a WAA (with
a partition {Q1, @2, ...,Q,}), then sois Ag y (with a partition {W xQ1, W xXQa,...,WxQ,}).

Proposition 3.2

(1) |Axyl = O(K]|-|Apyl)-
(2) L(Ak.y) is nonemply if and only if K |= .

Proof: (1) follows immediately from the definition of Ak . Clearly, |W x Q| = |W|-|Qy| and
la| = |W] - |ay|. Also, for every w € W and for all ¢ € @, and o € 247 with é,(q,0) # false,
there exists a single k (k = bd(w)) for which é({w, q), 0, k) # false. Thus |6| = |[W|-|dy],

To prove (2), we show that £(Ag ) is nonempty if and only if Ap , accepts (T, Vi ). Since
Ap 4 accepts exactly all D-trees that satisfy ¢, and since all the branching degrees of Tk are
in D, the later holds if and only if K |= . Given an accepting run of Ap, on (T, Vk), we
construct an accepting run of Ak ,. Also, given an accepting run of Ak ,, we construct an
accepting run of Ap , on (Tk, Vk).

Assume first that Ap, accepts (T, Vk). Thus, there exists an accepting run (7,,r) of
Ap .y on (Tk,Vk). Recall that T, is labeled with IN* x Q. A node y € T, with r(y) = (z,¢)
corresponds to a copy of Ap , that is in the state ¢ and reads the tree obtained from unwinding
K from Vi (z). Consider the tree (T,,r’) where T, is labeled with N* x W x @, and for every
y € T, with r(y) = (z,q), we have that r'(y) = (z,Vk(z),q). We show that (7,,r') is an
accepting run of Ag . In fact, since a is defined according to ay by crossing it with W, we
only need to show that (T, 7') is a run of Ag 4; acceptance follows from being (7, r) accepting.
Intuitively, (T,,7') is a “legal” run, since the W-component in 7’ always agrees with V. This
agreement is the only additional requirement of ¢ with respect to dy.

Consider a node y € T, with 7(y) = (z,q), Vk(z) = w, and succg(w) = (wq, ..., w,_1). Let
0y (q,w, k) = 6. Since (T,,7) is arun of Ap 4, there exists aset S = {(¢o, q0), (¢1,¢1), -+, (€ny Gn) 1
such that S satisfies 8, and the successors of y in T, are y - 7, for 1 < ¢ < n, each labeled with
(z - ¢iyq:). In (T,,r'), by its definition, r'(y) = (z,w, q) and the successors of y are y - 7, each
labeled with (z - ¢;,w,,,q). Let 6(¢,a,bd(w)) = 6. Hence, by the definition of §, the set
{(co,wey,q0), (€1, Wy, 1), - -, (Cny We, 5 qn) }, satisfies @', Thus, (1,,7') is a run of Ag 4.

Assume now that Ak, accepts some tree. Thus, there exists an accepting run (7,,r) of
Ak . Also, T, is labeled with N* X W x @),,. Consider the tree (T,,r’) where T, is labeled with
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Augmenting ¢) with an accepting sink ¢,.., we can therefore define §' as a mapping into

29", For each state ¢, we define §'(q, a,n) as follows.

o If inflate(6(q,a)) = true, then 8'(q,a,n) = {{Gaces Gaces - - - ace) }-
o If inflate(6(q,a)) = false, then &'(q,a,n) = 0.

o If inflate(6(q,a)) = (¢1,q.,) A (¢a,4.,), then 8'(q,a,n) = {(so,51,...,8,_1)}, where s., =

Geyy Scy = Geys and Si = Gace for 1 € {61762}-

o Ifinflate(6(q,a)) = (c1,q.,)V(ca,qe,), then § (g, a,n) = {(sd,81,...,8L_1), (82,87, ...,82_,
where s} = gq.,, s =¢.,, and sl = ¢,.. for (7,7) € {(1,¢1),(2,¢9) }.

The resulted automaton is a nondeterministic tree automaton.

We show that £(A) # 0 iff L(A’) # (. Assume first that £(A) # (. Then, there exists an
accepting run (7', r) of A over a*. It is easy to see that the tree (T',7), in which 7'(¢) = r(e)
and for all y - ¢ € T with 7'(y) = (z,q) and r(y-¢) = (0/, ), we have r'(y - ¢) = (z -1, ¢), is an
accepting run of A’ over the a-labeled tree with a fixed branching degree |Q]|.

Assume first that £(A") # 0. Then, there exists an accepting run (7,r’) of A’ over the
a-labeled tree with a fixed degree |Q|. It is easy to see that the tree (T',7), in which for all
y € T with r(y) = (z,q) we have 7'(y) = (0l ¢), is an accepting run of A over a*. It is also
easy to see that the type of A is preserved. L]

We will study later the complexity of the 1-letter nonemptiness problem.

3.2.2 The Product Automaton

As discussed above, the nonemptiness problem for alternating tree automata can not, in general,
be reduced to the 1-letter nonemptiness problem. It is taking the product with K that makes
the reduction valid here and yields an automaton over a 1-letter alphabet. Since each state in
this product expects a single input, it is guaranteed that all the copies that run on the same

subtree guess the same X-labeling: the one corresponding to the unwinding of K.

Let Ap , = (247, D,Qy,6,4,Q° ay) be an alternating automaton which accepts exactly all
the D-trees that satisfy ¢ and let K = (AP, W, R, w° L) be a Kripke structure with branching
degrees in D. The product automaton of Ap , and K is Ax » = ({a}, D, W X Qy, 6, w’ X Q°, a)

where § and a are defined as follows:

o Let ¢ € Qy, w € W, succy(w) = (wo, ..., Whaw)-1), and 6y (q, L(w),bd(w)) = . Then
0((w, q),a,bd(w)) = 6, where ¢ is obtained from # by replacing each atom (¢, ¢’) in 8 by
the atom (¢, (w,, ¢')). For k # bd(w), we have é({(w, ¢),a, k) = false.
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It is easy to see that all the transitions in 6’ are simple.

Given a set S C @, let [S] = {[¢] : ¢ € S}. Consider the alphabets ¥ = IN* x [@] and
¥ = IN* x @', and consider an infinite word o’ over ¥’. The (possibly finite) word bis is
obtained from &' by restricting it to its letters in 3. We say that a word & over X corresponds
to a word b over X iff bjy, = b.

Consider a run (77, 7'y of A’. For every F' C @ and for every path p’ C T”, we have that
p’ visits infinitely many states in [F] iff piy, visits infinitely many states in [F]. Accordingly, as
all our acceptance conditions only refer to visiting subsets of ¢ infinitely often, the definition

of F' ignores states which are not of the form [¢]. Thus, if F' is a Biichi acceptance condition,
then F' = [F], and if F' = {(G1, B1),...,(Gm,Bn)} is a Rabin or Streett acceptance condition,

then £ = {{[G1], [Bi]), -, ([Gm], [Bm]) }-

Each run (T',7) of A corresponds to a run (1”,7") of A’, in the sense that for each path
p C T there exists a path p’ C 71" such that 7/(p’) corresponds to r(p), and vice versa. Indeed,
the run (77, r') proceeds exactly as (T',r), only in “smaller steps”. Similarly, each run (77, r’)
of A’ corresponds to a run (7, r) of A. Here, (T',7) proceeds in larger steps. By the definition
of ¢, it is guaranteed that when necessary, A can cluster several transitions of A’ into a single
transition. By the definition of F’, we have that (T',r) is accepting iff (T”,7) is accepting.
Thus, £(A) # 0 iff L(A") # 0.

