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Abstract. We study the problems of synthesizing open systems as well as
controllers for open systems. We deal with specifications given as formulas
of the branching temporal logic CTL* and its sub-logic CTL. A key aspect
of our work is that we deal with reactive environments. These are environ-
ments that can disable some of their responses along the interaction with
the system.

We show tight complexity bounds for the solutions to these problems with
the upper bounds being established using automata-theoretic techniques.
When the answer to a problem is positive, it is possible to synthesize
the desired finite-state system or controller. For CTL specifications, the
problem of synthesizing an open system as well as that of synthesizing a
controller are 2EXPTIME-complete in the size of the specification. For
CTL* specifications, both problems are SEXPTIME-complete. Thus, in a
sense, reactive environments constitute a provably harder setting for the
synthesis of open systems and the synthesis of controllers for them.



1 Introduction

A closed system is a system whose behavior is completely determined by its
state. An open system is a system that interacts with its environment and whose
behavior crucially depends on this interaction [HP85]. In an open system, we are
required to distinguish between output signals (generated by the system) over
which we have control and input signals (generated by the environment) over
which we have no control. Given a specification of an open system, say as a
temporal logic formula, satisfiability of the formula only guarantees that we can
synthesize a system for some environment, whereas we need to synthesize a system
that meets the specification for all environments.

To make this intuition more precise, suppose we are given finite sets I and O
of input and output signals. A program can be viewed as a strategy f : (21)* — 2¢
that maps finite sequences of input signal sets into an output signal set. When f
interacts with an environment that generates infinite input sequences what results
is an infinite computation over 2/¥°. Though f is deterministic, it produces a com-
putation tree. The branches of the tree correspond to external non-determinism
caused by the different possible inputs. One can now specify an open system by
a linear or branching temporal logic formula (over I U O). Unlike linear temporal
logics, in branching temporal logics one can specify possibility requirements such
as “every input sequence can be extended so that the output signal v eventually
becomes true” ([DTV99]). This is achieved via existential and universal quantifi-
cation provided in branching temporal logics [Lam80,Eme90]. In this paper, we
concentrate on branching temporal logics.

The realizability problem for a branching-temporal logic is to determine, given
a branching-time specification , whether there exists a program f : (21)* — 20
whose computation tree satisfies ¢ [ALW89,PR89]. Realizing ¢ boils down to syn-
thesizing such a function f. An important aspect of the computation tree associ-
ated with f is that it has a fixed branching degree |2!|. It reflects the assumption
that at each stage, all possible input signals are provided by the environment.
Such environments are referred to as mazimal environments. Intuitively, these are
static environments in terms of the branching possibilities they contribute to the
associated computation trees. Equivalently, as we have noted already, each pro-
gram has just one computation tree capturing its behavior in the presence of a
maximal environment. In a more general setting, however, we have to consider en-
vironments that are, in turn, open systems. We term such environments reactive.
They might offer different subsets of 2 as input possibilities at different stages in
the computation.

As an illustration, consider I = {ry,73,...,7n} and O = {t1,t2,...,t, } where I
represents n different types of resources and O represents n different types of tasks
with the understanding that, at each stage, the system needs to receive r; from
the environment in order to execute t;. In the case of the maximal environment,
the specification “it is always possible to reach a stage where t; is executed”
(AGEF(t;) in CTL parlance) is realizable. This is so because at each stage in
the computation, the maximal environment presents all possible combinations of
the resources. In the case of the reactive environment, the above specification is



not realizable. This is so because there could be an environment driven by an
open system that can produce only a a proper subset of the set I of resources. In
the resulting computation tree, each path eventually reaches a node in which the
environment stop offering r;. From then on, ¢; cannot be executed.

So, a reactive environment associates a set of computation trees with a pro-
gram. Consequently, in the presence of reactive environments, the realizability
problem must seek a program all of whose computation trees satisfy the specifi-
cation.

A closely related problem concerns the controllability of open systems. Here we
are given an open system, often called a plant in this context, typically consisting
of system states and environment states. We can control the moves made from
the system states (i.e. disable some of the possible moves), but not the moves
made from the environment states. Given a branching-time specification ¢, the
control problem is to come up with a strategy for controlling the moves made from
the system sates so that the resulting computation tree satisfies ¢. Here again,
assuming a reactive environment requires the controller to function correctly no
matter how the environment disables some of its moves; thus correctness should
be checked with respect to a whole set of computation trees.

We study control problems for both CTL* and CTL specifications. We show
that the realizability problem can be reduced to the control problem. We prove
that both these problems are 3EXPTIME-complete and 2EXPTIME-complete for
CTL* and CTL, respectively. As established in [KV99a,KV99b], these problems
are EXPTIME-complete and 2EXPTIME-complete for maximal environments,
respectively. In this sense, reactive environments make it more difficult to realize
open systems and synthesize controllers for them.

In the literature, a variety of realizability and control problems have been
studied for open systems. These studies have been mainly in linear-time settings
where the nature of the environment (maximal or reactive) does not play a role
(this is since a maximal environment is the most challenging one for the system).
In branching-time settings, the emphasis has been mainly on the realizability
problem (often referred to as the synthesis problem) in the presence of maximal
environments. For the linear time case, the literature goes back to a closely related
realizability problem due to Church [Chu63], which was solved in [BL69] but more
elegantly dealt with later using tree automata [Rab70,PR89]. In branching-time
settings, the realizability problem for CTL* and CTL has been solved for maximal
environments as cited above and more recently also for the p-calculus [KV00].

As for controller synthesis, as mentioned above, most of the settings con-
sidered in the literature are linear time ones and often involve dealing with in-
complete information [KG95,KS95PR89,Var95]. As for branching-time settings,
control problems for settings with maximal environment is studied in [Ant95].
Also, for maximal environments, the control problem can be transformed (by flip-
ping the role of the system and the environment) into module-checking problems
solved in [KV96,KV97a]. Yet another work, but in a different framework is [MT98]
where the specification is also modeled by a transition system and the correctness
criterion is that there should be a behavior preserving simulation from the plant



to the specification. This has been later extended to the case of bisimulation in
[MT00].

2 The Problem Setting

We assume familiarity with the branching temporal logic CTL* and its sub-logic
CTL. The syntax and semantics of these logics are detailed in Appendix A. Here
we just fix the notation for (Kripke) structures, which provide the semantics.

