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Abstract—The size of deterministic automata required for
recognizing regular and w-regular languages is a well-studied
measure for the complexity of languages. We introduce and stly
a new complexity measure, based on theensing required for
recognizing the language. Intuitively, the sensing cost ntifies
the detail in which a random input word has to be read in
order to decide its membership in the language. Technicallywe
consider languages over an alphabep”, for a finite set P of
signals. A signalp € P is sensed in a state of the automaton if
transitions from the state depend on its value. Thesensing cost
of an automaton is then its expected sensing, under a uniform
distribution of the alphabet, and the sensing cost of a language
is the infimum of the sensing costs of deterministic automatéor
the language. Beyond the theoretical interest in regular sesing,
it corresponds to natural and practical questions in the deign
of finite-state monitors, as well as controllers and transdaoers.

We show that for finite words, size and sensing are related, ah
minimal sensing is attained by minimal automata. Thus, a urgue
minimal-sensing deterministic automaton exists, and is ksed on
the language’s right-congruence relation. For infinite wods, the
minimal sensing may be the limit of an infinite sequence of
automata. We show that the unique limit of such sequences cdre
characterized by the language’s right-congruence relatio, which
enables us to find the sensing cost af-regular languages in poly-
nomial time. Also, interestingly, the sensing cost is indegndent
of the acceptance condition. This is in contrast with the si
measure, where the size of a minimal deterministic automato

for an w-regular language depends on the acceptance condition,

a unigue minimal automaton need not exists, and the problemfo
finding one is NP-complete. We also study the affect of standa
operations (e.g., union, concatenation, etc.) on the sengicost of
automata and languages.

I. INTRODUCTION

of the input [8]. In more practical applications, matheroali
tools in signal processing are used to reconstruct infdomat
based on compressed sensing [6], and in the context of data
streaming, one cannot store in memory the entire input, and
therefore has to approximate its properties according togba
“sketches” [12].

Our interest in regular sensing is motivated by the use of
finite-state automata (as well as monitors, controllerg] an
transducers) in reasoning about on-going behaviors ofiveac
systems. In particular, a big challenge in the design of toosi
is an optimization of the sensing needed for deciding the
correctness of observed behaviors. Our goal is to formalize
regular sensing in the finite-state setting and to study ¢hs-s
ing complexity measure for regular andregular languages.

A natural setting in which sensing arisesigthesisgiven a
specification over setsandO of input and output signals, the
goal is to construct a finite-state system that, given a sezpie
of input signals, generates a computation that satisfies the
specification. In each moment in time, the system reads an
assignment to the input signals, namely a lette2inwhich
requires the activation dff| Boolean sensors. A well-studied
special case of limited sensing is synthesis withomplete
information There, the system can read only a subset of the
signals in/, and should still generate only computations that
satisfy the specification [9], [4]. A more sophisticatedeca$
sensing in the context of synthesis is studied in [5], where
the system can read some of the input signals some of the
time. In more detail, sensing the truth value of an input aign
has a cost, the system has a budget for sensing, and it tries to

Studying the complexity of a formal language, there amealize the specification while minimizing the requiredsirg
several complexity measures to consider. When the langsagbudget. In [17], the authors study games with errors. Such
given by means of a Turing Machine, the traditional measurgames correspond to a synthesis setting in which there are
are time and space demands. Theoretical interest as wellpasitions during the interaction in which input signals ezad
practical considerations have motivated additional messsu by the system with an error. The games are characterized by
such as randomness (the number of random bits required flee number or rate of errors that the system has to cope with,
the execution) [11] or communication complexity (numbesind by the ability of the system to detect whether a current
and length of messages required) [10]. For regular and input is erred. Finally, [2] studies a setting in which thetir
regular languages, given by means of finite-state automatalues of the specification as well as the input signals are
the classical complexity measure is the size of a minimalulti-valued. The signals are sensed with some noise and the
deterministic automaton that recognizes the language. goal is to synthesize a system that realizes the specificatio

We introduce and study a new complexity measure, nameljth the best value possible despite the noise.
the sensing cosbf the language. Intuitively, the sensing cost We study the basic fundamental questions on regular sens-
of a language measures the detail with which a random inpng. We consider languages over alphabets of the f@ffor
word needs to be read in order to decide membership anfinite setP of signals. Consider a deterministic automaton
the language. Sensing has been studied in several other £8ver an alphabet”. For a statey of A, we say that a signal
contexts. In theoretical CS, in methodologies such as P@P ane P is sensedn ¢ if at least one transition taken from
property testing, we are allowed to sample or query only patépends on the truth value pf The sensing cosbf ¢ is the



number of signals it senses, and the sensing cost of a rua isth> 2, ann-state DPAA,, for L may follow a “lazy sensing”
average sensing cost of states visited along the run. Weekxtstrategy in whichp is ignored forn — 1 states and is being
the definition to automata by assuming a uniform distributiovaited for only in then-th state. Asn tends to infinity, A,
of the inputs. Thus, the sensing cost.fis the limit of the is expected to spend more time in the chainmof 1 states
expected sensing of runs over words of increasing lehiite. where no sensors are required, so the sensing coé, ®énds
show that this definition coincides with one that is based do 0. Thus, bigger DPAs have smaller sensing costs, and the
the stationary distribution of the Markov chain inducedlty sensing cost of. is obtained as the infimum of the sensing
which enables us to calculate the sensing cost of an automatost of the DPASA,,)5° .
in polynomial time. The sensing cost of a langudg®f either Our main result is that despite the above intricacy, we
finite or infinite words, is then the infimum of the sensing sostan compute the sensing cost of arregular language in
of deterministic automata fak. In the case of infinite words, polynomial time. Indeed, we prove that the sensing cost of
one can study different classes of automata, yet we show thatw-regular languagd. is the sensing cost of the residual
the sensing cost is independent of the acceptance condittariomatonR; for L. Unlike the case of finite words, it
being used. may not be possible to define on top of R. Interestingly,
We start by studying the sensing cost of regular languageswever, R, does capture exactly the sensing required for
of finite words. For the complexity measure of size, the piturecognizingL. The proof of this property ofR ;, is the main
in the setting of finite words is very clean: each languad®s technical challenge of our contribution. The proof goes via
a unigue minimal deterministic automaton (DFA), namely the sequencés,, )2 ; of DPWs whose sensing costs converge
residual automatorik ;, whose states correspond to the equive that of L. The DPA B, is obtained from a DPAA for
alence classes of the Myhill-Nerode right-congruenceimia L by a lazy sensing strategy that spends time isopies of
for L [13], [14]. We show that minimizing the state space of & between visits ta4. As n grows, less time is expected
DFA can only reduce its sensing cost. Hence, the clean gictto be spent in4, so R; becomes the dominant component
of the size measure is carried over to the sensing measinethe sensing cost of3,. The challenge is to define the
the sensing cost of a languadeis attained in the DFAR . visits in A so that even being sparse, it is possible to decide
In particular, since DFAs can be minimized in polynomiahcceptance from the parity ranks visited during them. This
time, we can construct in polynomial time a minimally-sewgsi is made possible by decomposingaccording to its ergodic
DFA, and can compute in polynomial time the sensing cost sfrongly connected components and strengthening the “flowe
languages given by DFAs. We proceed to study how classidaimma” of [15], exploring its consequences in the speciakca
operations (complementation, union, and concatenatife)ta of strongly connected automata.
the sensing cost of languages, and we show that sensing is
not monotonic with respect to abstractions: a language
that abstracts a language (that is, L’ is obtained fromZ A. Automata
by existentially projecting some signals in some transiim A deterministic automaton on finite word®FA, for short)
a DFA for L) may have a strictly bigger sensing cost. is A= (%,Q,q,9,a), where@ is a set of stategyy € @ is
We turn on to study the sensing costefegular languages, an initial state,d : Q x ¥ — @ is a transition function, and
given by means of deterministic parity automata (DPAs) C () is a set of accepting states. We sometimes reféama
Recall the size complexity measure. There, the picture faglation A C Q x X x @, with (q,0,¢') € A iff §(q,0) = ¢'.
languages of infinite words is not clean: A language nee@&e run of A on a wordw = oy - 09 ---0,, € 2* is the
not have a unique minimal DPA, and the problem of findingequence of states, q1, . . . , ¢, such thatg; .1 € §(g;, 0541)
one is NP-complete [16]. It turns out that the situation ifor all i > 0. The run is accepting i, € a. A word w € X*
challenging also in the sensing measure. First, we show tligtaccepted byA if the run of 4 on w is accepting. The
different minimal DPAs for a language may have differerfanguage ofA, denotedL(A), is the set of words that
sensing costs. In fact, bigger DPAs may have smaller sensingepts. For a statec ), we useA? to denoted with initial
cost. Moreover, the sensing cost of a language may not ftateq. We sometimes refer also to nondeterministic automata
attained, and may only be the limit of a sequence of DPW@FAs), whered : Q x ¥ — 29 suggests several possible
To see this, consider for example the langudge (217})“  successor states, and there may be several initial stdtes, T
of all words in whichp holds in infinitely many positions. For an NFA may have several runs on an input wardand it

