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Abstract

In modular verification the specification of a module consists of two parts. One part
describes the guaranteed behavior of the module. The other part describes the assumed be-
havior of the system in which the module is interacting. This is called the assume-guarantee
paradigm. In this paper we consider assume-guarantee specifications in which the guarantee
is specified by branching temporal formulas. We distinguish between two approaches. In
the first approach, the assumption is specified by branching temporal formulas too. In the
second approach, the assumption is specified by linear temporal logic. We consider guaran-
tees in VCTL and YCTL*, the universal fragments of CTL and CTL*, and assumptions in
LTL, VCTL, and YCTL*. We develop two fundamental techniques: building maximal mod-
els for YCTL and VCTL* formulas and using alternating automata to obtain space-efficient
algorithms for fair model checking. Using these techniques we classify the complexity of sat-
isfiability, validity, implication, and modular verification for VCTL and YVCTL*. We show
that modular verification is PSPACE-complete for YVCTL and is is EXPSPACE-complete for
VCTL*. We prove that when the assumption is linear, these bounds hold also for guarantees
in CTL and CTL*. On the other hand,the problem remains EXPSPACE-hard even when
we restrict the assumptions to LTL and take the guarantee as a fixed VCTL formula.

1 Introduction

Temporal logics, which are modal logics geared towards the description of the temporal or-
dering of events, have been adopted as a powerful tool for specifying and verifying concurrent
programs [Pnu77, Pnu81]. One of the most significant developments in this area is the dis-

covery of algorithmic methods for verifying temporal-logic properties of finite-state programs
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[CES86, LP85, QS81]. This derives its significance both from the fact that many synchroniza-
tion and communication protocols can be modeled as finite-state programs, as well as from the
great ease of use of fully algorithmic methods. Finite-state programs can be modeled by tran-
sition systems where each state has a bounded description, and hence can be characterized by
a fixed number of boolean atomic propositions. This means that a finite-state program can be
viewed as a finite propositional Kripke structure and its properties can be specified using propo-
sitional temporal logic. Thus, to verify the correctness of the program with respect to a desired
behavior, one only has to check that the program, modeled as a finite Kripke structure, satisfies
(is a model of) the propositional temporal logic formula that specifies that behavior. Hence the

name model checking for the verification methods derived from this viewpoint. Surveys can be

found in [CG87, Wol89].

We distinguish between two types of temporal logics: linear and branching [Lam80]. In
linear temporal logics, each moment in time has a unique possible future, while in branching
temporal logics, each moment in time may split into several possible futures. The complexity
of model checking for both linear and branching temporal logics is well understood: suppose
we are given a program of size n and a temporal logic formula of size m. For a branching
temporal logic such as CTL, model-checking algorithms run in time O(nm) [CES86], while, for
linear temporal logic such as LTL, model-checking algorithms run in time n2°(™) [LLP85]. Since
model checking with respect to a linear temporal logic formula is PSPACE-complete [SC85],
the latter bound probably cannot be improved. The difference in the complexity of linear and

branching model checking has been viewed as an argument in favor of the branching paradigm.

Model checking suffers, however, from the so-called state-explosion problem. In a concurrent
setting, the program under consideration is typically the parallel composition of many modules.
As aresult, the size of the state space of the program is the product of the sizes of the state spaces
of the participating modules. This gives rise to state spaces of exceedingly large sizes, which
makes even linear-time algorithms impractical. This issue is one of the most important one in

the area of computer-aided verification and is the subject of active research (cf. [BCM190]).

Modular verification is one possible way to address the state-explosion problem, cf. [CL.M&9,

ASSS94]. In modular verification, one uses proof rules of the following form:

Ml ): '¢1
My = 9y Mi[|M; = ¢
C(¢17¢27¢)

Here, M |= 6 means that the module M satisfies the formula 6, the symbol “||” denotes parallel
composition, and C(¥1, 12, %) is some logical condition relating 11, 93, and ?. Using modular
proof rules enables one to apply model checking only to the underlying modules, which have

much smaller state spaces.

The state-explosion problem is only one motivation for pursuing modular verification. Mod-

ular verification is advocated also for other methodological reasons; a robust verification method-



ology should provide rules for deducing properties of programs from the properties of their con-
stituent modules. Indeed, efforts to develop modular verification frameworks were undertaken
in the mid 1980s [Pnu85].

A key observation, see [Lam83, Jon83], is that in modular verification the specification
should include two parts. One part describes the desired behavior of the module. The other
part describes the assumed behavior of the system within which the module is interacting.
This is called the assume-guarantee paradigm, as the specification describes what behavior the

module is guaranteed to exhibit, assuming that the system behaves in the promised way.

For the linear temporal paradigm, an assume-guarantee specification is a pair (g, ), where
both ¢ and % are linear temporal logic formulas. The meaning of such a pair is that all the
computations of the module are guaranteed to satisfy 1, assuming that all the computations
of the environment satisfy . As observed in [Pnu85], in this case the assume-guarantee pair
(¢, ) can be combined to a single linear temporal logic formula ¢ — . Thus, model checking
a module with respect to assume-guarantee specifications in which both the assumed and the
guaranteed behaviors are linear temporal logic formulas is essentially the same as model checking

the module with respect to linear temporal logic formulas.

The situation is different for the branching temporal paradigm. Here the guarantee is a
branching temporal formula, which describes the computation tree of the module. There are
two approaches, however, to the assumptions in assume-guarantee pairs. The first approach,
implicit in [CES86, EL85, EL87] and made explicit in [Jos87a, Jos87b, Jos89, DDGJRY], is
that the assumption in the assume-guarantee pair concerns the interaction of the module with
its environment along each computation, and is therefore more naturally expressed in linear
temporal logic. Thus, in this approach, an assume-guarantee pair should consist of a linear
temporal assumption ¢ and a branching temporal guarantee 1». The meaning of such a pair
is that v holds in the computation tree that consists of all computations of the program that
satisfy ¢. The problem of verifying that a given module M satisfies such a pair (¢, 1), which
we call the linear-branching modular model-checking problem, is more general than either linear

or branching model checking.

A second approach was considered in [GL94], where assumptions are taken to apply to the
computation tree of the system within which the module is interacting. Accordingly, assump-
tions in [GL94] are also expressed in branching temporal logic. There, a module M satisfies
an assume-guarantee pair (¢, v) iff whenever M is part of a system satisfying ¢, the system
satisfies ¥ too. We call this branching modular model checking. Furthermore, it is argued there,
as well as in [DDGJ89, Jos89, GLI1, DGGI3], that in the context of modular verification it
is advantageous to use only universal branching temporal logic, i.e., branching temporal logic
without existential path quantifiers. That is, in a universal branching temporal logic one can
state properties of all computations of a program, but one cannot state that certain computa-
tions exist. Consequently, universal branching temporal logic formulas have the helpful property

that once they are satisfied in a module, they are satisfied also in a system that contains this



module. The focus in [GL94] is on using YCTL, the universal fragment of CTL, for both the

assumption and the guarantee.

In this paper, we focus on the branching modular model-checking problem, which we show
to be a proper extension of the linear-branching modular model-checking problem. We con-
sider assumptions and guarantees in both VCTL and in the more expressive VCTL*. We start
by examining the most fundamental questions about these logics: satisfiability, validity, and
implication (since VCTL and YCTL* are not closed under negation, these problems are not
inter-reducible as they are for CTL and CTL*).

We use two fundamental techniques to solve these questions. The first technique is the
mazimal-model technique introduced in [GL94]. It is shown there that with every VCTL formula
¢ one can associate a mazimal model M, (called the tableau of ¢ in [GL94]) such that a module
M satisfies ¢ precisely when M simulates M, (we define simulation later on). We use here
automata-theoretic techniques for CTL* [VS85, EJ88] to construct maximal models for YCTL*
formulas. While maximal models for YVCTL involve an exponential blow-up, maximal models

for YCTL* involve a doubly exponential blow-up.

The second technique is the automata-theoretic framework to branching-time model check-
ing introduced in [BVWO94]. It is shown there how to use alternating tree automata to ob-
tain space-efficient model checking methods. Since the maximal models that we construct in-
clude fairness conditions, we extend the automata-theoretic method of [BVW94] to yield space-
efficient fair model-checking algorithms. We then show how performing fair model checking over
maximal models can solve the satisfiability, validity, and implication problems for YCTL and
YCTL*. Our results show that these problems are computationally easier than the analogous
problems for CTL and CTL*. For example, while all three problems are EXPTIME-complete
for CTL, we have that satisfiability and implication are PSPACE-complete and validity is NP-
complete for YCTL.

By relating the implication problem with the branching modular model-checking problem,
we show that the same two fundamental techniques of maximal models and space-efficient
fair model checking also yield a solution to the latter problem. We prove that the problem
is PSPACE-complete for YCTL and is EXPSPACE-complete for YCTL*. We show that the
increase in complexity is solely to the assumption part of the specification. This suggests that
modular model checking in the branching temporal framework can be practical only for very

small assumptions.

We turn on to investigate the linear-branching model-checking in its full generality, i.e., we
allow the assumption to be specified by an arbitrary LTL formula and the guarantee to be

specified by an arbitrary CTL* formula.

We bring to bear on the problem the automata-theoretic techniques that were developed
for linear and branching temporal logics [VW86a, BVWO94]. The semantics of the assume-

guarantee specification is defined in terms of the computation tree of the module. Using the



automata-theoretic framework for linear temporal logics [VW86b], we show how the compu-
tation tree, which is infinite, can be collapsed to a finite module, while retaining the relevant
information from the computation tree. This amounts to annotating the states of the module
with information about the linear temporal assumption. We then apply to the annotated mod-
ule a combination of CTL* and LTL model-checking algorithms. This algorithm improves the
general algorithm for guarantees in universal logics not only by allowing the assumption to be

a general CTL* formula, but also by avoiding the construction of maximal models.

2 Preliminaries

2.1 The Temporal Logics LTL, CTL*, and CTL

The logic LTL is a linear temporal logic. Formulas of LTL are built from a set AP of atomic
proposition using the usual Boolean operators and the temporal operators X (“next time”), U
(“until”), and U (“duality of until”). We present here a positive normal form in which negation
may be applied only to atomic propositions. Given a set AP, an LTL formula is defined as

follows:

e true, false, p, or —p, for p € AP.
o YV o, b Ap, X, bUgp, or YU, where 9 and ¢ are LTL formulas.

We define the semantics of LTL with respect to a computation m = 09,01, 03, ..., where for
every j > 0, we have that o; is a subset of AP, denoting the set of atomic propositions that
hold in the j’s position of m. We denote the suffix 0;,0;41,... of ™ by 7l We use 7 = 1 to
indicate that an LTL formula 1 holds in the path 7. The relation |= is inductively defined as

follows:

e For all 7, we have that 7 |= true and = [~ false.

e For an atomic proposition p € AP, we have 7 = p iff p € 0g and © | —p iff p & oy.
TEYVeiff tEYor .

TEYANpiff T =¥ and 7 | .

T X iff 7l = 9.

7 |= YU iff there exists £ > 0 such that 7% |= ¢ and 7' |= % for all 0 < i < k.

7 = U iff for every k > 0 for which 7% [~ ¢, there exists 0 < i < k such that 7¢ = ¥.

We denote the size of a formula ¢ by |¢| and we use the following abbreviations in writing

formulas:



e — and ¢, interpreted in the usual way.
o ") = truelU7 (“eventually”).

o Gy =—I"—) (“always”).

The logic CTL* is a branching temporal logic. A path quantifier, F' (“for some path”) or
A (“for all paths”), can prefix an assertion composed of an arbitrary combination of linear
time operators. There are two types of formulas in CTL*: state formulas, whose satisfaction is
related to a specific state, and path formulas, whose satisfaction is related to a specific path.
Formally, let AP be a set of atomic proposition names. A CTL* state formula (again, in a

positive normal form) is either:

e true, false, p or —p, for p € AP.
e YV por A g where b and ¢ are CTL* state formulas.
e [ or A, where ¥ is a CTL* path formula.

A CTL* path formula is either:

o A CTL* state formula.

o Vo, YA, Xib, pUg, or pUg, where 9 and ¢ are CTL* path formulas.

The logic CTL* consists of the set of state formulas generated by the above rules. The logic
CTL is a restricted subset of CTL*. In CTL, the temporal operators X, U, and U must be
immediately preceded by a path quantifier. Formally, it is the subset of CTL* obtained by
restricting the path formulas to be X, ¥U, or zbﬁ@, where 9 and ¢ are CTL state formulas.

The logic VCTL* is a restricted subset of CTL* that allows only the universal path quantifier
A. Note that since negation in CTL* can be applied only to atomic propositions, assertions
of the form =A%, which is equivalent to E—, are not possible. Thus, the logic YCTL* is
not closed under negation. The logic VCTL is defined similarly, as the restricted subset of
CTL that allows the universal path quantifier only. The logics ACTL* and dCTL are defined
analogously, as the existential fragments of CTL* and CTL, respectively. Note that negating a
VCTL* formula results in an ACTL* formula.

