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Abstract

We study the distinguishing and expressive power of branching temporal logics with
bounded nesting depth of path quantifiers. We define the fragments CTL} and CTL;
of CTL* and CTL, where at most 7 nestings of path quantifiers are allowed. path
quantifiers in CTL* and CTL formulas, respectively. We show that for all 7 > 1,
the logic CTLY,; has more distinguishing and expressive power than CTL}; thus
the branching-depth hierarchy is strict. We describe equivalence relations H; that
capture CTL}: two states in a Kripke structure are H;-equivalent iff they agree on
exactly all CTL} formulas. While H; corresponds to trace equivalence, the limit of
the sequence Hi, Ho, ... is Milner’s bisimulation. These results are not surprising,
but they give rise to several interesting observations and problems. In particular,
while CTL* and CTL have the same distinguishing power, this is not the case for
CTL} and CTL;. We define the branching depth of a structure as the minimal index
i for which H;; = H;. The branching depth indicates on the possibility of using
bisimulation instead of trace equivalence (and similarly for simulation and trace
containment). We show that while bisimulation can be calculated in polynomial
time, the problem of finding the branching depth is PSPACE-complete.

1 Introduction

Temporal logics, which are modal logics geared towards the description of the
temporal ordering of events, have been adopted as a powerful tool for spec-
ifying and verifying concurrent programs [16]. One of the most significant
developments in this area is the discovery of algorithmic methods for verifying
temporal logic properties of finite-state programs [2,11,17]. This derives its
significance both from the fact that many synchronization and communication
protocols can be modeled as finite-state programs, as well as from the great
ease of use of fully algorithmic methods. Finite-state programs can be mod-
eled by transition systems where each state has a bounded description, and
hence can be characterized by a fixed number of Boolean atomic propositions.
This means that a finite-state program can be viewed as a finite propositional
Kripke structure and that its properties can be specified using propositional
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temporal logic. Thus, to verify the correctness of the program with respect
to a desired behavior, one only has to check that the program, modeled as
a finite Kripke structure, satisfies (is a model of) the propositional temporal
logic formula that specifies that behavior. Hence the name model checking for
the verification methods derived from this viewpoint [3].

We distinguish between two types of temporal logics: linear and branching
[9]. In linear temporal logics, each moment in time has a unique possible
future, while in branching temporal logics, each moment in time may split
into several possible futures. Linear temporal logic enables us to express
properties of paths in Kripke structures. In branching temporal logics, we add
the ability to quantify over paths that branch from a state in the structure.
In the branching temporal logic CTL*, this is done using the path quantifiers
E (exists) and A (for all). The CTL* formula F is satisfied in a state s of a
Kripke structure if there exists a path that starts in s and satisfies the formula
. Similarly, the formula Ay is satisfied in a state s of a Kripke structure if
all the paths that start in s satisfy the formula . The branching temporal
logic is CTL, which is a sub logic of CTL* is restricted to formulas in which
every temporal quantifier is immediately preceded by a path quantifier.

Sub-logics of CTL* have interesting properties. For example, while the
model-checking problem for CTL* is PSPACE-complete, the model-checking
problem for CTL can be solved in linear time [18,2]. So, it may be beneficial
to explore other sub-logics of CTL* and compare them to CTL and to each
other. One way of comparing two logics is by examining their expressive
power. We say that two formulas agree on a Kripke structure K if K satisfies
both formulas or K does not satisfy both of them. Two CTL* formulas are
equivalent if they agree on all Kripke structures. We say that a logic £; has
more expressive power than another logic £, if there exists a formula in £ that
has no equivalent formula in £,. For example, it has shown in [5] that CTL*
has more expressive power than CTL. ! The logic £; has more distinguishing
power then L, if there exists a formula ¢ in £;, and two Kripke structures
K, and K, such that ¢ distinguishes between K; and K, (i.e. ¢ is satisfied
by one and only one of the two structures) and there is no formula in £,
that distinguishes between K; and K,. Clearly if £, has more distinguishing
power than L5, then £, also has more expressive power than £,. The opposite
direction is not true. For example it is proved in [1] that CTL* and CTL have
the same distinguishing power: both logics can distinguish between K; and
K, if and only if K; and K, are not bisimilar.