acceptsw if at least one of them is accepting.
1Alternatively, one could define the sensing cost.4fas the cost of its P pting

“most sensing” run. Such a worst-case approach is taken]jnfsere the Consider a languagé C X~ For tW(? f'n't_e W(_)rdSul
sensing cost needs to be kept under a certain budget in afiutations, rather and uo, we say thatu; andus areright L-indistinguishable

than in expectation. We find the average-case approach leevfappropriate denotedu; ~, us, if for every z € ¥*, we have thati; -z € L
for sensing, as the cost of operating sensors may well be taedrover iff L. Th ' is the Mvhill l\,l de righ
different runs of the system, and requiring the budget to épt kinder a Mmus-z € L. us,~, Is the Myhill-Nerode right congruence

threshold in every run may be too restrictive. Thus, theraaton must answer used for minimizing automata. Fare X*, let [u] denote the

correctly for every word, but the sensing should be low onlyawerage, and equivalence class of in ~; and let <L> denote the set of
it is allowed to operate an expensive sensor now and thenre3utts can be

easily extended to any distribution on the inputs that i®giby a finite-state al] equlvaler_me classes. Each C|6[B$ € <L> is associated
Markov chain. with the residual languageL” = {w:uw € L}. When L

Il. PRELIMINARIES



is regular, the set(L) is finite, and induces theesidual
automatonof L, defined byR, = (3, (L), AL, [€], ), with
([ul,a,[u-a])y € Ag for all [u] € (L) anda € 3. Also, «
contains all classep:] with v € L. By [13], [14], the DFA
Ry is well defined and is the unique minimal DFA fér.

A deterministic automaton on infinite words A
(3,0, q0,0,a), where@, g0, andd are as in DFA, andy is
an acceptance condition. The run df on an infinite input
word w

01 - 09+

letters in 3 are uniformly distributed. Thusscost(.A)
iMoo [ 2] 7™ 3, = SCOStA(w). Note that the defini-
tion applies to automata on both finite and infinite words.
Two DFAs may recognize the same language and have
different sensing costs. For example,Af = {a}, one DFA
for True* may have a single state and sensing ¢pswhile
another DFA may decompose the languageTtae* - a +
True* - (—a), and thus need two states, both sensingn

€ X¥ is defined as for automatafact, as we demonstrate in Example 2.1 below, in the case of

on finite words, except that the sequence of visited stateinite words two different minimal automata for the same

is now infinite. For a runr = qo,q1,..., let inf(r) de-
note the set of states thatvisits infinitely often. Formally,
inf(r) = {q : ¢ = g; for infinitely manyi's}. We consider
the following acceptance conditions. InBiichi automaton,
the acceptance condition is a setC @ and a runr is
accepting iffinf(r) N« # 0. Dually, in a co-Bichi, again
a C Q, but r is accepting iffinf(r) N a = (. Finally,

language may have different sensing costs.

For a languagé. of finite or infinite words, the sensing cost
of L, denotedscost (L) is the minimal sensing cost required for
recognizingL by a deterministic automaton. Thugpst(L) =
inf 4.1,(4)—1, scost(A). For the case of infinite words, we allow
A to be a deterministic automaton of any type. In fact, as we
shall see, unlike the case of succinctness, the sensingscost

parity condition is a mapping : Q — [i,. .., j], for integers independent of the acceptance condition used.
i < j, and a runr is accepting |ffmaxq€mf mialg)} is Example 2.1: Let P {a}. Consider the language
even. We use the acronyms NBA, DBA, NCA, DCA, NPAL C (2{¢})« of all words with infinitely manys and infinitely
and DPA to denote nondeterministic/deterministic Biex%/ many —a. In Figure 1 we present two minimal DBAs fdr
Buchi/parity word automata. with different sensing costs. While all the states of theoselc
We extend the right congruenee, as well as the defitnion
of the residual automato®R; to languaged. C X“. Here,
however,R;, need not accept the languagelgfand we ignore
its acceptance condition.

B. Sensing

We study languages over an alphatet= 27, for a
finite set P of signals. A letterc € ¥ corresponds to a automaton sense thus its sensing cost is the signak is not
truth assignment to the signals. When we define Iangua@@@sed in all the states of the first automaton, thus its I nsi
over X, we use predicates of in order to denote sets of COSt is strictly smaller than (to be precise, it is;, as we
letters. For example, if? = {a,b,c}, then the expression Shall see in Example 2.7). O

Fig. 1. Two minimal DBAs forL with different sensing costs.

(True)*-a-b-(True)* describes all words ove’ that contain
a subwords,, -0y, With o, € {{a},{a,b},{a,c},{a,b,c}} and
op € {{b},{a,b},{b,c},{a,b,c}}.

Consider an automatod = (27, Q, qo, 6, ). For a state
g € Q and a signap € P, we say thatp is sensed iny if
there exists a se&f C P such thav (¢, S\{p}) # d(q, SU{p}).
Intuitively, a signal is sensed i if knowing its value may
affect the destination of at least one transition frpnWe use
sensed(q) to denote the set of signals sensed.iThesensing
costof a stateg € Q is scost(q) = |sensed(q)|. 2

Consider a deterministic automatoh over ¥ = 2” (and
over finite or infinite words). For a finite run= qq, ..., ¢n
of A, we define the sensing cost of denotedscost(r), as

Remark 2.2:0ur study of sensing considers deterministic
automata. The notion of sensing is less natural in the non-
deterministic setting. From a conceptual point of view, we
want to capture the number of sensors required for an actual
implementation for recognizing the language. Technically
guesses can reduce the number of required sensors. To see
this, takeP = {a} and consider the languade= True* - a.

A DFA for L needs two states, both sensimgAn NFA for L
can guess the position of the letter before the last one,aniher
moves to the only state that senge§ he sensing cost of such
an NFA is0 (for any reasonable extension of the definition of
cost on NFAs). [l

L s~ Fscost(q;). That is, scost(r) is the average numberC. Probability

of sensors that4 uses during-. Now, for a finite wordw,
we define the sensing cost af in A, denotedscost 4(w),
as the sensing cost of the run of on w. Finally, the

Consider a directed grapf = (V, E). A strongly con-
nected componerfSCC) of G is a maximal (with respect to
containment) se” C V such that for allz,y € C, there is

sensing cost of4 is the expected sensing cost of wordg path fromz to . An SCC (or state) i®rgodicif no other
of length that tends to infinity, where we assume that thgccC is reachable from it, and fmnsientotherwise.