The closure cl(1)) of a CTL* formula % is the set of all state subformulas of 7 (including
¥ but excluding true and false). For example, cl(E(pU(AXq))) = {E(pU(AXq)),p,AXq,q}.
It is easy to see that the size of ¢l(7)) is linear in the size of ©». We say that a CTL* formula
@ is an U-formula if it is of the form Ap1Ups or Ep1Ups. The subformula g is then called
the eventuality of . Similarly, ¢ is a U-formula if it is of the form AU, or Ep1Upy. We
denote by AU(%) the set of formulas of the from Ap U, in ¢l(¢). The sets EU(3), AU(%),
and EU(1) are defined similarly.



We define the semantics of CTL* (and its sublanguages) with respect to fair Rabin modules
(modules, for short). A module M = (AP,W, R, Wy, L, a) consists of a set AP of atomic
propositions, a set W of states, a total transition relation R C W x W, a set Wy C W of initial

states, a labeling function L : W — 24F

, and a Rabin fairness condition «; that is, o defines
a subset of W (our choice of this type of fairness condition is technically motivated, as will
be clarified in the sequel). For a state w € W, we use bd(w) to denote the branching degree of
w; that is, the number of different R-successors that w has. A computation of a module is a
sequence of states, T = wq, wy, ... such that for every ¢ > 0, we have that (w;, w;+1) € R. For

a computation , let inf(7) denote the set of states that repeat infinitely often in 7. That is,
inf(r) = {w: for infinitely many 7 > 0, we have w; = w}.

A computation of M is fairiff it satisfies the fairness condition a. Thus, if &« = {(G1, B1), ..., (Gk, Bi)},
then 7 is fair iff there exists 1 <4 < k such that inf(w) NG # 0 and inf(w) N B; = 0. In other
words, iff 7 visits G; infinitely often and visits B; only finitely often. We say that a module is
nonempty iff there exists a fair computation that starts at an initial state. A transition system
is a module with no fairness condition. That is, all the computations of a transition system
are considered fair. We denote a transition system by K = (AP, W, R, Wy, L) and use Mg to

denote the transition system obtained from a module M by making all its computations fair.

We use w = ¢ to indicate that a state formula ¢ holds at state w (assuming an agreed
module M). The relation = is inductively defined as follows (the relation = = 1 for a path
formula 1 is the same as for 7 in LTL).

e For all w, we have that w |= true and w [~ false.

e lor an atomic proposition p € AP, we have w = p iff p € L(w) and w E -piff p & L(w).
e wEYVYIiff wEYorwkEe.

e wEYPAYIffwEYand wE ¢

e w = F iff there exists a fair computation © = wq, wy, ... such that wg = w and 7 = 9.

e w = A% iff for all fair computations © = wg, wy, . .. such that wy = w, we have & |= 1.

7 = ¢ for a state formula ¢ iff wy = .

A module M satisfies a formula ¢ iff ¢ holds in «all initial states of M. The problem of
determining whether M satisfies ¢ is the fair model-checking problem.



2.2 Simulation Relation and Composition of Modules

In the context of modular verification, it is helpful to define an order relation between modules
[GL94]. Intuitively, the order captures what it means for a module M’ to have “more behaviors”
than a module M. Let M = (AP,W, R, Wy, L, o) and M' = (AP", W', R', W/}, L', a') be two
modules for which AP" C AP, and let w and w’ be states in W and W', respectively. A relation
H C W x W'is a simulation relation from (M, w) to (M’ w') iff the following conditions hold:

(1) H(w,w').
(2) For all s and s', we have that H(s,s’) implies the following:

(2.1) L(s) N AP' = L(s').

(2.2) For every fair computation 7 = sg, $1,...in M, with sy = s, there exists a fair
computation 7' = s{,s},...in M’ with s = s, such that for all ¢ > 0, we have
H (s, sh).

A simulation relation H is a simulation from M to M' iff for every w € Wy there exists
w' € W such that H (w, w’). If there exists a simulation from M to M’, we say that M simulates
M’ and we write M < M’. Intuitively, it means that the module M’ has more behaviors than
the module M. In fact, every possible behavior of M is also a possible behavior of M’. Note
that our simulation is different from the classical simulation used by Milner [Mil71], where there

are no fairness conditions.

Let M and M’ be two modules. The composition of M and M’ denoted M||M’, is a module
that has exactly these behaviors that are joint to M and M’ and are fair in both of them. In
order to define M ||M', we first define it as a generalized Rabin fair module M". In a generalized
Rabin fair module, the fairness condition consists of triples of sets of states. A computation
7 of a module with @ = {(G},G%, By), (G}, G%, Bs), ..., (GL,G%, B,)} is fair if there exists a
triple (G!,G?, B;) € a such that inf(7) NG # 0, inf(7)NG? # 0, and inf(x) N B; = 0. Given
M and M’, we define M" = (AP" W" R" W[, L", a"), where,

e AP"=APUAP".

W' = {(w,w') : L(w) N AP = L(w') N AP}.

R" = {{({w,w'), (s,5")) : (w,s) € R and (w',s") € R'}.

WY = (Wo x WY nW".

e For every (w,w’) € W", we have L"((w,w')) = L(w) U L'(w").

" ={{(GxW)NW"' (WxG)YNW" (BxW)UW x B)nW"):
(G,B) € a and (G, B") € &'}.



We now have to translate M||M’ to a module; thus, to convert the triples in o” to pairs.
For a pair of pairs, (G, B) € « and (G', B’) € o/, let M"((G, B), (G, B")) be a “specialized
module” that has exactly these computations that are joint to M and M’, visit G and G’ in-
finitely often, and visit B and B’ finitely often. Note that these computations are fair in M || M’
by satisfying the triple (G x W )nW", (W x G"YnW" (Bx W)U (W x B"))nW"). We
can easily define M"((G, B),(G’, B')), as in the product of two Biichi automata, by aug-
menting each state of W” with a Boolean flag [VW86b]. Formally, M"((G, B),(G',B')) =
(AP, W" x {0,1}, M"" W} x {0}, L", o) where,

o (({s,s),11),{{t, '), l2)) € R"iff ((s,s"),(t,#')) € R" and one of the following hold.

- 11 =0,s¢G,and [ =0,
-1 =0,s€G,and [ =1,
- lh=1,d¢G and I, =1, or
- =1, €G, and I3 =0.

o LY(((s, "), 1)) = L"((s, ).

o o= ((GxW)nW") x{0}.

We can now define the module M||M’ as the disjoint union of the specialized modules of all
the possible pairs of pairs in a and o’. Since a module may have several initial states, union is

trivial. Thus, if M and M’ have n and n' states (that we assume to be disjoint), and have m

and m’ pairs in their fairness conditions, then M||M’ has 2nn'mm’ states and mm’ pairs.

The following properties of simulation and compositions are proven in [GL94] for fair Streett
modules (modules where the fairness condition is Streett), and they hold also for fair Rabin

modules.

Theorem 2.1 [GL94]

(1) The simulation relation < is a preorder (i.e., a reflexive and transitive order).
(2) For every M and M', we have M||M' < M.

(3) For every M, M', and M", if M < M' then M||M" < M'||M".

(4) For every M, we have M < M||M.

(5) For every M and M’ such that M < M', and for every universal branching temporal logic
formula ¢, M' |= ¢ implies M = .



A module M is a mazimal model for an YCTL* formula ¢ if it allows all behaviors consistent
with ¢. Formally, M is a maximal model of ¢ if M = ¢ and for every module M’ we have that
M' < M if M' E ¢. Note that by the preceding theorem, if M’ < M, then M’ | . Thus,
M, is a maximal model for ¢ if for every module M, we have that M < M, iff M E ¢. A
construction of maximal models for VCTL formulas is described in [GL94]. We will describe

later a construction of maximal models for VCTL* formulas.

2.3 Biuchi Word Automata

Given an alphabet X, an infinite word over X is an infinite sequence w = wy - wg - wg - - - of
letters in ¥. A Biichi automaton over infinite wordsis A = (3,Q, 8, qo, '), where ¥ is the input
alphabet, Q is a finite set of states, § : Q x ¥ — 29 is a transition function, Qg C Q is a set of
initial states, and F' C @) is an acceptance condition (a condition that defines a subset of Q).
Intuitively, §(q, o) is the set of states that .A can move into when it is in state ¢ and it reads the
letter o. Since A may have several initial states and since the transition function may specify
many possible transitions for each state and letter, A may be nondeterministic. If |Q°] = 1 and
4 is such that for every ¢ € @) and o € X, we have that |§(¢q, 0)| = 1, then A is a deterministic

automaton.

Given an input infinite word w € ¥¥, a run of A on w can be viewed as a function r : N — @
where r(0) € QY (i.e., the run starts in one of the initial states) and for every 7 > 0, we have
r(i+1) € 6(r(i),c) (i.e., the run obeys the transition function). Each run r induces a set Inf(r)
of states that r visits infinitely often. Formally,

Inf(r) ={q € Q : for infinitely many ¢ € IN, we have r(i) = ¢}.

As @ is finite, it is guaranteed that Inf(r) # @. The run r accepts w iff Inf(r) N F # (. Note
that a nondeterministic automaton can have many runs on w. In contrast, a deterministic
automaton has a single run on w. An automaton A accepts an input word w iff there exists a
run r of A on w such that r accepts w. The language of A, denoted L£(.A), is the set of infinite
words that A accepts. Thus, each word automaton defines a subset of :%.

Computations of a module can be viewed as infinite words over the alphabet 247, According

2AP

to this view, each module corresponds to a language over the alphabet and can be associated

with an automaton. A similar connection has been established between LTL formulas and Biichi

automata:

Theorem 2.2 [VW94] Given an LTL formula v, there exists a Biichi automaton Ay = (24, Q, 8, Qo, I'),
of size 20U such that L(Ay) is exactly the set of computations satisfying 1.

10



2.4 Alternating Tree Automata

An infinite tree is a set T C IN* such that if x - ¢ € T where x € IN* and ¢ € IN, then also
z €T, and for all 0 < ¢ < ¢, we have that o - ¢ € T. The elements of T are called nodes,
and the empty word € is the root of T. For every z € T, the nodes z - ¢ where ¢ € IN are the
successors of . The number of successors of a node z is called the degree of z and is denoted
by d(z). We consider here trees in which each node has at least one successor. A path p of a
tree T is a set p C T such that € € p and for every z € p there exists a unique ¢ € IN such that
z-c € p. For a path p and 7 > 0, let p; denote the node of length j in p. Intuitively, each path
p C T induces a unique sequence, pg, p1,---., in IN“. Given an alphabet X, a >-labeled tree is
a pair (T, V) where T is a tree and V : T — ¥ maps each node of T' to a letter in ¥. For a
Y-labeled tree (T, V) and a path p C T, we denote by V' (p) the sequence V(pg), V(p1),..., in
¥, Of special interest to us are Y-labeled trees in which ¥ = 24 for some set AP of atomic
propositions. We call such ¥-labeled trees computation trees. By regarding each of the nodes
in a computation tree as a state in a module, we can view a computation tree as a module
with infinitely many states. We sometimes refer to satisfaction of temporal logic formulas in a
computation tree, meaning their satisfaction in this module. Given a set D C IN, a D-tree is a

computation tree in which all the nodes have degrees in D.

Finite automata on infinite trees (tree automata, for short) run on such ¥-labeled trees.
Alternating automata on infinite trees generalize nondeterministic tree automata and were first
introduced in [MS87]. For simplicity, we refer first to automata over infinite binary trees.
Consider a nondeterministic tree automaton A = (3,Q,48,Q% ). The transition relation §
maps an automaton state ¢ € () and an input letter 0 € X to a set of pairs of states. Each
such pair suggests a nondeterministic choice for the automaton’s next configuration. When the
automaton is in a state ¢ and is reading a node z labeled by a letter o, it proceeds by first
choosing a pair (¢1,¢2) € d(¢q,0) and then splitting into two copies. One copy enters the state
¢1 and proceeds to the node z - 0 (the left successor of z), and the other copy enters the state

q2 and proceeds to the node z - 1 (the right successor of z).

For a finite set X, let B*(X) be the set of positive Boolean formulas over X (i.e., Boolean
formulas built from elements in X using A and V), where we also allow the formulas true and
false and, as usual, A has precedence over V. For aset Y C X and a formula 6 € B*(X), we say
that Y satisfies 0 iff assigning true to elements in Y and assigning false to elements in X \ 'Y
makes 6 true. We can represent § using B1 ({0, 1} x Q). For example, §(q, ) = {{q1, q2), (g3, q1)}
can be written as §(¢,0) = (0, 1) A (1,42) V (0,¢3) A (1, ¢1).

In nondeterministic tree automata, each conjunction in ¢ has exactly one element associated
with each direction. In alternating automata on binary trees, §(¢, o) can be an arbitrary formula

from B*({0,1} x Q). We can have, for instance, a transition

5(¢,0) = (0,1) A (0, 92) V (0, 92) A (1, g2) A (1, g3).-

11



The above transition illustrates that several copies may go to the same direction and that the

automaton is not required to send copies to all the directions.

Formally, a finite alternating automaton on infinite binary treesis a tuple A = (3, @, §, Qo, &)
where Y is the input alphabet, @ is a finite set of states, § : Q@ x X — BT ({0,1} x Q) is a tran-

sition function, Q¢ C @ is a set of initial states, and « specifies the acceptance condition.