A bisimulation relation between K; and K, relates states of K; with states
of K5 so that two related states w; and wy agree on the propositions that hold
in them, every successor of w; is related to some successor of ws, and every
successor of ws is related to some successor of w; [14]. Bisimulation is helpful
when comparing two systems. Two bisimilar states of the same structure

1 Note that in our terminology, it may be that both £; has more expressive power than £
and £» has more expressive power than £;, in which case £, and £; are incomparable.
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can be merged to a single state, leading to smaller and more manageable
systems. Also, the simulation relation between structures, which releases the
third requirement of bisimulation (that is, successors of w; in K; should be
matched by successors of wy in Ks, but not vice-versa), is useful to check
that an implementation is correct with respect to a specification. Indeed, if
an implementation K; is simulated by a specification K5, then K; has less
behaviors than K5, thus all its behaviors are allowed, and it is correct.

In this work we examine the sub-logics of CTL* obtained by bounding the
nesting depth of the path quantifiers £ and A. We define the sequence CTLJ,
CTL3;, CTLj,. .. of logics, where formulas of CTL] are allowed to nest at most
¢ path quantifiers. In particular CTL7 coincides with the linear temporal logic
LTL. We show that the logics in the sequence constitute a strict distinguishing-
power hierarchy: formulas with more nested path quantifiers have more dis-
tinguishing power. This implies that the logics also induce a strict expressive-
power hierarchy 2. We define equivalence relations H; over states of a Kripke
structure that correspond to the distinguishing power of CTL]}, and describe
a polynomial-space algorithm for calculating these relations®. In particular,
H, corresponds to trace equivalence. Milner’s bisimulation is then the limit
of the sequence Hy, H,,.... We further show that the stuttering version of the
logics (that is, their restriction to formulas that do not contain the X (next)
temporal operator does still retains a strict distinguishing-power hierarchy.

The above results are not too surprising or exciting. They do lead, how-
ever, to several interesting observations and problems we discuss and study.
Let CTL;, CTL,y, CTL3, ... be the sub-logics of CTL defined in a similar
fashion. Thus, formulas of CTL; are allowed to nest at most ¢ path quanti-
fiers. Equivalently, CTL; = CTL N CTL;. Recall that CTL* and CTL have
the same distinguishing power. What about CTL} and CTL;? We show that
CTL; has more distinguishing power than CTL;, for all ¢ > 1. In fact, we show
that CTL] has more distinguishing power than CTL;, for all ¢ > 1. There is an
interesting phenomenon here: the situation is nice when the H; relations reach
their limit: CTL* and CTL have the same distinguishing power, they both
correspond to bisimulation, and bisimulation can be calculated in polynomial
time. On the other hand, the situation in the intermediate H; is less nice:
CTL; and CTL; have different distinguishing power, and finding the relation
H; induced by CTL} required polynomial space. For a Kripke structure K,
let the branching depth of K be the minimal index ¢ such that H;,; = H;. In
particular, the branching depth of K is 0 if for all pairs w and w’ of states in
K, the states w and w' are bisimilar iff they agree on the set of traces that
start in them. We use this observation in order to prove that the problem of

2 In [6], a different expressiveness hierarchy for temporal logics is presented, showing that

LTL formulas with more nested Until temporal operators have greater expressive power.

3 We mention also [?], in which a strict hierarchy of sub-logics of the Hennessy-Milner logic
was introduced, where each sub-logic allows the use of one more negation, and a series of
simulation relations that corresponds to the sub-logics hierarchy was shown.
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finding the branching depth of a Kripke structure is PSPACE-complete. This
refutes the hope for a more efficient calculation of the relations H;.

2 Preliminaries

Formulas of the branching temporal logic CTL* are constructed from some set
AP of atomic propositions using the usual boolean operators, the temporal
operators X (next time) and U (until), and the path quantifier E (exists).
The logic CTL* has two types of formulas: state formulas and path formulas.
A CTL* state formula is either:

true, false or p, for p € AP.
* 1 Or 1 V o, where ¢; and o are CTL* state formulas.
Evy, where 1 is a CTL* path formula.

A CTL* path formula is either:

A CTL* state formula.
=1, Y1 V Y2, Xy or YUy, where 1)y and o are CTL* path formulas.

Note that the syntax we describe does not contain the A path quantifier,
which can be expressed by dualizing F; i.e., Ap = ~E—-p. A CTL* formula
is a CTL* state formula.

The semantics of CTL* is defined with respect to a Kripke structure K =
(AP,W,Wy, R, L), where AP is the set of atomic propositions, W is a set
of states, Wy is a set of initial states, R is a total transition relation, and
L : W — 2P labels each state with the set of atomic propositions that hold
in it. We assume that W is finite?.