We prove that A and A’ are of the same type. Clearly, they agree on the type of their
acceptance conditions. We show that if A is weak then so is A'. Let {Q1,Q,...,Q,} be the
partition of ¢} into sets such that @, < ... < @, is an extension of the partial order to a
total order. We define a partition {Q/,Q5,..., Q" } of @' as follows. For each state ¢ € @,
let add(q) be the set of all subformulas of §(¢,a) (including (g, a) itself). For a set @, let

add(Qs) = U,eq, add(q).
1. [Q:] € QY and

2. For each ¢’ ¢ [Q)], we have ¢’ € @} such that ¢ = min{j : ¢’ € [add(Q;)]}. That is, a state

associated with a subformula # belongs to the least ); from which @ is reachable.

It is easy to see that {Q},Q%, ..., Q. } is a valid partition, with the ordering @} < ... < Q!.

It is left to reduce problem 3 to problem 4. Let A = ({a},Q, 9, qo, F) be a simple alternating
word automaton. Consider the alternating tree automaton A" = ({a},{n},@,d, ¢, F'), where
n = |Q| and for all ¢ € @ we have that ¢'(q,a,n) = inflate(6(q,a)). The fact that the
transitions in é are simple guarantees that so are the transitions in é’. Also, the definition of
in flate guarantees that for all ¢ € @ and all atoms (7, ¢;) in ¢’'(¢, @, n), we have that : = 5. Thus,
if 6'(¢,a,n) is a conjunction which sends two copies of the automaton to the same direction,
then these copies enter the same state and they are equivalent to a single copy sent to this

direction.
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o deflate((0,q0) A (0,¢2) V (0,¢2) A (L, q2) AL, 1)) =qo N2V g2 A g2 A .
o inflate(qo N2V @2 Ao A i) = (0,q0) AN (2,¢2) V (2,¢2) AN (2,¢2) A (1, q1)).

We start by reducing problem 1 to problem 2. Given an alternating tree automaton A =
({a},D,Q,0,q0, F), consider the alternating word automaton A’ = ({a},Q, ¢, qo, F), where for
all ¢ € @, we have

§'(q,a) = \/ deflate(é(q,a,k)).

keD
We show that £(A) # 0 iff £L(A’) # 0. Intuitively, since the 1-letter tree is homogeneous (i.e.,
all its subtrees are the same), its branching structure is not important.

Assume first that £(A) # 0. Then, there exists an accepting run (T,r) of A over an a-
labeled tree with degrees in D. It is easy to see that the tree (1',7'), in which for all y € 7" with
r(y) = (=,q) we have r'(y) = (07! ¢), is an accepting run of A’ over a* (recall that one can
regard a run of an alternating word automaton as a run of an alternating tree automaton with
D ={1}). In a similar (though more tedious) way, an accepting run of A’ induces an accepting
run of A. Clearly, the reduction preserves the type of A.

We now reduce problem 2 to problem 3. Given an alternating word automaton A =
({a},Q,0,q, F), we define an alternating word automaton A" = ({a},Q’, ¢, o, F'), such that
for all ¢ € @', the formula §’(¢, a) is simple, and L£(A) # @ iff L(A") # @. The idea is that since
the 1-letter tree is homogeneous, we can regard transitions of A’ as e-transitions and replace
a transition in é with several simple transitions in ¢’. This requires an extension of the state
set of A in at most the number of subformulas of transitions in §. We assume, without loss of
generality, that for all ¢ € @, the transition (¢, a) is either true, false, or has the form 6, x 6,
(+ denotes A or V). Describing A’, we denote a state in @’ as [f], where § € B¥(Q). We define

@' inductively as follows:
e For each ¢ € (), we have [6(q,a)] € Q.
e For each [0, * 6] € Q', we have [6;] € Q" and [6,] € Q'.
Thus, a state in @)’ is either [true], [false], [0; * 0,], or [¢], for ¢ € Q). We define §’ as follows:
o §'([true],a) = true.
o §'([false],a) = false.
o §'([0, % 05],a) = [0,] * [0-].

o §'([q],a) = &([6(g, @)], @).
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3.2.1 The 1-letter Nonemptiness Problem

The nonemptiness problem for nondeterministic tree automata is reducible to the 1-letter
nonemptiness problem for them [Rab69]. Precisely, instead checking the nonemptiness of
an automaton A = (2,Q,6,Q° ), one can check the nonemptiness of the automaton A" =
({a},Q,¢,Q°% a) where for all ¢ € @, we have §'(¢,a) = U, cx 6(¢,0). It is easy to see that if A
accepts some tree, then A’ accepts the a-labeled tree. Also, as each transition of A’ originates
from a transition of A, it is not hard to see that if A" accepts the a-labeled tree, then there exists
a tree that A accepts. This can be viewed as if A’ first guesses a ¥-labeling for the input tree
and then proceeds like A on this 3-labeled tree. This reduction is not valid for alternating tree
automata! There, if A" accepts the a-labeled tree, it is still not guaranteed that A accepts some
tree. A necessary condition for the validity of the reduction is that different copies of A’ that
run on the same subtree guess the same Y.-labeling for this subtree. Nothing, however, prevents
one copy of A’ to proceed according to one labeling and another copy to proceed according to
a different labeling. This problem does not occur when A is defined over a singleton alphabet.
There, it is guaranteed that all copies proceed according to the same (single) labeling. The

theorem below considers the complexity of the 1-letter nonemptiness problem.

Theorem 3.1 For automata of a certain type, the following four problems are intereducible in
both linear time and logarithmic space.

1. 1-letter nonemptiness of alternating tree automata.
2. 1-letter nonempliness of allernaling word automata.
3. 1-letter nonempliness of simple allernating word automala.

4. Nonemptiness of nondeterministic tree automata.

Proof: The nonemptiness problem for nondeterministic tree automata is reducible to the 1-
letter nonemptiness problem for them [Rab69]. In addition, the reduction preserves the type of
the automaton. Hence, as nondeterministic tree automata are a special case of alternating tree
automata, a reduction from problem 4 to problem 1 is straightforward. So, we only have to show
reductions from problem 1 to problem 2, from problem 2 to problem 3, and from problem 3 to
problem 4. Before we get to the proof we define the two functions de flate : BY(NxQ) — Bt (Q)
and inflate : BY(Q) — BT (IN x Q). For a formula § € B*(IN x @), the formula de flate(6) is
the formula obtained from # by replacing each atom (c,¢) in 8 by the atom ¢. The function
inflate is defined with respect to an enumeration gg, ¢, ..., q, of the states in (). For a formula
6 € B*(Q), the formula inflate(d) is the formula in B*({0,...n} X @) obtained from 8 by

replacing each atom ¢. in € by the atom (¢, ¢.). For example,
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many computations. Model checking is thus reduced to checking inclusion between the set of
computations allowed by the Kripke structure and the language of an automaton describing
the formula [VW86a]. For branching temporal logic, each Kripke structure corresponds to a
single nondeterministic computation. On that account, model checking is reduced to checking
the membership of this computation in the language of the automaton describing the formula
[Wol89]. We show here that alternating automata are the suitable framework for automata-

based model-checking algorithms.

A Kripke structure K = (AP,W, R,w° L) can be viewed as a W-labeled tree (Tk,Vk)
that corresponds to the unwinding of K from w®. Formally, for every node w, let succg(w) =
(wo, . . .,wbd(w)_1> be an ordered list of w’s R-successors (we assume that the nodes of W are
ordered). We define Tk and Vi as the smallest sets that satisfy the following:

1. € € Tk and Vi(e) = w°.

2. For y € Tk with succg(Vi(y)) = (wo, ..., ws) and for 0 < ¢ < m, we have y -7 € Tk and
‘/K(y . ’L) = w;.

We sometimes refer to (Tk, Vk) as a computation tree, taking instead of Vi (z), the label

L(Vk(z)). It will be clear from the context which interpretation we refer to.