Generalizing alternating automata to trees where nodes can have different branching degrees,
all in a finite set D C IN, we have that the transition function is § : @ x X xD — BT (IN x Q) with
the requirement that for every k € D, we have é(q,0,k) € BT ({0,...,k — 1} x Q). When the
automaton is in a state ¢ as it reads a node that is labeled by a letter ¢ and has k successors,
it applies the transition §(¢,o,k). For each ¢ € @) and o € X, we denote /i cp 0(q,0, k) by
d(q,0). We define the size |A| of an automaton A = (X, D, Q, 6, qo, I) as |Q|+ | F| + |8], where
|@Q| and |F| are the respective cardinalities of the sets ) and F', and where |§] is the sum of
the lengths of the nonidentically false formulas that appear as §(¢, o, k) for some g € Q, 0 € X,
and k£ € D (note that the restriction to nonidentically false formulas is to avoid an unnecessary
|Q| - |X| - |P| minimal size for §). Note that A can be stored in space O(|.A|).

A run of an alternating automaton A on a tree (T,V) is a tree (T, r) in which the root
is labeled by some ¢g € (g and every other node is labeled by an element of IN* x (). Unlike
T, in which each node has at least one successor, the tree T, may have leaves (nodes with no
successors). Thus, a path in T, may be either finite, in which case it contains a leaf, or infinite.
Each node of T, corresponds to a node of T'. A node in 7T, labeled by (z, ¢q), describes a copy
of the automaton that reads the node x of T" and visits the state ¢. Note that many nodes of T,
can correspond to the same node of T’; in contrast, in a run of a nondeterministic automaton on
(T, V) there is a one-to-one correspondence between the nodes of the run and the nodes of the
tree. The labels of a node and its successors have to satisfy the transition function. Formally,
(T}, r) is a ¥,-labeled tree where ¥, = IN* x ) and (T, r) satisfies the following:

1. e €T, and r(¢) = (€, qo), for some gy € Qo.

2. Let y € T, with r(y) = (=, ¢q) and é(q, V(z),d(z))

set S = {(co,q),(c1,q1),---,(cn,qn)} € 10,...,d(z
hold:

6. Then there is a (possibly empty)
) — 1} x @, such that the following

e S satisfies 6, and

o forall0 <i<m,wehavey-i €T, and r(y-i) = (2 -¢i, q:).

For example, if (T, V) is a binary tree with V(€) = a, Qo = {qo}, and §(qo,a) = ((0,¢1) V
(0,42)) A((0,¢3) V (1, ¢2)), then the nodes of (T, r) at level 1 include the label (0, ¢;) or (0, g2),
and include the label (0, g3) or (1, g2). Note that if # = true, then y need not have successors.
This is the reason why 7, may have leaves. Also, since there exists no set S as required for

¢ = false, we can not have a run that takes a transition with § = false. A run (7,,r) is
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accepting iff all its infinite paths satisfy the acceptance condition. As with nondeterministic
automata, an automaton accepts a tree iff there exists a run that accepts it. We denote by £(A)
the language of the automaton A; i.e., the set of all ¥-labeled trees that A accepts. Note that
an alternating automaton over infinite words is simply an alternating automaton over infinite
trees with D = {1}.

Example 2.3 We define an alternating Biichi tree automaton A that accepts exactly all
{a, b, c}-labeled binary trees in which all paths have a node labeled a and there exists a path
with two successive b labels. The automaton is A = ({a, b, ¢}, {qo, ¢1, ¢2, 43}, 9, qo, @), where & is
defined in the table below.

g | 5(g,0) | (g, ) | (g, ¢) |
qo || (0,¢1)V (1,q1) | (0,g3) A (1,93) A((0,92) V (1,42)) | (0,43) A (1,43) A((0,¢1) vV (1,1))
q1 || (0,q1) vV (1,q1) | (0,42) V (1, q2) (0,q1) vV (1,q1)

72 || (0,q1) V (1,q1) | true (0,q1) vV (1,q1)

g3 || true (0,q3) A (1, ¢3) (0,q3) A (1, ¢3)

In the state ¢qg, the automaton checks both requirements. If @ is true, only the second
requirement is left to be checked. This is done by sending a copy in state ¢;, which searches
for two successive b’s in some branch, to either the left or the right child. If b is true, A needs
to send more copies. First, it needs to check that all paths in the left and right subtrees have a
node labeled a. This is done by sending copies in state g3 to both the left and the right children.
Second, it needs to check that one of these subtrees contains two successive b’s. This is done
(keeping in mind that the just read b might be the first b in a sequence of two b’s) by sending
a copy in state ¢o to one of the children. Similarly, if ¢ is true, A sends copies that check both
requirements. As before, a requirement about @ is sent universally and a requirement about

the b’s is sent existentially.

2.5 An Automata-Theoretic Framework to Branching-Time Model Checking

In [BVWO4], we introduced hesitant alternating automata (HAA). A HAA is a tuple A =
(3,Q,0,Q0, @), where X, @, §, and (g are as in usual alternating tree automata and a = (G, B),
with G C @ and B C @, is the acceptance condition. As in weak alternating automata [MSS86],
there exists a partition of () into disjoint sets @);, 1 < 7 < m, and a partial order < on the
collection of the @;’s such that for every ¢ € @; and ¢’ € @); for which ¢’ occurs in §(¢, o) for
some o € ¥, we have J; < ;. Thus, transitions from a state in (); lead to states in either the
same (; or a lower one. In addition, each set (); is classified as either transient, existential, or
universal, such that for each set (J; and for all ¢ € Q;, o € X, the following hold:

1. If Q; is a transient set, then &(¢, o) contains no elements of Q;.
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2. If @; is an existential set, then &(q, o) only contains disjunctively related elements of Q);
(i.e. if the transition is rewritten in disjunctive normal form, there is at most one element

of Q; in each disjunct).

3. If Q; is a universal set, then (¢, o) only contains conjunctively related elements of @Q; (i.e.
if the transition is rewritten in conjunctive normal form, there is at most one element of

@Q); in each conjunct).

It follows that every infinite path of a run ultimately gets trapped within some either an
existential or a universal set ();. For a path 7, we denote by inf(7) the set of states that =
visits infinitely often. The path then satisfies an acceptance condition a = (G, B) if and only if
either ; is an existential set and inf(7) NG # @, or Q; is an universal set and inf(7r)N B = 0.
Note that the acceptance condition of HAA combines the Rabin and the Streett acceptance
conditions: existential sets refer to a Rabin condition {(G,0)} and universal sets refer to a
Streett condition {(B,0)}. The number of sets in the partition of () is defined as the depth of
A. For a state ¢ € (), we say that ¢ is an existential state iff ¢ € (J; for an existential set @);.

Universal states are defined analogously.

Theorem 2.4 [BVW94]

(1) Given a CTL formula ¢ and D C IN, there exists a HAA Ap ., = (247, D,Q, 8, Qo, o), of
size and depth O(|v|), such that L(Ap ) is exactly the set of D-trees satisfying 1.

(2) Given a CTL* formula ¥ and D C IN, there exists a HAA Ap 4 = (247D, Q,8,Qo, @), of
size 20UYD) and depth O(|9|), such that L(Ap,y) is exactly the set of D-trees satisfying 1.

We describe here the construction of HAA for CTL. Given D and %, we define

Ap,y = (247, D, cl($), 6, {9}, (EU(¥), AU (9))),

where the transition function 4 is defined, for all ¢ € 24F and k € D, as follows.

o §(p,o,k)=trueif p € o. o §(p,o,k)="falseif p ¢ o.
o §(—p,0,k)=trueif pdgo. e §(—p,o0,k)=false if p € 0.
o (1 Ve, 0,k)=258(¢1,0,k)V 8(p2,0,k).

o S(EXp,0,k)=ViZ(c,9).

5 A"YQ‘% g, k) = /\]cc;(} (C7 30)

(
(
(
51 A pa,0,k) =6(p1,0,k) A d(p2,0,k).
(
(
o §(EprUspz,0,k) = 8(p2,0,k)V (6(¢1,0,k) AV (¢, EerUgs)).
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b 5(‘4991(]9927 g, k) = 6(9927 a, k) v (6(9917 g, k) A /\]cc;(} (Cv AQ‘OIU@?))'
i 5(E991[7§027 g, k) = 6(9927 g, k) A (5(‘5‘917 g, k) v \/ICC;(} (Ca Eﬁ‘olﬁSOQ))
o 5(Ap1Upa, 0,k) = (2,0, k) A (5(1, 0, k) V NG (¢, Api U er)).

As discussed in [BVW94], the product Ag 4 of Ap , with a transition system (module with
no fairness condition) K is a 1-letter word HAA. The language of A 4 is not empty iff K = .
This suggests an automata-based algorithm for branching-time model checking. In the next

section we extend this method for fair model checking.

3 An Automata-Theoretic Framework to Fair Model Check-

ing

3.1 Libi Alternating Automata

In order to perform fair model checking, we introduce here Libi alternating automata (LAA). A
LAA is a HAA extended with a Rabin acceptance condition g C 29 x 29. For a run of a LAA
with 8 = {(G1, B1), ..., (Gk, Br)}, a path 7 that gets trapped within a set ); is accepted by
the run iff either (J; is an existential set, in which case 7 satisfies a and there exists 1 < j < k
such that inf(7)NG; # 0 and inf(7)NB; = 0, or ); is a universal set, in which case 7 satisfies
a or © satisfies, for all 1 < j <k, either inf(r)NG; =0 or inf(r) N B; # 0.

We now show that the space complexity result of [BVW94] for the 1-letter nonemptiness of
HAA extends to LAA.

Theorem 3.1 The 1-letter nonemptiness problem for a LAA of size n and with m sets can be

solved in space O(mlog? n).

Proof: Consider a LAA with o = (B,G) and g = {(G1, B1), ..., (G, Bi)}. The property of
HAAs we use is that, from a state in ;, it is possible to search for another reachable state
in the same (); using space O(mlog2 n). For a transient ();, there are no such states. For
universal and existential ¢J;, the exact notion of reachability we use is the transitive closure
of the following notion of immediate reachability. Consider a set ); and assume that we have
already assigned a Boolean value for all states in sets lower than ();. Then, a state ¢’ € @ is
immediately reachable from a state ¢, if it appears in the transition from ¢ when this transition
has been simplified using the assigned Boolean values for states in lower ();’s. Note that the
simplified transition is always a disjunction for a state of an existential J;, and a conjunction

for a state of a universal @);.

We call a state ¢’ of Q; provably true if, when the procedure is applied to the successors of
¢’ that are not in @);, and the Boolean expression for the transition from ¢’ is simplified, it is

identically true. States that are provably false are defined analogously.
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The following recursive procedure labels the states of the automaton with ‘T’ (accepts) or

‘I'” (does not accept).

(1) Start at the initial state.

2) At a transient state ¢, evaluate the transition from ¢ by recursively applying the procedure
g
to the successor states of ¢q. Label the state with the Boolean value that is obtained for

the transition.
(3) At a state ¢ of an existential @);, proceed as follows.

(3.1) Search for a reachable state ¢’ of the same ); that is provably true (note that this
requires applying the procedure recursively to all states from lower ();’s that are
touched by the search). If such a state ¢’ is found, label ¢ with ‘T".

(3.2) If no such state exists, guess 1 < j < k and search for states ¢’ and ¢” of @Q; such
that the following hold:

1. ¢ € G.
2. ¢" € Gj.
3. ¢ is reachable from gq.
4. ¢" is Q; \ Bj-reachable from ¢'.
5. ¢' is Q; \ Bj-reachable from ¢”.
If such ¢’ and ¢” are found (possibly ¢’ = ¢”), label ¢ with ‘T".
(3.3) if none of the first two cases apply, label ¢ with ‘F’.

(4) At a state ¢ of a universal @;, proceed as follows.
4.1) Search for a reachable state ¢’ of the same ¢J; that is provably false. If such a state
Search fi habl "of th hat i bly false. If such
¢ is found, label ¢ with ‘I".
4.2 no such state exists, guess 1 < 5 < k£ and search for states ¢' and ¢" of (); suc
If h i g 1<j7<kand h f "and ¢’ of h
that the following hold:
1. ¢ € B.
2. q” € G]‘.
3. ¢ is reachable from g.
4. ¢" is Q; \ Bj-reachable from ¢'.
5. ¢'is (); \ Bj-reachable from ¢”.
If such ¢’ and ¢" are found, label ¢ with ‘I,
(4.3) if none of the first two cases apply, label ¢ with “T".
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With every state ¢ we can associate a finite integer, rank(q), corresponding to the depth of
the recursion required in order to label q. We prove, by induction on rank(q), that ¢ is labeled
correctly. Assume first that rank(q) = 0. Then, ¢ is belongs to a transient set and (¢, a) is
equivalent to true or false. Hence, according to Step (2) of the algorithm, ¢ is labeled correctly.
Assume no that rank(q) = [+ 1 and all the states ¢’ with rank(q’) < [ are labeled correctly.

We distinguish between three cases.

1. When ¢ belongs to a transient set, the recursive application of the algorithm that is
performed on Step (2) returns, by the induction hypothesis, correct values to all the

states reachable from ¢, and hence ¢ is labeled correctly.