When R(w,w'), we say that w' is a successor of w. A path in K is an
infinite sequence of states m = wq, w»,... such that for all # > 1, we have
R(w;, w;1+1). The 7’th state in the path 7 is denoted by 7 (i), with 7(1) being
the first state in the path. The prefix of length ¢ of the path 7 is denoted by
w[i] = w(1),7(2),...,m(7) and the suffix of 7 that begins from the i’th state
is 7 = 7(i),m(i + 1),.... A finite path is a prefix of an infinite path. We use
|p| to denote the length of a finite path p. We extend the labeling function L
to paths, thus L(r) = L(w(1)) - L(w(2)) - - -. For a state w, the trace set of w,
denoted T (w), is the set of infinite words that corresponds to paths starting
at w. Formally, 7(w) = {L(w) : m(1) = w}. Note that 7 (w) C (24F)«. For a
set W' C W, the trace set of W' is the union of the trace sets of the members
of W'. In particular, the language of K is T(Wy) = {L(w) : (1) € Wy}.
Finally, we say that K is deterministic if for every states w and set ¢ C AP
of atomic propositions, w has at most one successor w' with L(w') = o.

4 Qur results hold also for infinite Kripke structures, only that then, the sequence of re-
lations defined in Definition 3.2 may be infinite, in which case the fixed-point calculation
of its limit does not terminate — just as is the case for the standard Milner algorithm for
calculating bisimulation [15].
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We use w = ¢ to indicate that a state formula holds at state w in K.
Similarly, for a path 7 in K and a path formula 9 the notation 7 = ¥
indicates that ¢ holds along the path 7. The relation = is defined inductively
below, with ¢; and @5 being state formulas, ¥; and 1, being path formulas,
w being a state in K, and 7 being a path in K.

* w = true and w ¥ false.

w = oy ff w i .

wE 1 Vs iff wE g orw = .

w = E1; iff there exists a path 7 such that 7(1) = w and 7 = 4.
™= ey iff w(1) = o1

= -y iff T .

TPV iff T =1 or w = Y.

T = Xoy iff 7 = .

7 = Uty iff there exists a position j > 1 such that 7/ = 1, and for all
1 < i < j we have that 7 = 1.

For a Kripke structure K, we say that K satisfies ¢, denoted K = ¢ iff
wo = ¢, for all wy € Wy.

The logic CTL is a subset of CTL* in which the temporal operators X,
U, and their negations are immediately preceded by the path quantifier E.
Formally, a state formula in CTL is either:

* true, false or p, for p € AP.
* 1 Or 1 V o, where ¢; and @9 are CTL state formulas.
e E, where v is a CTL path formula.

A path formula in CTL is either X1, p1Ups, 7 X @1, or =p1Uyps, where
o1 and ¢y are CTL state formulas.

Consider a Kripke structure K = (AP,W, Wy, R,L). A relation H C
W x W is a bisimulation relation if for all pairs w and w’' of states with
H(w,w"), the following hold:

o L(w) = L(w").

* For every states s such that R(w, s), there exists a state s’ such that R(w', s')
and H(s,s')

* For every states s’ such that R(w’, s'), there exists a state s such that R(w, s)
and H(s,s')

Every Kripke structure has a maximal bisimulation relation H,,, that contains
all other bisimulation relations. We say that two states w and w’ are bisimilar
iff Hypax(w, w'). It is well known that two states are bisimilar iff they agree on
all CTL* formulas [1].
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3 Branching Depth

Formulas in CTL* can be classified according to the maximal number of nested
path quantifiers they contain. We will see that the more nested path quanti-
fiers we allow, the more expressive power we get. Moreover, given i, we can
determine if two states in a Kripke structure agree on all CTL* formulas that
have at most ¢ nested path quantifiers.

We define CTL; to be the sub-logic of CTL* that allows only formulas
with at most ¢ path quantifiers. The formal definition is given below.

Definition 3.1 Given a set AP of atomic propositions, we define the logics
CTLj, CTLs,. .. inductively. We begin with the logic CTL{, defined as follows:

A state formula in CTLj is p, ~, ¢ V ¢, true, false, where p € AP, and
¢ and 9 are state formulas in CTLj. Thus a state formula in CTLj is a
boolean combination of atomic propositions.

A path formula in CTLj is a state formula in CTL§ or X ¢, oU, ~p, ¢ V9,
where ¢ and v are path formulas in CTLj.

For i > 0, we define CTL},; as follows.

A CTLj , state formula is one of the following.

- a CTL;} state formula,

- Ef, where 6 is a CTL}; path formula.

- = or ¢ V1, where ¢ and 1 are CTLj, ; state formulas.