A (Kripke) structure is a tuple S = (AP, W, R, wo, L), where AP is the set of
atomic propositions, W is a set of states, R C W x W is a transition relation that
must be total (i.e., for every w € W there exists w' € W such that R(w,w")), wo is
an initial state, and L : W — 2% maps each state to a set of atomic propositions
true in this state. For w and w' with R(w,w'), we say that w’ is a successor of
w. A path of S is an infinite sequence 7 = w®, w!, ... of states such that for every
i > 0, we have R(w?,wt!). The suffix w®, wt!,... of 7 is denoted by 7!. We use
w |= @ to indicate that a state formula ¢ holds at state w, and we use 7 = ¢ to
indicate that a path formula ¢ holds at path 7 (assuming a structure S). We say
that S is a model of ¢ to mean that wy = .

For studying controller synthesis, we model a plant as P = (AP, Wy, W,, R, wg, L),
where AP, R, wy, and L are as in a structure with W = W,UW,. Here W, is a set
of system states and W, is a set of environment states. Throughout what follows
we are concerned only with finite plants; AP and W are both finite sets. We also
assume that W, N W, = ). The size of the plant is |P| = |[W| + |R].

Given a finite set 7", an T-tree is a set T' C 1™ such that, if v.c € T with
v€T*and ¢ €T, then v € T. When 7 is clear from the context we call T' a tree.
The elements of T' are called nodes and the empty word ¢ is the root of T'. For
every v € T, the set sucer(v) = {v.c | ¢ € T and v.c € T} is the set of children
(successors) of v. Where T is clear from the context, we drop the subscript T
and write succ(v). In what follows, every tree T' we consider is assumed to satisfy
succ(v) # 0 for every v in T. We associate a direction dir(v) € 7" with each node
v € T. A designated element ¢y € 7" is the direction of €. For each non-root node
v.c with ¢ € 7, we set dir(v.c) = ¢. A path 7 of a tree is a set 7 C T such
that ¢ € m and for each v € 7, we have |7 N succ(v)| = 1. Finally, given a set
Y, a X-labeled T-tree is a pair (T,V) where T is a T-tree and V : T — XY is
a labeling function. Of special interest to us are 24F-labeled trees. We call such
trees computation trees and we sometimes interpret CTL* formulas with respect
to them. Formally, a computation tree (T,V’) satisfies a CTL* formula ¢ if ¢
is satisfied in the infinite-state structure (AP, T, Rr,e,V), where Rr(v,v.c) iff
v.c € sucer(v).

Let P = (AP,W,,W,, R,w,, L) be a plant. Then P can be unwound into a
W-tree Tp in the obvious manner; thus ¢ € Tp, and we set dir(¢) = wp, and
for all v € Tp, we have that v.c € Tp iff R(dir(v),c). The tree Tp induces the
24P labelled tree (Tp,Vp) where for each v € Tp, we have Vp(v) = L(dir(v)).
A restriction (T, V) of (I'p,Vp) is a tree T C Tp such that V is Vp restricted
to T. We denote by T¢ = {v | v € Tp and dir(v) € W} the set of nodes of Tp



that correspond to system states, and by T% = Tp \ T the set of states that
correspond to environment states.

Consider a plant P and a restriction (T,V) of (I'p,Vp). We can think of
(T, V) as a computation tree generated by an interaction of the system with
its environment: each position in this interaction corresponds to a node v € T'.
When v € T§, the system chooses a nonempty subset of sucer, (v). This subset
corresponds to successors of dir(v) to which the system enables the transition from
dir(v). Similarly, when v € T§, the environment chooses a nonempty subset of
sucery (v), corresponding to successors of dir(v) the transition to which is enabled.
Note we can have v and v' with dir(v) = dir(v') and still sucer(v) # sucer(v').
Indeed, the decisions made by the system and the environment depend not only
in the current state of the interaction (that is, dir(v)), but also in the entire
interaction between the system and the environment so far (that is, v). Intuitively,
given P and a CTL* formula ¢, the control problem is to come up with a strategy
for the system so that no matter how the environment responds, the resulting
restriction of (T'p, Vp) satisfies ¢.

We now make this intuition formal. A strategy for the system is a function
g that assigns to each v € T, a non-empty subset of succy, (v). A g-respecting
execution of P is a restriction (T, V') of (T'p, Vp) such that for every v € TNTE,
we have succr(v) = g(v). Note that a strategy g determines only the succes-
sors of nodes in Tp that correspond to system states. Thus, P may have many
g-respecting executions, each corresponding to a different strategy of the envi-
ronment. Given a CTL* formula ¢, the strategy g is winning for ¢ if all the
g-respecting executions satisfy ¢. The control problem is then to decide, given
a plant P and a CTL* specification ¢, whether there the system has a strategy
winning for ¢, denoted controllable(P, y).

The synthesis problem for programs with reactive environments can be tackled
along very similar lines: we consider a program f interacting with its environment
via two finite sets I and O of input and output signals respectively . We can view
f as a strategy f : (27)* — 29 that maps finite sequences of input signal sets into
an output signal set. The interaction starts by the program generating the output
f(e). The environment replies with some 41 C I. In general, f(i1,i2,...,%;), is
the response of f for the input sequence 4,is,...4;. This (infinite) interaction
can be represented by a computation tree. The branches of the tree correspond
to external non-determinism caused by different input signal sets chosen by the
environment. Thus f can be viewed as the full 2/YC- labeled 2/-tree (T, V}) with
Ty = (21)* and V;(v) = dir(v) U f(v) for each v € Ty. Given a CTL* formula ¢,
the program-synthesis problem is to find a a strategy f so that ¢ is satisfied in f
no matter how the environment disables (in a non-blocking manner) its possible
responses at different stages. Formally, let f : (27)* — 2© be a strategy and let
(T, V) be a 2/YC-labeled 2-tree. We say that (T,V) is an f-respecting execution
iff V(v) = f(v) U dir(v) for each v € T. (In other words, (T, V) is a restriction
of the computation tree (T, Vy)). We say that f realizes ¢ if every f-respecting
execution satisfies . Also, ¢ is realizable iff there a program f that realizes ¢.



Using a universal plant, which embodies all the possible assignments to [
and O, the program-synthesis problem can be reduced to the supervisory control
problem. Formally, we have the following (see Appendix B for the proof):

Lemma 1. Let ¢ be a CTL* (CTL) formula over AP = IUO. We can effectively
construct a finite plant P and o CTL* (resp. CTL) formula ¢' such that |P| =
0((247)2), |¢'| = O(|¢| + 24F), and ¢ is realizable iff controllable(P, ).

