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Abstract6

The interaction between a system and the components modeling its environment is traditionally7

modeled by a multi-player game played on a finite graph. In zero-sum games, the players have8

conflicting objectives, and it is clear that increasing the memory of the environment players can only9

make it harder for the system to win. In non-zero-sum games, the objectives of the players may10

overlap. There, typical questions concern the stability of the game and the equilibria the players11

may reach. In particular, in rational synthesis (RS), the goal is to find an equilibrium that satisfies12

the objective of the system.13

We study how the memory of the environment players may affect the existence of an RS solution.14

As we show, the picture is diverse, even when the objectives of all players are memoryless. On15

the one hand, when stability amounts to a Nash equilibrium (NE), then increasing the memory of16

the environment may only help the system to suggest an RS solution. On the other hand, when17

the notion of stability involves deviations by coalitions of environment players, for example in a18

strong Nash equilibrium (SNE), then increasing their memory may sometimes enable and sometimes19

prevent the existence of an RS solution. We study memory bounds for the players, showing that the20

memory required may be polynomial in an NE-RS solution and exponential in an SNE-RS solution.21

We also solve the SNE-RS problem, show that it is PSPACE-complete, and relate the differences22

between NE and SNE with the differences between cooperative and non-cooperative RS.23
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1 Introduction28

Synthesis is the automated construction of systems from their specifications [28]. Modern29

systems often consist of interacting components. The interaction is modeled by a multi-player30

game played on a finite graph. In the turn-based setting, the vertices of the game graph31

are partitioned among the players. A token is placed on an initial vertex, and in each turn,32

the player that owns the vertex with the token moves it to a successor vertex. Each player33

has a strategy that directs her how to move the token when it reaches vertices she owns. A34

profile is a vector of strategies, one for each player. The outcome of a profile is a play – an35

infinite path in the game graph, obtained when the players follow their strategies. The goal36

of each player is to direct the game into a play that satisfies her objective. Each objective α37

defines a subset of V ω [25], where V is the set of vertices of the game graph. For example,38

in games with Büchi objectives, α is a subset of V , and a play satisfies α if it visits vertices39

in α infinitely often.40

In zero-sum games, the players compete with each other on the satisfaction of contradicting41

objectives. Zero-sum games with ω-regular objectives are determined: in every game, exactly42

one player has a winning strategy – one that achieves her objective against all strategies of43

the other players [25]. Deciding a zero-sum game amounts to finding this player. In contrast,44

in non-zero-sum games, the objectives of the players may overlap [12, 31]. There, typical45

questions concern the stability of the game and the equilibria the players may reach [32].46
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47:2 Memory Requirements in Non-Zero-Sum Games

The most common notion of stability is Nash equilibrium (NE) [26]. A profile of strategies is47

an NE if no (single) player can benefit from unilaterally changing her strategy.48

Two-player zero-sum games model the interaction between a system and its environment.49

The system aims to satisfy its specification in all environments. Accordingly, the environment50

is assumed to be hostile, as if its objective is to violate the specification [4]. Often, however,51

the components composing the environment have objectives of their own, and they act52

to achieve their objectives. For example, clients interacting with a server typically have53

objectives other than to fail the server. Accordingly, the setting induces a non-zero-sum54

game, where the objectives of the players are induced from their specifications. In rational55

synthesis, we let the system exploit the rationality of the environment. In particular, in56

cooperative rational synthesis (CRS) [18], the desired output is an NE profile whose outcome57

satisfies the objective of the system. Thus, in CRS, we assume that we can suggest strategies58

to the environment players, and if they have no incentive to deviate from these strategies,59

they follow them. Rational synthesis has been extensively studied in various settings and60

variants [33, 13, 1, 22, 9, 10]. Recall that strategies for the players direct them how to move61

the token in vertices they own. A strategy may depend on the history of the game so far.62

Thus, in different visits of the token to the same vertex v, a strategy may direct the owner of63

v to move the token to different successors. Extensive research has concerned the memory64

requirements for strategies in zero-sum games with ω-regular objectives [30, 14, 5, 11, 8]. For65

example, it is well known that a winning strategy for a Büchi objective can be memoryless,66

thus it may depend only on the current vertex. On the other hand, a winning strategy for a67

conjunction of k Büchi objectives may require memory k [14]. Researchers have also studied68

games in which the memory of the players is bounded [29, 15, 17, 20, 23]. Clearly, increasing69

the memory of the system or reducing the memory of the environment in a zero-sum game70

can only help the system to win a game.71

For non-zero-sum games, the situation is less clear. First, as we show in Section 3, even72

when its objective is memoryless, the system may need memory for its strategy in a CRS73

solution. Moreover, unlike the situation in zero-sum games, an increase of memory to the74

environment players may be helpful for the system. That is, even when the objectives are75

memoryless, the only possible CRS solutions may require the environment players to have76

memory. Intuitively, increasing the memory of the players in non-zero-sum games enables77

them to satisfy multiple objectives, which may be essential for achieving both stability and78

the satisfaction of the system’s objective [31]. In fact, we show that when the objectives of79

the environment players are memoryless, then adding memory to the environment players80

may only help the system to win.81

Our basic observations above raise several interesting questions about memory bounds in82

non-zero-sum games. We first prove that a CRS solution in a k-player non-zero-sum game83

with sink objectives (that is, ones that can be specified with all reachability or ω-regular84

objectives) may require each of the players to have memory O(k), matching the known upper85

bound [24, 31]. Further questions concern richer settings, detailed below.86

The notion of an NE corresponds to deviations of single players. In some applications, a87

coalition of players may deviate together. For example, protocols for voting, mechanisms for88

exchange of messages, allocation and construction of shared resources – all should take into89

account the possibility of players that deviate together. The different applications induce90

different notions of stability. The first such definition is of strong Nash equilibrium (SNE). A91

profile is an SNE if no subset of players can deviate in a way that benefits all its members92

[3]. Then, for b1, b2 ≥ 0, a profile is a (b1, b2)-robust equilibrium if no coalition of size b193

can deviate in a way that benefits at least one of its members without harming the other94
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members, and no coalition of size b2 can deviate in a way that harms the other players [6].95

Finally, a profile is a strong secure equilibria (SSE) if every deviation of a coalition of players96

that harms some player, also harms a player in the coalition [7].97

We study the CRS problem when stability is defined with respect to deviations by a98

coalition of players. For example, in the SNE-CRS problem, we seek a profile of strategies that99

satisfies the objective of the system and is an SNE. The contributions in [6, 7] include a study100

of the complexity of the CRS problem when the solution concepts are robust-equilibrium101

and SSE. PSPACE upper bounds for the problems involve a reduction to a two-player game,102

termed the deviator game [6], which we easily extend to SSE-CRS. For the lower-bound, our103

contribution is more interesting and involves relating non-cooperation in rational synthesis104

with deviations of coalitions in SNEs: Recall that in cooperative rational synthesis, the105

desired output is an NE that satisfies the system objective. In non-cooperative rational106

synthesis (NRS) [21], the desired output is a strategy for the system player such that the107

objective of the system is satisfied in the outcome of all NE profiles that include this strategy.108

Thus, in NRS, the environment players are rational, but we cannot suggest them a strategy.109

As shown in [1], the cooperative and non-cooperative approaches are related to the two110

stability-inefficiency measures of price of stability [2] and price of anarchy [19, 27]. We relate111

NE-NRS (that is, NRS when stability amounts to being an NE) with SNE-CRS, showing112

that the challenge of coping with deviations of a coalition is similar to the challenge of coping113

with non-cooperation. Intuitively, in both cases, all the environment players may deviate114

simultaneously, as long as these deviations are beneficial for them. The relation implies that115

the PSPACE-hardness of the NE-NRS problem [13] applies also to the SNE-CRS problem.116

Back to the study of memory requirements, we examine how the transition to solution117

concepts that involve deviations by a coalition of players affects these requirements. Since118

players in a coalition care for the satisfaction of the objectives of all the players in the coalition,119

their strategies have to satisfy multiple objectives. Since the latter typically requires memory,120

the study of the memory requirements in non-zero-sum games with deviations by coalitions is121

more interesting and involved. We start with some observations about the effect of increasing122

the memory to the environment players and show that, unlike the case of NE-CRS, here an123

increase to the memory of the environment players may prevent the existence of an SNE-CRS124

solution even when the objectives are memoryless.125

On the other hand, for some games, the existence of an SNE-CRS solution requires the126

environment players to have memory, and we examine the memory requirements for them.127

For the upper bound, it is not hard to extend the analysis in [6] and describe an exponential128

upper bound for the required memory. Our main technical contribution is a matching lower129

bound. We show that even in k-player games with sink objectives, an SNE-CRS solution130

may require O(k) players to have memory 2Θ(k). Moreover, our bounds apply also to the131

solution concepts of (k, 0)-robust-equilibrium and SSE, completing the picture to all known132

solution concepts with deviations of a coalition of players.133

2 Preliminaries134

Games For k ≥ 1, let [k] = {1, . . . , k}. A k-player (turn-based) game graph is a tuple135