Let ¥ be a branching temporal formula and let D C IN be a set of branching degrees.
Suppose that Ap 4 is an alternating automaton that accepts exactly all the D-trees that satisfy
1 (the details of the construction of Ap , depend on the logic in which % is specified; we consider
some examples in the next sections). Consider a product of K and Ap y4; i.e., an automaton
that accepts the language £L(Ap ) N{(Tk, Vk)}. The language of this product either contains a
single tree, (T, Vi), in which case K = 1, or is empty, in which case K }= 1. This discussion
suggests the following automata-based model-checking algorithm. Given a branching temporal

formula ¢ and a Kripke structure K with branching degrees in D, proceed as follows.

(1) Construct the alternating automaton Ap .

(2) Construct an alternating automaton Ag, = K x Ap, by taking the product of K

and Ap 4. This automaton simulates a run of Ap , on (T, Vi).

(3) Output “Yes” if L(Aky) # 0, and “No”, otherwise.

The type of Ap, and consequently, the type of Ak, as well as the complexity of its
nonemptiness test, depend on the logic in which 1 is specified. The crucial point in our approach
is that the automaton Ak , is an automaton over a 1-letter alphabet; this reduces the complexity
of the nonemptiness test. In the remainder of this section we discuss the 1-letter nonemptiness

problem for alternating tree automata and present the product automaton Ag .
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of T, corresponds to a node of 7. A node in 7,, labeled by (z,¢), describes a copy of the
automaton that reads the node x of T' and visits the state ¢. Note that many nodes of T, can
correspond to the same node of T'; in contrast, in a run of a nondeterministic automaton on
(T, V) there is a one-to-one correspondence between the nodes of the run and the nodes of the
tree. The labels of a node and its successors have to satisfy the transition function. Formally,
(T,,r) is a X,-labeled tree where ¥, = IN* x @ and (7}, r) satisfies the following:

1. e€ T, and r(€) = (e, qo), for o € Q°.

2. Let y € T, with r(y) = (z,q) and 6(¢,V(z),d(z)) = 0. Then there is a possibly empty set
S ={(co,q),(c1,q1), s (€n,qa)} CHO,...,d(z) — 1} X @, such that the following hold:

e S satisfies #, and

o forall 0 <i<mn,wehavey-i €T, and r(y-i) = (2 - ¢;, ).

For example, if (T, V) is a binary tree with V(¢) = a, Q° = {qo}, and é(go,a) = ((0,¢;) V
(0,¢2)) A ((0,¢3) V (1, ¢2)), then the nodes of (T, r) at level 1 include the label (0,¢;) or (0, ¢s),
and include the label (0,¢3) or (1,¢,). Note that if § = ¢rue, then y need not have successors.
This is the reason why 7, may have leaves. Also, since there exists no set S as required for
6 = false, we can not have a run with 8 = false. A run (7,,r) is accepting iff all its infinite
paths satisfy the acceptance condition. As with nondeterministic automata, an automaton
accepts a tree iff there exists a run that accepts it. We denote by £(A) the language of the
automaton A; i.e., the set of all YX.-labeled trees that A accepts.

In [MSS86], Muller et al. introduce weak alternating automata (WAAs). In a WAA, the
acceptance condition is a@ C ) and there exists a partition of ¢} into disjoint sets, @);, such that
for each set Q;, either @; C a, in which case @; is an accepting set, or @; N a = (}, in which
case (); is a rejecting set. In addition, there exists a partial order < on the collection of the
@:’s such that for every ¢ € (); and ¢’ € @; for which ¢’ occurs in 6(g,0,k), for some o € X
and k € D, we have (); < ;. Thus, transitions from a state in ¢); lead to states in either the
same (); or a lower one. It follows that every infinite path of a run of a WAA ultimately gets
“trapped” within some ();. The path then satisfies the acceptance condition if and only if @); is
an accepting set. Note that this corresponds to the Biichi acceptance condition. Indeed, a run
visits infinitely many states in « iff it gets trapped in an accepting set. We sometimes refer to

the type of an automaton, meaning its acceptance condition and its being weak or not weak.

3.2 The Method

In this section we introduce an automata-theoretic approach to model checking for branching

temporal logic. For linear temporal logic, each Kripke structure may correspond to infinitely

21



to the node z -1 (the right successor of z).

For a given set X, let B*(X) be the set of positive Boolean formulas over X (i.e., Boolean
formulas built from elements in X using A and V), where we also allow the formulas true and
false and, as usual, A has precedence over V. For aset Y C X and a formula 6 € B¥(X), we say
that Y satisfies 0 iff assigning ¢rue to elements in Y and assigning false to elements in X \ Y
satisfies . We can represent é using B*({0,1} x Q). For example, 6(¢,0) = {(q1,¢2), (g3, ¢1)}
can be written as 6(¢,0) = (0,¢1) A (1,¢2) V (0,¢3) A (1,¢1), meaning that the automaton can
choose between two splitting possibilities. In the first, the copy that proceeds to direction 0
enters the state ¢; and the one that proceeds to direction 1 enters the state ¢,. In the second,
the copy that proceeds to direction 0 enters the state g3 and the one that proceeds to direction

1 enters the state ¢;.

In nondeterministic tree automata, each conjunction in § has exactly one element associated
with each direction. In alternating automata on binary trees, §(¢, o) can be an arbitrary formula

from B*({0,1} x Q). We can have, for instance, a transition

8(¢,0) = (0,1) A (0,42) V (0,42) A (1, 92) A (1, g3)-

The above transition illustrates that several copies may go to the same direction and that the
automaton is not required to send copies to all the directions. Formally, a finite alternating
automaton on infinite binary trees is a tuple A = (¥,{2},Q,6,Q°% «) where X is the input
alphabet, @ is a finite set of states, § : Q x X — BT ({0,1} x @) is a transition function, @, C @

is a set of initial states, and a specifies the acceptance condition.

Generalizing alternating automata to trees where nodes can have different branching degrees,
we have that the transition function is § : Q@ X ¥ x D — BT (IN x () with the requirement that
for every k € D, we have 6(¢q,0,k) € BY({0,...,k — 1} x Q). When the automaton is in a
state ¢ as it reads a node that is labeled by a letter ¢ and has k successors, it applies the
transition 6(q, 0, k). For each ¢ € () and o € X, we denote \/,.p 6(q,0,k) by 6(¢q,0). As with
nondeterministic automata, we define the size of an alternating automaton as |Q| + |F| + |6].
Here, however, |8] is the sum of lengths of formulas that appear as (¢, o, k) for some ¢ € Q,
o € X, and k € D, and we take the length of the formulas true and false as 0. Note that A
can be stored in space O(|A|).

A formulain B (X) is simple if it is of the form X X, where x € {A,V}. An alternating au-
tomaton is simple if all its transitions are simple. Thus, in each transition, a simple alternating
automaton splits into two copies in either a universal or an existential mode.

A run of an alternating automaton A on a tree (T, V) is a tree (1,,r) in which the root is
labeled by ¢y € Q° and every other node is labeled by an element of IN* x (). Unlike 7', in which
each node has at least one successor, the tree 7, may have leaves (nodes with no successors).

Thus, a path in T, may be either finite, in which case it contains a leaf, or infinite. Each node
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tree. We showed that CTL model checking is linearly reducible to acceptance of a simultaneous
tree by an automaton. Precisely, with every CTL formula %, we associated an automaton A,
that accepts a simultaneous tree iff it originates from a Kripke structure satisfying . Model
checking of ¥ in a Kripke structure K is then reduced to the membership of the simultaneous
tree induced by K in the language of A,. The later can be checked in linear time, matching
the known bound for CTL model checking. Satisfiability of ¢, however, can not be reduced to
the nonemptiness problem of the language of A,. Indeed, acceptance of a non-simultaneous
tree by .4, has nothing to do with the satisfiability of ¢. Instead, satisfiability of ¢ should be
reduced to the nonemptiness problem of the language of A, with respect to simultaneous trees.
This problem is much harder. It involves an exponential blow up in the size of A, matching

the exponential gap between model checking and satisfiability of CTL.