3 Upper bounds

Tree automata

Since our decision procedure uses tree automata, we first introduce Biichi and
parity tree automata (see [Tho90] for more details). Tree automata run on X-
labeled T-trees. We assume that the set 7" of directions is ordered. For an 7 -tree
T and a node v € T, we use o_succ(v) to denote an ordered list of succ(v). Let
|Y| = k, and let [k] = {1,...,k}. A nondeterministic tree automaton over X-
labeled T-trees is A = (¥, Q, 6, qo, F) where X' is a finite alphabet, ) is a finite
set of states, § : Q x X x [k] = 29" is a transition function that maps a state,
a letter, and a branching degree i € [k] to a set of i-tuples of states, g0 € Q is
the initial state, and F is an acceptance condition that depends on the kind of
automata we consider. For Biichi automata, F is a subset of ) and for parity
automata, F is a function F : Q — {0, ..., h} for some h € IN (the set {0,..., h}
are called the set of colors).

Let (T,V) be a X-labeled tree. A run of A over (T,V) is a @Q-labeled tree
(T, p) such that p(e) = ¢;n, and for all v € T with o_succ(v) = (x1,...,x;), we
have (p(z1),...,p(x1)) € §(¢,V (z),1). For a path 7 of T', let

Inf,(7) = {q € Q | there are infinitely many z € 7 such that p(z) = ¢}.

If A is a Biichi automaton, then p is a accepting if for every path = of T,
Inf,(m) N F # 0. For parity automata, p is accepting if for every path 7 of T,
min(F (Inf,(r))) is an even number. A X-labeled tree (T, V) is accepted by A iff
there is a accepting run of A over (T, V). The language accepted by A is the set
of all X-labeled trees accepted by A. We say that A is universal iff it accepts all
X-labeled trees.

There are well-known connections relating branching temporal logics and tree
automata. For our purposes, it suffices to know the following.

Theorem 2.

(1) [VW86] Given a CTL formula ¢ over AP and a set T, we can construct a
nondeterministic Biichi tree automaton Ay, with 20U states that accepts
exactly the set of 247 -labeled T-trees that satisfy .

(2) [EJ88,5af88,Tho97] Given a CTL* formula ¢ over AP and a set T, one can

construct a nondeterministic parity tree automaton Ary,, with 22°0Y gtates

and 2°U¢D) colors that accepts exactly the set of 247 -labeled Y -trees that satisfy
©.



The decision procedure

Recall that in the control problem we are given a plant P = (AP, Wy, W,, R, wo, L)
and a CTL (or CTL*) formula ¢ over AP, and we have to decide whether there
is a strategy g for the system so that all the g-respecting executions of P satisfy
®.

Recall that a strategy g for the system assigns to each v € T§ a nonempty
subset of succ(v). We can associate with g a {1, T,d}-labeled W-tree (Tp, V),
where for every v € Tp, the following hold:

— If v € T§, then the children of v that are members of g(v) are labeled by T,
and the children of v that are not members of g(v) are labeled by L.
— If v € T, then all the children of v are labeled by d.

Intuitively, nodes v.c are labeled by T if g enables the transitions from dir(v)
to ¢ (given that the execution so far has traversed v), they are labeled by L if
g disables the transition from dir(v) to ¢, and they are labeled by d if dir(v) is
an environment state, where the system has no control about the transition from
dir(v) to ¢ being enabled. We call the tree (T'’p,V,) the strategy tree of g. Note
that not every {L, T,d}-labeled W-tree (Tp, V) is a strategy tree. Indeed, in or-
der to be a strategy tree, V should label all the successors of nodes corresponding
to environment states by d, and it should label all the successors of nodes cor-
responding to system states by either T or L, with at least one successor being
labeled by T. Formally, we have the following.

Theorem 3. Given a plant P with states space W, there is a nondeterministic
Biichi automaton Agrq over {L,T,d}-labeled W-trees, such that Asra has W
states and it accepts exactly all the strategy trees of P.

Our algorithm proceeds as follows. Given a formula ¢, we contsruct a tree
automaton A such that A accepts a strategy tree (T'p, V,) iff there is a g-respecting
executions of P that does not satisfy ¢. Then, controllable(P, ) iff the automaton
A is not universal with respect to strategy trees (that is, the language of Ay, is
not contained in that of A). Indeed, a strategy tree that is not accepted by A is
induced by a strategy g all of whose g-respecting executions satisfy .

Theorem 4. Given a plant P with state space W and a branching-time formula
, we can construct a nondeterministic tree automaton A over {L,T,d}-labeled
W -trees such that the following hold:

1. A accepts a strategy tree (Tp,Vy) iff there is a g-respecting execution of P that
does not satisfy .

2. If ¢ is a CTL formula, then A is a Biichi automaton with |W| - 2°(®) states.

3. If p is a CTL* formula, then A is a parity automaton with |W|-220(M) states
and 29021 colors

Proof. Let P = (AP,W,,W,, R,wo, L), and let Aw_, = (247,Q,5,Qo, F) be
the automaton that accepts exactly all 24P-labeled W-trees that satisfy —¢, as
described in Theorem 2. We define A = ({1, T,d},Q’,4,Qh, F') as follows.



- Q'=(WxQx{T,L})U{qgacc} The state gquc is an accepting sink. Consider
a state (w,q,m) € W x @ x {T,L}. The last component m is the mode of
the state. When m = T, it means that the transition to the current node is
enabled (by either the system or the environment). When m = L, it means
that the transition to the current node is disabled.

When A is at a state (w,q, T) as it reads a node v, it means that dir(v) = w,
and that v to participate in the g-respecting execution. Hence, A can read T
or d, but not L. If v is indeed labeled by T or d, the automaton A guesses
a subset of successors of w of some size [ > 1 . It then moves to states
corresponding to the successors of w and ¢, with an appropriate update of the
mode (T for the successors in the guessed subset L for the rest).

When A is in a state (w, g, L) and it reads a node v, it means that dir(v) = w
and that v does not take part in a g-respecting execution. Then, A expects
to read L or d, in which case it goes to the accepting sink.

Qb = {wo} x Qo x {T}.

— The transition function ¢’ is defined, for all w € W ¢q € @, and | = |sucer, (w)|
as follows.

b 6((/“}, q, T)a J—a l) = (5((’11), q, J—)a Ta l) = @

e Tz € {L,d}, then &'((w,q, 1), 2,0) = {{Qacer -+ - Gace) }»

o If z € {T,d}, then 6((w, g, T),x,1) is defined as follows. Let o_succ(w) =
(wi,...,w) and let Y = {wy,,...,wy, } be a nonempty subset (of size n)
of suce(w). Then, ¢'((w, g, T), z,1) contains all tuples {(w1, s1,m1), ..., (wi, s1,my))
such that there is (qi,...,¢n) € d(q, L(w),n) and for all 1 < 4 < [, the
following hold:

* If w; € Y, namely w; = wy; for some 1 < j < n, then s; = ¢; and

m; = T.
x If w; €Y, then w; = w (in fact, w; can be an arbitrary state) and
m; = 1.