G = 〈{Vi}i∈[k], v0, E〉, where V1, . . . , Vk are disjoint sets of vertices. For every i ∈ [k], the136

vertices in Vi are owned by Player i, and we let V =
⋃
i∈[k] Vi. Then, v0 ∈ V is an initial137

vertex, and E ⊆ V × V is a total edge relation, thus for every v ∈ V , there is u ∈ V such138

that 〈v, u〉 ∈ E. For v ∈ V , we denote by owner(v) the player i ∈ [k] such that v ∈ Vi. The139

size of G, denoted |G|, is |E|, namely the number of edges in it.140

CSL 2026



47:4 Memory Requirements in Non-Zero-Sum Games

A game is a tuple G = 〈G, {αi}i∈[k]〉, where G is a k-player game graph, and αi, for141

i ∈ [k], is a winning condition (a.k.a. objective) for Player i. In the beginning of a play in142

the game, a token is placed on v0. Then, in each turn, the player that owns the vertex that143

hosts the token chooses a successor vertex and moves the token to it. Together, the players144

generate a play ρ = v0, v1, v2 . . . ∈ V ω in G, namely an infinite path that starts in v0 and145

respects E: for all i ≥ 0, we have that 〈vi, vi+1〉 ∈ E.146

Each winning condition αi defines a subset of V ω. The objective of Player i is to cause147

the interaction to generate a play that satisfies αi. We describe some types of winning148

conditions below. For a play ρ = v0, v1 . . ., we denote by reach(ρ) the set of vertices visited149

at least once along ρ, and by inf(ρ) the set of vertices visited infinitely often along ρ. That150

is, reach(ρ) = {v ∈ V : there exists some i ≥ 0 such that vi = v} and inf(ρ) = {v ∈ V :151

there are infinitely many i ≥ 0 such that vi = v}. A reachability objective is given by a152

set of vertices α ⊆ V , and it requires some vertex in α to be visited at least once; thus a153

play ρ ∈ V ω satisfies α iff reach(ρ) ∩ α 6= ∅. A Büchi objective is given by a set of vertices154

α ⊆ V , and it requires some vertex in α to be visited infinitely often; thus ρ satisfies α155

iff inf(ρ) ∩ α 6= ∅. The objectives dual to reachability and Büchi are avoid (also known as156

safety) and co-Büchi, respectively. Formally, a play ρ satisfies an avoid objective α ⊆ V iff157

reach(ρ) ∩ α = ∅, and satisfies a co-Büchi objective α ⊆ V iff inf(ρ) ∩ α = ∅. A generalized158

Büchi objective is a set α = {α1, . . . , αm} of Büchi objectives. A play ρ ∈ V ω satisfies α159

if it satisfies all the objectives in α; thus if for all j ∈ [m], we have that inf(ρ) ∩ αj 6= ∅.160

Generalized reachability objectives are defined similarly, requiring all underlying reachability161

objectives to be satisfied.162

Strategies, profiles, and equilibria For i ∈ [k], a strategy for Player i is a function163

fi : V ∗ ·Vi → V that maps prefixes of plays that end in a vertex owned by Player i to possible164

extensions in a way that respects E. That is, for every history h ∈ V ∗ and v ∈ Vi, we have165

that 〈v, fi(h · v)〉 ∈ E. Intuitively, a strategy for Player i directs her how to move the token,166

and the direction may depend on the history of the play so far.167

A profile is a tuple π = 〈f1, . . . , fk〉 of strategies, one for each player. The outcome168

of a profile π = 〈f1, . . . , fk〉 is the play obtained when the players follow their strategies.169

Formally, outcome(π) = v0, v1, v2, . . . ∈ V ω is such that for all j ≥ 0, we have that vj+1 =170

fowner(vj)(v0 · · · vj). Consider a game G and a profile π. The set of winners in G when the171

players follow π, denoted Win(G, π), is the set of players whose objectives are satisfied in172

outcome(π). Formally, i ∈ Win(π,G) iff outcome(π) satisfies αi. The set of losers in π,173

denoted Lose(G, π), is then [k] \Win(π), namely the set of players whose objectives are not174

satisfied in outcome(π). When G is known from the context we write Win(π) and Lose(π)175

respectively.176

For a subset S ⊆ [k] of players, an S-profile is a set of strategies, one for each player in S.177

We say that a profile π extends an S-profile π′ if the players in S use in π their strategies in π′.178

For a profile π = 〈f1, . . . , fk〉, a non-empty subset C ⊆ [k], and a C-profile π′C =
⋃
i∈C{f ′i},179

we denote by π[C ← π′C ] the profile in which the players in C follow their strategies in π′C180

and the players in [k] \ C follow their strategies in π. Formally, π[C ← π′C ] = 〈g1, . . . , gk〉,181

where for every i ∈ [k], we have that gi = f ′i , if i ∈ C, and gi = fi, otherwise. When C = {i}182

is a singleton, for some i ∈ [k], we simplify the notation and use π[i ← f ′i ] rather than183

π[{i} ← {f ′i}].184

A profile π = 〈f1, . . . , fk〉 is a Nash Equilibrium (NE, for short) [26] if no single player has185

an incentive to deviate from π. Formally, π is an NE if for every i ∈ [k], if i ∈ Lose(π), then186

for every strategy f ′i for Player i, we have that i ∈ Lose(π[i ← f ′i ]). The notion of an NE187

assumes deviation by single players. In some applications, a coalition of players may deviate188
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together. The different applications induce different definitions of stability. We consider three189

definitions. First, a profile π is a Strong Nash Equilibrium (SNE, for short) [3] if no coalition190

of players can jointly deviate in a way that strictly benefits all its members. Formally, π191

is an SNE if for every non-empty subset C ⊆ Lose(π), and every C-profile π′C , there exists192

j ∈ C such that j ∈ Lose(π[C ← π′C ]). Note that an NE is a special case of an SNE in193

which only deviations of coalitions of size 1 are possible. Then, for b1, b2 ≥ 0, a profile is a194

(b1, b2)-robust equilibrium if no coalition of size b1 can deviate in a way that benefits at least195

one of its members without harming at least one of the other members, and no coalition of196

size b2 can deviate in a way that harms at least one of the other players [6].1 Formally, π197

is (b1, b2)-robust if π is b1-resilient: for every subset C ⊆ [k] of size at most b1, and every198

C-profile π′C , if Lose(π) ∩Win(π[C ← π′C ]) 6= ∅, then Win(π) ∩ Lose(π[C ← π′C ]) 6= ∅, and π199

is b2-immune: for every subset C ⊆ [k] of size at most b2, and every C-profile π′C , we have200

that Win(π) ∩ Lose(π[C ← π′C ]) ∩ ([k] \ C) 6= ∅. Finally, a profile is a strong secure equilibria201

(SSE) if every deviation of a coalition of players that harms some player, also harms a player202

in the coalition [7]. Formally, π is an SSE if for every subset C ⊆ [k], and every C-profile203

π′C , if Win(π) ∩ Lose(π[C ← π′C ]) ∩ ([k] \ C) 6= ∅, then Win(π) ∩ Lose(π[C ← π′C ]) ∩ C 6= ∅.204

For a subset W ⊆ [k] of players, we say that π is a W -NE if π is an NE with W = Win(π),205

and similarly for the other solution concepts.206

Rational Synthesis We consider a setting in which the players model a controllable207

system and its rational environment. Technically, we assume that Player 1 models the system208

(a system may be composed from several components, but since the system is controllable,209

we can merge them to a single player), and the other players model the components of the210

environment. Let Env = {2, . . . , k}. The basic problem we consider is the existence and211

finding stable profiles that satisfy the objective of the system.212

We refine the notions of NE and SNE to take into account our ability to control the213

system. For a profile π, we say that π is a 1-fixed NE if no player in Env can benefit from214

unilaterally changing her strategy. Likewise, we say that π is a 1-fixed SNE if no coalition of215

players in Env can jointly deviate in a way that strictly benefits all its members.216

Consider a k-player game G. The problem of NE (SNE) cooperative rational synthesis,217

denoted NE-CRS (resp., SNE-CRS) is to return a 1-fixed NE (resp., SNE) in G in which218

Player 1 wins. As in traditional synthesis, one can also define the corresponding decision219

problems, of rational realizability, where we only need to decide whether the desired strategies220

exist. In order to avoid additional notations, we sometimes refer to NE-CRS and SNE-CRS221

also as decision problems.222

Finite-Memory Strategies A strategy fi : V ∗ → V is finite-memory if it is possible223

to replace the unbounded histories in V ∗ by finitely many memories. Formally, a memory224

structure for a game G = 〈G, {αi}i∈[k]〉 with G = 〈{Vi}i∈[k], v0, E〉 is M = 〈M,µ0, δ〉,225

consisting of a finite set M of memory states, an initial memory state µ0 ∈M , and an update226

function δ : M × E → M . A memory structure is similar to an automaton with alphabet E,227

which is executed in parallel to the game: it starts in µ0 and reads the edges traversed by228

the token. Then, a strategy for Player i that relies onM replaces the dependency on the229

history of the play by dependency on the current memory state ofM. Thus, the strategy230

is given by a function fi : M × Vi → V , such that for all µ ∈ M and v ∈ Vi, we have that231

〈v, fi(µ, v)〉 ∈ E. When the current memory state is µ and the token is in vertex v ∈ Vi,232

1 The setting in [6] considers weighted objectives, where rather than winning or losing, each profile induces
a payoff for each player, which enables also a quantitative definition of “harm” and “benefit”. Here we
consider ω-regular Boolean objectives, inducing a Boolean interpretations for “harm” and “benefit”.