A CTLj,, path formula is one of the following.

- a CTLy path formula,

- a CTL},; state formula,

- =, oV, X, or U, where ¢ and 9 are CTL] ; path formulas.

A CTL; formula is a CTL] state formula. Note that for all 7, the logic
CTL;,; subsumes CTL;. Note also that states formulas of CTLj are boolean
combinations of the linear temporal logic LTL.

Every sub-logic of CTL* induces a natural equivalence relation on the
states of a Kripke structure: two states are equivalent if and only if they agree
on all the formulas of the sub-logic. Below we define equivalence relations
Hy, Hy, H,, ... on states of a Kripke structure. In the following theorems we

show that for every 7, the relation H; is the equivalence relation induced by
the logic CTL}.

Definition 3.2 Given a Kripke structure K = (AP,W, Wy, R, L), we define
the sequence Hy, Hy, H,, ... of relations on the states of K, and the sequence
Py, Py, P,, ... of relations on finite paths in K.

We start by defining the relation Hy. Two states w and w’ are Hy equiva-
lent if and only if L(w) = L(w'). Then, for all i > 0, we define P; as follows.
Two finite paths p and p' are P; equivalent, denoted P;(p, p'), if and only if
lp| = |p| and for every j > 1, we have H;(p(j), p'(j))- Finally, for all 7 > 0,

6
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we define H;,; as follows. Two states w and w' are H;,; equivalent, denoted
H;i1(w,w'), if and only if the following hold:

» For every finite path p that starts in w, there exists a finite path p' that
starts in w' and P;(p, p').

e For every finite path p’ that starts in w’, there exists a finite path p that
starts in w and P;(p, p').

We refer to the relations H; as the path-quantification state relations of
K, (PQS relations of K, for short) and we refer to the relations P; as the
path-quantification path relations of K (PQP relations of K, for short).

Note that H;.; C H;, and P,;; C P;. Since W is finite, there must be
a fixed point in the sequence of these relations; we call this fixed point H.
Obviously, H = H; for some j < |W|.

We extend the PQP relations to infinite paths. For ¢ > 0 and two in-
finite paths = and #', the relation P;(m,n') holds iff for all j > 0, we have
Hi(m(5),7'(4)). The following lemma now follows from the definition of H;
and Konig’'s Lemma.

Lemma 3.3 For all i > 1, the relation H;(w,w') holds iff for every path
that starts in w there exists a path 7' that starts in w' such that P; 1(mw, '),

and for every path 7' that starts in w' there exists a path 7 that starts in w
such that P; {(m,n").

Lemma 3.3 gives us a way for calculating the relations H;. Indeed, the
transition from H; to H;,; is reduced to checking the equivalence of the trace
sets of states, with L being extended to atomic propositions that indicate the
equivalence classes of P;,_;. Since checking equivalence of trace sets can be
done in polynomial space [?], and since there are at most polynomially many
checks to make, finding each H; can be done in polynomial space.

Example 3.4 Consider the Kripke structures M; and N; in Figure 3. The
language of both structures is a-b-c* +a-b-d*. Accordingly, the initial states
of M; and N; are H; equivalent. On the other hand, since the state labeled b
in M; branches to both b - ¢ and b - d“ while the states labeled b in N; each
branches to either b-c¥ or b- d“, these states, as well as the initial states, are
not H, equivalent.

Proof. From the definition of H; we know that for every j > 1, there exists a
finite path pf; of length j that begins in w' such that P;_;(n[j], p}). We define
7' by induction, first we define 7'(1) to be w’. Assume we defined up to 7(k)
and that there is an infinite number of j > k such that p[k] = [k]. Since the
number of states in the Kripke structure is finite, then there must be a state
s such that for an infinite number of j > & + 1 it holds that pj(k+1) = s and
p;lk] = w[k]. Define 7'(k + 1) to be s, we have that there exists an infinite
number of j > k + 1 such that p}[k + 1] = 7[k + 1].

7
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Thus 7' is defined for all k, all that is left is to prove that P;_;(m,n"). For
every k there exists some j > k such that pj[k] = w[k]. Since pj and ~[j]
are P;_; equivalent, then H; ,((k), 0}(k)). Since p(k) = m(k), we have that
H;_i(n(k),n'(k)) for all k. So from the definition of P,_; we have that 7 and
w' are P;_; equivalent. O

We now show that the logics CTL; characterize the distinguishing power
of the PQS relations.