Intuitively, §' propagates the requirements imposed by (¢, L(w), n) among
the successors of w to which the transition from w is enabled.
Note that ¢’ is independent of w being a system or an environment state.
The type of w is taken into consideration only in the definition of Agspg.
— The final states are inherited from the formula automaton. Thus, if ¢ is in
CTL, then F' = (W x F x {T, LN U {qacc}- If  is in CTL*, let F : Q —
{0,...,h}. Then, F' : Q" — {0,...,h} is such that F(gae.) = 0 and for all
weW, g€ Q,and m € {1, T}, we have F'((w,q,m)) = F(q).
O

It is left to check whether the language of Ag is contained in the language
of A. Since tree automata are closed under complementation [Rab69,Tho97], we
can complement A, get an automaton A, and then check the nonemptiness of the
intersection of Ay with A. Hence the following theorem.

Theorem 5. Given a plant P and a formula ¢ in CTL, the control problem for
@ is in 2EXPTIME. More precisely, it can be solved in time O(exp(|P|*-2°0(¢D)).
For ¢ in CTL*, the problem is in SEXPTIME. More precisely, it can be solved in
time O(exp(|P|2 - 22°7*")).



Proof. For the complexity of this procedure, it is easy to see that if ¢ is in CTL,
the automaton A has a state-space size of O(|P|-2°(¢D). Though A runs on k-
ary trees (where k depends on P), it can be complemented as easily as automata
on binary trees — the complemented automaton A (as well as its intersection
with Ag,) is a parity automaton with O(exp(|P| - 29(¢))) states and O(|P| -
200¢D) colors' ([Tho97]). Since emptiness of parity tree automata can be done
in time polynomial in the state-space and exponential in the number of colors
[EJ88,PR8&9], we can check emptiness of this intersection in time O(exp(|P|? -
20(I¢D)). For CTL* specifications, the analysis is similar only that the complexity
contributed by the formula increases by one exponential. O

By [Rab69], if there is indeed a strategy that is winning for the system, then
the automaton that is the product of A, and the complement of the automaton
constructed on in Theorem 4 accepts it and when we test it for emptiness, we can
get a regular tree accepted by the automaton. This then provides a finite-memory
winning strategy that can be realized as a finite state controller for the system.

4 Lower bounds

For two 24F-labeled trees (T,V) and (T",V'), and a set Q = {q1,...,qx} C AP,
we say that (T,V) and (T",V') are Q-different if they agree on everything except
possibly the labels of the propositions in @. Formally, T'=T" and for all z € T,
we have V(z) \ @ = V'(z) \ Q- The logic AQCTL* extends CTL* by universal
quantification on atomic proposition: if ¢ is a CTL* formula and ¢y, ..., q; are
atomic propositions, then Vqi,. .., gz is an AQCTL* formula. The semantics of
Va1, ... ,qxt is given by S = Va1, ..., q iff for all trees (T,V) such that (T,V)
and the unwinding (T's, Vs) of S are {q1, ..., gy }-different, (T, V') |= 4. The logics
AQLTL and AQCTL are defined similarly as the extensions of LTL and CTL with
universal quantification on atomic propositions.

The following Theorem is taken from [SVW8T7]. We describe here the full proof,
as our lower-bound proofs are based on it.

Theorem 6. [SVWS8T7] The satisfiability problem for AQLTL is EXPSPACE-hard.

Proof. We do a reduction from the problem whether an exponential-space deter-
ministic Turing machine T' accepts an input word x. That is, given T' and x, we
construct an AQLTL formula formula Vgp such that T accepts x iff Vg is satis-
fiable. Below we describe the formula ¢ informally. The formal description of ¢
and of the function next we use below are given in Appendix C.1.

Let T = ([,Q,—,qo, F), where I' is the alphabet, @ is the set of states,
—C QR xI'xQ xI x{L,R} is the transition relation (we use (g,a) — (¢',b, Q)
to indicate that when 7 is in state ¢ and it reads the input a in the current tape
cell, it moves to state ¢', writes b in the current tape cell, and its reading head
moves one cell to the left or to the right, according to A), g is the initial state,
and F C @ is the set of accepting states. Let n = a - ||, for some constant a, be

! exp(x) stands for 20



such that the working tape of T has 2" cells. We encode a configuration of T' by
aword y17Y2 - .- (q,7:) - - - van. That is, all the letters in the configuration are in I,
except for one letter in ) x I'. The meaning of such a configuration is that the
j’scellof T, for 1 < j < 2", is labeled ;, the reading head points on cell 4, and T’
is in state ¢. For example, the initial configuration of T is (o, Z1)T2 - - - TnF# - -,
where # stands for the empty cell. We can now encode a computation of T by a
sequence of configurations.

Let ¥ = I'U(QxI"). We can encode lettersin X' by aset AP(T) = {p1,.--,Pm}
(with m = [log|X|]) of atomic propositions). We define our formulas over the set
AP = AP(T)U{b,c,d, e, q} of atomic propositions. The task of the last five atoms
will be explained shortly. Since T is fixed, so is X, and hence so is the size of AP.

Consider an infinite sequence 7 over 24¥. For an atomic proposition p € AP
and a node u in , we use p(u) to denote the truth value of p at u. That is, p(u)
is 1 if p holds at w and is 0 if p does not hold at u. We divide the sequence 7
to blocks of length n. Every such block corresponds to a single tape cell of the
machine T'. Consider a block uy,...,u, that corresponds to a cell p. We use the
node u; to encode the content of cell p. Thus, the bit vector pi(u1),- .., pm(u1)
encodes the letter (in I'U (Q x I')) that corresponds to cell p. We use the atomic
proposition b to mark the beginning of the block; that is, b should hold on u; and
fail on us,...,u, (see C1 in Appendix C.1).

Recall that the letter with which cell p is labeled is encoded at the node wu;
of the block uy,...,u, that corresponds to p. Why then do we need a block of
length n to encode a single letter? The block also encodes the location of the
cell p on the tape. Since T is an exponential-space Turing machine, this location
is a number between 0 and 2™ — 1. Encoding the location eliminates the need
for exponentially many X operators when we attempt to relate two successive
configurations. Encoding is done by the atomic proposition ¢, called counter, Let
c(up), .- ., c(u1) encode the location of p. Note that, for technical convenience, the
least significant bit of the counter is in u;. A sequence of 2™ blocks corresponds
to 2™ cells and encodes a configuration of 7'. The value of the counters along this
sequence goes from 0 to 2" — 1, and then start again from 0. This is enforced by
. Since we want the size of ¢ to be O(n), we need also an atomic proposition d
that acts as a “carry” bit (see C2 and C3).

An atomic proposition e marks the last block of a configuration, that is, e
holds in a node u; of a block u1,...,u, iff ¢ holds on all nodes in the block (see
C4).