CSL 2026



47:6 Memory Requirements in Non-Zero-Sum Games

Player i moves the token to fi(µ, v) andM moves to state δ (µ, 〈v, fi(µ, v)〉). A strategy fi233

is memoryless if it only depends on the current vertex. That is, if for every two histories234

h, h′ ∈ V ∗ and vertex v ∈ Vi, we have that fi(h · v) = fi(h′ · v). Note that a memoryless235

strategy can be viewed as a function fi : Vi → V , and corresponds to the case |M | = 1. An236

objective type γ is called memoryless if in every zero-sum game with an objective of type γ,237

if Player 1 wins, then she has a memoryless winning strategy. Reachability, avoid, Büchi,238

and co-Büchi objectives are all memoryless [30].239

For l ≥ 1, we say that a strategy fi : V ∗ · Vi → V uses memory l if a memory structure240

that generates fi needs l states. Given a profile π = 〈f1, · · · , fk〉, we say that Player i uses241

memory l (in π) if fi uses memory l.242

3 Is Memory for the Environment Helpful?243

In zero-sum games, increasing the memory of the environment may only decrease the ability244

of the system to satisfy the specification. Formally, for every zero-sum game G and for every245

bound m ≥ 1, if Player 1 wins against Player 2 that uses memory m, then for every m′ ≤ m,246

Player 1 also wins against Player 2 that uses memory m′, and possibly there is m′′ > m such247

that Player 1 loses against Player 2 that uses memory m′′.248

In this section we show that the picture in non-zero-sum games is different and more249

involved. First, the system may need memory in order to have a CRS solution in a game with250

memoryless objectives for all players. In addition, memory for the environment is required251

for the existence of a CRS solution in some cases yet prevents the existence of a CRS solution252

in other cases. Intuitively, memory for the environment enables the system to suggest to the253

environment richer strategies, but also enables the environment to have richer deviations.254

We first describe cases in which increasing the memory of the system and the environment255

is required for a CRS solution, even in games with memoryless objectives for all players. Our256

examples are with two-player games, and thus apply to both NE-CRS and SNE-CRS.257

I Theorem 1. There are two-player Büchi (or reachability) games G1 and G2 such that the258

following hold.259

1. There is a CRS solution for G1 in which Player 1 uses a memory of size 2 and there is260

no CRS solution for G1 in which Player 1 is memoryless.261

2. There is a CRS solution for G2 in which Player 2 uses a memory of size 2 and there is262

no CRS solution for G2 in which Player 2 is memoryless.263

Proof. We describe G1 and G2 with Büchi objectives. The same games and considerations264

apply when the games have reachability objectives. Consider the Büchi game G1 in Figure 1265

(left). Let α1 = {v3} and α2 = {v1, v4}. Drawing two-player games we use circles and boxes266

to describe the vertices in V1 and V2, respectively.267

v0 v1

v2

v3 v4

G1 : v0 v1

v2

v3 v4

G2 :

Figure 1 The games G1 and G2.
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Consider the strategy f1 for Player 1 that, in v2, alternates between v3 and v4. That is268

f1(v0, v2, (v3, v2, v4, v2)∗) = v3 and f1(v0, v2, (v3, v2, v4, v2)∗, v3, v2) = v4. Note that in order269

to implement the alternation, the strategy f1 requires a memory of size 2. Consider the270

strategy f2 for Player 2 that, in v0, takes the token down to v2. Note that the profile 〈f1, f2〉271

is a CRS solution. Indeed, its outcome is v0, (v2, v3, v2, v4)ω, which visits both v3 and v4272

infinitely often. Thus, both objectives are satisfied, and the profile is a CRS solution.273

On the other hand, consider a memoryless strategy for Player 1. If, in v0, Player 2 moves274

the token to v1, then the play reaches and stays forever in v1 no matter what the strategy of275

Player 1 is, and α1 is not satisfied. If, in v0, Player 2 moves the token to v2, then either, in276

v2, Player 1 always moves the token to v4, in which case the play never visits v3, and so α1277

is not satisfied, or Player 1 always moves the token to v3, in which case α2 is not satisfied,278

causing Player 2 to deviate in v0. Thus, there is no CRS solution in which Player 1 uses a279

memoryless strategy.280

Consider now the Büchi game G2 in Figure 1 (right). Let α1 = {v3} and α2 = {v1, v4}.281

Note that all the vertices with more than one successor belong to Player 2, and so there282

is a single strategy f1 for Player 1 in the game. Consider the strategy f2 for Player 2283

that, in v0, takes the token down to v2, and, in v2, alternates between v3 and v4. That is284

f2(v0, v2, (v3, v2, v4, v2)∗) = v3 and f2(v0, v2, (v3, v2, v4, v2)∗, v3, v2) = v4. Note that in order285

to implement the alternation, the strategy f2 requires a memory of size 2. It is easy to see286

that the profile 〈f1, f2〉 is a CRS solution. Indeed, its outcome is v0, (v2, v3, v2, v4)ω, which287

satisfies both objectives.288

On the other hand, consider a memoryless strategy for Player 2. If, in v0, Player 2 moves289

the token to v1, then the play reaches and stays forever in v1 and α1 is not satisfied. If, in290

v0, Player 2 moves the token to v2, then either, in v2, Player 2 always moves the token to v4,291

in which case α1 is not satisfied, or Player 2 always moves the token to v3, in which case α2292

is not satisfied, causing Player 2 to deviate in either v0 or v2. Thus, there is no CRS solution293

in which Player 2 uses a memoryless strategy. J294

The example of G2 in Theorem 1 shows that increasing the memory of the environment may295

help the system to achieve a CRS solution. We continue and examine whether this is always296

the case. We first need some notations. Consider a non-zero-sum game G = 〈G, {αi}i∈[k]〉.297

For m ≥ 1, we say that a profile π = 〈f1, f2, . . . , fk〉 is an m-bounded 1-fixed NE if for298

every 2 ≤ i ≤ k, the strategy fi uses memory at most m, and if i ∈ Lose(π), then for every299

strategy f ′i for Player i that uses memory at most m, we have that i ∈ Lose(π[i ← f ′i ]).300

Thus, environment players are restricted to strategies that use memory at most m, in both π301

and their deviations. Likewise, π is an m-bounded 1-fixed SNE if all the strategies of the302

environment players in π use memory at most m and no coalition of environment players303

can jointly deviate to strategies that use memory at most m in a way that strictly benefits304

all its members. Then, we say that π is an m-bounded NE-CRS (SNE-CRS) solution if π is305

an m-bounded 1-fixed NE (SNE, respectively) that satisfies α1. Note that the usual CRS306

problem coincides with the case m =∞.307

We first show that, unsurprisingly, when the objectives of the environment players require308

memory, in particular when they consist of a conjunction of objectives, then a system may309

have a CRS solution only thanks to bounds on the memory of the environment players.310

I Theorem 2. There is a two-player generalized-Büchi (or generalized reachability) game G3311

such that there is no CRS solution for G3, yet there is a 1-bounded CRS solution for G3.312

Proof. We prove the theorem for the Büchi case. The same game and considerations apply313
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for generalized-reachability objectives.2 Consider the generalized Büchi game G3 played on314

the graph of G2 (Figure 1, right), now with α1 = {{v1}} and α2 = {{v3}, {v4}}. Note that315

Player 1 has a Büchi objective.316

Recall that all the vertices with more than one successor belong to Player 2, and so there317

is a single strategy f1 for Player 1 in the game. Consider the strategy f2 for Player 2 that, in318

v0, takes the token to v1, where it loops forever. Clearly, the induced play satisfies α1. When319

Player 2 is restricted to memoryless strategies, it cannot satisfy her objectives, making this320

profile a 1-bounded CRS solution. On the other hand, when Player 2 is not memoryless, she321

can take the token down to v2 and then alternate between v3 and v4. Hence, when Player 2322

has memory 2 or more, she would deviate from every profile that leads to v0, and so there is323

no CRS solution in G3. J324

The example of G3 in the proof of Theorem 2 heavily relies on Player 2 having an objective325

that requires memory. We now show that for SNE-CRSs, when a deviation of a player may326

need to be beneficial to several players, a system may have an SNE-CRS solution only thanks327

to bounds on the memory of the environment players, even when all players have memoryless328

objectives.329

I Theorem 3. There is a 3-player Büchi game G4 such that there is no SNE-CRS solution330

for G4, yet there is a 1-bounded SNE-CRS solution for G4.331

Proof. We prove the theorem for the Büchi case. The same game and considerations apply for332

reachability objectives. Consider the 3-players Büchi game G4 in Figure 2. We use diamonds333

to denote vertices controlled by Player 3. Let α1 = {v1}, α2 = {v3}, and α3 = {v4}.334

v0

v5

v1

v2

v3 v4

G4 :

Figure 2 The game G4

Note that all the vertices with more than one successor belong to Player 2 or Player 3,335

and so there is a single strategy f1 for Player 1 in the game. We first describe a 1-bounded336

SNE-CRS solution for G4. Let f2 be the memoryless strategy for Player 2 that, in v0, takes337

the token to v1 and, in v2, take the token to v3. Let f3 be the memoryless strategy for338

Player 3 that loops in v5. Clearly, outcome(π) = v0, v
ω
1 , and so Win(π) = {1}. We prove that339

Player 2 and Player 3 cannot deviate to memoryless strategies in a way that causes their340

objectives to be satisfied. Clearly, a deviation by Player 3 alone cannot affect the outcome of341

the game. Also, a deviation by Player 2 alone may not cause the outcome to reach v3 or v4.342

Consider now a joint deviation of Player 2 and Player 3. When Player 2 uses a memoryless343

2 The application to reachability is less straightforward here. In particular, for Büchi, one could give up
the vertex v2 and let v0 have three successors. For reachability, we need the decision of Player 2 about
not visiting v1 in her first transition to be un-recoverable.
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strategy, it cannot cause the outcome of the profile to visit both v3 and v4 infinitely often.344