Theorem 3.5 Let K = (AP, W, Wy, R, L) be a Kripke structure, let Hy, Hy, H, . ..

be the PQS relations of K, and let Py, Py, Ps, ... be the PQP relations of K.
For all i > 0, for every state formula ¢ in CTL, and for every path formula
Y i CTLZ, the following hold.

o Ifw and w' are two states in K such that H;(w,w'), then w = ¢ iff w' = ¢.

o If m and 7' are two infinite paths in K such that Py(m,n'), then m = 1 iff
7' = .

The proof is not hard, and proceeds by induction on 7 for both path and
state formulas, where the induction step for path formulas is proved by induc-
tion on the structure of path formulas in CTLj,,.

Proof. The proof proceeds by induction on ¢ for both path and state formulas,
where the induction step for path formulas is proved by induction on the
structure of path formulas in CTL}, ;.

The base is i = 0, where we need to prove that if states w and w’ are such
that Hy(w,w'), then they agree on all state formulas in CTLj. Since Hy(w, w'’)
iff L(w) = L(w') the base is proved for state formulas.

Assume that we proved the claim up to 7. We now wish to prove the
claim for state formulas in CTL;,,. Let w and w' be two states such that
Hi1(w,w'), and let ¢ be a state formula in CTLj, ;. The formula ¢ can have
in one of the following forms:

* ¢ is a state formula in CTL}. Since w and w' are H;;; equivalent, and
H; C H;,1, we can deduce that w and w' are also H; equivalent. So, from
the induction hypothesis, they agree on ¢.

* ¢ = EB for some path formula 6 in CTL}. In this, case if w = ¢ then there
exists a path m that begins in w and 7 = 6. Since H; ;(w,w'), there is a
path 7' that begins in w' and P;(m, n'). From the induction hypothesis it
follows that #' = 6, therefore w' = . If w' = ¢ we get that w = ¢ by
similar considerations.

*

* o= or p =1 V48 for some state formulas 1) and 6 in CTL}, ;. This case
can be easily proved by induction on the structure of ¢ using the previous
cases as the basis for the induction.

All that is left to prove is the base of the induction and induction step for
path formulas, we shall prove them together in the following. Assume that we

8
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proved the claim up to ¢, and also assume that we proved the claim for state
formulas in CTLj, ;. Let ¢ be a path formula in CTL],; and let 7 and 7’ be
two paths in K such that P,,;(m,7'). We shall use induction on the structure
of ¢ to prove that 7 = 9 if and only if 7’ = 9. The base for the induction is
given in the following cases:

* ¢ is a path formula in CTL}. Obviously P;(m, '), so from the induction
hypothesis this case is proved.

* ¢ is a state formula in CTLj, ;. Let w be the first state in 7 and let w’ be
the first state in 7’. From the definition of the relation P;,; it follows that
H; 1 (w,w"), therefore w and w' agree on ¢.

For the induction step on the structure of ¢ we have the following cases:

* ¢ = X1 for some path formula ¢ in CTL},,. Obviously the paths 7% and
7' are P, equivalent. From the induction hypothesis on the structure of
¢ we have that n% |= ¢ iff 7 = 9. Since 7 |= ¢ iff 7% |= 9 and since ' |= ¢
iff 72 |= 4, then this case is proved.

* ¢ = 9U6 with 1) and 6 being path formulas in CTL}, ;. Assume that 7 |= ¢,
then there exists a number j > 1 such that 77/ =6 and for all 1 <1 < j we
have that 7! = 1. Since for all n we have that P;,;(7",7'™), then from the
induction hypothesis on the structure of ¢ we get that for all I < j 7" = 1
and 77 |= 6 therefore ' = . If we assume that 7' = ¢ we get that 7 = ¢
in a similar fashion.

* o= or ¢ =1 V0 for some path formulas 1 and 6 in CTL} ;. The proof
for this case is obvious.
O

We now prove the opposite direction; i.e., that if two states agree on all
CTL; formulas then they are H; equivalent.

Theorem 3.6 Let K = (AP, W, Wy, R, L) be a Kripke structure, let Hy, Hy, H, . ..

be the PQS relations of K, and let Py, Py, Ps, ... be the PQP relations of K.
Then, for all © > 0, the following hold.

o If w and w' are two states in K that are not H; equivalent then there exists
a CTL; state formula that distinguishes between them.

o If ™ and 7' are two paths in K that are not P; equivalent then there exists
a CTL; path formula that distinguishes between them.