2We note that, alternatively, one could define #ensing levebf states,
with slevel(q) = M Then, for all stateg, we have thaslevel(q) €
[0,1]. All our results hold also for this definition, simply by diihg the

sensing cost byP)|.

An automatond = (X, Q, qo, 9, ) induces a directed graph
G4 =(Q,E) in which (q,¢') € FE iff there is a letters such
that ¢ € 6(¢q,0). When we talk about the SCCs of, we
refer to those ofG 4. Recall that we assume that the letters



in 3 are uniformly distributed, thusd also corresponds to Theorem 2.4:For all automatad, we havescost(A) =
a Markov chainM 4 in which the probability of a transition 3° , 7(q) - scost(q), wherer is the limiting distribution of
from stateq to stateq’ is py = /{0 € B:8(q,0) =¢'}]. A
Let C be the set ofd’'s SCC, andC. C C be the set of its
ergodic SCC's.

Consider an ergodic SCC' € C.. Let Po be the matrix
describing the probability of transitions ifi. Thus, the rows

Proof: By Lemma 2.3, we haver(q) = lim,, E’"—(“),

m

where E,,(q) is the expected number of occurrencesyah
a randomme-step run. This can be restated in our case as

1 1
and columns of°- are associated with states, and the value @(ﬁze_milr;n&?ooof géﬁh?rgiéé \:ﬁ; tthc;-ﬁ(r?)c;f,\itvr:)?\rZOécw d(gf)-
coordinateg, ¢’ is pq.o. By [7], there is a unique probability . it HA) — 1 @E “m ' ty

vector ¢ € [0,1]¢ such thatrcPc = mc. This vector !]r'l(;ogl’sgcosg () )_7 %m—»oo| |t( )Zowﬁ\w\(:“)l SIC:?Zrﬁ(tlﬁi)s’
describes thestationary distributionof C: for all ¢ € ¢ ' get SCOSLANW) = 2 qeq 5€05HY) - LV CCw ). ’

it holds thatrc(q) = lim,, oo % where ES (q) is the
average number of occurrencesgoin a run of A4 of length scost(A) = lim |%|™™ Z Z scost(q) - Occw(q)

m that starts anywhere i@i [7]. Thus, intuitively,r<(q) is the meee w:w|=m 7€Q

probability that a long run that starts @ ends ing. In order . “m

to extend the distribution to the entire Markov chain 4f - Z scost(q) 'mlgnoo Rl Z Occulq)

we have to take into account the probability of reaching each 9cQ wilwl=m

of the ergodic components. TI®CC-reachability distribution =Y scost(q) - m(q).

of A is the functionp : C — [0,1] that maps each ergodic a€Q

SCCC of A to the probability that\/ 4 eventually reache§', 0

starting from the initial state. We can now define timeiting

distribution 7 : Q@ — [0,1], as Remark 2.5:It is not hard to see that if4 is strongly

0 if ¢ is transient conngctgd, them is the uniqu_e §_tationary distribution_ of 4

7(q) = { ro(Q)p(C)  if ¢ is in someC € C, and is independent of the initial state of. Accordingly,

scost(A) is also independent ofl’s initial state in this special
Note that}" ., m(q) = 1, and that if P is the matrix case. U

describing the transitions a¥/4 andr is viewed as a vector  Theorem 2.6:Given an automatond, the sensing cost

in [0,1]9, thentP = 7. Intuitively, the limiting distribution scost(A) can be calculated in polynomial time.
of stateq describes the probability of a run on a random and

long input word to end ir. Formally, we have the following. Proof: By Theorem 2.4, we have thakcost(A) =
Lemma 2.3:Let E,,(q) be the expected number of occur2=qcq 7(9) - scost(q), wherer is the limiting distribution of

rences of a state in a run of lengthm of M that starts in - BY the definition ofr, we have thatr(q) = 7c(q)p(C),
¢. Then,x(q) — lim En(q) if ¢ is in someC € (.. Otherwise,m(q) = 0. Hence,

m the computational bottleneck is the calculation of the SCC-
Proof: Let ¢ € Q, and consider a random infinite runreachability distributionp : C — [0,1] and the stationary
rin My. If ¢ is transient, then it is easy to see thadistributions7 for everyC € C..It is well known that both
lim,—oo =FEm(q) = 0 = w(q), because with probability, can be computed in polynomial time via classic algorithms on
the stateg does not appear after some pointrinOtherwise, matrices. For completeness, we give the details in Appendix
let C € C. be the ergodic SCC of. The probability that A. For completeness, we give the details in Appendix Al
reacheg”' is given byp(C). By the law of total expectation,
and sinceq is reachable only ifr reachesC, we have Example 2.7: Recall the first DBAs described in Exam-
that E,,(q) = p(C)EC_, wheret is the expected time by ple 2.1. Its limiting distribution ist(q) = 7(q) = %,
which r reaches”. From this we get thalim,,, ., £=(@) — 77(32) =3 Aciorzi}ngg’ itS_EOSt iﬁl ' %D:AlA% +0- 3 =3
, EC_, , EC et P = {a,b}. Consider the 1 appearing in

POV My 00 =020 = p(C) limm oo T = p(C)7e(q). T Figure 2. Note thatL(A;) = (True)* - a-b- (True)*. It is
easy to see thatensed(qo) = {a}, sensed(q1) = {b}, and
sensed(g2) = 0. Accordingly, scost(qo) = scost(q1) = 1

Consider a deterministic automatoh = (2, Q. 6, qo,a). and scost(¢2) = 0. Since the state,, forms the only er-
The definition ofscost(A) by means of the expected sensingodic SCC, the limiting distribution on the states df is
cost of words of length that tends to infinity does not suggestqo) = 7(¢1) = 0 andw(g2) = 1. Hence,scost(A;) = 0.
an algorithm for computing it. In this section we show that th

definition coincides with a definition that sums the costshef t —a . a . true
states in.A, weighted according to the limiting distribution, 7 b
and show that this implies a polynomial-time algorithm for @ @

; . . —b
computing scost(A). This also shows that the cost is well-
defined for all automata. Fig. 2. The DFAA;.

D. Computing The Sensing Cost of an Automaton



Consider now the DFAA,, appearing in Figure 3, with

L(A;) = (True)* - a - b. Here, sensed(qo) = {a},
sensed(q1) = {a,b}, and sensed(q2) = {a}. Accordingly,
scost(qo) = scost(qgz) = 1 and scost(q2) = 2. Since A,
is strongly connected, its limiting distribution is its quie
stationary distribution, which can be calculated by sajvine
following system of equations, whesig¢ corresponds ta(g; ):
e T — lIQ + lxl + le.
0I1:§IQ+Z.§C1+§.§C2. 0I0+I1—|—.§C2:1.
Accordingly,m(go) = m(q1) = 2 andr(g2) = +. We conclude
that the sensing cost oy is1-2+2-2+1-% =1

5

e Ty = %Il.

Fig. 3. The DFAA; and its corresponding Markov chain.

O

IIl. THE SENSING COST OFREGULAR LANGUAGES OF
FINITE WORDS

Consider a wordvy - - - w,, € X*. Letr = rq,...,r, and
[ugl, ..., [um] be the runs of4 and R, on w, respectively.
Note that for alli > 0, we haveu; = w; - wo ---w;. For
all i > 0, we have thatl(A™) = L[*l, implying that then
scost(r;) > scost([u;]). Hence,scost a(w) > scostr, (w).
Since this holds for every word i*, it follows that
scost(A) > scost(Rr). O

Since L(Ry) = L, then scost(L) < scost(Ryp). This,
together with Lemma 3.1, enables us to conclude with the
following.

Theorem 3.2For every regular language C ¥*, we have
scost(L) = scost(Rp).

Finally, since DFAs can be size-minimized in polynomial
time, Theorems 2.6 and 3.2 imply we can efficiently minimize
also the sensing cost of a DFA and calculate the sensing cost
of its language:

Theorem 3.3Given an DFAA, the problem of computing
scost(L(.A)) can be solved in polynomial time.