Simultaneous trees and the framework suggested in [BG93] were a first and meaningful
evidence to the possibility of applying automata-theoretic techniques to branching-time model
checking. Still, they suffered from an ad-hoc approach and we find their main importance in
being a fountainhead to the better framework and to its many applications that we describe
in the rest of this chapter. For this reason we prefered to omit here the technical details of

simultaneous trees and for this reason we will always have a warm place in our hearts for them.

In [BVW94] we suggested a second solution to the problem. The solution is based on the
conjecture that there should be automata for which the membership problem is easier than
the nonemptiness problem. Having such automata, we will be able to translate branching
temporal logic formulas into succinct automata for which the membership problem is cheap,
matching model checking complexity, and for which the nonemptiness problem is expensive,
matching satisfiability complexity. The conjecture turned out to be true. Today we know
that alternating tree automata satisfy the above qualifications and that they are the key to a

comprehensive automata-theoretic framework for branching temporal logics.

3.1 Alternating Tree Automata

Alternation is a generalization of nondeterminism [CKS81]. Alternating tree automata gener-
alize nondeterministic tree automata and were first introduced in [MS87]. For simplicity, we
refer first to automata on binary trees (i.e., when T" = {0,1}* and D = {2}). Consider a
nondeterministic tree automaton A = (3,{2},Q,6,Q° a). The transition relation § maps an
automaton state ¢ € () and an input letter ¢ € ¥ to a set of pairs of states. Each such pair
suggests a nondeterministic choice for the automaton’s next configuration. When the automa-
ton is in a state ¢ as it reads a node z labeled by a letter o, it proceeds by first choosing a pair
(q1,92) € 6(q,0), and then splitting into two copies. One copy enters the state ¢; and proceeds

to the node z - 0 (the left successor of z), and the other copy enters the state ¢, and proceeds
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Chapter 3

An Automata-Theoretic Approach
to Branching-Time Model Checking

Traditional automata-theoretic methods for temporal logics translate a temporal logic formula
1 into a nondeterministic automaton 4, that accepts exactly all the models of +. Doing so,
satisfiability of 4 is reduced to the nonemptiness of .4, and model checking of % in a Kripke
structure K is reduced either to an inclusion checking between the computations of K and the
language of A, (in case 9 is a linear temporal logic formula) or to a membership checking of
the tree obtained by unwinding K in the language of A, (in case ¢ is a branching temporal
logic). Thus, both model checking and satisfiability are handled by the same automaton. The
size of A, is therefore a crucial factor in the complexity of these problems. For example, we
can not expect a linear-time model-checking algorithm that is based on an exponential-size A, .
For nondeterministic automata, the complexity of the nonemptiness problem, the membership
problem, and the inclusion problem coincide. While this is not an obstacle for linear temporal
logics, where the complexities of model checking and satisfiability coincide too, this is an obstacle

for branching temporal logics. Here, model checking is typically cheaper than satisfiability.
In [BG93], we suggested a first solution to this problem. The solution is based on the idea

that the compulsion of having the same automaton for model checking and satisfiability is not
an indispensable one. For model checking, .4, does not have to accepts exactly all the trees that
originate from unwinding Kripke structures that satisfy . Instead, A, can be defined to accept
some mutation of these trees; a mutation which, on the one hand, can reduce the state space
of A, and, on the other hand, is easily obtained from the structure K. Simultaneous trees are
such a mutation. Simultaneous trees are trees in which each sub-tree is duplicated twice as the
two leftmost successors of its root. This enables a tree automaton to visit different nodes of the
same path simultaneously. Consequently, an automaton that assumes simultaneous input trees
is more succinct than an automaton that handles nonrestricted trees. In addition, unwinding

a Kripke structure into a simultaneous tree is as easy as unwinding it to a usual computation
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set states that A can move into when it is in state ¢ and it reads the letter o, the transition
function of a tree automaton maps a state, a letter, and a branching degree k, to the set of

k-tuples of states, each suggesting the automaton & states (one for each successor) to move into.

A run of A on an input X-labeled tree (T, V) is a Q-labeled tree (T, r) such that r(¢) € Q°
and for every z € T, we have that (r(z-0),r(z-1),...,r(z- (d(z) — 1))) € 6(r(z),V(z),d(z)).
If, for instance, 7(0) = ¢, V(0) = o, d(0) = 2, and §(q,0,2) = {{q1,92),{qs, ¢5) }, then either
r(0-0) = ¢ and 7(0-1) = ¢z, or 7(0-0) = g4 and 7(0- 1) = ¢5. Given a run (7, r) and a path
p C T, we define

Inf(r|p) = {q € Q : for infinitely many z € p, we have r(z) = ¢}.

Acceptance of a ¥-labeled tree (T, V) by a run r of a tree automaton is defined, according to o,
with respect to Inf(r|p) of all paths p C T'. As in the case of words, Inf(r|p) can either satisfy
or not satisfy the acceptance condition. A run (7',r) then accepts (T, V) iff Inf(r|p) satisfies
the acceptance condition for all paths p C 7. An automaton A accepts (T, V) iff there exists a
run (7', 7) of A on (T, V) such that (T, r) accepts (T, V). As with word automata, £(A) denotes
the language of A.

Note that a word automaton can be viewed as a tree automaton with D = {1}. We define
the size of an automaton A = (3,D,Q,6,Q° ) as |Q|+|a|+|8]|, where |§| is the sum of lengths
of tuples that appear as §(q,0,k) for some ¢ € @, 0 € ¥, and k € D. We denote the size of A
by |A|. Note that A can be stored in space O(|A]).

Of special interest to us is the problem of deciding whether the language of a given automa-
ton is nonempty; i.e., given an automaton A, testing whether there exists an object that A

accepts. The following complexity results are known.

Theorem 2.2

(1) [FL85a, EL85b] The nonemptiness problem for Biichi word automata can be solved in linear
lime.

(2) [VW94] The nonemptiness problem for Biichi word automata can be solved in NLOGSPACE.

(3) [VW86a] The nonemptiness problem for Biichi tree automata can be solved in quadratic
lime.

(4) [Eme85, VS85, EJ88] The nonemptiness problem for Rabin tree automata is NP-complete.
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a run, are as in the case of finite automata on finite words. The last component, «, specifies the
acceptance condition, namely, a condition that Inf(r) should satisfy in order for r to accepts w.
Several acceptance conditions, inducing several types of automata, are studied in the literature.

We mention here three:

o Biichi automata, where a C @), and r accepts w iff Inf(r) N a # 0.

e Rabin automata, where a C 29 x 29, and r accepts w iff there exists a pair (G, B) € a,
such that Inf(r) N G # () and Inf(r)Nn B = 0.

o Streetl automata, where a C 29 x 29, and r accepts w iff for every pair (G, B) € a, we
have that Inf(r) NG = 0 or Inf(r) N B # 0.

The language of A, denoted L(.A), is the set of infinite words that A accepts. Thus, each
word automaton defines a subset of X%. Below we define trees and automata that run on infinite

trees.

A tree is a set T C IN" such that if z - ¢ € T where x € IN* and ¢ € IN, then also z € T,
and for all 0 < ¢ < ¢, we have that - ¢/ € T. The elements of T are called nodes, and the
empty word € is the root of T. For every z € T', the nodes z - ¢ where ¢ € IN are the successors
of . The number of successors of a node z is called the degree of z and is denoted d(z). We
consider here trees in which each node has at least one successor. A path p of a tree T is a set
p C T such that ¢ € p and for every = € p there exists a unique ¢ € IN such that z -¢ € p. For a
path p and j > 0, let p; denote the node of length j in p. Intuitively, each path p C T induces
a unique sequence, pg,p1,..., in IN“. Given an alphabet ¥, a X-labeled tree is a pair (T, V)
where T is a tree and V : T' — ¥ maps each node of T" to a letter in Y. For a Y-labeled tree
(T, V) and a path p C T, we denote by V(p) the sequence V(po),V(p1),..., in X¢. Of special
interest to us are Y-labeled trees in which ¥ = 24F for some set AP of atomic propositions.
We call such Y-labeled trees computation trees. Note that a computation tree can be viewed as
a Kripke structure with infinitely many states. We sometimes refer to satisfaction of temporal
logic formulas in a computation tree, meaning their satisfaction in this Kripke structure. Given

a set D C IN, a D-tree is a computation tree in which all the nodes have degrees in D.