Proof. As before we prove this theorem by induction on . For the base ¢ =0
of the induction, let w and w’ be two states in K that are not Hy equivalent,
therefore L(w) # L(w'). Without loss of generality we can assume that there
exists an atomic proposition p € L(w) such that p ¢ L(w'). Thus the formula
p distinguishes between w and w'.

Assume that we proved the claim for i. First we prove the induction step
for states, let w and w' be two states that are not H; ; equivalent. Without

9
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loss of generality we can assume that there is a finite path p of length n that
begins in w that has no P; equivalent path that begins in w'. Let gi,..., o),
be all the finite paths of length n that begin in w'. Since p and pf; are not P;
equivalent, then for every 1 < j < m there exists a position k; such that the
states p(k;) and pf;(k;) are not H; equivalent. From the induction hypothesis
we have that there exists a CTL; state formula ¢; that distinguishes between
p(k;) and p;(k;), without loss of generality we can assume that p(k;) = ¢;
and pfi(k;) = —p;. So the CTLf path formula ¢; = X*'p distinguishes
between p and p;. The formula ¢ = EA,_,  ; is a CTLy, state formula
that distinguishes between w and w'.

All that is left to prove is the induction step for paths. Let 7 and 7’ be two
paths in K that are not P,y equivalent. Then there exists a position j such
that 7(j) and 7'(j) are not H;.1 equivalent. From what we proved above we
have the CTL},, state formula ¢ that distinguishes between 7(j) and 7'(j).
So the CTL},, path formula ¢ = X7~'¢ distinguishes between 7 and 7. O

Note that in the proof of the last theorem the only temporal operator we
used is the X operator. The results of this section can be summed up in the
following corollaries.

Corollary 3.7 Given a Kripke structure K, let Hy, Hi, Ho,... be the PQS
relations of K. Two states in K are H; equivalent if and only if they agree on
all the state formulas in CTL;.

Corollary 3.8 Two states in a Kripke structure are H equivalent if and only
if they agree on all CTL* formulas.

It follows that the limit H of Hy, Hy, ... is the bisimulation relation. Note
that the intermediate PQS relations H; are different from both the observation
equivalence relations and the limited observation equivalence relations studied
in [15,8], although all three relations converge to the bisimulation relation.
The observation equivalence relations places a much weaker requirement on
the paths than the PQS relations. In the limited observation equivalence
relations (called strong equivalence in [15]) the 7’th iteration involves a “look
ahead” of at most ¢ states, in the PQS relations the ¢'th iteration involves at
most ¢ branches.

We now show that formulas with more nesting depth have greater distin-
guishing and expressive power. Thus, the expressiveness hierarchy they induce
is strict.

Theorem 3.9 Consider the logics CTL;, CTLY, .... For all i > 0, the logic
CTL;,, is more distinguishing and more expressive than CTL.

Proof. Clearly, CTL] is more expressive than CTLj, which can just specify
propositional assertions. Consider the sequences My, Ms, ... and Ny, N, ... of
Kripke structures presented in Figure 3. By Definition 3.2, it is not hard to see

10
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Fig. 1. The sequences Mj, My, ... and No, No, ...

that the initial states of M; and Nj; are H; equivalent. Hence, by Corollary 3.7,
no CTL; formula can distinguish between M; and N;. We describe a CTL};
formula that distinguishes between the states. Let ¢y = X(EXcA EXd), and
let ¥;11 = X(EX¢; A\EX—1;). The formula ¢; is a CTL} path formula. Now,
the CTLy,, formula ;11 = Ev; is such that M; = ;41 and M; = @i, It
follows that CTL},, is more distinguishing, and hence also more expressive,

than CTL. O

4 Branching Depth with Stuttering

Another relation that we can explore in the same manner is the stuttering
relation. Intuitively, stuttering equivalence of two infinite words means that
the letters in these words appear in the same order, ignoring repetitions of the
same letter. In this section we extend the results of the previous section to
stuttering.

A partition of a path 7 is an infinite sequence By, B,,... of nonempty
disjoint finite sets of states such that 7(1) € By and n(i+1) € B; iff n(i) € B;
or m(i) € Bj_;. We give here the definition for equivalence with respect to
stuttering.

Definition 4.1 For a Kripke structure K = (AP, W, Wy, R, L), define the
following relations H§™™* H5* .. C W x W inductively as follows.

o Hi"™(w,w") iff L(w) = L(w').

o 3% (w,w') iff:

(i) For every path 7 in K with 7(1) = w, there exist a path 7' in K with
7'(1) = w', a partition By, Bs, ... of 7, and a partition Bj, Bj,... of 7',
such that for all j > 0, s € Bj, and s’ € B}, we have H;"(s, s').