B. On Monotonicity of Sensing

The example in Remark 2.2 suggests that there is a trade-
off between guessing and sensing. Consider a DEA=
(¥,Q, q,9,a), with ¥ = 2F, For a statey € Q and a signal
p € P, let Ay, be the NFA obtained fron by ignoring

In this section we study the setting of finite words. We show in ¢. Thus, in statey, the NFA A,|,, guesses the value of

that there, sensing minimization goes with size minimaati

p and proceeds to all the successors that are reachable with

which makes things clean and simple, as size minimization feome value. Note that the guess introduces nondeterminism.
DFAs is a feasible and well-studied problem. We also studsormally, A,;, = (3,29, {q}, ¢, a’), where for every state
theoretical properties of sensing. We show that, surmigin 7 € 2% and letterS < 27, we define§(T, S) = User 6(t, S)
abstraction of signals may actually increase the sensisg cib ¢ ¢ 7, and §(7,S) = §(q,S \ {p}) U d(q,S U {p}) U

of a language, and we study the effect of classical opersatierteT\{q} 0(t,S) if ¢ € T. Also, a statel’ C Q is in o iff

on regular languages on their sensing cost.

A. Minimizing the Sensing Cost

Consider a regular languadeC %*, with X = 2”. Recall
that the residual automatoR, = (X, (L), Ay, [¢], a) is the
minimal-size DFA that recognizes. We claim thatR ;, also
minimizes the sensing cost d@f.

Lemma 3.1Consider a regular languadeC ¥*. For every
DFA A with L(A) = L, we have thatcost(A) > scost(Rr).

Proof: Consider a wordw € ¥*. After readingu, the DFA
R reaches the statp:] and the DFA.A reaches a state

TNa # 0. Itis easy to see that(A) C L(A,,). Since
Aqip is obtained fromA by giving up some of its sensing,
it is tempting to think thatscost(L(Agqp)) < scost(L(A)).
As we now show, however, sensing is not monotone. For two
languaged. and L', we say thatl’ is an abstraction of. if
there is a DFAA such thatL(A) = L and there is a state
and a signap of A such thatl’ = L(Ag ).

Theorem 3.4Sensing is not monotone. That is, there is a
languagel and an abstractiof’ of L such thatscost(L) <
scost(L).

Proof: Let P = {a,b,c}. Consider the languagé = a -

W?th L(-A.q) =L". !ndeed, OtherWise_ we can point t0 @ WOrGrrye*.h4 (—a)-True*-c. It is not hard to see thatost(L) =
with prefix « that is accepted only in one of the DFAs. We| | |ndeed, a DFA forL has to sense in its initial state and

claim that for every statg € @ such thatL(A?) = LY,

then has to always sense eitldgin casea appears in the first

it holds thatsensed([u]) C sensed(q). To see this, consider etter) orc (otherwise).

a signalp € sensed([u]). By definition, there exists a set

S C P and states; anduy such that[u], S\ {p}, [u1]) € AL,

([u], SU{p}, [us]) € AL, yet[ui] # [usz]. By the definition of
R1, there exists: € (27')* such that, w.l.o.gz € L%t \ Lvz.

Hence, ad.(A?) = L*, we have thatd? accepty S\ {p}) - z

and reject§ SU{p})-z. LetJ 4 be the transition function afl.

By the abovej 4(q, S\ {p}) # d.4(q, SU{p}). Thereforep

sensed(q), and we are done. Nowgensed([u]) C sensed(q)

implies thatscost(q) > scost([u]).

Giving up the sensing af in the initial state of a DFA for
L we end up with the languagl/ = (True)™ - (bV ¢). Itis
not hard to see thatcost(L’) = 2. Indeed, every DFA for.’
has to almost always sense baétland c. U

We conclude that replacing a sensor with non-determinism
may actually result in a language for which we need more
sensors. This corresponds to the known fact that abstractio
of automata may result in bigger (in fact, exponentiallyggg



DFAs [3]. Also, while the above assumes an abstraction ththgt have a single minimal DBA, the sensing cost may not be
over-approximates the original language, a dual argumeitained by this minimal DBA, and in fact it may be attained
could show that under-approximating the language (that @nly as a limit of a sequence of DBAs.
defining A,;, as a universal automaton) may result in a Example 4.1: Let P = {p}, and consider the languade
language with higher sensing cost. of all words w; - wy--- such thatw; = {p} for infinitely
manyi’s. Thus, L = (True* - p)“. A minimal DBA for L
has two states. The minimal sensing cost for a two-state DBA
In this section we study the effect of actions on DFAS ofor L is % (the classical two-state DBA fof. sensesp in
their sensing cost. We start with complementation. Foryevelioth states and thus has sensing dosBy taking.4; in the
regular language., a DFA for comp(L) = ¥* \ L can be sequence we shall soon define we can recoghiby a two-
obtained from a DFA forL by only dualyzing the set of state DBA with sensing cos). Consider the sequence of
accepting states. In particular, this holds &y, implying DBAs 4,, appearing in Figure 4. The DBM,, recognizes

C. Operations on DFAs and Their Sensing Cost

the following. (True="-p)~, which is equivalent td_, yet enables a “lazy”
Lemma 3.5:For every regular languagé we have that sensing of. Formally, The stationary distributionfor A,, is

scost(L) = scost(comp(L)). such thatr(¢;) = 725 for 0 <i <m—1andn(gn) = 5.
Next, we consider the union of two regular languages. In the statesy, ..., q,_1 the sensing cost i8 and ing,, it
Lemma 3.6:For every regular languagds,, L> C (2F)*, is 1. Accordingly, scost(A,,) = miﬂ which tends td) asm

we havescost(Ly U Ly) < scost(Ly1) + scost(La). tends to infinity. O

Proof: Consider the minimal DFAs A; =

2F,Q', 0", ¢4, a") and Ay = (27, Q2,62,¢3,a?) for L, and true o\ o true, -
Lo, respectively. LeBB = (27, Q' xQ?%,5, (¢}, ¢3), (ot xQ?)U e @ 7 @

(Q! x a?)) be their product DFA. Note that(B) = L; U Ls.

We claim that for every statég,s) € Q' x Q?, we have

that sensed({q, s)) C sensed(q) U sensed(s). Indeed, ifp ¢ Fig. 4. The DBAA,,.

sensed(q)Usensed(s), then for every se C P\ {p}, it holds
thatd'(q, S) = 0%(q, SU {p}) andd?(s, S) = §%(s, S U {p}). Remark 4.2:Note that the languag& can also be recog-
Thus,6((q, s),S) = 6((q,s),S U {p}), sop ¢ sensed(q,s). nized by a one-state DBA in which the acceptance condition
We thus have thatcost((g, s)) < scost(q) + scost(s). is defined with respect to transitions. Our definition of the
It follows that for every wordw € (27)*, we have that sensing cost gives cos$tto one-state automata. In a model
scostp(w) < scost 4, (w)+ scost 4, (w). Indeed, in every state with acceptance on the transitions, however, the sensiag co
in the run of B on w, the sensing is at most the sum of thehould be defined in a different way, and take into an account
sensings in the corresponding states in the rund,0énd.4; the influence of the signal on the transition being accepting

onw. Since this is true for every word i, then taking the Wwith such a definition, our results apply to both models of
limit of the average cost yields the result. 0J acceptance. O

We now consider the concatenation of two languages. The

) : : Characterizingscost(L) by the residual automaton fat
following lemma shows that the sensing level may increase

from 0 to 1 when concatenating languages. In this section we state and prove our main result, which
Lemma 3.7:There are languagek;, L, C %* such that characterizes the sensing cost of afregular language by
scost(L1) = scost(La) = 0, yet scost(L’l ~L2_) -1 means of the residual automaton for the language:

Theorem 4.3:For everyw-regular languagd, C ¢, we
Proof: Let P = {a}, and consider the languagks = (2°)* have scost(L) = scost(Rr).
and Ly = {{a}}. It is not hard to see thatcost(L1) =  The proof is described in the following sections.
scost(Lz) = 0. Indeed, a DFA forL, consists of a single 1) The cost of the residual automaton is necessane
accepting sink with no sensing, and a DFA foy has a single start by provingscost(L) > scost(Ry). The considerations
ergodic component, which is a rejecting sink with no sensingere are similar to these used in the proof of Lemma 3.1 for
On the other hand,, - L, consists of all words that end withthe setting of finite words. We prove that for every DEAwith

{a} and thus a DFA for it has to always sense U L(A) = L, we have thatscost(A) > scost(Ry). Consider a
word w € ¢ and a prefixu € £* of w. After readingu, the
IV. THE SENSING COST OFw-REGULAR LANGUAGES  DpA R, reaches the stafe] and the DPAA reaches a state

For the case of finite words, we have a very clean picturg:with L(A?) = L*. As in the case of finite words, for every
minimizing the state space of a DFA also minimizes its sepsistateg € @ such thatl.(A?) = L¥, it holds thatsensed([u]) C
cost. In this section we study the case of infinite words. hersensed(q), implying that scost(q) > scost([u]). Now, since
the picture is much more complicated. In Example 2.1 wibis holds for all prefixes of w, it follows thatscost 4(w) >
saw that different minimal DBAs may have a different sensingostz, (w). Finally, since the latter holds for every woude
cost. We start this section by showing that even for langsiage®, it follows that scost(A) > scost(Rr).



Note that the arguments in the proof are independent of ttiés manner an infinite word) = upujusg - - -

such that for all

acceptance condition oft and apply also to stronger accepi > 0, the run of A on uy, ..., us; reachess and the run of3
tance conditions, such as the Miller acceptance condition onwy, ..., us;+1 reaches;. Thus, the maximal rank in the run

2) The cost of the residual automaton is sufficielnt:this
section we prove thatcost(L) < scost(Rpr). To show this,
we construct a sequen¢B,,),,>1 of DPAs such thaf.(5,,) =
L for everyn > 1, andlim,,_, scost(B,) = scost(Rp).

of A (resp.B) onw is k (resp.k + 1). However,k andk + 1
have different parity, sd.(A) # L(B), which contradicts our
assumption. We conclude tha{.A4) is not recognizable by a
DPA with ranks{1, ...,k + 1}.

We note that since the DPAS,, have the same acceptance Now, [15] proves the claim fosd that need not be strongly
condition asA, there is no trade-off between sensing cost armbnnected and has no equivalent DPA with rafiks. .., k +
acceptance condition. More precisely,ifcan be recognized 1}. There, the DPAD has ranks ir{0, ...,2m + k + 1}, and

by a DPA with parity rankd:, j] (in particular, if L is DBW-

has g2m, 2m+k]-flower gy . We argue that sincd is strongly

recognizable), then the sensing cost f4td) can be obtained connectedP has only ranks if0, ..., 2m + k}.

by a DPA with parity rankgi, j].

By [15], if there existan € N and a DPAD that recognizes

We first assume thatl is strongly connected. We will later L(.A) and has g2m, 2m + k + 1]-flower, thenL(.A) cannot

show how to drop this assumption.

be recognized by a DPA with rankdl, ...,k + 2}. Observe

Let A = (X,Q,q0,A,a4) be a strongly connected DPAthat in this caseL(.A) cannot be recognized by a DPA with

for L. We assume tha#l is minimally ranked. Thus, if4
has parity ranks{0,1,...,k}, then there is no DPA for.
with ranks {0,1,...,k — 1} or {1,2,...,k}. Also, if A

ranks{0, ..., k} as well, as then, by increasing the ranks2by
we would get a DPA with rank$2, ..., k + 2}, contradicting
the factL(.A) cannot be recognized by a DPA with ranks in

has ranks{1,2,...,k}, we consider the complement DPA/{1, ...,k + 2}. Hence, as4 with ranks{0, ..., k} does exist,

which is A with ranks {0,1,...,k — 1}. Since DPAs can

the DPAD cannot have &m,2m + k + 1]-flower.

be complemented by dualizing the acceptance conditioir, the Now, in our case, the DPA4, and therefore als®, is
sensing cost is preserved under complementation, so riegsoistrongly-connected. Thus, T has a state with rartkn+k+1,

about the complementing DPA is sound. Bo« i < k, a cycle

then the stat@g is in the same component with this state, and

in A is called ani-loop if the maximal rank along the cycle is therefore d2m, 2m+ k + 1] flower. By the above, however,

isi. For0 <i<j <k, anlij] - floweris a stategn € Q
such that for eveni < r < j, there is anr-loop that goes
throughoutyy.

D cannot have d2m,2m + k + 1] flower, implying thatD
has ranks in{0, ..., 2m + k}. O

The following lemma is a strengthening to strongly con- Let A and D be as in Lemma 4.4, and; be the

nected DPAs of a result from [15]:

[2m, 2m + k]-flower in D. Note thatA andD have the same

Lemma 4.4: Consider a strongly-connected minimally-Structure and differ only in their acceptance conditiont Le

ranked DPAA = (X.Q,qo, A, a4) with ranks {0, ..., k}.
Then, there is a DPAD = (¥, Q, g0, A, ap) such that all the
following hold.
1) For every states € @, we haveL(A*) = L(D?). In
particular,.A andD are equivalent.
2) There existm € N such that D has
{0,...,2m + k} and has g2m, 2m + k] flower.

ranks

Q={0,....2m + k}. Forawordw € ¥*, letp = s1, 51, ..., 8,
be the run ofD on w. If p ends ingy, we define thegy-
loop-abstraction ofw to be the rank-worchbs(w) € Q*
of maximal ranks between successive visitgyto Formally,
let w = yo - y1-- -y, be a partition ofw such thatD
visits the stategy after reading the prefixg - --y;, for all
0 < j < t, and does not visiyy in other positions. Then,
abs(y;), for 0 < ¢ < ¢, is the maximal rank read along

Proof: We first claim that4 does not have an equivalent DPAy;, and abs(w) = abs(yo) - abs(y1) - - - abs(y,). Recall that
with ranks{1,...,k+1}. Indeed, assume by contradictionthaR; = (X,(L),Ay,[e],«), where (L) are the equivalence

there is a DPAB with ranks{1,...,k + 1} that recognizes
L(A). Letu € ¥* be such that the run df on « ends in an

classes of the right-congruence relation bnthus each state
[u] € (L) is associated with the languagé of wordsw such

ergodic SCCC' of B. Since A is strongly connected, there isthat uw € L. We define a functionp : Q — (L) that maps

a wordv € ¥* such that the run ofd on the worduv ends
in the initial state ofA. That is, L*Y = L. Since L(B) =
L(A), this implies that the run oB on uv ends in a statg
such thatL(BY) = L. Since after reading, the run is in the
ergodic component’, we haveq € C. Thus,B? is a strongly
connected DPA equivalent t@l. By our assumption/(.A)
cannot be recognized by a DPA with ranks{ih, ..., ¥}, and
thus the ranks i3? are {1, ...,k + 1}. In particular, there is
a stateq’ in B with rank & + 1.

Let s be a state in4 with rank k. Let ug € ¥* be such
that the run of4 on uq reachess, and letu; € X* be such
that the run ofB on ugu; reachesy’. We can construct in

states ofA to languages inL) by ¢(q) = L(A%). Observe
that ¢ is onto. We define a function : (L) — @Q that maps
languages in(L) to states ofA by arbitrarily choosing for
every languagd.“ € (L) a state inp=1(L).