Let 01 ...09n,0] ...0hs be two successive configurations of 7. For each triple
(051,04, 041) with 1 <4 < 2" (taking o2ny1 to be o] and gg to be the label of
the last letter in the configuration before oy ...02., or some special label when
01 ...09n is the initial configuration), we know, by the deterministic transition
relation of T', what o} should be. Let next({o;_1,0;,0:+1)) denote our expectation
for o}. The formal definition of nezt can be found in Appendix C.1.

Consistency with next gives us a necessary condition for a word to encode
a legal computation. In addition, the computation should start with the initial
configuration. Finally, if the computation ends with an accepting configuration
(that is, one with (g,7;) with ¢ € F'), then T accepts z. It is easy to specify in



LTL the requirements about the initial and accepting configurations. For a letter
o € X, let n(o) be the propositional formula over AP that encodes o. That is,
7(o) holds in node u; of a block that encodes cell p iff the cell p is labeled o. Then,
 contains conjuncts (see C5 and C6) that require the computation to start with
the initial configuration and to eventually reach an accepting configuration.

The difficult part in the reduction is in guaranteeing that the sequence of
configurations is indeed consistent with next. To enforce this, we have to re-
late 0;_1,0;, and 0,41 with o} for any ¢ in any two successive configurations
01...09n,0] ...0%.. One natural way to do so is by a conjunction of formulas like
“whenever we meet a cell with counter ¢ — 1 and the labeling of the next three cells
forms the triple {o;—1, 0, 0it1), then the next time we meet a cell with counter i,
this cell is labeled next({o;_1,0;,0:+1))”. The problem is that as ¢ can take any
value from 1 to 2™, there are exponentially many such conjuncts. This is where
the universal quantification of the AQLTL comes into the picture. It enables us
to relate (o;_1, 04, 0441) with o}, for all 4.

To understand how this is done, consider the atomic proposition ¢, and assume
that the following hold. (1) ¢ is true at precisely two points, both are points in
which a block starts, (2) there is exactly one point between them (possibly in
exactly one of them) in which e holds (thus, the two points are in successive
configurations), and (3) the value of the counter at the blocks starting at the
two points is the same. Then, it should be true that (4) if the labels of the three
blocks starting one block before the first g are o;—1, 05, and o;41, then the block
starting at the second ¢ is labeled by next(o;_1,04,0441)-

Using b, ¢, and e, we can easily express (1)-(4) with formulas of length poly-
nomial in n (recall that as the set X' is fixed, scanning all the possible labels of a
cell can be done with a formula of a fixed length). Note that for expressing (3),
we need to compare the value of the two counters bit by bit (see C7 - C10).
The formula ¢ contains the conjunct ((1) A (2) A (8)). Since the condition (4) is
checked in Vgy for all the assignments to g that satisfy (1) A (2) A (3), it follows
that ¢ is satisfied only in computations consistent with next. Hence, Vqy is sat-
isfiable iff there is an accepting computation of T on . O

We now show that AQCTL is also strong enough to describe an exponential-
space Turing machine with a formula of polynomial length. Moreover, since CTL
has both universal and existential path quantification, AQCTL can describe an al-
ternating exponential-space Turing machine, implying a 2EXPTIME lower bound
for its satisfiability problem.

Theorem 7. The satisfiability problem for AQCTL is 2EXPTIME-hard.

Proof. We do a reduction from the problem whether an exponential-space alter-
nating Turing machine T accepts an input word z. That is, given T and x, we
construct an AQCTL formula Vqy such that T accepts z iff Vg is satisfiable.
Let T = (I, Qy, Qc,—, qo, F'), where the sets @, and Q. of states are disjoint,
and contain the universal and the existential states, respectively. We denote their
union (the set of all states) by Q. Our model of alternation prescribes that —C
Q x I x @ xI x{L,R} has a binary branching degree. When a universal or an
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existential state of T' branches into two states, we distinguish between the left
and the right branches. Accordingly, we use (g,a) — {((q, bi, A1), (¢r,br, Ar)) to
indicate that when T is in state ¢ € @, UQ. reading input symbol a, it branches to
the left with (g;, by, 4;) and to the right with (g, b, A;). (Note that the directions
left and right here have nothing to do with the movement direction of the head;
these are determined by 4A; and A,.)

For a configuration ¢ of T', let succ;(c) and succ,(c) be the successors of ¢ when
applying to it the left and right choices in —, respectively. Given an input z, a
computation tree of T on z is a tree in which each node corresponds to a configu-
ration of T'. The root of the tree corresponds to the initial configuration. A node
that corresponds to a universal configuration ¢ has two successors, corresponding
to succi(c) and suce,(c). A node that corresponds to an existential configuration
¢ has a single successor, corresponding to either succi(c) or succr(c). The tree is
an accepting computation tree if all its branches reach an accepting configuration.

The formula 1 will describe accepting trees. As in the linear case, we encode
a configuration of T by a sequence Y172 ... (¢,7i) --.van, and we use a block of
length n to describe each letter o; € I'U(Q x I') in the sequence. The construction
of ¢ is similar to the construction described for ¢ in the linear case. For an LTL
formula &, let £4 be the CTL formula obtained from £ by preceding each temporal
operator by the path quantifier A. For example, (G(p — Fq))4 = AG(p — AFq),
and (GFp)4 = AGAFp. As in the linear case, the atomic propositions ¢ and d are
used to count, b is used to mark the beginning of blocks, and e is used to mark
the last letter in a configuration. Note that the conjuncts £ in ¢ that impose the
desired behavior of b, ¢,d, and e are such that £4 impose the desired behavior of
b,c,d and e in the branching case. Also, the conjuncts £ used in ¢ in order to
check that the first configuration is the initial one and that the computation is
accepting are such that £4 do the same for the branching case. Our formula
has all these conjuncts.

The difficult part is to check that the succ; and succ, relations are maintained.
For that, we add two atomic propositions, eg and ey, that refine the proposition
e and indicate whether the configuration just ended has been existential or uni-
versal. Formally, ¢ contains the conjuncts

— AG(e + (ey Ver)) N AG(—(evy N eRg)),
— AG(Ajeq. yer(n(g,7) = A(=e)U(e Aeg))), and
— AG(A e, yerm(a,7) = A(=e)U(e Aev))).

In addition, we use an atomic proposition / to indicate whether the nodes belong
to a left or a right successor. For clarity, we denote =l by r. Formally, 1 contains
the conjunct

AG(l — (AlUe)) N AG(r — (ArUe)).

Since a universal configuration ¢ has both succ;(c) and suce,-(¢) as successors, and
an existential ¢ has only one of them, 1) also contains the conjunct

AG(eg = (EXIV EXr)) NAG(ey = (EXINEXr)) AN AG(e » AX(IVr)).