2. When ¢ belongs to an existential set ();, the algorithm follows Step (3). If the state ¢’
that searched for in Step (3.1) is found, then, by the induction hypothesis, ¢’ is accepting,
and hence, as (Q; is an existential set and ¢ is reachable from ¢, the state ¢ is accepting as
well. If such state ¢’ is not found, yet states ¢’ and ¢’ as required in Step (3.2) are found,
it follows that (J; contains a cycle reachable from ¢, such that the infinite path obtained
by unwinding the cycle satisfies 3. Hence, the state ¢ is accepting. Finally, if both Steps
(3.1) and (3.2) fail, then all the paths that start in ¢ either leave ); and reach rejecting

states, or stay in €); and not satisfy 3. Hence, ¢ is rejecting.

3. When ¢ belongs to a universal set @);, the algorithm follows Step (4), and the arguments
are dual to these in Step (3).

We now consider the complexity of our algorithm. We show that for each state ¢, the
labeling of ¢ involves a recursion of depth at most m, where each step of the recursion can be
executed deterministically in space O(log2 n). We start with ¢ which belongs to a transient
set. There, we have to evaluate the transition from ¢. It is known that evaluation of Boolean
expressions can be done using space that is logarithmic in the size of the expression [Lyn77].
Here, we evaluate expressions over (), using a recursion to trace their Boolean value. Since each

recursive call takes us to a lower (J;, the depth of the recursion is bounded by m.

Consider now a state ¢ € (J; for an existential set ();. For each state ¢’ € (J;, we have that
¢’ is provably true iff the transition from ¢’ evaluates to true when we assign false to all the
states in ); (and evaluates, using a recursion, states in lower sets). Checking the latter is as
simple as evaluating a transition from a transient state. Thus, assuming all values detected
by recursion are already assigned, determining whether a certain state is provably true can be
done in space O(log? n).

For each two states ¢’ and ¢” in @Q;, we have that ¢” is immediately reachable from ¢’
iff the following two condition hold. First, the transition from ¢ evaluates to true when we
assign true to ¢” and assign false to all the other states in @); (and evaluate recursively states
from lower sets). Second, the transition from ¢’ evaluates to false when we assign false to all

the states in (); (and evaluate recursively states from lower sets). Again, checking this is as

17



simple as evaluating a transition from a transient state. Thus, assuming all values detected by
recursion are already assigned, determining whether ¢” is immediately reachable from ¢’ can be
done in space O(log® n).

It is known, by [Jon75], that the graph accessibility problem is in NLOGSPACE. Thus, by
Savitch’s Theorem [Sav70], checking that ¢” is accessible from ¢’ can be done deterministically
in space O(log2 n). Now, to check whether ¢” is reachable from ¢', we restrict the graph ac-
cessibility test, replacing immediate accessibility with immediate reachability. Thus, assuming
all values detected by recursion are already assigned, determining whether a certain state in
Q; is reachable from another certain state in (; can be done in space O(log®n). Hence, as the
labeling of ¢ € @; only involves a search for reachable states, we can determine its labeling in
space O(m log® n).

The case where ¢ € (); for a universal set (); is symmetric. L]

3.2 Fair Model Checking

When we perform fair mode checking, path quantification ranges only over fair paths. We
now show how LAA handle such a quantification. Let T be an atomic proposition not in AP.
We define a function f: CTL* formulas over AP — CTL* formulas over AP U {top} such that
f(&) restricts path quantification to paths in which T holds always. We define f inductively as

follows.
e fla)=1¢
o f(=8) =~1(9)
o f(&1V &)= [f(&)V f(&)
o f(EG) =E(GT)A f(§))
o f(AE) = A((F-T)V [(£))
o f(XE=X[(§)
o f(&U&) = f(&)U f(&).

For example, f(EqU(AFp)) = E((GT)A(qU(A((F=T)VFq)))). When 9 is a CTL formula,
the formula f(%) is not necessarily a CTL formula. Still, it has a restricted syntax: its path
formulas have either a single linear-time operator or two linear-time operators connected by a

Boolean operator. By [KG96], formulas of this syntax have a linear translation to CTL.

Consider a CTL* formula 7. Let M be a module in which T is valid. Clearly, M satisfies v iff
M satisfies f(1). Given some set D of branching degrees, let Ap () be the HAA corresponding
to D and f(¢) as described in Theorem 2.4. Let (Tas, V,}) be the computation tree obtained
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by unwinding M into an infinite tree and adding T to each of the labels. By Theorem 2.4,
Ap (y) accepts (T, Vyy) iff M satisfies ¢, with path quantification ranging over all paths.
Nevertheless, unlike in the HAA Ap 4, the HAA Ap () enjoys some properties that enable us
to define its product with M as a 1-letter LAA that is nonempty iff M satisfies @, with path

quantification ranging over fair paths only.

Ap f) = (24PATH D Q,, 5@@2}, ay), and let M = (X, W, R, Wy, L, Bar) be such that all
the branching degrees of M are contained in D. For w € W, let succr(w) = (wo, . . ., Whq(w)—1)
be an ordered list of w’s R-successors (it is technically convenient to assume that the states of
W are ordered). The product automaton of Ap, and M is the 1-letter word LAA Apry =
{a}, W x Qy, 8, Wy x Q%,a,ﬁ), where &, a, and (3 are defined as follows:

o Let g € Qy, w € W, succgp(w) = (wo, ..., wk_1), and 6y(q, L(w) U {T}, k) = 6. Then,
d((w, q),a) = @', where 8" is obtained from # by replacing each atom (¢,n) in 6 by the

atom (we, ).
e tor ay = (G, B), we have that a = (W x G, W x B).

e lor ﬁM = {<leBl>7 L) <Gk7Bk>}7 ﬁ — {<G1 X QllMBl X Qd})a ey <Gk X anBk X Qd})}
Proposition 3.2

(1) [Anrwl = O(IM] x| Ap s(p)])-

(2) L(Awm,y) is nonempty if and only if M = 1.

Proof: (1) follows easily from the definition of Apsy. Indeed, |W x Qu| = |W] * |Qyl,
0] = [W]x [0y, la| = [W]x|ay|, and |5] = [Bar] * |Qy]-

To prove (2), we show that £(Aps,) is nonempty if and only if there exists a 3-fair accepting
run of Ap ¢y on (Tar, V). That is, a run in which all the paths that get trapped in existential
sets satisfy Ops and paths do not satisfy Gy may get trapped in any universal sets. To see that
this is sufficient, note that all the existential formulas in f(?) are of the form E(G'T A ).
Therefore, as taking the product with M we assume that T holds everywhere, once Ap ¢y,
enters the existential set associated with E(GT A £), the path of (Tar, V}}) that is traced for
satisfaction of (GT A &) gets trapped in this set, making sure that it is fair. Dually, all the
universal formulas in f(%) are of the form A(F'=T Vv §). Therefore, as taking the product with
M we assume that T holds everywhere, once Ap sy enters the universal set associated with
A(F=T V&), paths of (Tar, Vy)) that are not fair and do not satisfy (GT A £) get trapped in

this set, and are accepted.

Given a (-fair accepting run of Ap ;) over (Tar, Vyy), we construct an accepting run of
Anry. Also, given an accepting run of Apsy, we construct a S-fair accepting run of Ap z(y)
over (Tar, Var). Assume first there exists a B-fair accepting run (T, r) of Ap 4 over (Tar, V).

19



Recall that 7, is labeled with IN* X Q4. A node y € T, with r(y) = (z,¢) corresponds to
a copy of Ap that is in the state ¢ and reads the tree obtained from unwinding M from
Vyy(z). Consider the tree (T,,7') where T, is labeled with 0* x W x @, and for every y € T,
with r(y) = (z,q), we have r'(y) = (01, Vi (2), q). We show that (T,,r') is an accepting run
of Anry. First, (T,,r') is a “legal” run, since the W-component in r’ always agrees with V.
This agreement is the only additional requirement of § with respect to 4. Consider a node
y € T, with r(y) = (z,q), Vaj(z) = w, and succr(w) = (wo, ..., wg_1). Let dy(q,w,k) = 6.
Since (T,,r) is a run of Ap sy, there exists a set {(co, q0), (c1,q1),- - -, (cn, ¢n)} satisfying 0,
such that the successors of y in 7, are y -4, for 1 < i < n, each labeled with (z - ¢;,¢;). In
(T, r"), by its definition, r'(y) = (0|I|, w, q) and the successors of y are y - ¢, each labeled with
(0'“’1', Wwe,;, ¢;). Let 8(q,a) = #'. By the definition of ¢, the set {(wey, q0), (Weyy q1)y - -y (We,, Gn) }
satisfies #'. Thus, (T,,r') is a run of Ap . It is left to see that (7,,r’) is an accepting run.
Consider an infinite path p of (Tas, V3}). Since (T,,r) is B-fair accepting, then either p gets
trapped in an existential set, in which case it satisfies a, and Sas, or p gets trapped in an
universal set, in which case is satisfies ay, or does not satisfy 8as. As a is defined according to
oy, by crossing it with W, as 3 is defined according to Bas by crossing it with )y, it is easy to
see that p is accepted also in Ay y.

Assume now that Aps, accepts a”. Thus, there exists an accepting run (7, r) of Apsy.
Recall that T, is labeled with 0* X W X Q. Consider the tree (T}, r’), labeled with IN* X @y,
where /() = (&, qo) and for every y - ¢ € T, with '(y) € {2} x Qy and r(y-¢) = (0!, w, q),
we have r'(y - ¢) = (z - 1, q), where ¢ is such that Vi(z - i) = w. As in the previous direction, it

is easy to see that (T, r") is a B-fair accepting run of Ap ry) over (Tar, Vi) L]

Let @1 < ... < @ be the partition of the states of Ap f(y) into sets. Then, W xQq...WXQp,
is a partition of the states of Aar,y into sets. Thus, Apzy has the same depth as Ap (4.

In conclusion, fair model checking of a module M with branching degrees in D, with respect
to a formula %, is reducible to checking the nonemptiness of a 1-letter word LAA of size
O(IM| * |Ap f(y)l) and of the same depth as Ap ;). Thus, Theorems 2.4 and 3.1, together
with Proposition 3.2, imply the theorem below.

Theorem 3.3

(1) The fair model-checking problem for CTL can be solved in space O(mlog*(mn)), where m
is the length of the formula and n is the size of the module.

2 e fair model-checking problem for can be solved in space O(m(m+logn)*), where
The fai del-checki blem for CTL* be solved i 0] 1 2 h

m is the length of the formula and n is the size of the module.

In the following sections, we show how this result can be used to derive tight space complex-
ity bounds also for the satisfiability, validity, and implication problems of universal branching

temporal logics, as well as for the branching modular model-checking problem.
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4 Satisfiability, Validity, and Implication

The basic decision problems for a specification language are satisfiability, i.e., is the specification
trivially false, wvalidity, i.e., is the specification trivially true, and implication, i.e., does one
specification logically imply another specification. For a specification language that is closed
under negation, these problems are inter-reducible. This is not the case, however, for universal

branching temporal logics.

The satisfiability problem for a universal branching temporal logic is defined as follows:
given a formula ¢, is there a nonempty module M such that ¢ holds in M? As a module
with no fair path trivially satisfies any formula of the form A&, the nonemptiness requirement
is essential. The validity problem is defined as follows: given a formula ¢, does ¢ hold in all
modules? (It is easy to see that ¢ holds in all modules iff ¢ holds in all nonempty modules.)
The implication problem is defined as follows: given two formulas ¢ and 1, does ¢ imply 7
Namely, does % hold in every module in which ¢ holds? In the lemma below, we assert that

the satisfiability and the validity problems are special cases of the implication problem.
Lemma 4.1 Let ¢ be a formula in VCTL*. Then,

(1) The formula ¢ is satisfiable if and only if ¢ does not imply Afalse.
(2) The formula ¢ is valid if and only if true implies .

Since ¢ — 1 is valid iff ¢ A =) is not satisfiable, the implication problem combines both
universal and existential branching temporal logics and is more general than each of these

problems. In this section we present a method for solving the implication problem.

4.1 Maximal Models and Implication

Let ¢ and v be two VCTL* formulas. By definition, the implication ¢ — 1 is valid iff % holds
in all modules M in which ¢ holds. Since the more behaviors M has the less likely it is to
satisfy 1, it makes sense to examine the implication by checking ¥ in a maximal model of ¢ (we
assume, without loss of generality, that ¢ and 1) are defined over the same set AP of atomic
propositions). Formally, we have the following theorem. The theorem is proved in [GL94] for
VCTL, but the proof applies also to VCTL*.

Theorem 4.2 Let ¢ and 1) be VCTL* formulas, and let M, be a mazimal model of ¢. Then
@ implies ¥ iff M, = 1.
To complete the reduction of implication to fair model checking, we have to describe the

construction of maximal models.

Theorem 4.3 For every VCTL* formula ¢, there exists a maximal model M, of size 920D
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Proof: For a VCTL* formula ¢, let sf(¢) denote the set of state subformulas of ¢. Given ¢,
let V(¢) C sf(p) denote the set of all the state subformulas of ¢ of the form AE. Let Ay, be
a Biichi w-automaton over ¥ = 25/(¥) guch that Ay(,) accepts an infinite word 7 = wo, w1, ...
iff there exists a suffix w;, wit1,... of # and a formula A¢ € VY(¢) such that A¢ € w; and
Wi, Wiy1, - .. does not satisfy & That is, AV@) nondeterministically guesses a location 7 and
a formula A¢ and then proceeds as the Biichi w-automaton of =¢§. By [VW94], such Ay, of
size 200¢l) exists. Note that though £ is a path formula of a branching temporal logic, we
interpret it here over linear sequences. Since these sequences are labeled with all the branching
subformulas of £, this causes no difficulty, as we can regard the branching subformulas of £ as

atomic propositions and regard £ as a linear temporal logic formula.