Thus, the deviation is not beneficial to either Player 2 and Player 3. Hence, π is a 1-bounded345

SNE-CRS solution.346

On the other hand, when Player 2 has memory m ≥ 2, then for every profile whose347

outcome reaches v1, Player 2 and Player 3 would deviate to an outcome that satisfies their348

both objectives, and so no SNE-CRS solution exists for G4. J349

We now complete the picture and show that when the objective of the environment players350

are memoryless and deviations are allowed only for single players, then adding memory to351

the environment may only help the system. Thus, for NE-CRS with memoryless objectives,352

we cannot have examples as those in Theorems 2 and 3.353

I Theorem 4. For every Büchi (or reachability) game G, if there is a 1-bounded NE-CRS354

solution in G, then there is also an NE-CRS solution in G.355

Proof. Consider a Büchi (or reachability) game G = 〈G, {αi}i∈[k]〉. Let π = {f1, f2, . . . , fk}356

be a 1-bounded NE-CRS solution. We prove that there exists a strategy g1 for Player 1 such357

that the profile π′ = π[1← g1] is an NE-CRS solution.3358

For every i ∈ Env, let Gπ,i be the graph obtained from G by removing edges that leave359

vertices in Vj that do not agree with the memoryless strategy fj , for all j ∈ [k] \ {1, i}.360

Consider the zero-sum two-player game Gπ,i = 〈Gπ,i, αi〉 between Player i and Player 1. Let361

Wi ⊆ V be the winning region of Player i in Gπ,i, and let f ′i be a memoryless strategy for362

Player i for the vertices in Wi. That is, v ∈ Wi iff for every strategy f ′1 for Player 1, the363

outcome in Gπ,i of f ′i and f ′1 from v satisfies αi. Likewise, let f i1 be a memoryless strategy364

for Player 1 in Gπ,i that is winning in all vertices not in Wi. That is, v 6∈ Wi iff for every365

strategy gi for Player i, the outcome in Gπ,i of gi and f i1 from v does not satisfy αi. Note366

that since αi is a Büchi objectives, memoryless strategies f ′i and f i1 exist.367

Let ρ = v0, v1, v2, . . . = outcome(π). We first argue that for all i ∈ Lose(π) and vertices368

v ∈ reach(ρ) ∩ Vi, we have that v /∈ Wi. To see this, assume by way of contradiction that369

there exists i ∈ Lose(π) and a vertex v ∈ reach(ρ) ∩ Vi such that v ∈Wi. Let v = vj be the370

first such vertex. That is, v0, . . . , vj−1 are all not in Wi and vj ∈Wi. Consider the strategy371

gi for Player i that agrees with fi in the vertices v0, . . . , vj−1 and agrees with f ′i in all other372

vertices. Consider the profile π′i = π[i← gi]). Note that gi is memoryless, outcome(π′i) has a373

prefix v0, . . . , vj , and, as f ′i is winning in Gπ,i, the outcome continues in a way that satisfies374

αi. Thus, i ∈Win(π[i← gi]), contradicting the fact that π is a 1-bounded 1-fixed NE.375

We can now define the strategy g1, as follows. As long as the generated play follows ρ,376

then g1 agrees with f1. If for some i ∈ Env and vertex v ∈ reach(ρ) ∩ Vi, Player i deviates377

and moves the token to a successor of v that is different from fi(v), then g1 follows the378

strategy f i1 for the rest of the game. Note that g1 need not be memoryless (even when f1 is379

memoryless).380

We argue that the profile π′ = π[1← g1] is an NE-CRS solution. First, since g1 agrees381

with f1 as long as the environment players follow their strategies in π, then outcome(π′) =382

outcome(π), and so Win(π′) = Win(π). Thus, 1 ∈ Win(π′). It is left to show that π′ is a383

1-fixed NE. Consider a player i ∈ Lose(π) and a strategy f ′i for Player i. Let h · v ∈ V ∗ · Vi384

be the longest prefix of outcome(π′[i← f ′i ]) that agrees with ρ. Thus, f ′i(h · v) 6= fi(v), and385

3 In Appendix A.1, we show that the transition to g1 is essential, thus π need not be an NE-CRS solution.
In fact, the example is stronger, showing that a profile π may be a 1-bounded NE-CRS solution and
still no profile in which the system follows its strategy in π is an NE-CRS solution. We also show that
the strategy of Player 1 in a 1-bounded NE-CRS solution may require memory of size 2.

CSL 2026



47:10 Memory Requirements in Non-Zero-Sum Games

so, by its definition, the strategy g1 starts to follow the strategy f i1 after the history h · v.386

Since v ∈ reach(ρ) ∩ Vi, then v 6∈Wi. Therefore, the strategy f i1 is winning in Gπ,i when the387

game starts in v. Hence, outcome(π′[i← f ′i ]) does not satisfy αi, and so f ′i is not a beneficial388

deviation for Player i. Thus, π′ is an NE-CRS solution, and we are done. J389

4 Memory Requirements for NE-CRS390

In this section we consider the memory requirements for NE-CRS, namely when the solution391

concept is an NE. Consider a Büchi game G = 〈G, {αi}i∈[k]〉. In [31], Ummels shows4 that392

for a desired set W of winners, if there exists a W -NE in G, then there exists a W -NE in393

which the memory of all players is of size O(k). Since an NE-CRS solution corresponds to394

a 1-fixed W -NE with 1 ∈ W , and once 1 ∈ W , then a profile is a 1-fixed W -NE iff it is a395

W -NE, the result provides an upper bound also to our problem. Below we prove a matching396

lower bound. The proof is not too complicated, and mainly serves as a warm-up to the study397

of SNE-CRS.398

The lower bound holds already the class of sink games, defined below. Consider a graph399

G. A vertex in G is a sink if it has only one outgoing edge, which is a self-loop. Then, a400

k-player sink game G = 〈G, {αi}i∈[k]〉 is a game in which the only cycles in G are sinks, and401

for every i ∈ [k], the objective αi ⊆ V is a set of sinks. Note that since once a play reaches a402

sink it stays there forever, the objective in sink games can be described using reachability,403

avoid, Büchi, or co-Büchi objectives.404

I Theorem 5. For every k > 2, we can construct a k-player sink game Gk such that Gk has405

an NE-CRS solution, and every CRS solution for Gk requires all the environment players to406

have memory k − 2.407

Proof. We define Gk as follows (see an illustration for the case k = 4 in Figure 3).408

G4 : 2
d2

3
d3

4
d4

1
d5

2
c2

3
c3

4
c4

1
s2

1
s3

1
s4

Figure 3 The game G4. Each vertex is labeled by its owner (top). The colors correspond to
owners.

A play in Gk starts at the initial vertex d2. For each i ∈ Env, Player i controls the vertex409

di and decides whether to move the token to di+1 or to a vertex cj for some j ∈ Env \ {i}.410

For each j ∈ Env, Player j also controls the vertex cj . From cj , Player j chooses a successor411

4 The study in [31] considers Streett objectives, and includes also the parameter of the number of pairs
in the objectives. It also combines the memory of the strategy with the size of the state space. The
presentation here includes a straightforward adjustment to our setting.
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si for some i ∈ Env. The vertex si is a sink that satisfies the objectives of all players in412

Env \ {i}. The vertex dk+1 is a sink that satisfies the objective of Player 1.413

Note that the only play in which Player 1 achieves her objective is d2, d3, . . . , dk, (dk+1)ω,414

in which all players in Env, when controlling their di vertices, choose to move the token415

towards dk+1. If for some i ∈ Env, Player i instead chooses to move the token to a vertex cj416

for some j ∈ Env \ {i}, then Player j can move the token from cj to si, making the deviation417

non-beneficial for Player i. Thus, an NE-CRS solution for Gk consists of strategies that direct418

the token to dk+1 and "punish" players that do not follow such a direction. Consider j ∈ Env.419

In order to punish Player i by moving the token from cj to si, Player j has to remember the420

vertex from which the token has reached cj . Since there are k − 2 such possible vertices, Gk421

has a NE-CRS solution where the strategy of each player uses k − 2 memory. Also, if for422

some i ∈ [k], the strategy of Player i has a memory smaller than k − 2, then there exists a423

player j ∈ Env \ {i} that can move from dj to ci without being punished, which implies that424

the profile is not an NE-CRS solution.425

In Appendix A.2, we describe Gk and prove the bounds formally. J426

5 On the SNE-CRS Problem427

In this section we analyze the complexity of the SNE-CRS problem and the memory required428

for the players in an SNE-CRS solution. For both problems, the upper bounds follow easily429

from the study of robust equilibrium and SSE. Our main contributions are the lower bounds.430

For the complexity of the SNE-CRS problem, we relate the collaboration of players in SNE431

with the concept of non-cooperation in rational synthesis. For the results on the memory,432

lower bounds are open also for the other solution concepts, and we show that our contribution433

applies for them too.434

5.1 Solving SNE-CRS435

In this section we prove that the SNE-CRS problem is PSPACE-complete. The upper bound436

is similar to the one presented for other types of equilibria with respect to deviations by a437

coalition of players and is based on adjusting the objectives in the deviator game of Brenguier438

[6] to the solution concept of SNE. The adjustment is quite straightforward, and we describe439

it in the full version. The PSPACE algorithm holds for every objective that can be translated440

in polynomial space to an Emerson-Lei objective5[16]. This clearly includes (but is not441

limited to) Büchi and co-Büchi objectives.442

Our lower bound involves an interesting relation between the collaboration of players in443

an SNE and the concept of non-cooperation in rational synthesis. We start with a definition444

of the latter. Recall that in CRS, we assume that the environment players are collaborative,445

in the sense they would follow a suggested equilibrium. In non-cooperative rational synthesis446