We can now use universal quantification over atomic propositions in order
to check consistency with suce; and succ,. Note that suce(c) and suce,(c) are
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uniquely defined. Thus, we can define functions, next; and next,, analogous to
function next of the linear case. Given a sequence (o;_1,0;,0;+1) of letters in ¢,
the function next;({o;—1,04,0:+1)) returns the expectation for the i’th letter in
succy(c). We denote this letter by of, and similarly for next, and of.

In the linear case, we considered assignments to g in which ¢ holds at exactly
two points in the computation. Here, we look at assignments where ¢ holds at
exactly two points in each branch. The first point is a node where a block of o;
starts, and the second point is a node where a block of ¢! or of starts (note that
each assignments to ¢ may check consistency with succ along different branches)?

Consider the atomic proposition ¢, and assume that the following hold: (1) ¢
is labeled as described above (in particular, in each branch of the tree, g is true at
precisely two nodes, both are nodes in which a block starts), (2) in every branch
with two occurrences of ¢, there is exactly one node between them in which e
holds (thus, the two nodes are in successive configurations), and (3) the value of
the counter at the blocks starting at the two points is the same. Then, it should
be true that (4) if the labels of the three blocks starting one block before the
first ¢ are o;_1, 0;, and 0,41, then the blocks starting at the second ¢ are either
left branches in which case they are labeled by next;(0;—1,0;,0:1+1), or they are
right branches, in which case they are labeled by next.(o;—1,0;,0;+1). Formally,
1) contains the conjunct ((1) A (2) A (3)) — (4), where (1)-(4) are as described in
Appendix C.2. Since in Vg, the condition (4) is checked for all the assignments to
g that satisfy (1) A(2)A(3), it follows that 9 is satisfied only in a computation tree
consistent with succ; and succ,.. Hence, Yqi) is satisfiable iff there is an accepting
computation tree of T on z. O

The satisfiability problem for CTL* is exponentially harder than the one for
CTL. We now show that this computational difference is preserved when we look
at the extensions of these logics with universal quantification over atomic propo-
sitions.

Theorem 8. The satisfiability problem for AQCTL* is SEXPTIME-hard.

Proof. We do a reduction from the problem whether a doubly-exponential-space
alternating Turing machine T accepts an input word z. That is, given T" and =z,
we construct an AQCTL* formula Vg1 such that T accepts z iff ¢ is satisfiable.

In [VS85], the satisfiability problem of CTL* is proved to be 2EXPTIME-hard
by a reduction from an exponential-space alternating Turing machine. Below we
explain how universal quantification can be used to “stretch” the length of the
tape that a polynomial CTL* formula can describe by another exponential. As in
the proof of Theorem 6, the formula in [VS85] maintains an n-bit counter, and
each cell of T’s tape corresponds to a block of length n.

In order to point on the letters o; and o} simultaneously (that is, the letters
that the atomic proposition ¢ point on in the proof of Theorem 6), [VS85] adds
to each node of the tree a branch such that nodes that belong to the original tree

2 It is convenient to think of a satisfying tree for 1 as a tree that has branching degree
1 everywhere except for nodes labeled by ey, where the branching degree is 2. Our
reduction, however,makes no assumption about such a structure.
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are labeled by some atomic proposition p, and nodes that belong to the added
branches are not labeled by p. Every path in the tree has a single location where
the atom p stops being true. [VS85] uses this location in order to point on ¢’ and
in order to compare the values of the n-bit counter in the current point (where o
is located) and in the point in the computation where p stops being true.

On top of the method in [VS85], we use the universal quantification in order
to maintain a 2"-bit counter and thus count to 22". Typically, each bit of our
2™-bit counter is kept in a block of length n, which maintains the index of the bit
(a number between 0 to 2" — 1). For example, when n = 3, the counter looks as
follows.

000 001 010 011 100 101 110 111 000 001 010 011 100 101 110 111 ¢~ n-bit counter
0o 0 0 0 0 0 0 O 0 0 0 0 0 0 0 1< 2"bitcounter
000 001 010 011 100 101 110 111 000 001 010 011 100 101 110 111 ...
o 0 0 0 0020 O0O0OO0OO0OO0OO0O 1T 1...

To check that the 2™-bit counter proceeds properly, we use a universally quan-
tified proposition ¢ and we check that if ¢ holds at exactly two points (say, last
points in a block of the n-bit counter), with the same value to the n-bit counter,
and with only one block between them in which the n-bit counter has value 17,
then the bit of the 2”-bit counter that is maintained at the block of the second ¢
is updated properly (we also need to relate and update carry bits, but the idea is
the same). O

Note that the number of atomic propositions in ¢ in the proofs of both The-
orems 7 and 8 is fixed. Note also that if v is satisfiable, then it is also satisfied in
a tree of a fixed branching degree (a careful analysis can show that for CTL the
sufficient branching degree is 2, and for CTL* it is 3).

The logic EAQCTL* extends AQCTL* by adding existential quantification on
atomic propositions: if Vqq,...,q is an AQCTL* formula and pq,...,p, are
atomic propositions, then py, ..., pmVq, ..., qry is an EAQCTL* formula. The
semantics of Ip1,...,pmVa1,...,qxt is given by S = Ip1, ..., omVa1, - .., g iff
there is a tree (T, V') such that (T's, Vs) and (T, V) are {p1, ..., pm }-different and
(T,V) EVaq,...,q. The logic EAQCTL is the subset of EAQCTL* correspond-
ing to CTL. For n > 1, let [n] = {1,...,n}, and let S, = (0, [n],[n] x [n],1, L)
be the structure whose transition relation is the n-state clique (note that since
Sp has no atomic propositions, its labeling function L is redundant). For an
AQCTL* formula v, let width(v) be the sufficient branching degree for 1; that
is, width(¢)) is such that if there is some tree that satisfies ¢, then there is also
a tree with branching degree width(¢)) that satisfies 1. Recall that the seman-
tics of EAQCTL* formulas is defined with respect to the unwinding (Ts, Vs),
for structures S. Hence, as detailed in [Kup97], the satisfiability problem for the
AQCTL* formula V¢, ...,qx% can be reduced to the model-checking problem of
the EAQCTL* formula 3pi1,...,pmVq1,--.,qx% in Syigm(y)- Since the formulas
used in the proof of Theorems 7 and 8 have fixed widths, the following Theorem
follows immediately from Theorems 7 and 8.
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Theorem 9. The model-checking problems for EAQCTL and FAQCTL* are 2EXPTIME-
hard and SEXPTIME-hard in the size of the specification, respectively.