We now take Ay(,) and co-determinize it. The resulted automaton, called Ay(,), is a
deterministic Rabin automaton that accepts exactly all the words m = wq, wy, ... for which if a

state w; is labeled with some A{ € V(gp), then & is satisfied in the suffix w;, wit1,...of 7. By

O(lel)

[Saf89], the automaton Ay, is of size 929U

For a set s C sf(¢p), we say that s is consistent iff the following four conditions hold:

1. For every p € AP, if p € s, then —=p & s.
2. For every p € AP, if -p € 5, then p & s.
3. For every 1 A @3 € s, we have that ¢ € s and @3 € s.

4. For every 1 V @9 € s, we have that o1 € s or ¢, € s.
Let c(¢) denote the set of all consistent subsets of sf(¢). Consider the module

M = (AP, c(p), c(p) X c(p), Wo, L, {{c(¢), D)}),

where the initial set Wy includes all states w € ¢(¢) for which ¢ € w, and for every w € ¢(yp),
we have that L(w) = wn AP. That is, M is more general than any model of ¢, yet, it

is not necessarily a model of ¢. To make it a maximal model, we take the product of M

with Ay(,) as follows. Let Ay,) = (X,Q, 6, qo, 8), where 8 = {(G1, B1), ..., (G, Bg)}. Then,
M, = (AP, c(¢) x Q, R,Wo x {qo}, L, 5"), where R, L', and /' are defined as follows.

o = {{(w,q), (v, q)):d(q,w) = ¢'}.
e Forall w € ¢(p) and g € @), we have L'({w, ¢)) = L(w).
o f'= {<C(S‘9) x G, C(S‘Q) X B1>7 T <C(S‘9) X G, C(S‘o) X Bk>}'

We now prove the correctness of our construction. That is, we show that M, = ¢ and that
for all modules M, we have M |= ¢ only if M < M, We first prove that M, = ¢. More

precisely, we prove that for every state (w, ¢) € ¢(¢) x @, and for every formula ¢ € w, we have
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that (w,q) | ¥. The proof proceeds easily by induction on the structure of ?. In particular,
satisfaction of formulas of the form A¢ follows from the product with m. To see this, consider
a state (w,¢) and a formula A¢ € w. Let (wy,q1), (w2, ¢2), ... be a computation of M, that
starts in (w, ¢); that it, (w1, ¢1) = (w, ¢). By the definition of R and ', the sequence wy, wy, ...

is a suffix of a word accepted by AV( Hence, for all formulas of the form A¢' € w, and in

@)
particular for A, the computation wy, wy, ... satisfies £.

Consider now a module M = (AP, War, Rar, Wiy, Lar, anr) and assume that M = . We
show a simulation H from M to M,. For every state w € Wjy, define f(w) to be the set of

state formulas in ¢(¢) that are true in w. The simulation H is defined as follows:
e Ior every w € WY, we have H (w, {f(w), qo)).

e Lor every wy,wy in Wi and (f(wi1),q1) € c(p) x @ such that (wy,wy) € Rpr and
H(wh <f(w1)7 q1>)7 we have H(w27 <f(w2)7 6(q17 f(wl))>)

We prove that H is indeed a simulation from M to M. That is, we prove that for all w €
WY, there exists w’ € Wy x {qo} such that H is a simulation relation from (M, w) to (M, w').
Consider a state w € W§;. Since M = ¢, by the definition of f(w) and Wy, we have (f(w), qo) €
Wo X {qo}, and hence, by the definition of H, we have H (w, (f(w), qo)). Now, let w € Wjs and
(f(w),q) € c(p) X @ be such that H(w, (f(w),q)). By the definition of H, all the pairs in H
are of this form. By the definition of L', we have that L'((f(w),¢)) = Lm(w). So, the first
requirement on pairs in a simulation holds. For the second requirement, let 7 = wqg, wy,...be a
fair computation in M with wg = w. Consider the computation #’ = (f(w), q), (f(w1), ¢1), ...
where ¢; = (¢, f(w)) and for every ¢ > 1, we have ¢;y1 = (¢, f(w;)). By the definition
of H, we have that H(w, (f(w),q)) and for all ¢ > 1 we have H (w;, (f(w;),q)). So, it only
remains to show that = is fair in M,. Since M = ¢ and = is fair, then for each state w;
and formula A& € V() such that AL € f(w;), we have that £ is satisfied in ¢;, ¢41,.... Thus,
Gis Gi+1, - - - 18 accepted by m with ¢; as an initial state and therefore, by the definition of 3,

the computation 7’ is fair. L]

Theorem 4.4 For every VCTL formula ¢, there exists M, of size 20(l¢D),

Proof: Exactly as for VCTL*. Here, however, Ay, is of size O(|¢|), and hence Ay, is of
size 20(l), L]

A different construction for maximal models of YCTL formulas is given in [GL94].

4.2 Complexity

We are now ready to combine the maximal-model technique with the space-efficient fair-model-
checking algorithm to solve the implication problem. We also show that the upper bounds that
follow are tight.
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Theorem 4.5

(1) The implication problem for YCTL is PSPACE-complete.

(2) The implication problem for YVCTL* is EXPSPACE-complete.

Proof: By Theorem 4.2, the validity problem of ¢ — % is reducible to model checking of 1 in
M. Theorems 4.3 and 4.4 provide us with a double exponential bound for maximal models of
CTL* and an exponential bound for maximal models of CTL. Together with Theorem 3.3, this
yields the upper bounds. For the precise bounds, let n and m denote the lengths of ¢ and ¥,
respectively. Consider first the case that ¢ and v are VCTL formulas. Then, the size of M, is
20(") "and the space complexity that follows is O(m log?(m2°")) = O(m(n?+log? m)). When
¢ and 9 are YCTL” formulas, the size of M, is QZO(W), and the space complexity that follows is
O(m(m + 2°0"))2) = O(m?(m + 2°M)).

To prove the PSPACE lower bound for the implication problem for YCTL, we prove that
the satisfiability problem for VCTL is PSPACE-hard. The result then follows from Lemma 4.1.
We prove hardness in PSPACE by a reduction from LTL satisfiability, proved to be PSPACE-
hard in [SC85]. Given an LTL formula £, let £4 be the YCTL formula obtained from £ by
preceding each temporal operator with the path quantifier A. For example, if £ = FXp then
E4 = AFAXp. It is easy to see that & is satisfiable iff £4 is satisfiable. Indeed, a computation
that satisfies € can be viewed as a module satisfying £4. For the second direction, assume that
&4 is satisfiable in some module M. Consider a computation = of M. We can view 7w as a
module of branching degree 1. Clearly, = simulates M, and thus, it satisfies £4 as well. Also,

since its branching degree is 1, the computation 7 also satisfies £. Thus, £ is satisfiable.

To prove the EXPSPACE lower bound for the implication problem for YVCTL*, we do a
reduction from the problem whether an exponential-space deterministic Turing machine T
accepts an input word z. That is, given T and z, we construct two YCTL* formulas ¢ and
such that T accepts z iff ¢ does not imply . In fact we will prove a stronger lower bound.
Given T and z, we construct an LTL formula € and an ACTL formula  such that T accepts
an input word z iff the formula A& A @ is satisfiable. Thus, taking ¢ = A& and ¥ = -8, we
have that T accepts z iff ¢ — % is not valid. We call the LTL formula & the assumption
and the ACTL formula 6 the guarantee. By taking T to be a Turing machine that accepts an
EXPSPACE-complete language, we can fix T and vary only z.

Let T = (I',Q, —, qo, '), where I' is the alphabet, @ is the set of states, >C Q@ X I' X @ x
I' x {L, R} is the transition relation (we use (¢,a) — (¢’,b,A) to indicate that when 7 is in
state ¢ and it reads the input @ in the current tape cell, it moves to state ¢’, writes b in the
current tape cell, and its reading head moves one cell to the left or to the right, according to
A), qo is the initial state, and F' C @ is the set of accepting states. Let |z| = n. We encode a
configuration of 7" by a word v172...(q,v:) ...7v2n. That is, all the letters in the configuration

are in ', except for one letter in ) x [I'. The meaning of such a configuration is that the j’s cell
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of T, for 1 < j < 2%, is labeled 7;, the reading head points on cell ¢, and 7" is in state ¢. For
example, the initial configuration of 1" is (qo, z1)z2 - - -z, ## - - -, where # stands for the empty

cell. We can now encode a computation of T by a sequence of configurations.

Let ¥ =TU(Q xI'). We can encode letters in ¥ by a set AP(T) = {p1,...,pm} (with m =
[log|X]]) of atomic propositions. We define our formulas over the set AP = AP(T)U{b,c,d,!,r}
of atomic propositions. The task of the last five atoms will be explained shortly. Since T is

fixed, so is ¥, and hence so is the size of AP.

Consider an infinite sequence 7 over 247, For an atomic proposition p € AP and a node
u in 7, we use p(u) to denote the truth value of p at u. That is, p(u) is 1 if p holds at u
and is 0 if p does not hold at u. We divide the sequence 7w to blocks of length n. Every such
block corresponds to a single tape cell of the machine T. Consider a block wq,...,u, that
corresponds to a cell ¢. We use the node u,, to encode the content of cell ¢. Thus, the bit vector
p1(wp), ..., Pm(u,) encodes the letter (in I' U (@ X I')) that corresponds to cell c. We use the
atomic proposition b to mark the beginning of the block; that is, b should hold on %; and fail

on ug,...,u,. This is be enforced by the LTL assumption £. Thus, £ contains a conjunct

bAX(=bAX(=OA---ANX=b)--)ANG(b <+ X"b)

Recall that the letter with which cell ¢ is labeled is encoded at the node u, of the block
Uy, ..., %, that corresponds to ¢. Why then do we need a block of length n to encode a
single letter? The block also encodes the location of the cell ¢ on the tape. Since T is an
exponential-space Turing machine, this location is a number between 0 and 2" — 1. Encoding
the location saves us the need for exponentially many X operators when we attempt to relate
two successive configurations. Encoding is done by the atomic proposition ¢, called counter,
Let ¢(uy),...,c(u1) encode the location of ¢. Note that, for technical convenience, the least
significant bit of the counter is in u;. A sequence of 2" blocks corresponds to 2" cells and
encodes a configuration of 7. The value of the counters along this sequence goes from 0 to
2" — 1, and then start again from 0. This is enforced by the LTL assumption £. To keep the
size of ¢ be O(n), we need also an atomic proposition d that acts as a “carry” bit. Formally, £

contains the following conjuncts.

1. The counter starts at 0.
o "cAX(meANX(me...NX=c)--0).

2. The counter is increased properly. Note that as we always want to increase it by 1 we

take b as a carry to the least significant bit.
o G(((bvd)A—c)— (X(=d)A X"¢c)).
o G((—(bVd)A—-c)— (X(—~d) AN X"c)).
o G(((bvd)nec)— (XdA X™c)).
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o G((~(bVd)Ac)— (XdA X ).

An atomic proposition [ marks the last node of a configuration, that is, [ holds in a node
u, of a block uq,...,u, iff ¢ holds on all nodes in the block. This is enforced by the following

conjunct in &, stating that [ holds in a node u,, that precedes a block with counter 0.
G(l < (X (nege) A X((nege) A X (-+-=c) -+ 4))).

Let 01 ...09n,07 ...05, be two successive configurations of T'. For each triple (¢;_1, 0;, 0i41)
with 1 < < 2" (taking 0,41 to be 6] and o1_; to be the label of the last cell in the configuration
before oy ...09n, or some special label when oy ...09n is the initial configuration), we know, by
the deterministic transition relation of 7', what ¢! should be. Let next({(o;_1,0:,0,4+1)) denote

our expectation for o/. T.e. !,

b newt(<7i—177i77i+l>) =%

(¢'s v, L)
(¢'s7vi_1, R)

o next((vi—1, (¢,7),Yi+1)) = i where (q,7:) = (¢',7], A).

(qa Yi—1
(qa Yi—1

Vi

o next({(q,vi—1), Y, Yi+1)) :{ (¢, ) Lf“ i:

Yi If (¢, vi+1) = (¢'s 741, R)

o next((Yi-1,%i (4,7 =
(G170 (0,7041) {<qc~m If (g, 7e41) = (d',7 L)

Consistency with nezt now gives us a necessary condition for a word to encode a legal
computation. In addition, the computation should start with the initial configuration. Finally,
if the computation ends with an accepting configuration (that is, one with (¢, ;) with ¢ € F),
then T accepts z. It is easy to specify in LTL the requirements about the initial and accepting
configurations. For a letter o € X, let n(o) be the propositional formula over AP that encodes
o. That is, n(o) holds in node u, of a block that encodes cell ¢ iff the cell ¢ is labeled o. Then,

X" (n(qo, z1) A X" (n(x2) -~ AN X" (n(zn) A X" (n(#) Al(n(#) = X"n@F)UMF#) ADD) )

requires the computation to start with the initial configuration, and

F(X0)A \/ n(g,7))
qeF el

requires the computation to reach an accepting configuration.