(NRS), we cannot suggest a strategy to the environment players and only know they would447

reach an equilibrium [21]. Accordingly, for NE-NRS, the goal is to return a strategy f1 for448

Player 1 such that Player 1 wins in every 1-fixed NE 〈f1, f2, . . . , fk〉. In other words, Player 1449

5 An Emerson-Lei objective is given by a Boolean assertion θ over subsets of V . A play ρ ⊆ V ω induces
an assignments fρ : 2V → {F, T}, where for every set S ∈ 2V , we have that fρ(S) = T iff inf(ρ)∩ S 6= ∅.
Then, ρ satisfies θ iff fρ satisfies θ. For example, the Emerson-Lei objective α1 ∧ α2 ∧ · · · ∧ αk is
equivalent to the generalized Büchi objective {α1, α2, . . . , αk}, and the objective α1 ∧ ¬α2 is satisfied
by plays that visit vertices in α1 infinitely often and visit vertices in α2 only finitely often.
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follows f1, and no matter how the environment players behave, then as long as they are450

rational, and so resulting profile is a 1-fixed NE, the objective of Player 1 is satisfied.451

Note that in NE-NRS, the system has to cope only with deviations of single players, yet452

the players are non-cooperative. On the other hand, in SNE-CRS, the system has to cope453

with deviations of coalitions of players, yet the players are cooperative, and would follow454

a suggested 1-fixed SNE. In this section we relate NE-NRS with SNE-CRS, showing that455

the challenge of coping with deviations of coalitions is similar to the challenge of coping456

with non-cooperation. Intuitively, in both cases, all the environment players may deviate457

simultaneously, as long as these deviations are beneficial for them.458

We formalize the connection by describing a class C of games such that for every game459

G = 〈G, {αi}i∈[k]〉 in the class C, there is a game G′ = 〈G, {α′i}i∈[k]〉 such that there is an460

NE-NRS in G iff there is an SNE-CRS in G′. Note that G and G′ are defined with respect461

to the same game graph, and only the objectives are different. Moreover, the class C is462

strong, in the sense that the PSPACE-hardness of NE-NRS applies already to a game in463

C [13]. Accordingly, the results in this section, beyond the interesting connection between464

non-cooperation and coalitions, also imply PSPACE-hardness for the problem of SNE-CRS.465

In the rest of this section we define the class C and describe the reduction from G to466

G′. Recall that in a sink game, the only cycles are sinks, and objectives are set of sinks.467

The class C consists of special sink games, defined below, which restricts sink games further.468

Nevertheless, the class of special sink games captures the PSPACE-hardness of NE-NRS for469

all types of objectives, and we are going to relate NE-NRS solutions in special sink games to470

SNE-CRS solutions in sink games.471

I Definition 6. A k-player sink game G = 〈G, {αi}i∈[k]〉, with G = 〈{Vi}i∈[k], v0, E〉, is472

special if the following holds:473

1. α1 =
⋂
i∈{3,...,k} αi.474

2. α2 = V .475

3. For every i ∈ {3, . . . , k} and vertex v ∈ Vi, there is a vertex u ∈ α1 such that 〈v, u〉 ∈ E.476

Note that the third condition implies that α1 is not empty and that whenever a token477

reaches a vertex of Player i, for i ∈ {3, . . . , k}, she can move the token to α1 and cause all478

players to win.479

I Theorem 7. Consider a k-player special sink game G = 〈G, {α1, α2, . . . , αk}〉. The game480

G has an NE-NRS solution iff the game G′ = 〈G, {α1, α2 \ α1, α3 \ α1, . . . , αk \ α1}〉 has an481

SNE-CRS solution.482

Proof. Let G = 〈{Vi}i∈[k], v0, E〉, and let Env = {2, . . . , k} be the set of environment players.483

Given a play p ∈ V ω in G, let relevant(p) ⊆ Env denote the set of environment players484

that own at least one vertex visited along p. For a profile π, we use relevant(π) to denote485

relevant(outcome(π)). Note that when we consider deviations in a 1-NE π, only deviations486

of players in relevant(π) are of interest. Indeed, for every i ∈ Env \ relevant(π), if Player i487

changes her strategy, the outcome of the profile is not changed. We say that a play p ∈ V ω488

is a trap for Player 1 in G if it reaches a sink s 6∈ α1 such that for every i ∈ relevant(p), we489

have that s ∈ αi. Given a strategy fi for Player i, and a play p = v0, v1, v2 . . . in G, we490

say that p agrees with fi (and that fi agrees with p) if for every j ≥ 0, if vj ∈ Vi, then491

fi(v0, v1, . . . , vj) = vj+1.492

In Appendix A.3, we prove that the following three claims are equal. The theorem follows493

from the equivalence between (C1) and (C2).494

(C1) The game G has an NE-NRS solution.495
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(C2) The game G′ has an SNE-CRS solution.496

(C3) There exists a strategy f1 for Player 1 such that there does not exist a trap in G497

that agrees with f1.498

Intuitively, both NE-NRS and SNE-CRS solutions consider stable profiles in which Player 1499

uses a strategy f1 as described in (C3). In NE-NRS, stability amounts to an NE, and the500

universal quantification on all stable profiles is explicit in the definition of NRS. In SNE-CRS,501

we do start with a single profile, but deviations of sets of players capture the many profiles502

that have to be considered in NRS. Then, as specified in (C3), in the setting of special sink503

games, the relevant deviations correspond to traps, and the two notions coincide. J504

Recall that Büchi and co-Büchi objectives are special cases of Emerson-Lei objectives, for505

which the SNE-CRS problem can be solved in PSPACE. Also, sink objectives are special506

case of both Büchi and co-Büchi objectives. Since the NE-NRS problem is PSPACE-hard507

already for special sink games [13], Theorem 7 enables us to conclude with the following.508

I Theorem 8. The SNE-CRS problem for Büchi and co-Büchi games is PSPACE-complete.509

5.2 Memory Requirements for SNE-CRS510

In this section we consider the memory requirements for SNE-CRS. The upper bound is511

similar to the one known for resilient-CRS and is based on an analysis of the memory required512

for the players in the corresponding deviator game. Essentially (see details in the full version),513

the players have to maintain in their memory the set of players who have deviated, as well514

as memory required for the satisfaction of the objectives of the winning players.515

I Theorem 9. Consider a k-player Büchi game G. If there exists a SNE-CRS solution in G,516

then there also exists an SNE-CRS solution in which the strategy of each player uses memory517

at most 2O(k).518

Our main contribution is a lower bound, which was not studied before, and applies also519

to other solution concepts.520

I Theorem 10. For every k ≥ 4, and m ≤ k−2, there is a sink game Gk,m = 〈Gk, {αi}i∈[k]〉521

such that Gk,m has an SNE-CRS solution, and every SNE-CRS solution requires O(k)522

environment players to have memory 2Θ(k).523

Proof. We define Gk,m as follows (see G6,2 in Figure 4).524

Let Sm denote the set of all subsets of {3, . . . , k} of size m. That is, Sm = {A ⊆525

{3, . . . , k} : |A| = m}. For every set of players A ∈ Sm and l ∈ [m], let A[l] be the l-th526

element in A when the elements are ordered by the usual ≤ order on {3, . . . , k}.527

The game begins at the initial vertex q0, which is owned by Player 2. From q0, Player 2528

chooses a subset A ∈ Sm and moves the token to the vertex 〈A, 1〉. For each subset A ∈ Sm529

and l ∈ [m], Player A[l] controls the vertex 〈A, l〉. If l 6= m, then the successors of 〈A, l〉 are530

the vertices ⊥ and 〈A, l+ 1〉. If l = m, then the successors of 〈A, l〉 are the vertices ⊥ and cj ,531

for j ∈ {3, . . . , k}. For each i ∈ {3, . . . , k}, Player i controls the vertex ci. From ci, Player i532

chooses a subset A ∈ Sm and moves the token to the vertex 〈A, i,p〉, where p is a symbol,533

indicating the game is in the “punishment” layer. For every A ∈ Sm and i ∈ {3, . . . , k}, the534

vertex 〈A, i,p〉 is owned by Player 2, who chooses an index j ∈ A and moves the token to the535

vertex si,j . For every i, j ∈ {3, . . . , k}, the vertex si,j is a sink that satisfies the objectives of536

all players in [k] \ {1, i, j}. The vertex ⊥ is a sink that satisfies the objective of Player 1.537

The idea behind Gk,m is as follows. Consider a profile π = 〈f1, . . . , fk〉. Note that if538

Player 1 wins in π, then its outcome reaches the vertex ⊥, in which case all the other players539

CSL 2026



47:14 Memory Requirements in Non-Zero-Sum Games

G6,2 :

2
v0

1
⊥

5
{5, 6}, 1

4
{4, 6}, 1 · · ·

4
{4, 5}, 1 · · ·

3
{3, 6}, 1 · · ·

3
{3, 5}, 1

3
{3, 4}, 1

6
{5, 6}, 2

...

5
{3, 5}, 2

4
{3, 4}, 2

6
c6

· · ·

...

5
c5

· · ·

4
c4

3
c3

2
{3, 4}, 3,p

...

2
{5, 6}, 3,p

2
{3, 4}, 4,p

...