Intuitively, the model-checking problem for EAQCTL* asks whether we can
find an assignment to the propositions that are existentially quantified so that no
matter how we assign values to the propositions that are universally quantified, the
formula is satisfied. Recall that in the control problem we ask a similar question,
namely whether we can find a strategy for the system so that no matter which
strategy the environment uses, the formula is satisfied. In the theorem below
we make the relation between existential and universal quantification over atomic
propositions and supervisory control formal. The relation is similar to the relation
between existential quantification and the module-checking problem, as described
in [KV96].

Theorem 10. Given a structure S and an EAQCTL* formula 3p, ..., pnVaq,- - ., qxt,
there is a plant P and o CTL* formula ¢' such that |P| = O((1 + k +m) - |S]),
[¥'| = O(|S| + |¥]), and S = 3Fp1,...,pmVa, - .., @t iff controllable(P,)).

Proof. See Appendix C.3. O

Since the number of atomic propositions in the formulas used in the reductions
in Theorems 7 and 8 is fixed, and since in the case P is fixed the size of ¢’ in
Theorem 10 is O(|¢|), we can conclude with the following.

Theorem 11. The supervisory control problems for CTL and CTL* are 2EXPTIME-
hard and 3EXPTIME-hard in the size of the specification, respectively.

5 Discussion

Our results shed an additional light on the discussion regarding the relative merits
of linear versus branching temporal logics, cf. [Lam80,Pnu85]. We mainly refer
here to the linear temporal logic LTL and the branching temporal logic CTL.
One of the beliefs dominating this discussion has been “while specifying is easier
in LTL, model checking is easier for CTL”. As is argued in [KV96,KV97a, KV99b],
the computational advantage of CTL over LTL (cf. [CGP99]), disappears once one
considers reactive environments. Qur results here show that the same phenomenon
occurs in the context of the synthesis problem and the control problem: once one
considers reactive environments, the problems for LTL and CTL are equally hard
(2EXPTIME-complete).

In a setting with incomplete information the system (resp., the environment)
may not be able to observe all the signals generated by the environment (resp., the
system), so it strategy needs to depend only on the observed signals. The effect
that incomplete information has on the complexity of the synthesis and control
problems can vary dramatically, from having no impact [KV97b] to causing unde-
cidability [PR90]. An interesting question that deserves further study is whether
we can handle incomplete information in our setting within the same complexity
bounds.
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A Branching-time logics CTL and CTL*

In the branching time logic CTL*, a path quantifier, & denoting “for some path”
(or A “for all paths”), can prefix an assertion composed of an arbitrary combina-
tion of the linear time operators X (“next”) and U (“until”). There are two types
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of formulas: state formulas, whose satisfaction is related to a specific state, and
path formulas, whose satisfaction is related to a specific path. Let AP be a set of
atomic propositions. A CTL* state formula is either:

— p,forpe AP.
— - or ¢ V1, where ¢ and ¢ are CTL* state formulas.
— E¢ where ¢ is a CTL* path formula.

A path formula is either:

— A CTL* state formula.
— = or V1 or Xy, or U1, where ¢ and ¢ are CTL* path formulas.

The logic CTL* consists of the set of state formulas generated by the above rules.

The logic CTL is a restricted subset of CTL*. In CTL, the temporal operators
X, and U must be immediately preceded by a path quantifier. Formally, it is the
subset of CTL obtained by restricting the path formulas to be X ¢ or U1, where
o and ¢ are CTL state formulas.

The semantics of CTL* (and its sub-logic CTL) is defined with respect to a
(Kripke) structure S = (AP, W, R, wq, L), where AP is the set of atomic proposi-
tions, W is a set of states, R C W x W is a transition relation that must be total
(i.e., for every w € W there exists w' € W such that R(w,w')), wg is an initial
state, and L : W — 24P maps each state to a set of atomic propositions true in
this state. For w and w' with R(w,w'), we say that w' is a successor of w . A path
of S is an infinite sequence 7 = w®, w’, ... of states such that for every i > 0, we
have R(w!, w*!). The suffix w?,w'!, ... of 7 is denoted by 7¢. We use w = ¢ to
indicate that a state formula ¢ holds at state w, and we use 7 |= ¢ to indicate
that a path formula ¢ holds at path 7 (assuming a structure S). The relation |=
is inductively defined as follows.

— For an atomic proposition p € AP, we have w |= p iff p € L(w)

—wE—piff w .

—wEeVYiff wEporw =Y.

— w [ Ey iff there exists a path m = wog, w1, . .. such that wy = w and 7 = ¢.

— 7 = ¢ for a state formula ¢ iff w° = ¢.

-7 e iff T p.

- rtEeVYiffmEporwE .

-mEXpiff rt = .

— 7 | U4 iff there exists j > 0 such that 7/ |= 4 and for all 0 < i < j, we
have 7 |= .

In the paper, we also use the following abbreviations.

— 9 A =((-p) Vv (=¢)) (“and”).
— Fop = trueUy (“eventually”).

— Gy = -F-yp (“always”).

— Ap = ~E-p (“for all paths”).
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B Proof of Lemma 1

We define P = (AP', Wy, W,, R,wq, L) as follows:

— AP' = AP U {p.} with p. ¢ AP. (The role of p, will become clear soon).

- W, =2 x2°

— Wy = {wo} U 2! with wy ¢ 2T U,

- R = R() U R1 @] R2 where Ro = {’U)O} X ({@} X 20), R1 = VVe X 21, and
Ry = {(X,(X,Y))|X C T and ¥ C O}.

- L((X,Y)) = XUY U {p.} for each (X,Y) € W, and L(w) = @ for each
w € Wi.

Next we construct the CTL formula ¢’ over AP’ by setting ' = ¢} A . The
basic idea is that ¢} ensures that the truthhood of ¢ matters only at the states
in W,. The conjunct ¢ is the formula EX (||¢||) where ||¢] is given inductively
via: [|pl| = p for p € AP, ||=¢|| = —[l¢]| and [lo1 V 2| = [le1]] V [l@2l|. Fur-
ther, [|EX ]| = EXEX(|lo) and [ E(@:1Ups) ]| = E(@e — llpr)U (e A o).
Finally, ||A(p1Up2)|| is defined by replacing E by A in the clause for ||E(p1Ups)||-

The conjunct ¢!, ensures that the system chooses only one move at states
in W, (since the 29 labelling required must be unique). It is given by ¢} =
AG(—pe = (A,co(EXz — AXz)) It is easy to check that P and ¢’ have the
required properties.