(ii) For every path 7' in K with 7'(1) = w', there exist a path 7 in K with
m(1) = w, a partition By, Bs,... of 7, and a partition Bj, B, ... of ',
such that for all j > 0, s € B;, and s’ € Bj, we have H;"(s,s').

The relation H*"* C W xW' is defined as follows: H*"(w, w') iff H¥*"*(w, w")
for all . Finally, we say that two states w and w’ are equivalent with respect to

11
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stuttering if H*"(w,w’). Note that each relation H;"{" is contained in H"™,
therefore there exists a fixed point in the sequence of these relations. Clearly
this fixed point is equal to the relation H**"* defined above.

Our definition is the expected extension of Definition 3.2 to the stuttering
case. Interestingly, the same definition appears in [1] as the definition of
stuttering bisimulation with no reference to its branching-depth structure.
So, while for the stuttering case, the natural definition for bisimulation is the
fixed point of the stuttering PQS relations, for the non-stuttering case, the
natural definition is the local one, of [15], which is simpler than the fixed point
of the PQS relations.

For a logic D let D \ {X} denote the set of all formulas ¢ in D such that
1 does not contain the X quantifier. In particular, we refer to the logics LTL
\{X}, CTL\{X}, CTL3\{X}, ...

Consider the logics CTL\{X} and the relations H™" above. Using the
same considerations as in the previous section, one can prove the following
theorems.

Theorem 4.2 Consider a Kripke structure K = (AP,W, Wy, R, L) and the
equivalence relations HE™, H™, ... on the states of K. For every i > 0,

two states in K are HF™ equivalent if and only if they agree on all the state
formulas in CTL\{X}.

Note that while in the proof of Theorem 3.6 we use only the X temporal
operator, in Theorem 4.2 the only temporal operator we use is the U operator.
The limit case of Theorem 4.2 is proved in [1]|, and our results here provide
an alternative proof, based on the observation that HS" is the limit of the
relations Hf™t.

Theorem 4.3 [1] Two states in a Kripke structure are H*™ equivalent if and
only if they agree on all CTL* \{X} formulas.

5 Branching Depth in CTL

In this section, we examine the restriction the logics CTL}, defined in Sec-
tion 3, to CTL. Formally, we define the sequence CTL;, CTL,, CTL;3, ...
of logics, where CTL; = CTLNCTL}. We show that while CTL* and CTL
have the same distinguishing power, CTL} has more distinguishing power then
CTL;, for all ¢ > 1.

In [5] it was proved that CTL* has more expressive power than CTL. Emer-
son and Halpern proved that the formula ¢ = AF(p A Xp) has no equivalent
CTL formula. This was done by defining two sequences M;, My, Ms, ... and
N1, No, N3, ... of Kripke structures for which the following hold:

(i) For all i, M; &= ¢ and N; i .
(ii) If ¢ is a CTL formula of length at most i, then M; = v iff N; = 4.
12
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It follows that no CTL formula is equivalent to ¢; thus CTL* has more
expressive power than CTL. A careful analysis of the inductive argument in
proof in [5] shows that Emerson and Halpern actually prove a stronger claim:

Lemma 5.1 If ¢ is a CTL; formula, then M; = ¢ iff N; = 1.

Now, since the CTL} formula ¢' = =EG(=(p A Xp)) is equivalent to ¢, it
follows that for all 4, CTL; has no formula equivalent to ¢’. Thus, CTL} has
more distinguishing and expressive power than CTL;, for all 4.

6 The Branching Depth of Kripke Structures

For a Kripke structure K, let the branching depth of K be the minimal index
¢ such that there are CTL; formulas that distinguish between states in K but
no CTL; ; formula can distinguish between states in K. In other words, the
PQS relations that correspond to K are such that H;;; = H;. In particular,
the branching depth of K is 0 if for all pairs w and w’ of states in K, the states
w and w' are bisimilar iff they agree on the set of traces that start in them.
Since bisimulation can be checked in polynomial time, having branching level
0 is a very helpful property of a structure 3.

In [7], Grumberg and Kurshan introduce the notion of equi-linearity for
CTL* formulas. A CTL* formula % is equi-linear if it cannot distinguish
between states with the same trace sets. For example, the CTL* formula
AGAFp has no equivalent LTL formula, but is equi-linear (with respect to
finite Kripke structures). Our definition of branching depth can be viewed
as the structural analogue. Accordingly, we say that a Kripke structure is
equi-linear iff it has branching depth 0. Note that a structure is equi-linear if
all CTL* formulas cannot distinguish states with the same trace set.