2
{5, 6}, 4,p

1
s3,3

1
s3,4

1
s3,5

1
s3,6

1
s4,4

1
s4,5

1
s4,6

Figure 4 The sink game G6,2. Each vertex is labeled by its owner (top). The colors correspond
to owners. Some edges are omitted for clarity. In particular, all the vertices in S2 × {1, 2} have an
edge to the vertex ⊥.

lose in π. Also, Player 2 wins in π iff its the outcome of π reaches a sink of the form si,j ,540

in which case Player 1 loses. Thus, the objectives of Player 1 and Player 2 complement541

each other. Assume that Player 1 wins in π, thus its outcome reaches ⊥. In order for π to542

be an SNE, every deviation of players in {2, . . . , k} should result in a profile in which at543

least one of the players that deviate does not satisfy its objective. Thus, when the coalition544

of deviators is C ⊆ {2, . . . , k}, then there should be i ∈ C such that the outcome of the545

new profile either continues to reach ⊥ or, in case i 6= 2, reaches a sink si,j or sj,i for some546

j ∈ {3, . . . , k}. Before we explain why this implies the existence and an SNE-CRS solution,547

and why strategies for players 3, . . . , k in any SNE-CRS solution require exponential memory,548

let us define Gk,m formally.549

We define Gk,m = 〈〈{Vi}i∈[k], q0, E〉, {αi}i∈[k]〉, as follows.550

1. The set of vertices and its partition to owners is as follows.551

V1 = {⊥} ∪ {si,j : i, j ∈ {3, . . . , k}}.552

V2 = {q0} ∪ {〈A, i,p〉 : A ∈ Sm and i ∈ {3, . . . , k}}.553

For every i ∈ {3, . . . , k}, we define Vi = {ci} ∪ {〈A, l〉 : A ∈ Sm, l ∈ [m], and i = A[l]}.554

2. The set E contains edges of the following types:555

For every A ∈ Sm, there is an edge from q0 to 〈A, 1〉.556

For every A ∈ Sm and l ∈ [m− 1], there is an edge from 〈A, l〉 to ⊥ and to 〈A, l + 1〉.557

For every A ∈ Sm, there is an edge from 〈A,m〉 to ⊥ and to cj , for all j ∈ {3, . . . , k}.558

For every A ∈ Sm and i ∈ {3, . . . , k}, there is an edge from ci to 〈A, i,p〉.559

For every A ∈ Sm, i ∈ {3, . . . , k}, and j ∈ A, there is an edge from 〈A, i,p〉 to si,j .560

The vertices ⊥ and si,j , for all i, j ∈ {3, . . . , k}, are sinks.561

3. The objectives of the players are defined as follows.562

α1 = {⊥}.563

For every i ∈ {2, . . . , k}, we have αi = {sl,j : l, j ∈ {3, . . . , k} \ {i}}.564
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We first describe an SNE-CRS solution π = 〈f1, . . . , fk〉 in Gk,m. Since Player 1 only565

owns sinks, her strategy is straightforward. Moreover, the notions of SNE and 1-fixed SNE566

coincide in Gk,m. For Player 2, the strategy f2 is an arbitrary memoryless strategy. As567

for i ∈ {3, . . . , k}, the strategy fi directs Player i to move the token to ⊥ from vertices in568

Sm × [m] that she owns and to move the token to 〈A, i,p〉 from ci. It is easy to see that569

outcome(π) = q0, f2(q0), (⊥)ω, and so Win(π) = {1}. We prove that π is a 1-fixed SNE.570

Consider a coalition C ⊆ {2, . . . , k} and a deviation profile {f ′i}i∈C . Since Player 2 is losing571

in π, and win in every outcome that does not reach ⊥, a deviation for Player 2 that does not572

reach ⊥ is always beneficial, and so, we can assume that 2 ∈ C. Let π′ = π[C ← {f ′i}i∈C ].573

Let A ∈ Sm be the set of players that Player 2 chooses from q0 in π′; thus f ′2(q0) = 〈A, 1〉.574

If there is a player i ∈ A that in π′ moves the token from the vertex 〈A, l〉 with A[l] = i to575

the sink ⊥, then the outcome of π′ reaches ⊥. Thus, Win(π′) = {1}, and the deviation of576

the players in C is not beneficial. If all players in A do not move the token to ⊥ in their577

strategies in π′ (in particular, this means that A ⊆ C), then let ci be the vertex to which578

Player A[m] moves the token from 〈A,m〉 in π′. Since all the sinks si,l that are reachable579

from ci are losing for Player i, the deviation is not beneficial for Player i, implying that580

i /∈ C. Hence, Player i follows fi, which directs her to move the token from ci to 〈A, i,p〉.581

Since every successor of 〈A, i,p〉 is losing for some player in A, the deviation is not beneficial582

to all the players in C, and so π is an SNE in which Player 1 wins.583

We continue and prove that every SNE-CRS solution in Gn,k requires each of the players584

3, . . . , k to have memory
(
k−3
m

)
. Assume by contradiction that there exists an SNE profile585

π = 〈f1, . . . , fk〉 in which Player 1 wins and there exists i ∈ {3, . . . , k} such that the strategy586

fi has a memory structure Mi with fewer than
(
k−3
m

)
states. Since there are fewer than587 (

k−3
m

)
states inMi, and there are

(
k−3
m

)
subsets of {3, . . . , k} \ {i} of size m, there exists a588

set A ∈ Sm such that i /∈ A and fi never (that is, no matter what the history along which ci589

has been reached) directs Player i to move the token from ci to 〈A, i,p〉.590

Consider the coalition C = A ∪ {2}, and the deviation profile f ′C = {{f ′j}j∈C}, where591

for every j ∈ A, the strategy f ′j agrees with fj , except that from 〈A, l〉, with A[l] = j, the592

strategy f ′j directs Player j to move the token to 〈A, l + 1〉, in case l < m, and to ci, in case593

l = m. Finally, the strategy f ′2 agrees with f2, except that from q0, the strategy f ′2 directs594

Player 2 to move the token to 〈A, 1〉, and for every A′ ∈ Sm such that A′ 6= A, the strategy595

f ′2 directs Player 2 to move the token from 〈A′, i,p〉 to si,minA′\A. Note that since both596

A and A′ are of size m, the set A′ \ A is not empty, and thus minA′ \ A exists and is in597

{3, . . . , k}. Let π′ = π[C ← f ′C ]. By the definition of the strategies in π′, there exists A′ ∈ Sm598

such that A′ 6= A and outcome(π′) = q0, 〈A, 1〉, 〈A, 2〉, . . . , 〈A,m〉, ci, 〈A′, i,p〉, (si,minA′\A)ω.599

Thus, Win(π′) = [k] \ {1, i,minA′ \A}. Since 1, i, and minA′ \A are all not in A, and thus600

also not in C, it follows that C ⊆Win(π′). Hence, the deviation to f ′C is beneficial to all the601

players in C, contradicting the assumption that π is an SNE. J602

6 Memory Requirements for Additional Solution Concepts603

Recall that different applications have initiated the study of different solution concepts for604

settings in which a coalition of players may deviate together. While upper bounds on the605

concepts of robust equilibria and SSE serve as a basis to our upper bounds here, no lower606

bounds are known on the memory requirements for CRS solutions with respect to these607

concepts. In this section we show that the construction in Theorem 10 can be modified to608

show a lower bound on the memory required to the environment players in CRS solution609

when the solution concepts are resilient (and hence, robust) equilibria and SSE.610
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For k ≥ 4 and m ∈ [k − 2], consider the k-player sink game G′k,m obtained from Gk,m by611

changing the objectives of the players so that now the sink ⊥ is winning for all players in612

[k] \ {2} (rather than for Player 1 only in Gk,m). Thus, as in Gk,m, the objectives of Player 1613

and Player 2 still complement each other, and now, Players 3, . . . , k win also in profiles614

that reach the vertex ⊥. Also, as in Gk,m, all the vertices owned by Player 1 have only one615

successor, and the notions of 1-fixed equilibrium and (usual) equilibrium coincide.616

We start with resilient equilibria, and show that G′k,m has a resilient-CRS solution, and617

that every resilient-CRS solution requires O(k) environment players to have memory 2Θ(k).618

Recall that a profile is a resilient-equilibrium if for every subset C ⊆ Env, every deviation of619

the players in C that benefits a player in C also harms a player in C. The proof is similar to620

the proof of Theorem 10. In particular, the profile π = 〈f1, . . . , fk〉 described in the proof621

is a resilient-CRS solution in G′k,m. To see this, recall that outcome(π) reaches ⊥, and is622

thus winning in G′k,m for all the players in [k] \ {2}. Thus, only Player 2 may benefit from623

a deviation. When Player 2 chooses a set A ∈ Sm, all the players in A have to deviate on624

order for ⊥ to be avoided, and so, by the definition of resilient equilibrium, all of them have625

to win when the game reach the punishment layer. This, however, is impossible in deviations626

from π, as for all i ∈ {3, . . . , k}, the only way for Player i to make sure she does not lose is627

to remember the set A and proceed as in π, from ci to the vertex 〈A, i,p〉. Moreover, using628

considerations similar to these in the proof of Theorem 10 (see details in Appendix A.4), if629

there is i ∈ {3, . . . , k} such that Player i has no memory to keep track of the set A chosen630

by Player 2, then there is no resilient-CRS. Essentially, in such a case Player 2 can convince631

a coalition A of players to join the deviation by letting the outcome of the new profile reach632

ci, where a player not in A would be punished.633

For the solution concept of SSE, we show that G′k,m has an SSE-CRS solution, and that634

every SSE-CRS solution requires O(k) environment players to have memory 2Θ(k). Recall635

that a profile is an SSE if for every coalition C ⊆ Env, every deviation that harms a player636

not in C also harms a player in C. In G′k,m, a deviation that does not reach the vertex637