Finite automata on infinite trees (tree automata, for short) run on such ¥-labeled trees.
Tree automata were traditionally defined on trees with a fixed branching degree. We generalize
here the definition and let tree automata run on trees with varying, yet known in advance,
branching degrees. Formally, an automaton on infinite trees is A = (3,D,Q), 6, Qo, ), where
3,Q,Q°% and « are as in the case of automata on infinite words, D C IN is a finite set of possible
branching degrees, and the transition function § is § : Q@ x ¥ x D — 297, such that for every
qg€Q,0 €, and k € D, we have that §(¢,0,k) C 29" Thus, both ¢ and k are arguments of

the transition function. Intuitively, while in word automata § maps a state and a letter to the
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2. Satisfiability, where a desired property, specified in temporal logic, is checked to have a
model. Formally, the satisfiability problem for linear temporal logics is stated as follows:
given a linear temporal logic formula 1), determine whether there exists a computation
7 such that 7 |= ¢. The satisfiability problem for branching temporal logics is stated as
follows: given a branching temporal logic formula ¢, determine whether there exists a
Kripke structure K such that K = .

Finding efficient model checking and satisfiability decision procedures has been an active area

of research. The following complexity results are known.

| Model checking | Satisfiability |
LTL PSPACE-complete  [SC85] | PSPACE-complete [SC85]
CTL linear time [CES86] | EXPTIME-complete [FL79]
CTL* PSPACE-complete [EL85a] | 2EXPTIME-complete  [ES84, EJ88, VS85]
AFMC linear time [Cle93] | EXPTIME-complete [BB87, FL79]
p-calculus || NP N Co-NP [EJS93] | EXPTIME-complete [BB87, FL79]

2.2 Automata on Infinite Objects

A finite automaton on finite wordsis A = (X,Q, 8,Q°, F), where ¥ is the input alphabet, @ is a
finite set of states, § : Q X ¥ — 29 is a transition function, @, C @ is a set of initial states, and
F C (@ is a set of accepting states. Intuitively, §(¢, o) is the set of states that .4 can move into
when it is in state ¢ and it reads the letter 0. Since A may have several initial states and since
the transition function may specify many possible transitions for each state and letter, A may
be nondeterministic. If |Q°| = 1 and § is such that for every ¢ € @ and o € X, we have that
|6(q,0)| = 1, then A is a deterministic automaton. Given an input word w = ¢g-¢;---¢, in 2%,
a run of A on w can be viewed as a function r : IN — @ where r(0) € Q° (i.e., the run starts in
one of the initial states) and for every ¢ > 0, we have (i + 1) € §(r(¢),¢;) (i.e., the run obeys
the transition function). The run r accepts w if r(n) € F. Otherwise, it rejects. Note that a
nondeterministic automaton can have many runs on w. In contrast, a deterministic automaton
has a single run on w. An automaton A accepts an input word w iff there exists a run r of A

on w such that r accepts w.

When A runs on an infinite word w € ¥, we can not refer to r(n). Instead, we refer to the

set Inf(r) of states that r visits infinitely often. Formally,
Inf(r) ={q € Q : for infinitely many i € IN, we have r(i) = ¢}.

As @ is finite, it is guaranteed that Inf(r) # 0. A finite automaton on infinite words (word
automaton, for short) is A = (¥,Q,6,Q° ), where X, @, 8, and Q°, as well as the definition of
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modality. Formally, our translation proceeds as follows. Given a formula ¢, let Az.g(z) be a
subformula of ¥ in which ¢(z) includes no fixpoint modalities which are not in a scope of a next
modality, and let g’(z) denote new(g, A, z)(z). Note that every % that includes some fixpoint
modality, includes at least one subformula Az.g(z) as required (e.g., the most internal one). By
the definition of the function new, all the occurrences of z in ¢’(z) are in a scope of a next
modality. Therefore, all the occurrences of Az.¢'(z) in ¢’(Az.g'(2)) are also in a scope of a next
modality. By the semantics of p-calculus, we have that Az.g(z) = g(Az.¢9(2)) for every formula
g(2). Thus, as Az.¢g(2) = Az.g'(z), we can replace Az.g(z) by ¢'(Az.¢9'(z)) and get an equivalent
formula in which all the occurrences of Az.¢'(z) are in a scope of a next modality. Doing so, we
obtain two things. First, all the occurrences of z in ¢'(Az.g'(z)) are now in a scope of a next
modality. Second, all the occurrences of other variables which may have appeared in Az.¢(z)
not in a scope of a next modality are now in a scope of a next modality. In other words, while
the transition from Az.¢(z) to Az.¢'(z) guarantees that all the occurrences of z are in a scope of
a next modality, the transition of Az.g(z) to ¢’(Az.¢'(2)) also enables to continue the translation
to outer fixpoint modalities. Note that for outermost fixpoint modalities it is suffice to replace
Az.g(z) by Az.¢'(2).

For example, translation of the formula ¢ = py.(pVrz.(yV (2 A AX z))) proceeds as follows.

1. new(yV (z NAXz),v,2) =yV AXz.

2. Therefore, vz.(y V (2 A AX z)) is equivalent to vz.(y V AX z), which is equivalent to y V
AX (vz.(y Vv AXz2)).

3. new(pVyVAX(vz.(yVv AX2)),p,y)=pV AX (vz.(y vV AX2)).
4. Therefore, py.(pVyV AX(vz.(y vV AXz))) is equivalent to py.(pV AX (vz.(y vV AXz))).

O

2.1.3 Fundamental Problems and Known Results

In the context of finite-state programs, temporal logics, both linear and branching, are used in

a variety of ways. We mention here two:

1. Model checking, where a given finite-state program, modeled by a Kripke structure, is
checked with respect to a given property, specified in temporal logic. Formally, the model-
checking problem for linear temporal logics is stated as follows: given a Kripke structure
K = (AP,W,R,w° L) and a linear temporal logic formula ¢, determine whether for all
paths m in K that start at w°, we have 7 |= ¥. The model-checking problem for branching
temporal logics is stated as follows: given a Kripke structure K and a branching temporal

logic formula ¢, determine whether K = ¢.
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Proof: For technical convenience we assume that the formulas are in positive normal form.
We first define a function

new : p-calculus formulas x {u, v} x APV — p-calculus formulas.

The formula new(yp, 1, y) is obtained from ¢ by replacing with false every occurrence of y that
is not in a scope of a modality. Similarly, new(p,v,y) is obtained from ¢ by replacing with
true every occurrence of y that is not in a scope of a modality. Formally, we define new(¢, A, y)

by induction on the structure of ¢ as follows:
o new(y,u,y) = false. e new(y,v,y) = true.
o new(py A wa, A, y) = new(pr, A, y) A new(pa, A, y).
o new(py V s, A, y) = new(p, A, y) V new(ps, A, y).
e For all ¢ which differs from y, o1 A @2, or 1 V @3, we have new(p, A, y) = ¢.

For example, new(yVpV EXy,u,y) =pV EXy. We now prove that for all A, y, and f(y), we

have
Ay.f(y) = Ay.new(f, X, y)(y).

We consider here the case where A = u. The proof for the case A = v is symmetric. By the
semantics of p-calculus, for every w € W and valuation V to the free variables (except y) in
f(y), we have that w € py.f(y)%X (V) if and only if w € {W' C W : fE(V][y — W']) C W'}.
For every W' C W, we prove that

TE W[y — W')) C W' if and only if new(f, u,y)* (V[y — W']) C W'.