We define a sequence of words,,,, ..., us,+r € Q* as
follows. The definition proceeds by an induction. Lt
|Q| + 1. First, ua,, = (2m)™. Then, for2m < i < 2m
k, we haveu; = (i - u;—1)™~1 - 4. For example, ifm
2 and |Q| = 2, thenwuy = 444, us = 544454445, ug
654445444565444544456, and so on. LetP be a DFA that
accepts a (finite) woray € >* iff the run of D on w ends in
gn andua,, 1+ is a suffix ofabs(w), for the wordus,, 4 € Q*

=+



defined above. In Appendix B we describe how to construeroof: We prove a stronger claim, namely that if the run
P, essentially by combining a DFA over that alphabethat of 55,, on u ends in theR -component in a statés, ), then
recognizesY* - us,, 4k With a DFA with state spac€) x Q s = [u], and if the run ends in th®-component in a state
that records the highest rank visited between success$its vi(q,t), then L(A?) = L*. The proof proceeds by induction

to ¢n and thus abstracts words ¥i*. on |u| and is detailed in Appendix C. By Lemma 4.4, for all
We can now turn to the construction of the DFAstatesq € @, we haveL(A?) = L(D?), so the claim follows.
B,. Recall that A = (X,Q,q0,A,a4), and letP = O

(3,Qp,to, Ap,{tacc}). FOr n > 1, we define B, =
(2, Qn, (g0, to), An, ) as follows. The states of, are Lemma 4.6:If the run of B,, on a wordw € X¢ visits
Qn = (L) x {1,...,0n}) U (Q x (Qp \ {tacc})), where theRi-component finitely many times, then € L iff w €
tqcc 1S the unique accepting state ®f. We refer to the two L(B,).
components in the union as tte;-componentand theD-
componentrespectively. The transitions &, are defined as on w stays forever in theD-component after reading. Let
follows. (¢,t) € Qn be the state reached i, after readingu. By

o Inside the Rp-component: for every transition| emma 4.5, we havé (A?) = L“. Since the run of3,, from

(u,a,[]) € Ap andi € {1,...,n—1}, there is (4 ) stays in theD-components where it simulates the run of

a transition(([u], 1), a, ([u],i + 1)) € Ay, A from ¢, then A? accepts the suffixoll iff B"" accepts
« From the R -component to theD-component: for ev- , lul |t follows thatw € L iff w L(By). ]

ery transition([u], a, [u']) € Ap, there is a transition
(([u],n), a, (v([u']), t0)) € Ap. The complicated case is when the run®f on w does visit
« Inside theD-component: for every transitior{g, a, ¢’) € the R -component infinitely many times. Here is where the
A and(t,a,t') € Ap with t’ # t,.., there is a transition the special structure oP enters the pictures and guarantees
((g:1),a,(d',t")) € Ay. that the sparse visits in th®-component are sufficient for
« From theD-component to thék ; -component: for every determining acceptance.
transitions(q, a,q’) € A and (t,a,tqcc) € Ap, thereis  Lemma 4.71f the run of B,, on a wordw € ¥ visits the
a transition{(q, ), a, (¢(¢'),0)) € Ay. R .-component infinitely many times, them € L iff w €
The acceptance condition &,, is induced by that ofd. L(B,).
Formally o, (¢,t) = aa(q), for states(q,t) € Q x Qp, and
an([u],7) = 0 for states([u], ) € (L) x {1,...,n}.

Proof: Letwu € ¥* be a prefix ofw such that the run oB,,

Proof: Let 7 = s1,59,53,... be the run of53, on w and
let p = q1,92,q3... be the run ofA on w. We denote by
7[i, 7] the infix s;, ..., s; of 7. We also extendvp to (infixes

(Re, 1 }~Re, 2} Ry, 3}--"- of) runs by definingap (7[i, j]) = ap(si), ..., ap(s;). For a
rank-wordwu € Q*, we say that an infix[z, j] is a u-infix if
ap(7li, j]) = u.

If v =7li, 7], for some0 < i < j, is a part of a run ofD
that consists of loops aroung, we define thdoop type ofv
to be the word in2* that describes the highest rank of each
The idea behind the construction B, is as follows. The simple loop aroundg in v. An infix of 7 whose loop type is
automatons,, stays inR, for n steps, then proceeds to a state, for some2m < i < 2m + k is called au;-loop-infix
in D with the correct residual language, and simuldbesntil By our assumption; contains infinitely manyusg, -
the ranks corresponding to the wargh, . have been seen. Itinfixes. Indeed, by the definition 67, otherwiser get trapped
then goes back t® 1., by projecting the current state fonto  in the D-component. We proceed by establishing a connection
its residual in(L). The biggem is, the more time a run spendspetweenu,-loop-infixes ofr and the corresponding infixes of
in the Rz -component, makingk;, the more dominant factor o, for all 2m < i < 2m + k.
in the sensing cost 0B,,. As n tends to infinity, the sensing et e {2m,...,2m+k}, and consider a;-loop-infix, By
cost of B,, tends to that ofR .. The technical challenge is tothe definition ofu;, such au;-loop-infix consists of a sequence
defineP in such a way so that even though the run spends lesssy — |Q| + 1 i-loops in 7, with loops of lower ranks
time in theD component, we can count on the ranks visiteBetween them. We can write = zvw’, wherev = wlc, d is
during this short time in order to determine whether the BN fhe sub word that corresponds to theloop-infix. Let uh =
accepting. We are now going to formalize this intuition, angA(p[c, d]) be the ranks op in the its part that corresponds
we start with the most challenging part of the proof, namely ,.
the equivalence oB, and.A. The proof is decomposed into By our choice ofM, we can find two indices < j < I <
the three lemmas 4.5, 4.6, and 4.7. d such that the pair§(q;,t), ¢;) and ((q,t'), q;) reached by
Lemma 4.5:Consider a wordu e ¥ such that the run (7-7 p) in indicesj and l, respective'y’ Sa‘[isfwj = q = qn
of B, on u reaches theD-component in statég,?). Then, and¢, = ¢;. Additionally, being a part of the run on @-
L(D?) = L(A%) = L*". loop-infix, the highest rank seen betwegnand ¢, in 7 is i.

Fig. 5. The DPAB,,.



We write v = vyv9vs, Wherev, = v[1, j], vo = v[j+1,1], and the sub-vector that corresponds to tki R ;,-component. For
vs = v[l + 1,|v|]. Thus, the loop type ofs is in (iu;—1)"i, everyl < i < n, itis easy to see thaty, || = ||yn,i+1l-
with the conventionusy,,,—1 = €. Indeed, all the transitions from theth copy of R, are to the
Consider the rung andn of D% and of. A% onvy, respec- (i 4+ 1)-th copy. Thus, ||y, ;|| is independent of. Let a,, =
tively. These runs are loops labeled by, where the highest ||y, 1]| > 0 andb,, = ||z, || > 0. Observe that for every, we
rank in  is i. By Lemma 4.5L(D%) = L(D%) = L(A%), have thatna, + b, = 1, S0 in particularim,, . a, = 0.
so the highest rank in must have same parity as Let ¢ > 0. By the definition of P, we always enter
Thus, we showed that for eveiye {2m,...,2m + k}, and the first R -component in the statg] of Ry — the state
for everyu,-loop-infix v of 7, there is an infix ofv with loop- corresponding td.(.49). Let 7, be the distribution over the
type in (4u;_1) "4, such that the infix o corresponding taw  states ofR, in which [¢n] is assigned probability and the
has highest rank of same parity as other states ofR ;, are assigned, and letd = (64,...,0;) be
We want to show that rank is withessed o during every the unique stationary distribution & . Let R be the matrix
uom4x-iNfix of 7. Assume by way of contradiction that this isassociated with the Markov chain &, and letr; = 7o R'
not the case. This means that there is samg. ,-infix v/ in  for everyi > 1. By [7], there exists:, such that for all index
7 such that all ranks visited ip alongv’ are at mostc — 2. i > no and1 < j <, we have thatr; ; — 0;| < e. Note that
Indeed, since the highest rank has to be of the same parityfasall » ands, it holds thaty,, ; = ;.
2m+ k, which has the same parity &sit cannot bek — 1. By Let {qi,...,q4} be the states in th®-component. Since
the same argument, withis there is an infixo” of us,, 1,1 P is strongly connected, then for evety< 4,5 < d there
of the form((2m + k — 1) (ugm+k—2)) " (2m+k—1) in which is a path fromg; to ¢; with at mostd — 1 transitions. Since
the highest rank i is of the same parity aB — 1. Asv” is  there are at mogt:| edges leaving each state, the probability
also an infix ofv’, the highest rank i alongv” is at most of taking each edge along such a path is at least I_é\
k — 2. Thus, the highest rank alond’ is at mostk — 3. By Therefore, the probability of reaching from ¢; is at least
continuing this argument by induction down 6o we reach p¢—'. Consider the maximal entry in, (w.l.0.gz,, 1). It holds
a contradiction (in fact it is reached at leve), as no rank thatz, ; > @ = % Therefore, for alll < j < d, we have
below 0 is available. _ _ ny > e > u“‘d’lbn_
We conclude that the rup witnesses a rank in any wug-