The difficult part in the reduction is in guaranteeing that the sequence of configurations is
indeed consistent with nexzt. To enforce this, we have to relate o;,_1,0;, and ;41 with o} for

any ¢ in any two successive configurations oy ...09n,01...05,. One natural way to do so is by

"We assume that T’s head does not “fall” from the right or the left boundaries of the tape. Thus, the case
where i = 1 and (g, vi) = (¢', 7/, L) and the dual case where i = s(n) and (g, v;) — (¢', v, R) are not possible.
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a conjunction of formulas like “whenever we meet a cell with counter ¢ — 1 and the labeling
of the next three cells forms the triple (o;_1,0;, 0541), then the next time we meet a cell with
counter %, this cell is labeled nezt({o;_1,0;,0;+1))”. The problem is that as ¢ can take any value
from 1 to 2", there are exponentially many such conjuncts. Therefore, we should find a way to
relate (0,1, 04, 0;41) with o} without saying explicitly what 7 is. To do this, we should be able
to point simultaneously on two (exponentially far) points in the computations. The way to do
it, as suggested in [VS85], is by marking one of the two positions with a “pebble”, as explained

below.

Consider the bold computation in the figure below. Each of its nodes branches into a pale
suffix. Let us call the bold computation a real computation and call all the computations that
branch to a pale suffix auziliary computations. Let us assume that the atomic proposition r
holds at each of the nodes of the real computation and does not hold in each of the nodes of
the pale suffixes. Then, the real computation satisfies the LTL formula Gr and the auxiliary
computations satisfy the LTL formula F'(rAX G-r). There is exactly one point in each auxiliary
computation in which the eventuality of the above formula is satisfied: the point where the

computation branches from the real path.

Ci—1 € Cit1 con ) €5

Consider now the three successive blocks ¢;_1, ¢;, ¢;+1 along the real computation, and the
block ¢} that follows (we associate blocks with the cells they encode). Assume that there
is only one position between them in which [ holds. Then, the labeling o} of ¢} should be
next(o;—1,0;,0i+1), where 0;_1,0;, and 0,47 are the labeling of ¢;_1, ¢;, and ¢;41, respectively.
Let el be the auxiliary computation that leaves the real computation at the last position
of the block ¢i. We use this auxiliary computation in order to check that o} indeed equals
next(o;—1,0;,0;+1). This is how we use el In the assumption £, we have a conjunction that

states the following: It is always true that if
1) we are in an auxiliary computation, still in its “real prefix”
y p ) p )
(2) we are in a beginning of a block,

(3) the value of the counter in the next block equals the value of the counter in the block where

computation becomes auxiliary, and
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(4) there is only one occurrence of [ between the current position and the position where the

computation becomes auxiliary,

then
(5) if the labels of the next three blocks are o;_1, 0;, and ;41, then block where the computation

becomes auxiliary is next(o;_1,0;,0i41).

Using b, ¢,l and r, we can easily express (1)-(5) with formulas of length polynomial in n
(recall that as the set ¥ is fixed, scanning all the possible labels of a cell can be done with
a formula of a fixed length). Note that for expressing (3), we need to compare the value of
the two counters bit by bit. Note also that the same formula takes care of all the auxiliary
computations, thus one formula checks consistency with nezt for all the cells along the real

computation. Formally, we have in £ the following conjuncts.
(1) rAFG-r.
(2) b.

(3)
X"™"(e—= FleNX"(r AXG=1))) A ((me) = F((—e) AX"™(r A XG=r)))A
X(e—= FeAX" Y rAXG=r))A((—=e) = F((=e) A X" r A XG=r)))A
X(c—= Fle NX" 2 r AXG=r))) A ((me) = F((—e) A X" 2(r A XG=1)))A

X"(c— F(cAr ANXG=r)) A (‘(—|c) — F((=e) Ar AN XG=r))].
(4) CHU(IAX((=D)U(r A XGr))).
(5) Aoy .oses X" H(n(01) A X (n(o2) A X7 n(03))) A F(n(next(or, 03,03)) Ar A XG=r).

Consider an infinite 24F-labeled tree. If all the computations of the tree satisfy the assump-
tion, then a real computation in the tree that branches to auxiliary computations whenever
it is in a location that corresponds to an end of a block, encodes an accepting computa-
tion of T on z. The existence of such a computation is enforced by the FJCTL guarantee
6 = EG(r AN EX EG-r) (for simplicity, we require the real computation to branch to auxiliary
computations everywhere). Hence, A A 6 is satisfiable iff 7" accepts z. ]

Note that the implication problem ¢ — ¥ for ¢ in VCTL and % in YCTL* is still in PSPACE.
Indeed, then, the size of M, is exponential in the length of ¢, and the space complexity
that follows from Theorem 3.3 (with n and m denoting the lengths of ¢ and %, respectively) is
O(m(m+1log2°)?)) = O(m>+mn?). On the other hand, the problem is already EXPSPACE-
hard for ¢ of the form A¢ for an LTL formula & and ¢ in VCTL,

Recall that satisfiability and validity are special cases of the implication problem. As The-

orem 4.6 below shows, these problems are easy special cases.
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Theorem 4.6

(1) The satisfiability problems for YCTL and YCTL* are PSPACE-complete.
(2) The validity problem for YCTL is NP-complete.

(38) The validity problem for YCTL* is PSPACE-complete.

Proof: The results for the satisfiability follow from the PSPACE-completeness of the satis-
fiability problem for LTL. We have already seen the lower bound in the proof of Theorem 4.5
For the upper bound, given a VCTL* formula ¢, it is easy to see (as detailed in the proof of
Theorem 4.5) that ¢ is satisfiable iff the LTL formula obtained from ¢ by eliminating its path

quantifiers is satisfiable.

Since YCTL subsumes propositional logic, hardness in NP for the validity problem of YCTL
is immediate. To prove membership in NP, we prove that the satisfiability problem for 3CTL
is in NP. To do this, we present a linear-size model property for JCTL; that is, we prove that
a satisfiable ACTL formula ¢ is satisfiable also in a module with at most |¢| states and |¢g]
transitions. Each JCTL formula has one of the following forms: true, false, p € AP, —p for
pE AP, o1V @2, ¢1 Ay, EX @, Eo U, or EoUgy, where @1 and ¢y are ICTL formulas.
With each JCTL formula ¢, we associate a set S, of modules that satisfy ¢. The definition of
S, proceeds by induction on the structure of ¢. Each module in S, has a single initial state.
We use S, M S,, to denote the set of all modules obtained by taking a module AM; from S,
and a module Mj from Sg,, such that M; and M, agree on the labeling of their initial states,
and unifying their initial states to a single initial state. We use S,, — S, to denote the set
of all modules obtained by taking a module M; from S,,, a module M, from S,,, adding a
transition from the initial state of M; to the initial state of My, and fixing the initial state to
be the one of M;. We use S, | to denote the set of all modules obtained by taking a module

from S,, and adding a self loop to its initial state.

® Sirue is the set of all one-state modules over AP.

® Stalse = 0.

e S5, for p € AP is the set of all one-state modules over AP in which p holds.

o 5., for -p € AP is the set of all one-state modules over AP in which p does not hold.
® Soivey, = S0, US,,.

® Seoing, = S M S,,.

® SExy = Strue = Sg, -

® SEoUe = Spy U (Sg, = Sy, )-
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° SEtplthpz = SW? %

Typically, the modules in S, are economical with respect to states that are required for
satisfaction of formulas that refer to the strict future. For example, since the initial state of
each module that satisfy F¢qU @, must satisfy either ¢ or @9, the set of initial states of modules
in Sgy U, is equal to the set of initial states of modules in S,, orin S,,. In addition, modules
in Sge,Ue, that do not satisfy ¢, in their initial state are required to satisfy ¢, (rather than
the less-economical E¢1Ugps) in a successor state. Following the same idea, since the initial
state of each module that satisfies Fg, Uy must satisfy ¢z, the set of initial states of modules
in SEkmfhpz) is equal to the set of initial states of modules in S,,. In addition, all the modules
in SEamewz satisfy E'G 9, which is the most economical way to satisfy FpUpg. It is easy to
prove, by an induction on the structure of ¢, that each module in S, has at most |¢| states
and |¢| transitions. We prove here that if ¢ is satisfiable, then S, # 0. For that, we prove, by

an induction on the structure of ¢, the following two claims.

(1) For every module M with a single initial state that satisfies ¢, there exists a module
M'" € S, such that M and M’ agree on the labeling of their initial states.

(2) If ¢ is satisfiable, then S, # 0.

The proof is easy for ¢ of the form true, false, p, =p, or 1 V @. For the other forms, we

proceed as follows.

o Let o = 1 A 9. By the induction hypothesis, for every module M with a single initial
state that satisfies ¢q, there exists a module M’ € S, such that M and M’ agree on the
labeling of their initial states, and similarly for 3. When ¢ is satisfiable, the restrictions
that ¢1 and @9 impose on the initial state do not contradict. Thus, there are modules
M, € S,, and My € S,, such that M; and M, agree on the labeling of their initial
states. Hence, S,, M S, is not empty, and (2) holds. Also, as Sy, X S, contains all the
possible combinations of modules from S,, and S,, that agree on the labeling of their

initial states, (1) holds as well.

o Let o = F X ;. Since Sgrue is the set of all one-state modules over AP, (1) is immediate.
Also, as satisfaction of ¢ implies the satisfaction of ¢1, (2) follows easily from the induction

hypothesis.

o Let ¢ = Fp1Uypy. As satisfaction of ¢ implies the satisfaction of ¢, (2) follows easily
from the induction hypothesis and definition of S, to contain S,,. In order to prove (1),
note that the initial state of any model that satisfies ¢ satisfies either @5 or . Hence,
as S, contains not only S,, but also S,, — S, (1) follows easily from the induction

hypothesis.
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o Let ¢ = FpUg,. As satisfaction of ¢ implies the satisfaction of ¢y, (2) follows easily
from the induction hypothesis. Since the initial state of any model that satisfies ¢ must

satisfy ¢, (1) also follows easily from the induction hypothesis.

It is left to prove PSPACE completeness for the validity problem of YCTL*. Since a YCTL*
formula 1 is valid iff the implication true — % is valid, and since the implication problem
@ — ¥ for ¢ in VCTL and % in YCTL* is still in PSPACE, membership in PSPACE is easy.
To prove hardness, we use the PSPACE-hardness of the validity problem for LTL. Clearly, an
LTL formula £ is valid iff the VCTL* formula A€ is valid. ]

5 Modular Model Checking

5.1 The Branching Modular Model-Checking Problem

In modular verification, one uses assertions of the form ()M (1) to specify that whenever M
is part of a system satisfying the universal branching temporal logic formula ¢, the system
satisfies the universal branching temporal logic formula 3 too. Formally, (¢)M (z)) holds if
M||M'" | o for all M such that M||M' = ¢. Here ¢ is an assumption on the behavior of the
system and ® is the guarantee on the behavior of the module. Assume-guarantee assertions are

used in modular proof rules of the following form:

e M ()
true) M (1)
pa) Ma(32)
true) My (pq)

(
2 (true) My || Ma(1 A 1pq)
(

Thus, a key step in modular verification is checking that assume-guarantee assertions hold,
which we called the branching modular model-checking problem. We now show that the tech-
niques developed in the previous sections, maximal models and space-efficient fair model check-

ing, vield also a solution to the branching modular model-checking problem.

Theorem 5.1 For all YVCTL* formulas ¢ and 1, and for every module M, we have that
(M () iff MM, = .

Proof: Assume first that (¢)M(zp). Thus, whenever M is part of a system satisfying ¢, the
system satisfies 9 too. Since M, = ¢ and M||M, < M, we have, by Theorem 2.1 (5), that
M| M, satisfies ¢. Consequently, M||M, satisfies 2.

Assume now that M||M,, = ¢ and let M||M' be such that M||M" = ¢. Then, M||M' < M,
which implies, by Theorem 2.1 (3), that M||M|M" < M||M,. Thus, M||M’' < M|M, and
therefore, by Theorem 2.1 (5), M||M’ |= 1. Hence, (@) M (). L

31



It follows that branching modular model checking can be reduced to fair model checking.
In Theorem 5.2 below we apply the reduction to the logics CTL and CTL*. We also show that
the upper bounds that follow are tight.

Theorem 5.2

(1) The branching modular model-checking problem for YVCTL is PSPACE-complete. Precisely,
determining whether ()M (1)), for ¢ and ¥ in YCTL, can be done in space O(m(l +
log mk)?), where [ is the length of o, k is the size of M, and m is the length of v.

(2) The branching modular model-checking problem for VCTL* is EXPSPACE-complete. Pre-
cisely, determining whether (p)M (1), for ¢ and v in YCTL*, can be done in space
O(m(m + logk 4+ 20N2), where | is the length of ¢, k is the size of M, and m is the
length of .