Assume first that f%(V[y — W']) C W'. As for every valuation V' we have new(f, u,y)* (V') C
75O, cearly new(f, u, y)* (V[y — W']) C W'. For the second direction, we assume that f is
given in a disjunctive normal form. We prove that if new(f, i, y)* (V[y — W']) C W, then for
every w, if there exists a conjunction ¢ in f such that w € g% (V[y — W']), then w € W’. Let
g be such that w € g™ (V[y — W']). We consider two cases:

1. If g = new(g, i, y), then, as new(f, u, y)* (VU {{y, W')}) C W', we are done.

2. Otherwise, there is a conjunct y in ¢ and it must be that ¢ (V[y — W’]) C W'. Hence,

we are also done.

The definition of new guarantees that all the occurrences of y in new(f, A, y) are in a scope
of some modality. We, however, want all the occurrences of y to be in a scope of a next

modality. As a solution, we will make sure that each fixpoint modality is in a scope of a next

13



For example, for ¢ = py.(qV (p A EXy)), cl(e) ={p,qV (pANEX@),q,pAN EXp,p, EXp}.
As proved in [Koz83], for every p-calculus formula ¢, the size of ¢l(¢p) is linear in |¢|.

Given a Kripke structure K = (AP, W, R,w® L), and a set {y;,...,y,} of free variables,
a valuation V = {(y1,W1),...,{(yn, W,)} is an assignment of subsets of W to the variables
{y1,...,yn}. For a valuation V, a variable y, and a set W’/ C W, we denote by V[y — W’] the
valuation obtained from V by assigning W’ to y. A formula ¢ with free variables {y;,...,9,}
is interpreted as a mapping ©* from valuations to 2". Thus, ©* (V) denotes the set of states

that satisfy ¢ with the valuation V. The mapping ¢ is defined inductively as follows:
o true® (V) =W and false® (V) = 0.

e For an atomic proposition p € AP, we have p* (V) ={w e W :p € L(w)}.

For an atomic proposition variable y; € APV, we have y* (V) = W,.
o () (V) =W\ el(V).
(o1 V p2) (V) = o (V) U5 (V).

o (EXp)X(V)={weW:3Juw' € of(V) and (w,w’) € R}.

o (uy-F@) (V) = (W’ C W« FX(V]y — W) C W'

Note that no valuation is required for a sentence. For a state w € W and a sentence ¢,
we say that w = ¢ iff w € . For example, the p-calculus formula py.(¢ vV (p A EXy)) is
equivalent to the CTL formula FpUg.

A p-calculus formula is alternation free if there are no occurrences of v (i) on any syntactic
path from an occurrence of uy (vy) to an occurrence of y. For example, the formula pz.(p v
py.(zV EXy)) is alternation free and the formula va.py.((pAz) V EXy) is not alternation free.
The alternation-free p-calculus (AFMC) is a subset of p-calculus containing only alternation-

free formulas.

A p-calculus formula is guarded if for all y € APV, all the occurrences of y that are in a
scope of a fixpoint modality A are also in a scope of a next modality (which is in the scope of A
too). Thus, a p-calculus sentence is guarded if for all y € APV, all the occurrences of y are in
a scope of a next modality. For example, the formula py.(pV FXy) is guarded and the formula
py.(pVy) is not guarded. We assume that all p-calculus formulas are guarded. By the theorem

below, stated without a proof in [BB87], this can be done without loss of generality.

Theorem 2.1 Given a p-calculus formula, we can construct, in linear lime, an equivalent

guarded formula.

12



(Ly > L), provided that for every formula ¢, of L., there exists an equivalent formula ¢, of
L,. Also, L, is as expressive as Ly (L1 = L), if both Ly > Ly and Ly > Ly, Ly is strictly more
expressive than Ly (Ly > Ls), if both Ly > Ly and Ly # Ly, and L, and L, are incomparable
(Ly # Ly) if both Ly # Ly and Ly # L.

2.1.2 The Propositional p-calculus

The propositional p-calculus is a propositional modal logic augmented with least and greatest
fixpoint operators. Specifically, we consider a p-calculus where formulas are constructed from
Boolean propositions with Boolean connectives, the temporal operator £X, as well as least (p)
fixpoint operators. Formally, given a set AP of atomic proposition constants and a set APV of

atomic proposition variables, a pg-calculus formula is either:

o true, false, or p for all p € AP.

o y forall y e APV.

e -y or 1 V g, Where o) and ¢, are p-calculus formulas.
o E X, where ¢ is a p-calculus formula.

o uy.f(y), where f(y) is a p-calculus formula in which all the free occurrences of y fall under

an even number of negation.

We use vy.f(y) to abbreviate —uy.—f(y) and we say that an atomic proposition variable y is
freeif it is not in a scope of py. A sentenceis a formula that contains no free atomic proposition
variables. We call AX and FX next modalities, and we call g and v fizpoint modalities. We say
that a p-calculus formula is a p-formula (v-formula), if it is of the form py.f(y) (vy.f(y)). We
use A to denote a fixpoint modality g or v. For a A-formula Ay.f(y), the formula f(Ay.f(y)) is
obtained from f(y) by replacing each occurrence of y with Ay.f(y).

The closure ¢l(p) of a p-calculus sentence @ is the smallest set of p-calculus sentences that

satisfies the following:

o < clyp).
o If o1 Ay € cl(p), then ¢ € cl(p) and @5 € cl(yp).

o If ~py € cl(p) or EX ¢y € cl(p), then ¢ € el(gp).

o If py.f(y) € cl(p), then f(ny.f(y)) € cl(ep).

11



relation that must be total in its first element (i.e., for each w € W there exists at least one w’
with (w,w’) € R), w® is an initial state, and L : W — 247 maps each state to a set of atomic
propositions true in this state. For (w;,ws) € R, we say that w, is a successor of w; and w,
is a predecessor of w,. A path in K is an infinite sequence of states m = wg, wy, ..., such that
for all ¢ > 0, we have (w;, w;41) € R. We denote by bd(w) the branching degree of w; i.e., the

number of successors that w has.

We use w = ¢ to indicate that a state formula ¢ holds at state w (assuming an agreed
Kripke structure K). The relation [ is inductively defined as follows (the relation 7 = ¢ for

a path formula ® is the same as for ¢ in LTL, adding the case where % is a state formula):

e For all w, we have that w |= true and w [~ false.

For an atomic proposition p € AP, w = piff p € L(w).

w | -y iff w .

wE @1 Vs iff wE ¢ or w | @,

w = Ev iff there exists a path 7 = wg, wy, ... such that wy = w and 7 = ¢;.

7 = @ for a state formula ¢ iff w, = .

For a Kripke structure K, and a CTL* formula ¢, we say that K = ¢ iff w° = .
The logic CTL is a restricted subset of CTL*. In CTL, the temporal operators X, U, and

their negations must be immediately preceded by a path quantifier. Formally, it is the subset
of CTL* obtained by restricting the path formulas to be X ¢1, ¢1U s, or their negations, where
1 and @5 are CTL state formulas.

We say that a CTL formula ¢ is an U-formula if it is of the form ApUps or EpUp,. The
subformula ¢ is then called the eventuality of ¢. Similarly, ¢ is a U-formula if it is of the form
Agoll':’gog or Egoll':’gog.

A positive normal form of temporal logic formulas is a form in which negations are applied
only to atomic propositions. A positive normal form can be obtained by pushing negations
inward as far as possible using De Morgan’s laws and dualities. Translating a formula to a
positive normal form at most doubles the length of the formula. For technical convenience, we

often assume that formulas are given in a positive normal form.

