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Abstract

Liveness temporal properties state that something “gowdhially happens, e.g.,
every request is eventually granted. In Linear Temporalid.¢igrL), there is no a priori
bound on the “wait time” for an eventuality to be fulfilled. &this, F0 asserts thaf
holds eventually, but there is no bound on the time wieuill hold. This is troubling, as
designers tend to interpret an eventualit§ as an abstraction of a bounded eventuality
F=kg, for an unknownk, and satisfaction of a liveness property is often not acteet
unless we can bound its wait time. We introduce lreteMPTFLTL, an extension of LTL
with the prompt-eventuallyperatorF,. A systemS satisfies &ROMPFLTL formula
o if there is some bound on the wait time for all prompt-eventually subformulasgf
in all computations of5. We study various problems related”RROMPFLTL, including
realizability, model checking, and assume-guarantee hutaeking, and show that they
can be solved by techniques that are quite close to the sthtetznniques for LTL.

1 Introduction

Since the introduction of temporal logic into computer scie [14], temporal logic, in its
many different flavors, has been widely accepted as an apptefiormal framework for the
description of on-going behavior of reactive systems [T8mporal properties are tradition-
ally classified intosafetyandlivenessproperties [2]. Intuitively, safety properties asserttitha
nothing bad will ever happen during the execution of theeaystand liveness properties as-
sert that something good will happen eventually. Temporaperties are interpreted with
respect to systems that generate infinite computationsitisfigng liveness properties, there
is no bound on the “wait time”, namely the time that may elapstl an eventuality is ful-
filled. For example, the LTL formul&'é is satisfied at time if # holds at some timg > ¢,
butj — 4 is not a priori bounded.

In many applications, it is important to bound the wait tim€&his has given rise to
formalisms in which the eventually operatBris replaced by a bounded-eventually oper-
ator F=F, The operator is parameterized by soke> 0, and it bounds the wait time
to k [4, 9]. Since we assume that time is discrete, the opedtdr is simply a syntac-
tic sugar for an expression in which the next oper&ois nested. Indeedf<*@ is just
6vX(OVX(OVELVXE)).

A drawback of the above formalism is that the boundeeds to be known in advance,
which is not the case in many applications. For example, it degend on the system, which
may not yet be known, or it may change, if the system changexddition, the bound may be
very large, causing the state-based description of thefg@ion (e.g., an automaton for it)
to be very large too. Thus, the common practice is to usediseproperties as an abstraction
of such safety properties: one writB$ instead ofF <*¢ for an unknown or a too large.



For some temporal logics, the abstraction is sound, in theesthat if a systerfi satisfies
a liveness property, then there is a bounid which depends o8, such thatS also satisfies
the formula obtained fronp by replacing all occurrences & in ¢ by F<F. For example,
it is shown in [9] that in the case of CTL, takirigto be the number of states fdoes it.
Thus, if a states satisfiesAF6, then it also satisfied F<*¢, for k = |S|, and similarly for
EF9. Intuitively, sinced is a state formula, a wait time that is greater théhindicates that
the wait time may also be infinite (by looping in a cycle thagbtto be taken during the wait
time), and may also be shortened to at mM&$t(by skipping such cycles).

So the abstraction of safety properties by liveness prigsds sound for CTL. Is it sound
also for the linear temporal logic LTL? Consider the systgmescribed in Figure 1 below.
While S satisfies the LTL formulRGyg, there is ndk > 0 such thatS satisfiesF<*Ggq. To
see this, note that for ea¢h> 0, the computation that first loops in the first state #dimes
and only then continues to the second state, satisfies tintuahty Gg with wait timek + 1.
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Figure 1:S satisfiesFGg but does not satisff<*Gyg, for all & > 0.

It follows that the abstraction of safety properties by tigees properties is not sound
in the linear-time approach (which is more popular with gsef. [7]). This is troubling,
as designers tend to interpret eventualities as boundeataliies, and satisfaction of a
liveness property is often not acceptable unless we canditgiwait time?