Proof: We start with the upper bounds. By Theorem 5.1, the problem of determining whether
()M () is reducible to model checking of ¥ in M||M,. By Theorem 3.3, the fair model-
checking problem for CTL can be solved in space O(mlog*(mn)), where m is the length of
the formula and n is the size of the module. By Theorem 4.4, the size of M, for ¢ in VCTL,
is 2°(). Hence, the size of the module M| M, is k2°("). Tt follows that the the problem of
determining whether ()M (1) can be solved in space O(m log? mk2°W) = O(m(l 4 log mk)?).
Theorem 3.3 also says that the fair model-checking problem for CTL* can be solved in space
O(m(m+logn)?). By Theorem 4.3, the size of My, for ¢ in YCTL*, is 2290 Hence, the size of
the module M ||M, is 522°Y 1t follows that the the problem of determining whether ()M ()
can be solved in space O(m(m + log kQQO(l))Q) = O(m(m + log k 4 20(0)2),

We now turn to the lower bounds. For a set AP of atomic propositions, let M4 p be the

maximal model over AP. That is,
Map = (AP, 247,247 x 247 24P 1 {24, 0)}),

where for all w € 247 we have that L(w) = w. Let ¢ and ¥ be VCTL* formulas over a set
AP of atomic propositions. For every module M, the modules M and M||M4p simulate each
other. Hence, for every YCTL* formula ¢ over AP we have that M||Map | ¢ iff M E ¢.
Thus, the implication ¢ — 1 is valid iff (@) Map(10). The complexity of the reduction depends
on the size of M p. We show that for both VCTL and VCTL*, the size of M4p is fixed.

The PSPACE-hardness proof in [SC85] uses temporal formulas with an unbounded number
of primitive propositions. By using a Turing machine M that accepts a PSPACFE-complete
language, it is possible to bound the number of primitive proposition used to the size of the
working alphabet of M. Since it is possible to encode the truth values of m primitive proposition
in one state by the truth values of a single primitive proposition along log m states, it follows

that satisfiability of temporal formulas with a single primitive proposition is also PSPACFE-hard.
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Since the satisfiability problem for LTL is PSPACE-hard already for formulas with a fixed
number of atomic propositions [SC85], so does the implication problem for VCTL. Thus, the
size of M4p is fixed. Also, since we took, in the reduction in the proof of Theorem 4.5, a fixed
Turing machine, the set of atomic propositions required for defining £ there is fixed. Hence, so
is the size of M4p. J

Note that the crucial factor in the complexity of the branching modular model checking
problem is the assumption part of the specification. Indeed, the complexities given in Theo-
rem 5.2 remains true even is we fix the guarantee part of the specification. This suggests that
modular model checking in the branching temporal framework can be practical only for very
small assumptions. Indeed, in many examples the assumptions do tend to be of a very small

size [Jos87b, Jos89, G1.94], see also [AL93].

5.2 The Linear-Branching Modular Model-Checking Problem

The modular proof rule in the preceding section uses branching assumptions and guarantees.
As mentioned in the introduction, there is another approach in which the assumption is a linear
temporal formula, while the guarantee is a branching temporal formula. In this approach, the
assumption in the assume-guarantee pair concerns the interaction of the module with its envi-
ronment along each computation, and is therefore more naturally expressed in a linear temporal
logic. We denote this kind of assertion by [¢]M (). The meaning of such an assertion is that
the branching temporal formula % holds in the computation tree that consists of all computa-
tions of the program that satisfy the linear temporal formula ¢. Verifying such assertions is
called the linear-branching modular model-checking problem. Since both the assumption and
the fairness condition of a given module M now refer to its computations, we assume that M
is a transition system with no fairness condition; that is, all its computations are fair. This
does not weaken our results: by adding atomic propositions that mark the states of M, we can
specify a fairness condition for M as part of the assumption (paying the involved increase in
complexity).

We now formalize this intuition. Consider a transition system M = (AP, W, R, wq, L). Note
that, for technical convenience, we assume that M has a single initial state. A partial path ¢ in
M is a finite prefix, wg, w, ..., wg, of a path in M. We define L(¢) to be L(wy), i.e., the label
of a partial path is the label of its last state. We say that the partial path wy, ..., wg, wgi1
R-extends the partial path wq, ..., w;. We denote the set of partial paths of M by ppath(M).
The transition relation R now induces a total relation R’ on partial paths in a natural way; we
say that (¢, (') € R?, where ¢, (" € ppath(M), if (' R-extends (.

The tree module of M is M' = (AP, ppath(M), R, wo, L). Note that M" is indeed a tree;
every state has a unique predecessor. A path 7 in M' is an infinite sequence (g, (q,.... where
for all 4 > 0 we have ((;,(i+1) € R'. We say that the path 7 is anchored if (o is wg. With each
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path © = (o, (1, . .., we associate a computation L(w) = L((o), L(¢1),.... For an LTL formula
¢ and a path 7w, we say that 7 is a @-path if L(7) = ¢.

We say that a state ¢ in M?! satisfies a CTL* formula ) with respect to ¢, denoted
M' ¢ =, ¥, if M? satisfies ¢ with path quantification ranging only over computations that
are anchored @-paths. Similarly, M*, 7 =, &, for a path = of M" and a formula ¢ if the path =
satisfies & with path quantification (which may appear in state subformulas of £) ranging only

over computations that are anchored @-paths.

Thus, for example,

o M' ( =, Eif there exists an anchored ¢-path 7 = Co,...,(;, Cit1, - .. of M* such that
G=Cand M' 7t =, €.

o M' (|, AL if for every anchored ¢-path © = (o, ..., (i, Cig1, - - - of MT such that ¢; = ¢
we have M* 7' =, €.

We then say that M satisfies ¢ with respect to ¢, denoted M =, ¥, if M, wq =, 1. Note that
by defining the truth of formulas on the nodes of the computation tree M? we guarantee that
only one path leads to each node 2. Now, given a finite module M, an LTL formula ¢, and a
CTL* formula 1, the assume-guarantee specification [¢]M (1)) holds whenever M =, .

We now show that the branching modular framework is more general than the linear-

branching modular framework.

Theorem 5.3 For every LTL formula ¢, module M, and a YCTL* formula ¥, we have that
(AQ) M () iff []M ().

Proof: To prove the claim, we need to generalize the notion of module. An eztended module
is a pair (M, P), where M is a module and P is a set of computations of M that start from
the initial state. Formulas of VCTL* can be interpreted over an extended module (M, P) by
letting path quantifiers range over suffixes of computations in P. We say that a module M
simulates an extended module (M’, P) iff M simulates the module obtained from M’ by adding
a fairness condition according to which a path is fair iff it belongs to P. Recall that the truth
of [p]M (%) is determined by interpreting ¢ over the extended module (M?, P,), where P, is
the set of anchored (-paths of M?.

Given ¢, M, and v, assume first that [¢]M () holds. Let M’ be such that M| M’ = Aep.
Then, all fair computations in M||M’ satisfy ¢. Therefore, M||M' < (M*, P,), and M||M' |= .
Thus, (Ap) M ().

Assume now that (A@)M(2b) holds. Since My, = Ap, it follows that M||Ma, = . For
every module M, we have that (M*, P,) < M and (M*, P,) < My,. Since (M',P,) < M, we

2We note that the formal definitions in [Jos87a, Jos87b, Jos89] apply only to restricted linear temporal

assumptions and involve a complicated syntactic construction.
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have that (M?, P,) < (M", P,)||M too. Since (M*, P,) < M,, we have that (M*, P,))||M <
M 4,||M too. Thus, together, we have that (M?, P,) < M||M4,. It follows that (M*, P,) = ¥,
which means that [¢]M (1) holds. U

It is known that the VCTL formula AF AGp is not equivalent to any formula of the form A,
where ¢ is an LTL formula. Thus, the branching modular framework is strictly more expressive
than the linear-branching modular framework, with no increase in worst-case computational
complexity (we have seen, in the proof of Theorem 5.2, that the EXPSPACE lower bound
holds already for assumptions of the form A for an LTL formula £). We now describe a second
algorithm for solving the linear-branching model-checking problem. This algorithm handles any
guarantee in CTL and CTL*(that is, it is not restricted to their universal fragments), and is
simpler than the algorithm for branching modular model checking, as it avoids the use of Safra’s

co-determinization construction, which we used for defining maximal models in Section 4.1.

It is quite clear that an algorithm for linear-branching model checking has to generalize
known algorithms for linear temporal model checking and branching temporal model checking.
To see this, note that if the linear temporal assumption ¢ is the LTL formula true, then
M =, ¢ iff M |= 1. Also, if the branching temporal guarantee ¢ is the CTL formula Afalse,
then M =, ¢ iff M |= —¢. We now show how linear temporal model checking and branching
temporal model checking can be combined to yield a linear-branching model-checking algorithm.
For that, we first need some definitions and notations.

Let M = (AP,W, R, wg, L). Not all paths in M are ¢-paths. Hence, when the model-
checking algorithm tries to satisfy a CTL* formula F¢ in a state w, it has to make sure that the
chosen path from w is a ¢-path. But this depends not only on w but also on the partial path
that led from wg to w. Thus, the model-checking algorithm should be applied not to M, but
to the tree module M?, in which the states are the partial paths of M. Unfortunately, M? is
an infinite module. The solution is to collapse M? to a finite module. Instead of remembering
the partial paths in their entirety, we only need to remember how the partial paths look from
the “point of view” of the LTL formula ¢.

Per Theorem 2.2, we construct a Biichi automaton A, = (247 S, p, So, F') such that £(A,,)
is exactly the set of computations satisfying the formula ¢. We then apply to A, the classical
subset construction of [RS59], that is, we extend p to a mapping from 2% x 247 to 25 as follows.

p(X,a)={t€S : tep(s,a)forsomese X}.

We now combine the subset transition diagram of A, with M. That is, we define a transition
system M, = (AP, W,, R, 'wg, L) as follows.

° W¢:W><257

° ‘wg = (wo, So),
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o Lo((w, X)) = L(w),
o ((u,X),(v,Y)) € R, if (u,v) € Rand Y = p(X, L(u)).

Note that the definition of M, does not depend on M being finite. We call M, a p-annotated
transition system. Each p-annotated transition system induces a (247 x 25)-labeled tree ob-
tained by unwinding it. When the tree has branching degrees in D, for some set D C IN, we
say that it is a @-annotated D-tree.

We now define the semantics of CTL* formulas on ¢-annotated transition systems. In
the following definition, Ag denotes the automaton (247 S p, X, F), i.e., it is A, starting
from the state set X C S. As with CTL*, we use M,,(w,X) =, % to denote that the
state (w, X') of M, satisfies the state formula 1) and use M,, 7 =, £ to denote that the path
T = (wy, Xq), (wg, Xg), ... of M, satisfies the path formula . For path formulas, the relation

= is the same as for CTL* interpreted over modules. In particular, we have
o M,,m =1, for a state formula v, iff M, (wy, X3) = 2.
For state formulas, we have the following.

e For all (w, X) we have that M, (w, X) |= true and M, (w, X) [~ false.

e For an atomic proposition p € AP, we have M, (w,X) = p iff p € L,((w, X)) and
wE-piff p& L,((w, X)).

o M, (w, X) =, 1 ANpg if My, (w, X) Ey 1 and My, (w, X) =, 2.
o M, (w, X) =, 1 Vg if My, (w, X) =y 91 or My, (w, X) =, .

o M,,(w,X) =, FE if there exists a path @ = (wq, X1), (wg, X2) ... in M, such that
wy = w, X1 = X, L(n) is accepted by Ag, and My, 7 =, &.

o M,,(w, X) |, A€ if for every path m = (wy, Xy), (wq, X3) ... in M, such that wy = w,
X1 = X and L(r) is accepted by Af, we have M,, 7 =, &.

We claim that M, indeed retains all the relevant information from M. Thus, M =, ¥
if and only if Mtp,‘wg =, 1. Consider a partial path { = wo,w, -+, w, € ppath(M). Let 9
be a CTL* formula. It is easy to prove, by induction on the structure of %, that M, £,
P iff My, (w,, X) =, ¥, where X is the set of states in A, reachable from Sy be reading
L(wg) - L(wy) -+ - L(w,—1). Indeed, each ¢-path in M? that starts at  corresponds to a path
that starts at (w,, X) and is accepted by Af. Taking ¢ = wo, we get that M, wg =, ¢ iff
My, {wo, So) =y ¥. Since, by the definition, M =, ¥ iff M*, wg =, 9, and since 'wg = (wo, So),

we are done.
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In order to prove the claim, it is not hard to prove, by induction on the structure of %,
that for every CTL* formula ¢ and every ( = wq, wy, -, w, € ppath(M), we have M',( =,
¥ iff My, (w,, X) =, ¥, where X is the set of states in A, reachable from Sy be reading
L(wg) - L(wn) -+ - L(w,).

We now prove the analogue of Theorem 2.4 for ¢-annotated transition systems.

Theorem 5.4

(1) Given an LTL formula ¢, CTL formula 1), and D C IN, there exists a HAA Ap . =
(24P D Q, 6, Qo, a), of size |1 - 200¢D) and depth O(|¥]), such that L(Ap o) is exactly
the set of p-annotated D-trees satisfying 1.

(2) Given an LTL formula ¢, CTL* formula v, and D C IN, there exists a HAA Ap 4y =
(24P D, Q, 6, Qo, a), of size 20Uel+1) and depth O(|®]), such that L(Ap ,.y) is exactly
the set of p-annotated D-trees satisfying 1.