We say that two formulas ¢, and ¢, are equivalent (¢, ~ @) if for every Kripke structure
K, we have K |= ¢, iff K = ¢,. We say that two path formulas ¢; and ¢, are congruent
(1 & 1) if for every Kripke structure K and path 7 in it, we have 7 |= ¢ iff 7 = 10,. When

comparing expressive power of two logics Ly and L., we say that L, is more expressive than L,

10



[ ] W)ZX¢1iHW1):¢1.

o T = Uty iff there exists k& > 0 such that 7% = ¢y and 7' |= 4 for all 0 < i < k.

The logic CTL* is a branching temporal logic. A path quantifier, £ (“for some path”) can
prefix an assertion composed of an arbitrary combination of linear time operators. There are
two types of formulas in CTL*: stale formulas, whose satisfaction is related to a specific state,
and path formulas, whose satisfaction is related to a specific path. Formally, let AP be a set of

atomic proposition names. A CTL* state formula is either:

o true, false, or p, for p € AP.
e -1 or 1 V g, Where 1 and ¢, are CTL* state formulas.
o Fy, where ¢, is a CTL* path formula.
A CTL* path formula is either:
o A CTL* state formula.
o by, Wy V g, X1by, or ¥ Uy, where ¥y and 1, are CTL* path formulas.

The logic CTL* consists of the set of state formulas generated by the above rules. We denote

the size of a formula ¢ by || and we use the following abbreviations in writing formulas:

e A,—, and <, interpreted in the usual way.
o At = = FE-1 (“in all paths”).

Fi = trueU (“eventually”, and the “F” comes from “Future”).

o Gy = ~F—¢ (“always”, and the “G” comes from “Globally”).
o U Uty = —((=1,)U(=1,)) (duality for the Until operator).

The closure ¢l() of a CTL* formula 1 is the set of all state subformulas of ¥ (including v
but excluding ¢rue and false). For example, cl(E(pU(AXq))) = {E(pU(AXq)),p,AXq,q}. It
is easy to see that the size of ¢l(¢) is linear in the size of ¥». Note that since CTL* formulas
are state formulas, we could write the formula E(pU(AXgq)) also as EpU(AXgq), causing no
ambiguity in its parsing. For technical convenience, we will omit such unnecessary brackets in

the sequel.

We define the semantics of CTL* with respect to a Kripke structure K = (AP,W, R, w°, L),
where AP is the set of atomic propositions, W is a set of states, R C W x W is a transition



Chapter 2

Basic Definitions

2.1 Temporal Logics

State-exploration methods are applicable with respect to finite-state system. Since each state
in such a system is characterized by a finite amount of information, this information can be
described by certain atomic propositions. In this section we define propositional temporal logics,

where formulas are defined over a set AP of atomic propositions.

2.1.1 The Temporal Logics LTL, CTL*, and CTL

The logic LTL is a linear temporal logic. Formulas of LTL are constructed from a set AP of
atomic proposition using the usual Boolean operators and the temporal operators X (“next

time”) and U (“until”). Formally, given a set AP, an LTL formula is defined as follows:

o true, false, or p, for p € AP.
o )y, Py V by, Xy, or 9 Uy, where 9, and 1, are LTL formulas.

We define the semantics of LTL with respect to a computation ™ = 0,01, 03,..., where for
every j > 0, 0; is a subset of AP, denoting the set of atomic propositions that hold in the j’s
position of 7. We denote the suffix 0;,0;41,...0f © by 7/. We use 7 |= ¢ to indicate that an
LTL formula % holds in the path 7. The relation |= is inductively defined as follows:

e For all 7, we have that 7 = true and 7 [~ false.
e For an atomic proposition p € AP, 7 = piff p € oy.
e T ):_V(/)l iff = I7£¢1

o TE U Vb iff =y or m | .



power and ease of use within the complexity limits enforced by the user. In the second part of
this work, we consider three different ways of augmenting branching temporal logics. Each of

the three ways makes branching temporal logic a more useful specification language.

We start by showing that model-checking tools which handle the branching temporal logic
CTL can be very easily extended to handle a more expressive and a much more convenient
logic, with hardly any change in their complexity. We then turn to consider the augmentation
of branching temporal logics with ezistential quantification over atomic proposilions. Such an
augmentation enables the user to refer, in the specification, to atoms that are not part of the
system and that are added by him; e.g., in order to mark all the even positions of the system.
For linear temporal logics, quantification over atomic propositions is considered in [Sis83] and
[Wol83] and is suggested as a useful extension for these logics. For branching temporal logics,
we show that existential quantification over atomic propositions is sufficient to make the logics
very expressive yet it dramatically increases their model-checking complexity. Quantification
over atomic propositions has a lot in common with temporal modalities that refer to the past.
Augmenting linear temporal logics with such modalities extends neither their expressive power
[GPSS80] nor the complexity of their model-checking problem [LPZ85, Var88]. For branching
temporal logics, we show that the picture is diversified. We formalize the connection between
quantification over atomic propositions and temporal modalities that refer to the past and study

each of them in terms of its practicality and complexity.



Motivated by decision problems in mathematics and logic, Biichi, McNaughton, and Rabin
developed a framework for reasoning about infinite words and infinite trees [Biic62, McN66,
Rab69]. Beyond being beautiful, the framework proved to be very powerful. Automata, and
their tight relation to second order monadic logics were the key to the solution of several

fundamental decision problems in mathematics and logics [Tho90].

For linear temporal logics, a close and fruitful relationship with the theory of automata on
infinite words has been developed [VW86a, VW94]. The basic idea of Vardi and Wolper is to
associate with each formula an automaton on infinite words that accepts exactly all the com-
putations that meet the behavior specified by the formula. This enables the reduction of linear
temporal logic problems, such as satisfiability and model checking, to known automata-theoretic
problems, yielding clean and optimal algorithms. Furthermore, these reductions are very help-
ful for implementing state-exploration methods, and are paving the way to techniques such
as on-the-fly verification [VW86a, JJ89, CVWY92] that help coping with the state-explosion

problem.

For branching temporal logics, the automata-theoretic counterpart are automata on infinite
trees. By reducing the satisfiability problem to the nonemptiness problem for these automata,
optimal decision procedures have been obtained for various branching temporal logics [ES84,
SE84, Eme85, VW86b, EJ88]. Nevertheless, the automata-theoretic approach has long been
thought to be inapplicable for branching-time model checking. The reason, essentially, lies in
the gap between the complexities of the satisfiability problem and the model-checking problem
for branching temporal logics. Unlike linear temporal logics, where the complexities of these
problems coincide, the model-checking problem for a branching temporal logic is typically much
easier than its satisfiability problem. It seemed that automata can not compete with this gap

and hence, they are practically useless for model checking. This problem stood open since 1986.

In this work we solve this problem, using alternating tree automata. From a theoretical point
of view, solving this problem completes the picture of using automata for both satisfiability
and model checking of both linear and branching temporal logics. From a practical point
of view, solving this problem enables the improvement of the space complezity of the model-
checking problem. Evidently, such an improvement is an important step in the struggle with
the state-explosion problem. Moreover, it turned out that automata can be used to improve the
complexity also of fair model checking, where a system is checked to be correct under certain
fairness constraints, and of modular model checking, where a system is checked to be correct

by checking its components.

Improving branching-time model-checking complexity is only one way to make this method
practical. Naturally, there is a trade-off between the expressive power of a temporal logic and
the complezity of its model-checking problem: the more a temporal logic is expressive, the higher

its model-checking complexity is. A wise model checker should enable the maximal expressive



assertions. Interestingly, for some logics, the truth of an assertion can be more involved than
a simple Boolean value. Beyond being true or false, an assertion can be, say, “possibly true”
(i.e., true in some other world) or “known as true” (i.e., true in this world according to the
information of some other world). Philosophers and logicians knew to distinguish between these
levels of truth and developed modal logics which study them [HC68]. What they did not know,
however, is that some hundreds years later, in 1977, Pnueli will suggest their modal logics as a

formal language for specifying and verifying correctness of computerized systems [Pnu77].