⊥ causes Player 1 to lose. Thus, a profile is an SSE iff for every coalition C ⊆ Env and638

every deviation that causes the game to reach the punishment layer, at least one player in639

the coalition looses. Accordingly, the profile π described in the proof of Theorem 10 is an640

SSE-CRS solution in G′k,m and in every SSE-CRS solution, every player in {3, . . . , k} has641

to remember the set A chosen by Player 2 from q0. Indeed (see details in Appendix A.5),642

otherwise, a coalition of players in A can deviate by letting the outcome of the new profile643

reach the vertex ci, where a player not in A would be punished.644
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A Missing Proofs and Examples735

A.1 On strategies for Player 1 in a 1-bounded NE-CRS solution736

We describe two interesting examples. The first is a game G5 and a CRS solution 〈f1, f2〉737

such that there is no 1-bounded CRS solution 〈f1, f
′
2〉 for a memoryless f2. The second is a738

game G6 such that every 1-bounded CRS solution 〈f1, f2〉 requires f1 to have memory of size739

at least 2.740

Consider the Büchi game G5 in Figure 5 (left). Let α1 = {v3, v4} and α2 = {v4}. Consider741

the following strategy of f1 of Player 1:742

f1(v0, v2, (v3, v2)∗) = v3.743

f1(v0, v1, v0, v2, (v4, v2)∗) = v4.744

Thus, if the token reaches v2 without visiting v1 before, Player 1 always direct it to v3, where745

only Player 1 wins, and if the token visits v1 for one time before reaching v2, then Player 1746

always direct the token to v4, where both players win. Let f2 be a strategy for Player 2 that747

proceeds to v1 once and then to v2. It is easy to see that while 〈f1, f2〉 is a CRS solution,748

there is no 1-bounded CRS solution 〈f1, f
′
2〉 for a memoryless f2.

v0 v1

v2

v3 v4

G5 : v0 v1

v2

v3 v4

G6 :

Figure 5 The games G5 (left) and G6 (right).

749

We continue and show that the strategy of Player 1 in a 1-bounded CRS solution may750

require memory of size 2. Consider the Büchi game G6 in Figure 5 (right). Let α1 = {v3}751

and α2 = {v4}.752

Consider a profile π = 〈f1, f2〉 for a memoryless strategy f1 for Player 1. We claim that753

π is not a 1-bounded CRS solution. Indeed, if f1(v0) = v1, then α1 is not satisfied, and if754

f1(v0) = v2, then Player 2 can deviate to a memoryless strategy f ′2(v2) = v4, where only α2755

is satisfied.756

Nevertheless, the game G6 does have a 1-bounded CRS solution π = 〈f1, f2〉, for f1 that757

is not memoryless. To see this, consider a strategy f1 of Player 1 that behaves as follows:758

f1((v0, v2, v3)∗, v0) = v2.759

f1(v0, v2, v4, v0) = v1.760

Thus, when the game starts and as long as Player 2 moves the token from v2 to v3, Player 1761

moves the token from v0 down to v2. If Player 2 moves the token from v2 to v4, then on the762

next visit of the token in v0, Player 1 moves it to v1, where no player wins. Note that when763

Player 2 uses a memoryless strategy, then this “next” visit must be the second one, and so764

the definition of f1 above covers all possible histories.765

It is not hard to see that π = 〈f1, f2〉, for the memoryless strategy f2 with f2(v2) = v3 is766

a 1-bounded CRS solution767

A.2 Missing Details in the proof of Theorem 5768

The game graph Gk = 〈{Vi}i∈[k], d2, E〉 and the objectives {αi}i∈[k] are defined as follows:769
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1. The vertex sets of the players are defined as follows:770

Player 1 controls the set V1 = {dk+1, c1} ∪ {s2, . . . , sk}771

For every i ∈ {2, . . . , k}, Player i controls the set Vi = {ci, di}.772

2. The set E contains edges of the following types:773

For every i ∈ {2, . . . , k}, edges from di to di+1.774

For every i ∈ {2, . . . , k}, there is an edge from di to cj where j ∈ [k] \ {i}.775

For every i ∈ [k], and j ∈ {2, . . . , k}, there is an edge from ci to sj .776

The vertices in {dk+1} ∪ {s2, . . . , sk} are sink vertices.777

3. The objectives are defined as follows:778

The objective of Player 1 is α1 = {dk+1}.779

For every i ∈ {2, . . . , k}, the objective of Player i is αi = {sj : j ∈ [k] \ {i}}.780

We begin by describing an NE profile π = 〈f1, . . . , fk〉 in which Player 1 wins. For every781

i ∈ {2, . . . , k}, Player i decides to always move from di towards dk+1. If there exists i ∈ [k]\{1}782

such that Player i deviated and moved the token from di to cj for some j ∈ [k] \ {i}, then783

Player j, move the token to si. The outcome of the profile π is d2, d3, . . . , dk, d
ω
k+1, thus,784

Win(π) = {1}. If for some l ∈ {2, . . . , k}, Player l deviates and move the token from dl to785

cj for some j ∈ [k] \ {l}, then Player j moves the token to sl and Player l loses. Meaning786

that deviation is not beneficial and that π is an NE. Overall π is an NE in which Player 1787

wins. Note that the strategy for each players in π can be implemented with a finite memory788

structure of size k − 2. Indeed. each player only needs to remember if a deviation has789

happened, and if so, which player (besides themselves and Player 1) has deviated.790

We now show that in every NE in which Player 1 wins, the strategy of every player791

uses memory at least k − 2. Assume by contradiction that there exists an NE profile792

π = 〈f1, . . . , fk〉 where Player 1 wins and there exists i ∈ [k] such that the strategy fi has a793

memory structureMi with less than k − 2 states. Then, by the pigeon hole principle, since794

there are less than k − 2 states inMi but ci has k − 1 successors, there exists a successors795

to ci, which we mark with sj , such that fi never chooses sj as a successor from ci. Since796

j > 2, we have that j ∈ Lose(π) and may deviate. Let f ′j be a strategy for Player j that797

agrees with fj , except that from dj , the strategy f ′j always move the token to ci. Then, since798

fi never chooses sj as a successor from ci, the profile π′ = π[i← f ′i ] visits a sink sm where799

m ∈ [k] \ {1, j}. Thus, Player j wins in π′ and so π is not stable.800

A.3 Missing Details in the proof of Theorem 7801

We prove that the following three claims are equal:802

(C1) The game G has an NE-NRS solution.803

(C2) The game G′ has an SNE-CRS solution.804

(C3) There exists a strategy f1 for Player 1 such that there does not exist a trap in G805

that agrees with f1.806

We first prove that (C1) iff (C3). In fact we prove a stronger claim, namely that for807

every strategy f1 for Player 1, we have that f1 is an NE-NRS solution in G iff there does not808

exist a trap in G that agrees with f1.809

Consider a strategy f1 for Player 1. Assume first that f1 is an NE-NRS solution in G,810

and assume by way of contradiction that there exists a trap p that agrees with f1. Thus,811

p reaches a sink s 6∈ α1, and for every i ∈ relevant(p), we have that s ∈ αi. Consider a812

profile π = 〈f1, . . . , fk〉, such that for every i ∈ Env, the strategy fi agrees with p. Since813

s 6∈ α1, Player 1 loses in π. Since for every i ∈ relevant(p), we have that s ∈ αi, then814

relevant(π) ⊆ Win(G, π). Thus, no player in relevant(π) has an incentive to deviate in G.815
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Hence, π is a 1-fixed NE in G in which Player 1 loses, contradicting the fact f1 is an NE-NRS816

solution for G.817

For the second direction, assume that there does not exist a trap in G that agrees with f1,818

and assume by way of contradiction that f1 is not an NE-NRS solution for G. That is, there819

is a 1-NE profile π = 〈f1, . . . , fk〉 such that 1 /∈Win(G, π). Consider the play p = outcome(π).820

Since 1 /∈Win(G, π), the play p reaches a sink s 6∈ α1. Also, since p is not a trap, there exists821

i ∈ relevant(p) such that s /∈ αi, which implies that i /∈Win(G, π). By the third condition on822

the structure of special sink games, Player i can deviate and move the token from the first823

vertex she owns in p to a vertex in α1. Since αi ⊆ α1, such a deviation causes Player i to824

win in G, contradicting the fact π is a 1-fixed NE.825

We continue and prove that (C2) iff (C3). Here too, we prove a stronger claim, namely that826

for every strategy f1 for Player 1, we have that there is an SNE-CRS solution 〈f1, f2, . . . , fk〉827

for G′ iff there does not exist a trap in G that agrees with f1.828

Assume first that f1 is such that there is an SNE-CRS solution π = 〈f1, f2, . . . , fk〉 for G′.829

Recall that for every i ∈ Env, we have that α′i = αi \ α1. Thus, as 1 ∈Win(G′, π), it must be830

that Env ⊆ Lose(G′, π).831

Assume by way of contradiction there exists a trap p that agrees with f1. Let C =832

relevant(p). Since C ⊆ Env, then C ⊆ Lose(G′, π). For every i ∈ C, let gi be a strategy for833

Player i that agrees with p. Let gC = {gi : i ∈ C}, and consider the profile π′ = π[C ← gC ].834

Since f1 agrees with p and for all i ∈ relevant(p), the strategy gi agrees with p, we have835

that outcome(π′) = p. Since p is a trap, we have that C ⊆Win(G′, π′). Thus, the deviation836

strictly benefits all the players in C and so π is not a 1-fixed SNE.837

Assume now that f1 is such that there does not exist a trap p that agrees with f1.838