Proof: Given an LTL formula ¢, let A4, = (24P S p, So, F) be its corresponding Biichi
word automaton as described in Theorem 2.2. Thus, £(A,) is exactly the set of computa-
tions satisfying the formula ¢. Given a set D C IN and a CTL* formula %, let Ap, =
(24P Q' 8, QL. (G', B")) be their corresponding HAA as described in Theorem 2.4. Thus,
L(Ap,y) is exactly the set of D-trees satisfying 1. Let us mention some of the properties
of Ap y (for full details see [BVW94]). Each state of Ap , may be of one of the following three

types:

1. A transient state. These states belong to the transient sets of Ap . Typically, they are
associated with subformulas of ¥ that are atomic propositions or Boolean combination of

inner subformulas.

2. An existential state. These states belong to the existential sets of Ap . Typically, they
are associated with subformulas of ¢ that are of the form F¢, for a path formula . In
more detail, each subformula F¢ of ¥ induces an existential set. The states in this set are
the states of a Biichi word automaton .A; that recognizes £. Accordingly, each state ¢ in
the set is associated with a set {&;,...,&,} of subformulas of &. When Ap 4 is in state ¢
it tries to find a path that satisfies the formulas &;,...,&,.

3. A universal set. These states belong to the universal sets of Ap y, they are associated

with subformulas of 7 that are of the form A, and are dual to the existential states.

Note that each set in the partition of Ap , is associated with a state subformula of ¢ and vice
versa. The automaton Ap , has a single initial state, associated with the formula . When
Ap y is in an existential or a universal set and it visits a state associated with a set {&,...,§,}

of path formulas, it traces the automaton Agl""’g"} along some branch (or all branches). Since
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the &’s may contain state subformulas that are not propositions (and hence their truth does not
follow immediately from the current letter in the input), Ap , sends copies to states associated
with such state subformulas. Consider a state ¢ of Ap . Assume that ¢ belongs to the set
() in the partition. The automaton moves from the set () to a set )/, smaller in the partial
order, either when ¢ is a transient state, in which case Ap , moves to true, false, or to sets
associated with inner subformulas of %, or when ¢ is an existential or a universal state, in which
case ¢ is associated with some formulas i, .. .,&,, and Ap , moves to sets associated with state

subformula of the &;’s.

Infinite paths in a run of Ap , get trapped in an existential or a universal set. Recall that a
path that gets trapped in an existential set associated with the subformula F¢ of i corresponds
to an infinite run of Ag. Therefore, the set G’ is the union of the Biichi sets of all the word
automata of formulas £ for which F¢ is a state subformula of 4. Dually, B’ is the union of the

Biichi sets of all the word automata of formulas £ for which AE is a state subformula of .

We define Ap 4 = (£,D,Q,6,Qf, &), where

o ¥ =24P %25 That is, the inputs to Ap .. are p-annotated transition systems, unwound

into infinite trees.

e In order to define the set () of states we first need some notations. With each state s € S
we associate a dual state 3. Let S = {5 : s € S} be the set of dual states. The dual 8
of a formula @ in B¥ (S U.S) is obtained from # by switching true and false, switching v
and A, and switching s and 3; e.g., 57 V (52 A s3) is 51 A (32 V 53).

Let e(), u(?) C Q' be the sets of existential and universal states of Ap y, respectively.
Then,
Q=SUSUQ U (e(?) x S) U (u() x S).

Intuitively, Ap .y is

— in state s € S when it tries to find a path that is accepted by Aff},
— in state 5 € S when it tries to show that there is no path accepted by Ais},

— in state ¢ € () when it tries to satisfy ¢ (that is, when ¢ is a transient state, Ap , 4
tries to satisfy the formula with which is ¢ is associated; when ¢ is an existential
state associated with a set {&;,...,&,} of path formulas, Ap , , tries to find a path
that satisfies the formulas &1, ..., &,; when ¢ is a universal state associated with a set

{&, ..., &} of path formulas, Ap , 4 tries to prove that all paths satisfy the formulas
517 RN gn)a

— in state (g, s) for ¢ € e(1)) when it tries to find a path that satisfies the path formulas
associated with ¢ and is accepted by Aif}, and

— in state (¢,3) for ¢ € u(v)) when it tries to show that every path either satisfies that

path formulas associated with ¢ or is not accepted by Aés}.
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e [or the acceptance condition, we have G = F U (G’ x F) and B=FU (B’ x F).

e It remains to define the transition function §. Consider first states in S and S. We define

— (s, (a, X), k) = \/5;1(07 p(s, a)).
- 5(§7 <a7 )()7 k) = /\]cc;(} (Cv p(S, a))'

That is, when in state s, the automaton Ap . traces the word automaton A, along some
branch. The states in .S constitute an existential set. Since G NS = [, the automaton
Ap . with initial state s indeed accepts all trees with a path accepted by Aff}. Dually,
in a state 5 the automaton Ap . traces the automaton dual to A, along all branches.
Since BN S = F, the automaton Ap , 4 with initial state 3 indeed accepts all trees in

which no path is accepted by Afﬁ.
For the states in Q' U (e(¥) x S) U (u(¥) x S), we define § according to &’. Essentially,

we obtain ¢ from &' by sending additional copies that take care of satisfaction of ¢ along
the computations of the tree. Recall that the automaton Ap , moves to a new set when
it starts to trace an inner subformula. This inner formula may be of the form F¢ or
A€, and Ap o needs to check which of the paths in the input subtree are suffixes of
¢-paths (and hence, should be taken into an account in the existential and universal path
quantification). In order to check whether a path in the input subtree is a suffix of a
¢-path, Ap 4 reads from its input also a subset X C S, which maintains the set of
states that .4, may visit after reading the prefix of the path. This subset enables Ap ,
to determine, by checking only the suffix of a certain path, whether the path is a ¢-path.

Consider a transition 6§ = ¢’(¢q,0,k). Some atoms (c,¢’) in 6 are of a special status as

follows:

— An (¢, q') is existentially fresh (ef) in ¢'(q, 0, k) if ¢ belongs to an existential set @),
¢’ belongs to a set strictly smaller than @, and (¢, ¢') is not conjunctively related to
an atom (¢, ¢") for ¢" € Q.

— An (¢,q') is universally fresh (uf) in 6'(q,0,k) if ¢ belongs to a universal set @, ¢
belongs to a set strictly smaller than @, and (¢, ¢’) is not disjunctively related to an
atom (¢, ¢") for ¢" € Q.

— An atom (¢, ¢') stays existential (se) in &'(q,0,k) if ¢ and ¢’ belong to the same
existential set.

— An atom (c,q¢') stays universal (su) in §'(q,0,k) if ¢ and ¢ belong to the same

universal set.

For example, if the states ¢ and ¢go belong to the same set (), the states ¢1, g3, and ¢4
belong to sets smaller than @, and 6 = §(¢, 0,k) is (0,¢1) A (1,92) V (0, ¢3) A (1, qa), then

— If Q is an existential set, then g9 has status se, and ¢3 and ¢4 have status ef in 6.
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— If @ is a universal set, then ¢, has status uf, and ¢y has status su in 6.

Consider first a state ¢ € Q'. For every a, X, and k, we obtain (g, (a, X), k) from
6 = '(q,a, k) by replacing an atom (c, ¢') with status y € {ef, uf, se,su} in by

= (¢,q) ANVigpx (e t), if y =ef,
= (e 0)V Nigpx (D), if y = uf,
- \/tEp(X,a)(C (¢, 1), if y = se, and
- /\tep(X,a)(C (¢, 1)), if y = su.

Intuitively, existentially fresh atoms are atoms in which Ap ., leaves an existential set
associated, say, with F’¢, and starts tracing a state subformula of €. Thus, Ap . leaves
the set E¢ before making sure that & is satisfied along a ¢-path. Therefore, Ap
“activates” new copies that check for satisfaction of . On the other hand, atoms that
stay existential are atoms in which Ap , , stays in the existential set and it can trace the

automata A and A, together.

Consider now a state (g, s) € (e(¥) x S) U (u(¢)) x S). For every a, X, and k, we obtain
3(q, (a, X), k) from 8 = §'(q, a, k) by replacing an atom (c, ¢') with status y in 6 by

- (C7 q/) A \/tEp(X,a)(Cv t)v if y= efa

- (Caq/)\//\tep(X@)(qi)aify:uf7

- VtEp (s,a) (Cv <q/7 t>)7 if Yy = se, and
/\tEpsa( < 3) 1fy:su.

The difference between states in Q' and these in (e(¢)) x S) U (u(¢)) x S) is that in the
latter Ap . has already started to trace the automaton .A,. Therefore, it consults the
set X C S in the input only when it moves to fresh atoms. When it moves to atoms that

stay existential or universal, it continues to trace A, from its current state.

We now show that Ap 4 is a HAA. Let Q] < ... < @I, be the partition of the states
of Ap . into sets and the partial order over them (for simplicity, we extend it here to a total

order). For an existential or universal set Q! let

0: = Q:x S If Q} is an existential set,
"l QxS If Qs a universal set.

The partition of the states of Ap ,, into sets is then S (which is an existential set), S
(which is a universal set), the sets @’ of Ap y (which have the same classification as in Ap ),

and the sets ); above (which are generated from existential and universal sets of Ap, and
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have the same classification as their generators). The order between the setsis S < S < Q; <
Q<. S@n<@Qn

We now consider the size and depth of Ap , . Clearly, |Q] < 2-|S|+ |Q'| +2-]Q'| - |S].
By Theorem 2.2, we have that |S| = 2904, By Theorem 2.4, we have that |Q’| = O(]2|) for
¥ in CTL and |Q'| = 2°U¥D for 4 in CTL*. Hence, Ap oy has O(J9] - 20(|“”|)) states for v in
CTL and has 20U0¥+1¢D states for ¢ in CTL*. Since the depth of Ap . as most doubles the
depth of Ap y, then, according to Theorem 2.4, the depth of Ap 4 is O(|?]) for both CTL and
CTL~ . ]

Using Ap ., the linear-branching model-checking problem can be reduced, as the usual
branching model-checking problem, to the nonemptiness problem for a 1-letter word HAA.

Formally, we have the following.

Theorem 5.5 The linear-branching model-checking problem is EXPSPACFE-complete for guar-
antees in both CTL and CTL*.

Proof: Proving the EXPSPACE lower bound in Theorem 5.2, we use an assumption of the
form A€ for an LTL formula £ and a guarantee in YCTL. Therefore, the lower bound proved

there is valid also here.

To get the upper bound, we have to check whether Ap ., accepts M;. As shown in
[BVWO4], this can be done by taking the product of Ap ., with M,. The result is a 1-
letter word HAA Aps .. The size of Aprpy is [My] - | Ap gyl As M, has 227050 gtates, the
size of Apr,,,y is double exponential for both CTL and CTL*. The result then follows from the
complexity of the nonemptiness problem for 1-letter word HAA [BVW94] (see also the analogue

discussion for automata-based fair model checking using LAA in Section 3.2 here).

A careful analysis of the complexity yield an algorithm that uses space O((m(log n+log m+
20(1)))2), where n is the size of M, m is the size of ¥, and [ is the size of ¢, for ¢ in CTL, and
uses space O((m(logn 4+ m +2°1))?), for ¢ in CTL*.

]

6 Concluding Remarks

The results of the paper indicate that modular model-checking for general universal or linear
assumptions is rather intractable. In view of these discouraging results, is there hope for
modular model checking? One should keep in mind that the bounds in the paper are worst-
case bounds. In practice, the constructions we used in the proofs (maximal models, translations
to automata, and the subset constructions) need not yield an exponential blowup. In addition,

heuristics can be employed to avoid unnecessary states in these constructions. If the size of the
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assumption is not too large and the doubly exponential blowup is avoided, then our algorithms
might not be always impractical. Indeed, it is argued in [AL93] that assumption formulas

should be small, simpler than guarantee formulas.

Our result provide an a posteriori justification for Josko’s restriction on the linear tem-
poral assumption [Jos87a, Jos87b, Jos89]. Essentially, because of the restriction imposed on
the linear temporal assumption, one can get more economical automata-theoretic construction
(exponential rather than doubly exponential) of the maximal model associated with the CTL*
formula Ay as well as with M. It will be interesting to find other fragments of LTL (perhaps
the fragment studied in [SZ93]) for which we can obtain such a complexity bound. We note
that it is argued in [LLP85] that an exponential time complexity in the size of the specification

might be tolerable in practical applications.

Our results also provide an a posteriori justification to the approach taken in [CLM89] to
avoid the assume-guarantee paradigm. Instead of describing the interaction of the module by
an LTL formula, it is proposed there to model the environment by interface processes. As
is shown there, these processes are typically much simpler than the full environment of the
module. By composing a module with its interface processes and then verifying properties of

the composition, it can be guaranteed that these properties will be preserved at the global level.

Regardless of how one interprets our complexity results, we believe that they should renew
the discussion on the relative merits of linear vs. branching time. For many years, one of
the beliefs dominating this discussion has been “model checking for CTL is easy, while model
checking for LTL is hard”. Our results show that this belief is not valid when one considers
modular verification (furthermore, we show that modular model checking is computationally
hard even when both assumptions and guarantees are given in YCTL). This suggests that the

tradeoff between CTL and LTL is not a simple tradeoff between complexity and expressiveness.

Acknowledgment: We thank Martin Abadi, Orna Grumberg, Pierre Wolper, and Libi for

helpful suggestions and discussions.
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