The special type of modal logic which was advocated as appropriate for this task is temporal
logic. In a temporal logic, we augment a conventional logic with temporal modalities, making it
possible to describe an occurrence of events in time. For example, using the temporal modalities
always and eventually, we can specify the behavior “if z holds in all future moments then there
is a future moment in which y holds too”. Thus, as opposed to traditional formalisms where
the specification can only relate the initial state and the final state of a system [Flo67, Hoa69],
temporal logic is well-suited to describe the on-going behavior of nonterminating and interactive

systems.

Two possible views regarding the nature of time induce two types of temporal logics [Lam80].
In linear temporal logics, time is treated as if each moment in time has a unique possible future.
Thus, linear temporal logic formulas are interpreted over linear sequences and we regard them
as describing a behavior of a single computation of a system. In branching temporal logics,
each moment in time may split into various possible futures. Accordingly, the structures over
which branching temporal logic formulas are interpreted can be viewed as infinite trees, each

describing the behavior of the possible computations of a nondeterministic system.

In this work we study state-exploration methods that use branching temporal logics as their
formal specification language. In this paradigm, which we call branching-time model checking,
formal verification means determining whether a structure satisfies a branching temporal logic
formula. Model-checking techniques were introduced in the early 80’s by Clarke and Emerson
[CE81], and Quielle and Sifakis [QS81]. Since then, branching temporal logics have acquired
a considerable reputation for having a low model-checking complexity. The last decade was
a blooming period to many theoretical research in this area [Eme90], yielding branching-time
model-checking tools that can handle systems with more than 10'?° states [Bro86, McM93,
CGL93]. The last decade was less blooming for many bugs [BCD85, BCDM86, DC86, CGH*95],
being traced by these tools. Slowly, yet persistently, industrial companies are becoming aware
of the importance and the potentiality of formal verification. Branching-time model-checking
tools are incorporated into industrial development of new designs [BBG194], forming an active

and exciting area of research, where theory and practice go together, enjoying each other.

This work employs the theory of automata on infinite objects for the benefit of branching-

time model checking. Finite automata on infinite objects were first introduced in the 60’s.



development of complex computerized systems requires more reliable methods: it is very likely
that a complex system will contain bugs and it is also likely that tests of a complex system will

not trace all its bugs. Such a more reliable method is formal verification.

In formal verification, we verify that a system meets a desired behavior by checking that a
mathematical model of the system satisfies a formal specification that describes the behavior.
Formal verification has two advantages over testing. First, formal verification is exhaustive. As
such, it checks the system with respect to all its possible behaviors in any possible environment.
Second, using a formal specification language, there is no ambiguity in what it means for a
behavior of the system to be correct. A behavior is correct precisely when it satisfies the formal
specification. In addition, formal verification can be performed on an abstract model of the
system or on separate components of it. Hence, it can be an integral part of the development

process, tracing bugs when they are still harmless and restrained.

Formal verification consists of two main verification streams. One accommodates the more
veteran proof-based methods and the other accommodates the relatively new state-exploration
methods. In proof-based methods, we attribute the model of the system with assertions in
a formal specification language and construct a proof that relates these assertions [Fra92].
Since the specification language can be very expressive (e.g., when it subsumes the full power
of mathematics), proof-based methods are very strong, in the sense that they are applicable
to a wide range of systems and behaviors. Many users, however, find proof-based methods
unattractive. Indeed, it is hard to get attracted by a method which requires supply and proof of
intricate assertions. The development of theorem provers and proof checkers eases this difficulty
by making the verification task an interactive process in which the user is as passive as possible
[BM83, Gor85, SOR93, MAB*94]. Unfortunately, nowadays users are are still quite active. At

least, they are sufficiently active not to make proof-based methods widely used.

In state-exploration methods we navigate through the model of the system and sniff around.
Therefore, state-exploration methods are restricted to finite-state systems (i.e., systems in
which the variables range over finite domains). Circuits and a large number of communica-
tion and synchronization protocols are in essence finite-state systems. The exploratory nature
of state-exploration methods makes them fully automatic, convenient to use, and very attrac-
tive. Furthermore, when the model of the system does not satisfy its required specification,
state-exploration methods can often produce a buggy script of the system execution, helping
the user to trace the bug elegantly. Unfortunately, the exploratory nature of state-exploration
methods also makes them very sensitive to the size of the model. Since modeling a system with
several components involves an exponential blow-up in the number of the components, this
sensitivity is really a painful problem. So painful, that the so-called state explosion problem is

one of the most challenging issues these days in the area of computer-aided verification.

Formal verification is strongly related to the theory of logic. Logic studies the truth of



Chapter 1

Introduction

Consider the following procedure which gets as input two variables z and y and calculates their

minimum in the output variable men:

procedure minimum(z, y; min);
if (z # 97) and (2 < y) then min ==z

else min:=y

Some readers may suspect that even though the procedure is called minimum, it does not
really calculate the minimum of # and y. To increase these readers’ belief in the correctness
of the procedure, we can show them that it works correctly with (z,y) = (3,7). We can even
suggest them to lest the procedure with respect to random inputs. If we are lucky, all their
random input pairs (z,y) will be such that  # 97 or y < z. Naturally, each such test will
increase the readers’ belief in the correctness of the procedure and, after several successful tests,

most readers will get convinced that the procedure is correct.

Of course, an intelligent reader could have come with a counter-example to the correctness
of the procedure’, but as long as we assume that our readers are fully automatic (as computers
that test procedures are), the best they can do is to test the procedure again and again. Doing
so, they either come across an unexpected behavior of the procedure and conclude that it is
buggy or, they decide, after sufficiently (according to their standards) many tests that the
procedure is correct. This is a very unpleasant reality. To see how unpleasant it is one only
has to change the procedure name from minimum to, say, max_elevator_weight. Indeed, our
world is full of merciless bugs. While testing has once been considered a satisfying method to

trace them and to get rid of them while they are still small and under control, today’s rapid

'Say, (z,y) = (97,99), for our less intelligent readers.



modalities that refer to the past. Each of the three ways makes branching temporal logic a more

convenient specification language. We examine their both theoretical and practical aspects.



Abstract

The thesis considers formal verification of computerized systems. In formal verification, we
verify that a system meets a desired behavior by checking that a mathematical model of the
system satisfies a formal specification that describes the behavior. The special method of
formal verification that we consider is branching-time model checking. In this method, formal
verification means determining whether a Kripke structure satisfies a branching temporal logic

formula.

Translating linear temporal logic formulas to automata on infinite words has proven to
be an effective approach for implementing linear-time model-checking and for obtaining many
extensions and improvements to this verification method. On the other hand, for branching
temporal logics, automata-theoretic techniques have long been thought to introduce an ex-
ponential penalty, making them essentially useless for model-checking. Efforts to employ the
theory of automata on infinite trees for the benefit of branching-time model checking started
at the 80’s, but with no success. In this thesis we show that alternating tree automata are the

key to a comprehensive automata-theoretic framework for branching temporal logics.

Using the automata-theoretic framework we are able to improved the space complexity of
branching-time model-checking. In particular, we show that alternating tree automata provide
a PSPACE procedure for CTL* model checking of concurrent programs, and provide an ex-
planation why this bound can not be achieved for p-calculus model checking and even for its
alternation-free fragment. We show that the efficient bounds hold also for fair model-checking,
where a system is checked to be correct under certain fairness constraints, and for modular

model checking, where a system is checked to be correct by checking its components.

Improving branching-time model-checking complexity is only one way to make this method
practical. Naturally, there is a trade-off between the expressive power of a temporal logic and
the complezity of its model-checking problem: the more a logic is expressive, the higher its
model-checking complexity is. A wise model checker should enable the maximal expressive
power and ease of use within the complexity limits enforced by the user. In the second part
of the thesis, we consider three different ways of extending conventional branching temporal

logics: more liberal syntax, existential quantification over atomic propositions, and temporal
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