C Lower bound

C.1 AQLTL satisfiability is EXPSPACE-hard
Below we specify the conjuncts described informally in the proof of Theorem 6.
C1. b should hold on u; and fail on wa,. .., u,:
bAX(bAX(-bA---AX=b)-- ) ANG(b+ X"b)
C2. The counter starts at 0:
“cAX(—cANX(—ec...ANX=c)---)

C3. The counter is increased properly. Note that as we always want to increase
it by 1 we take b as a carry to the least significant bit.
— G(((bVd) A—c) = (X(—d) A X™¢)).
— G((—~(bVvd)A—c) = (X(—d) A X™~c)).
— G(((bvd)Ac) = (XdAX"0)).
— G((=(bVd)Ac) = (X—d) A X™0)).
C4. e holds in a node u; of a block with counter 17:

Gleeo bAcAX(ecAX(eNAX(c--4))).

C5. The computation starts with the initial configuration:

1(go, £ )AX"(n(22) - - -AX"™ ((@n)AX" ((#)A[(n(F#) = X" n(#))U (n(F#)Ae)])) - --
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C6. The computation reaches an accepting configuration:

FoA \/ n(g,7)

qEFyED
C7. g is true at precisely two points, both are points in which a block starts:
(U AgAX(~q)U(bAgA XGq)))
C8. There is exactly one point between them in which e holds:

(=q)U(g A ((me)U(e A X((—e)Uq))))-
C9. The value of the counter at the blocks starting at the two points is the same:

(@) Ug A [(c = XF(gAc)) A((mc) = XF(g A (—c)))A
X((e—= F(gAXce)) A ((—c) = F(gAX(=e))A
X({(c > F(ghNXXe) A ((—e) = F(gAXX(—c)))A

X((e = Flgn X" 1)) A ((ﬁc.) = F(gA X" (=0)))) )l

C10. if the labels of the three blocks starting one block before the first g are
oi—1, 0;, and o;41, then the block starting at the second ¢ is labeled by
n€$t(0i_1,0'i,0i+1):

V'  CQUmo)AX™ (aAn(o2) AX" (1(03) AF (aAn(nezt(o1, 02, 03)))))).

01,02,03€X

The function next.
next({(ci_1, 04, 0i41)), which denote our expectation for o} is defined as follows

— next((Vi—1,%i> Yi+1)) = Y-
Vi If ((L'Yz 1) _>( 77 17L)
_ t R . , i . ’L
neat({(@7i-1), 7 761)) = (d'sv) I (g,7vi-1) = (d',7i—1, R)-
— next((vi-1,(q,7i),vi+1)) = ; where (¢,7:) — (¢',7}, Q)-
Vi If (¢,%i+1) = (@', %1, B)-
- t i—15" Vi \4) )2 = it
nezt((¥i-1,%, (@, %i+1)) (¢, ) I (q,7i41) = (', % L).

C.2 AQCTL satisfiability is 2EXPTIME-hard
(1) g is labeled as described above:

AEQU A gNAXA((—q)U (b A g N AX AG—q))).
3VVeamthat T’s head does not “fall” from the right or the left boundaries of the

tape. Thus, the case where i = 1 and (q,7v:;) — (¢’,7;, L) and the dual case where
i=2" and (q,7:) — (¢',7,, R) are not possible.
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(2) In every branch with two occurrences of ¢, there is exactly one node between
them in which e holds (thus, the two nodes are in successive configurations):

A(—q)U(g N A((—e)U(e A AX A((—e)Uq)))).
(3) The value of the counter at the blocks starting at the two points is the same:

A(—q)UqA[(c > AXAF(qAe)) A ((—e) > AXAF (g A (—¢)))A
AX((c = AF(gN AXc)) A ((mc) = AF (g AN AX (=c)))A
AX((c > AF(gNAXAXc)) A ((—c) > AF(gN AXAX (—c)))A

~

AX((c = AF(g A (AX)"16)) A (=) = AF(q A (AX)™ 1 (~)))) - )]

(4) if the labels of the three blocks starting one block before the first ¢ are
0i—1, 0i, and o541, then the blocks starting at the second ¢ are either left
branches in which case they are labeled by next;(o;—1,04,0:41), or they are
right branches, in which case they are labeled by next,(o;—1, 0, 0441):

ACDU V4, 00,05ex o) A (AX)™ (g An(o2) A (AX)" (n(os)A
AF[(g ANl An(nexti(o1,02,03))) V (g AT An(next,.(o1,02,03)))])))-

C.3 Proof of Theorem 10

For technical convenience, let us first assume that a plant has a third type of
states, W,,, which belong to neither the system nor the environment (that is, all

the successors of states in W, are always taken). Let E = {p1,...,pn} and U =
{q1,---,qr} be the sets of universally and existentially quantified propositions, and

let S = (AP, W, R, wq, L). We define P = (AP U {yes, dummy}, Wy, Ws, W, R',wo, L"),
where

Wp=WUu {desalbw}-
- Ws=W x E.

- W,e=WxU.

R' = RU{{w,{w,r)) :w e W and r € EUU}U((W x (EUU)) x {qyes qno})Y
{(CIyesa des>a (@no» @no) }-

— For all w € W and r € EUU, we have L' (w)

{r, dummy}, L' (yes) = {yes}, and L'(gno) = 0.

That is, the plant P contains the structure S. Each state w in S is duplicated
k 4+ m times. Each copy of w is associated with a quantified proposition. States
associated with existentially quantified propositions are system states. States as-
sociated with universally quantified propositions are environment states. Each
duplicated state is labeled by the proposition it corresponds to and by a new
proposition dummy. In addition, there are two states gy.s and g, that all the
duplicated states go to. The new atomic proposition yes is true in gye;-

We define 1)’ in two steps. First, path quantification in ¢’ should be restricted
to computations of S. That is, to paths that never meet a duplicated state. To do
this, we use a function f: CTL* formulas — CTL* formulas that restricts path

Lw)\ (EUU), L'((w,r)) =
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quantification to paths that never visit a state labeled with dummy. For example,
f(EqU(AFp)) = E((G-dummy) A (qU (A((F dummy)V Fq)))). The full definition
of f and a proof that when v is a CTL formula, there is also a CTL formula
equivalent to f(¢), can be found in [KG96,KV96]. We can now define ¢’ as f(¢)
with EX(r A EX yes) replacing each occurrence of a quantified proposition r.
So, if r is existentially quantified, the system chooses whether it holds or not
(by enabling/disabling the transition from the state (w,r) to the state gy.s), and
dually for universal quantification. Note that we first apply f and only then do
the replacement. The length of the formula ¢ is linear in the length of 1.
Finally, we remove the assumption about a plant having a third type of states
by adding to %' a conjunct that disables the pruning of transitions from W,.
Formally, this is done by adding W to AP, and having formulas like AG(w; —
(EXw2 AN EXw;3) that describe R. This is why the length of ¢’ is O(|¢| + |P]).
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