- . - ER T o Recall thatt,.. is reachable from all the states in tfie
infix of 7. Sincer contains infinitely many-infixes, thenp  component. Therefore, there is at least one transition from

contains infinitely many ranks, and, depending on the paritygome statey; of the D-component to the firsR . -component.
of k, either bothp and r are rejecting or both are accepting.—, . . o opty .
This concludes the proof that € L iff w € L(B,). O Th|ds means thati, = ji - n; 2 frbn, IMplying thatd, <
u=%-d- a,, which tens to0 whenn tends toco.

We now consider the cost @&,,, for n > ny. Clearly, the
We proceed to show that the sensing cost of the sequen¢gximal cost of a state is”|. Let c; be the cost of the state
of DPAs B3,, indeed converges to that & . indexed; in R, and letr; = (7;1 ..., 7). Then,
Lemma 4.81im,, . scost(B,,) = scost(Rr).

n d

Proof: SinceD is strongly connected, theq, is reachable S<C(;)St|(1f|n4)ri Zn||f?||j—zoa§:|f| +§:nd21(57°+%)30__1 T
from every state irD. Also, sincegg is a[2m, 2m+ k]-flower, - 0%n T evi=ng £uj=117) 7
we can construct a sequence of loops arognavhose ranks Therefore, whem — oo, asa, — 0 andb, — 0, we get
correspond to the words,,,+ . Thus,t,.. is reachable from scost(By) < (n — no)an 2?21 fjc; + O(e) + o(1). But we
every state in théD-component. know na,, + b, = 1, andb,, — 0, SO na,, — 1, and therefore

SinceA is strongly connected, so 78 . This, together with (5, — ng)a,, — 1. We getscost(B,,) < scost(Rr) + O(e) +
the factt,.. is reachable from every state infxcomponent, o(1). Furthermore, by Lemmas 4.6 and 4.7, foralve have
implies thatB,, is strongly connected. So, a run &, is L(B,) = L(A), thusscost(Rp) < scost(B,,).
expected to traverse both components infinitely often, m@ki  Since the above holds for al > 0, we conclude that
the R .-component more dominant asgrows, implying that Jiy,,, scost(B,) = scost(Ryp). O
lim,, o scost(B,,) = scost(Ry). Formalizing this intuition
involves a careful analysis d8,,'s Markov chain, as detailed Lemmas 4.6, and 4.7 put together ensure that for strongly

below. connected automata, we have thés,,) = L, so with Lemma
Consider the Markov chain that correspond®3{g and let 4.8, we getscost(L) = scost(Rr).
T, be its transition matrix. For a vecter= (vq, ..., v,), let It is left to remove the assumption abadtbeing strongly

v = >°7, vi. The sensing cost @8,, is computed using the connected. Assume then thalt is not a strongly connected
limiting distribution,, of 3,,. SinceB3,, is strongly connected, DPA, and letC, ..., C; be its SCCs. For each<i <[, let

it has a unique stationary distribution. Thugis obtained as a R; be the residual automaton @f;, with no state specified
solution of the equatiom,,7,, = m,, subject to the constraintas an initial state (sinc€’; is strongly connected, then, by
I || = 1. We denote byt,, = (@1, ..., 2n,4) the sub-vector Remark 2.5, the sensing cost 6{C;) is independent of its

of 7, that corresponds to tlfe-component, and denote lpy ; initial state). We can assume that all ti& are distinct, as



otherwise intersecting components could have been merddd with future discounting [1], where formulas assign hégh
in A. Let (Bi,...,Bin)n>1 be a sequences of DPAs wesatisfaction values to computations that satisfy eveitiesl
have constructed above for strongly connected DPAs, wifdist. Our study here suggests that lower sensing leads &r low
B;.» corresponding ta”;. In particular, for everyl < i <, satisfaction values. An interesting problem is to study and
we havelim,, . scost(B; ) = scost(L(C;)). Let A,, be the formalize this intuitive trade-off between sensing andliya
DPA obtained fromA by replacing each SCT; by B; ,, Transient cost: In our definition of sensing, transient
with the entry points toB; ,, being chosen to preserve thestates are of no importance. Consequently, for example, all
correct residual language. It is easy to see that fonal 1, safety languages have sensing dists the probability of a
we have L(A,) = L(A). Let p (resp. p,) be the SCC- safety property not being violated s and once it is violated,
reachability distribution ofA (resp.A,). For everyl <i <[ no sensing is required. An alternative definition of sensiogt
andn > 1, we have thatp(C;) = p,(B;,). Therefore, may take transient states into an account. One way to do it
scost(Ay,) = Zﬁzl p(Ci)scost(B; ). Whenn tends toco, is to define the sensing cost of a run as the discounted sum
we getZé:1 p(Cy)scost(Cy). of the sensing costs of the states it visits. Thus, for exampl
Finally, let Ar be the DPA obtained from by replacing the sensing cost of a rup, qi1,... is > ,~, 27" - sensed(|q;|).
each SCCC(; by its residual automator?;, again keep- One could also use different types of discounting. This way,
ing the entry points toR; consistent with residuals. Sincetransient states affect the sensing cost, ergodic setsease |
the SCC-reachability distribution il and Ag coincide, it dominant, and the sensing cost of safety languages is tiypica

follows that scost(Ar) = scost(Ryr). Since scost(Ar) = positive. For example, with the above suggested discogintin
22:1 p(Cy)scost(C;), we can conclude thascost(A) = the sensing cost of the language”} over the alphabe2{r}
scost(Rr) and we are done. iss+i+i4+...=1

Remark 4.91t is easy to see that all our results can be easily Beyond regular: Our definition of sensing cost can be
extended to a setting with a non-uniform distribution on thgdapted to measure more complex models, such as push-down
letters, or with a different cost for each input in each state automata or Turing machines. It would be interesting to kee t

V. D F R trade-off between sensing and classical complexity measur
. DIRECTIONS FORFUTURE RESEARCH in these models.

Regular sensing is a basic notion, which we introduced

and _studled f(_)r Ianguage§ of finite and infinite WO!’dS. In this REFERENCES
section we discuss possible extensions and variants of our
definition and contribution. [1] S. Almagor and O. Kupferman. Discounting in LTL IRroc. 20th