Consider the profile π = 〈f1, f2, . . . , fk〉, where f2 is some memoryless strategy, and for every839

i ∈ {3, . . . , k} the strategy fi is a memoryless strategy that moves the token from every840

vertex to α1. Note that since G′ is a special sink game, such strategies f3, . . . , fk exist. We841

prove that π is an SNE-CRS solution for G′.842

Let p = outcome(π). First, we show that p reaches α1, which implies that 1 ∈Win(G′, π).843

Clearly, if relevant(p)∩ {3, . . . , k} 6= ∅, then, by the definition of the strategies f3, . . . , fk, the844

play p reaches α1. Otherwise, relevant(p) ⊆ {1, 2}. Then, if p does not reach α1, then, by the845

definition of α′2 = V \ α1, we have that p reaches α′2, implying that p is a trap that agrees846

with f1 and contradicting the fact that no such trap exists.847

Second, we show that π is a 1-fixed SNE in G′. Assume by way of contradiction that π is848

not a 1-fixed SNE in G′. Then, there exists a coalition C ⊆ Lose(G′, π) and a strategy profile849

gC such that for the profile π′ = π[C ← gC ], we have that C ⊆Win(G′, π′). By the definition850

of α′2, . . . , α′k, the latter implies that outcome(π′) reaches a sink s 6∈ α1. Let p′ = outcome(π′).851

By the definition of the strategies fi, it must be that relevant(p′) ∩ {3, . . . , k} ⊆ C. Indeed,852

otherwise p′ would have reached α1. Thus, as C ⊆ Win(G′, π′), it follows that for every853

i ∈ relevant(p′) ∩ {3, . . . , k}, we have that s ∈ αi. In addition, as α2 = V , we also have that854

s ∈ α2. Thus, the play p′ reaches a sink s 6∈ α1, and for every i ∈ relevant(π′), we have that855

s ∈ αi. Thus, p′ is a trap that agrees with f1, contradicting the assumption that no such856

trap exists.857

A.4 Resilient-CRS memory lower bound858

We first show that π = 〈f1, . . . , fk〉 is a resilient-CRS. Consider a coalition C ⊆ {2, . . . , k}859

and a deviation profile {f ′i}i∈C . Let π′ = π[C ← {f ′i}i∈C ]. Let A ∈ Sm be the set of players860

that Player 2 choose from q0 in π′; thus f ′2(q0) = 〈A, 1〉. If there is a player i ∈ A that in π′861

moves the token from the vertex 〈A, l〉 with A[l] = i to the sink ⊥, then the outcome of π′862
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reaches ⊥. Thus, Win(π′) = [k] \ {2}, and the deviation of the players in C is not strictly863

beneficial to a player in the coalition. If all players in A do not move the token to ⊥ in their864

strategies in π′ (in particular, this means that A ⊆ C), then let ci be the vertex to which865

Player A[m] moves the token from 〈A,m〉 in π′. Since all the sinks si,l that are reachable866

from ci are losing for Player i, the deviation is harmful for Player i, implying that i /∈ C.867

Hence, Player j follows fi, which directs her to move the token from ci to 〈A, i,p〉. Since868

every successor of 〈A, i,p〉 is losing for some player in A, the deviation harms a player in C,869

and so π is resilient in which Player 1 wins.870

We continue and prove that every resilient-CRS solution in G′k,m requires each of the871

players 3, . . . , k to have memory
(
k−3
m

)
. Assume by contradiction that there exists a resilient872

profile π = 〈f1, . . . , fk〉 in which Player 1 wins and there exists i ∈ {3, . . . , k} such that the873

strategy fi has a memory structureMi with fewer than
(
k−3
m

)
states. Since there are fewer874

than
(
k−3
m

)
states inMi, and there are

(
k−3
m

)
subsets of {3, . . . , k}\{i} of size m, there exists875

a set A ∈ Sm such that i /∈ A and fi never (that is, no matter what the history along which876

ci has been reached) directs Player i to move the token from ci to 〈A, i,p〉.877

Consider the coalition C = A ∪ {2}, and the deviation profile f ′C = {{f ′j}j∈C}, where878

for every j ∈ A, the strategy f ′j agrees with fj , except that from 〈A, l〉, with A[l] = j, the879

strategy f ′j directs Player j to move the token to 〈A, l + 1〉, in case l < m, and to ci, in case880

l = m. Finally, the strategy f ′2 agrees with f2, except that from q0, the strategy f ′2 directs881

Player 2 to move the token to 〈A, 1〉, and for every A′ ∈ Sm such that A′ 6= A, the strategy882

f ′2 directs Player 2 to move the token from 〈A′, i,p〉 to si,minA′\A. Note that since both883

A and A′ are of size m, the set A′ \ A is not empty, and thus minA′ \ A exists and is in884

{3, . . . , k}. Let π′ = π[C ← f ′C ]. By the definition of the strategies in π′, there exists A′ ∈ Sm885

such that A′ 6= A and outcome(π′) = q0, 〈A, 1〉, 〈A, 2〉, . . . , 〈A,m〉, ci, 〈A′, i,p〉, (si,minA′\A)ω.886

Thus, Win(π′) = [k] \ {1, i,minA′ \A}. Since 1, i, and minA′ \A are all not in A, and thus887

also not in C, it follows that C ⊆Win(π′).888

Hence, the deviation to f ′C is strictly beneficial for Player 2, and does not harm any889

member of A, contradicting the assumption that π is resilient.890

A.5 SSE-CRS memory lower bound891

We first show that π = 〈f1, . . . , fk〉 is an SSE-CRS. Consider a coalition C ⊆ {2, . . . , k} and892

a deviation profile {f ′i}i∈C . Let π′ = π[C ← {f ′i}i∈C ]. Let A ∈ Sm be the set of players893

that Player 2 choose from q0 in π′; thus f ′2(q0) = 〈A, 1〉. If there is a player i ∈ A that in π′894

moves the token from the vertex 〈A, l〉 with A[l] = i to the sink ⊥, then the outcome of π′895

reaches ⊥. Thus, Win(π′) = [k] \ {2}, and the deviation of the players in C does not harm a896

player outside C. If all players in A do not move the token to ⊥ in their strategies in π′ (in897

particular, this means that A ⊆ C), then let ci be the vertex to which Player A[m] moves898

the token from 〈A,m〉 in π′. Since all the sinks si,l that are reachable from ci are losing899

for Player i, the deviation harms Player i, implying that i /∈ C. Hence, Player j follows fi,900

which directs her to move the token from ci to 〈A, i,p〉. Since every successor of 〈A, i,p〉 is901

losing for some player in A, the deviation harms a player in C, and so π is SSE in which902

Player 1 wins.903

We continue and prove that every SSE-CRS solution in Gn,k requires each of the players904

3, . . . , k to have memory
(
k−3
m

)
. Assume by contradiction that there exists a SSE profile905

π = 〈f1, . . . , fk〉 in which Player 1 wins and there exists i ∈ {3, . . . , k} such that the strategy906

fi has a memory structure Mi with fewer than
(
k−3
m

)
states. Since there are fewer than907 (

k−3
m

)
states inMi, and there are

(
k−3
m

)
subsets of {3, . . . , k} \ {i} of size m, there exists a908

set A ∈ Sm such that i /∈ A and fi never (that is, no matter what the history along which ci909
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has been reached) directs Player i to move the token from ci to 〈A, i,p〉.910

Consider the coalition C = A ∪ {2}, and the deviation profile f ′C = {{f ′j}j∈C}, where911

for every j ∈ A, the strategy f ′j agrees with fj , except that from 〈A, l〉, with A[l] = j, the912

strategy f ′j directs Player j to move the token to 〈A, l + 1〉, in case l < m, and to ci, in case913

l = m. Finally, the strategy f ′2 agrees with f2, except that from q0, the strategy f ′2 directs914

Player 2 to move the token to 〈A, 1〉, and for every A′ ∈ Sm such that A′ 6= A, the strategy915

f ′2 directs Player 2 to move the token from 〈A′, i,p〉 to si,minA′\A. Note that since both916

A and A′ are of size m, the set A′ \ A is not empty, and thus minA′ \ A exists and is in917

{3, . . . , k}. Let π′ = π[C ← f ′C ]. By the definition of the strategies in π′, there exists A′ ∈ Sm918

such that A′ 6= A and outcome(π′) = q0, 〈A, 1〉, 〈A, 2〉, . . . , 〈A,m〉, ci, 〈A′, i,p〉, (si,minA′\A)ω.919

Thus, Win(π′) = [k] \ {1, i,minA′ \A}. Since 1, i, and minA′ \A are all not in A, and thus920

also not in C, it follows that C ⊆Win(π′).921

Hence, the deviation to f ′C does not harm any member of C while harming Player 1,922

contradicting the assumption that π is SSE.923

CSL 2026


	1 Introduction
	2 Preliminaries
	3 Is Memory for the Environment Helpful?
	4 Memory Requirements for NE-CRS
	5 On the SNE-CRS Problem
	5.1 Solving SNE-CRS
	5.2 Memory Requirements for SNE-CRS

	6 Memory Requirements for Additional Solution Concepts
	A Missing Proofs and Examples
	A.1 On strategies for Player 1 in a 1-bounded NE-CRS solution
	A.2 Missing Details in the proof of Theorem 5
	A.3 Missing Details in the proof of Theorem 7
	A.4 Resilient-CRS memory lower bound
	A.5 SSE-CRS memory lower bound