Lemma 6.1 All deterministic structures are equi-linear.

Proof. Follows immediately from the fact that for deterministic structures
bisimulation coincides with trace equivalence. O

Deciding whether a Kripke structure is deterministic can be done in poly-
nomial time. On the other hand, as we show below, deciding whether the
structure is equi-linear is much harder.

Theorem 6.2 Deciding whether a Kripke structure is equi-linear is PSPACE-
complete.

5 The computational advantage is so compelling as to make simulation useful also to re-

searchers that favor the linear approach to specification: in automatic verification, simula-
tion is widely used as a sufficient condition for trace containment [4]; in manual verification,
trace containment is most naturally proved by exhibiting local witnesses such as simulation
relations or refinement mappings (a restricted form of simulation relations) [10,13,12].

13
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Proof. Consider a Kripke structure K = (AP, W, W,, R, L). Since bisimula-
tion implies trace equivalence, we only have to check that for every two states
w and w' with Tx(w) = Tk (w'), the states w and w' are bisimilar. Let Hypyay
be the maximal bisimulation of K. We can find H,,,, in polynomial time. For
a given pair (w,w’), deciding whether 7Tx(w) = Tx(w') can be done in poly-
nomial space. So, a naive algorithm that checks whether all the pairs (w, w')
not in Hpay are such that Tx(w) # Tk (w'), requires polynomial space.

For the lower bound, we first claim that the problem of deciding whether
a Kripke structure contains two states w and w’ such that Tx(w) = Tx(w') is
PSPACE-hard (note that this is different than the problem of deciding whether
Tx(w) = Tk (w'), for given w and w’, which is known to be PSPACE-hard).
To see this, recall that the problem of deciding whether a Kripke structure
is universal (that is, 7(W,) = X¥) is PSPACE-hard. The proof described
in [19] reduces the problem of deciding whether a deterministic polynomial
space Turing machine 7' accepts an input word x to the universality problem
by defining a Kripke structure K, such that the trace set of the initial set of
Kr, contains all words that do not encode a legal computation of T on z or
encode a legal rejecting computation. The initial set of Kr, is then universal
iff T rejects z. The structure Kz, contains an accepting sink (that is, a clique
with 2/4F! states, corresponding to all the possible subsets of AP). Once Kr,
observes that a word does not encode a legal computation or that a rejecting
computation has been reached, it goes to the accepting sink. The structure
Kr, can be defined so that all states w and w’ have different trace sets,
except possibly for an initial state w, and a state w! in the accepting sink,
both labeled with o. In fact, K7, is universal iff for all o C AP, there is an
initial state w, labeled o such that w, is universal (that is, L(w,) = o-(24F)).
So, if we add to Kr, two states s and s', labeled with the same letter, such
that s has as successors exactly all the initial states and s’ has as successors
exactly all the states in the accepting sink, we have that 7 rejects x iff the
obtained structure contains two states with the same trace sets. Hence, the
latter problem is PSPACE-hard.

We now do a reduction from the problem of deciding whether a Kripke
structure contains two states with the same trace set to the problem of deciding
whether the structure is equi-linear. Given a Kripke structure K with state
space {wi,...,wy}, let Kq,..., K, be Kripke structures over a set AP’ of
atomic propositions for which APN AP’ = (), such that all K;’s have the same
language but are pairwise not bisimilar (that is, for all ¢ and j, K; and K; are
not bisimilar). We can define K; with O(n) states and a single initial state
(for example, using the same considerations as in the structures in Figure 3).
Now, let K’ be K where each state w; also has a branch to the initial state of
K;. Since no two states in K’ are bisimilar, it follows that K' is equi-linear iff
no two states in K’ have the same trace set, and we are done. O

We use Theorem 6.2 in order to prove that the problem of finding the
branching depth of a Kripke structure is PSPACE-complete. This refutes the
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hope for a more efficient calculation of quantities related to the relations H;.

Theorem 6.3 The problem of finding the branching depth of a Kripke struc-
ture is PSPACE-complete.

Proof. Consider a Kripke structure K = (AP, W, Wy, R, L). In order to find
the branching depth of K, we can calculate the PQS relations H; of K. The
branching depth of K is the fixed point. Since the transitions from H; to H; 1
can be done in polynomial space, and a fixed-point is obtained within at most
|W| iterations, membership in PSPACE follows.

For the lower bound, we do a reduction from the problem of deciding
whether K is equi-linear. Indeed, K is equi-linear iff its branching depth is
0. a
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