; ; TACAS To appear, 2014.
Open systemsOur setting assumes that all the S|gnal 2] S. Almagor and O. Kupferman. Latticed-LTL synthesis lie tpresence

in P are gene.ratEd by the environment and read by the' of noisy inputs. InProc. 17th FOSSAGSo appear, 2014.
automaton. This corresponds, for example, to the case th® G. Avniand O. Kupferman. When does abstraction héRf2, 113:901-
automaton is anonitor that observes behaviors and decides = 905 2013. _ N _ _
hether th t In th tti f t V\Vé] K. Chatterjee and R. Majumdar. Minimum attention cotielosynthesis
w e_ _er e_y are correct. _n € S_e Ing OF open Systems for w-regular objectives. IFORMATS pages 145-159, 2011.
partition P into a set/ of input signals, generated by the [5] K. Chatterjee, R. Majumdar, and T. A. Henzinger. Corémbynthesis
environment, and se® of Output Signa|s’ generated by the W(i)th budget constraints. IRroc 11th HSCC, LNCS 498pages 72-86,
system. le_er? a specification ovéru O, the goal ITQ‘ to D.L. Donoho. Compressed sensinglEEE Trans. Inform. Theory
construct a finite-state system, a.k.aransducey that, given 52:1289-1306, 2006.
a sequence of input signals, generates a computation tHat C. Grinstead and J. Laurie Snell. 11:Markov chainsrimoduction to
satisfies the specification. Studying sensing for open syste Probability. American Mathematical Society, 1997. .
. P . ying 9 P . [‘:\8|] G. Kindler. Property Testing, PCP, and Junta$hD thesis, Tel Aviv
we Qeflne the sensing cost of a language as the minimal’ yniversity University, 2002.
sensing cost required for a transducer that realizes ie M@t  [9] O. Kupferman and M.Y. Vardi. Church's problem revisitethe Bulletin
here, sensing is measured only with respect to the signals in ©f Symbolic Logic5(2):245 — 263, 1999. _ _
Pd)g E. Kushilevitz and N. Nisan.Communication complexityCambridge
1. Also, the transducer does not have to generate all the wo University Press, 1997.
in the language — it only has to associate a computation in 1€ c. Mauduit and A. Sarkdz. On finite pseudorandom bingequences.
language with each input sequence. These two differencgs ma - measure of pseudorandomness, the legendre symBota Arith,

L : L , 82(4):365-377, 1997.
lead to significantly different results for seeing in thetisgt [12] S. Muthukrishnan. Theory of data stream computing: nette go. In

of open systems. Proc. 30th PODSpages 317-319, 2011.
Trade-off between sensing and qualitfhe key idea [13] J. Myhill. Finite automata and the representation afres. TR WADD

in the proof of Theorem 4.3 is that when we reason aboyt R-57-624, pages 112-137, Wright Patterson AFB, Ohio, 1957
| f infinit ds. it i fi ible t | 14] A. Nerode. Linear automaton transformatiori&roc. American Mathe-
anguages of infinite words, it is sometimes possible o>de matical Society9(4):541-544, 1958,
the sensing and only sense in “sparse” intervals. This s@i$] D. Niwinski and I. Walukiewicz. Relating hierarchie$ word and tree
of lazy sensing is sound, as eventualities are allowed to bg] gUtg";]ata- '”;foc- 35:‘ STA,\;?_S; '-_N(i_s 1333998-_ 1 DBANd DPA

- . _ . OChewe. beyon yper-Minimisation—Minimising n S
Sat'Sf'e‘?' in-an unbou_n(.:iedly far fUt.ure (see al§0 Examp_l)e 4. is NP-Complete. IrProc. FSTTCSLIPIcs 8, pages 400-411, 2010.
In practice, however, it is often desirable to satisfy euatities [17] . Velner and A. Rabinovich. Church synthesis problemrioisy input.
quirky. This is formalized in multi-valued formalisms suahk In Proc. 14th FOSSAG®ages 275-289, 2011.



APPENDIX Formally, P = (X, Qp, to, Ap, {tacc}), WhereQp = Q x

A. Calculating the SCC-reachability distribution QxQ', to = (a0, 0, do), Lace = (g0, 2m+k, o) and the tran-
) o ) sition relation is defined as follows. For every stégei, s) €
The stationary distributiomr~ of each ergodic SCC' can gp and lettero € ¥, we have((q,i,s), o, (¢',i',s')) € Ap,

be computed in polynomial time by solving a system of lineg{nere (¢4} is such that({(q, ), 0, (¢, 1)) € Ay, ands’ is

equations. o such that(s, ', s') € A if ¢’ = gn, while s’ = s if ¢ # qn.
We show that the SCC-reachability distributipn: C —

[0,1] can also be calculated in polynomial time.First, if th&. Details of the proof of Lemma 4.5

initial state qo is in an ergodic SCC, the result is trivial. We complete the proof by induction.

Otherwise, we proceed as follows. We associate witlthe For u = ¢, the claim is trivial, asB,, starts in (g, to).

Markov chainM/,, in which we contract each ergodic SCCConsider the wordy - o for u € ¥* ando € . By the

of A to a single state. That is\/), is obtained from\M 4 by induction hypothesis, if the run o8, on u ends in anR;,

replacing eactt’ € C. by a single statgc. Notice that)M’, is  component in statés, i), thens = [u]. If i < n, then, by the

an absorbingMarkov chain, thus it reaches a sink state witlefinition of R, the next state i¢[u - o], + 1), we are done.

probability 1. Indeed, the probability of reaching an ergodi¢f ; = » then the next state i8y([u-o]), to). By the definition

SCCinMj, is 1, and every SCC in/4 becomes a sink stateof ~, we haveL(A"[*7D) = L*7 so we are done.

in M. We continue to the case the run &f, on » ends in
By indexing the rows and columns in the transition matrithe D-component. If the run ends in a state t) such that

of M’, such that transient states come before ergodic statéso, to..) ¢ Ap, then, by the induction hypothesis, we have

E where that L(A?) = L*. Readingo, we move to a statép’,t’)

_ N 0 1) such that(p,o,p’) € A, thus L(A?") = L*, and we are

T describes the transitions between transient stafebom yone. Otherwise(t, o, taee) € Ap and the next state o8,

transient to ergodic states, aids the identity matrix of size g (o(p'), 1). By the definition ofy, we havep(p') = [u - o],

IC.|. Note that, indeed, there are no transitions from ergodi¢,q we are done.

states to transient ones, which explains thenatrix in the

bottom left, and thaf captures the fact the ergodic states are

sinks. By [7], the entry at coordinatés;, ) in the matrix

B = (I — T)"'E is the probability of reaching the sink:

starting from the transient statg. Therefore, for every”' €

Ce, we have thap(C) = By,,qc)-

we can put the matrix in a normal for

B. The construction of the auxiliary DFR

Let Hom+r = (2, Q', ¢}, A', o’) be the minimal DFA that
recognizes the languade* - us,+r. We can defineHs,,
so thate/ contains a single statg ... Indeed, there is a single
accepting Myhill-Nerode class of the languaQé - uo., 1 k-

Let H be the DFA with state spad@ x 2 and alphabek
that maintains in its state the highest rank seen since #te la
occurrence ofyn (or since the beginning of the word, if no
gqo has been seen) in the run ®f on the word. ThusH is
in state(q, ) iff the highest rank that was visited iy since
the last visit togy is i. Observe that simulatingf whenD is
in anr-loop that started fromy, means that the next visit to
gn will make H reach the statégn, ).

Formally, H = (2, Q x ©, (g0, 0), Ay, Q x ), whereAy
is defined as follows.

« For every statéq, i) whereq # ¢, and for every € X,
we have((q, i), o, (s,max {i,7'})) € Ay wheres is such
that (¢, 0, s) € A, andi’ = ap(s).

o For a state (¢qg,i) and for ¢ € X, we have
({qn,1),0,(s,i')) € Ay wheres is such that(g, o, s) €
A, andi’ = ap(s).

We obtain? by composingH with Hs,, 1 as follows. In
every step of a run oD, the DFAP advances in the DFA,
while the DFAH3,,+1 Only advances when we visit;, and
it advances according to the highest rank store@{in