In this work we introduce and study an extension of LTL thadradses the above prob-
lem. In addition to the usual temporal operators of LTL, @mgit, PROMPFLTL, has a new
temporal operator that is used for specifying eventualitigh a bounded wait time. We term
the operatoprompt eventualland denote it by',. Let us define the semantics@RomPF
LTL formally. For aPROMPFLTL formula+ and a bound: > 0, let+* be the LTL formula
obtained fromy by replacing all occurrences &%, by F<*. Then, a systeny satisfies) iff
there isk > 0 such thatS satisfies)*.

Note that while the syntax afROMPTFLTL is very similar to that of LTL, its semantics
is defined with respect to an entire system, and not with tgpecomputations. Indeed,
promptness plays no role in the context of a single comprtatf the computation satisfies
an eventuality, it ought to satisfy it with some bounded wiaite, namely the time that has
elapsed until the eventuality has been satisfied. For examtlile each computation in
the systens from Figure 1 has a bourid, > 0 such thaiGq is satisfied inr with wait time
k., there is nck > 0 that bounds the wait time of all computations. It followstthanlike
linear temporal logics, we cannot characterizereoMPFLTL formula i) over a setd P of
atomic propositions by a set of computatiahs C (247)« such that a systerfi satisfies
v iff the language ofS is contained inL,. On the other hand, unlike branching temporal
logics, if two systems agree on their languages, then theseaajso on the satisfaction of all
PROMPELTL formulas. ThuspPROMPTELTL intermediates between the linear and branching
approaches: as in the linear approach, the specificatiensr&s the set of computations of
the system rather than its computation tree; as in the brageipproach, we cannot consider
these computations individually.

INote that the reduction of liveness to safety as describg8l]iis performed by squaring the state space rather
than trying to bound the wait time of eventualities. Thuss itot related to the discussion in this paper.



We study the basic problems PROMPFLTL. Consider aPROMPFLTL formula ) over
AP. The setA P may be partitioned to sefsandO of input and output signals. Consider also
a systemsS. We study the following problemsealizability (is there a strategy : (27)* —

29 such that all the computations generatedfsatisfy:)?), model checkingdoesS satisfy
1?), andassume-guarantee model check{ggven an additionaPROMPFLTL formula ¢,

is it the case that for all systens®, if S||.S’ satisfiesp, thenS|| S’ also satisfieg)?). Since

a system that satisfiesPROMPFLTL formula may consist of a single regular computation,
the satisfiability problem for prompt-LTL can be easily redd to LTL satisfiability (simply
replace all occurrences &1, by F). For the other problems, similar reductions do not work,
and we have to develop a new technique in order to solve thetrud describe our technique
briefly.

Consider a prompt-LTL formula over AP. Letp be an atomic proposition not iAP.
Think aboutp as a description of one of two colors, say greeh¢lds) and redy does not
hold). Each computation of the system can be partitioneddokls such that states of the
same block agree on their color. We show that a sysfesatisfies @ROMPFLTL formula
1 iff there is some boundé > 0 such that we can color each computatioaf S so that the
induced blocks are of length, and whenever a suffix of has to satisfy an eventuality, the
eventuality is fulfilled within two blocks. Indeed, the laticondition holds iff all eventualities
have wait time at mostk.

The key idea behind our technique is that rather than seaydbr a boundk for the
prompt eventualities, which can be quite large, it is enot@ymake sure that there is a
coloring in which all blocks are of a (not necessarily bouldiinite length, and then use
some regularity argument in order to conclude that the sizbeoblocks could actually be
bounded. Forcing the blocks to be of a finite length can be dgneequiring the colors
to alternate infinitely often. As for regularity, in the casferealizability, regularity follows
from the finite-model property of tree automata. In the cdsaadel checking and assume-
guarantee model checking, regularity follows from the énéss of the system.

The complexities that follow from our algorithms are en@ging: reasoning aboaROMPF
LTL is not harder than reasoning about LTL: realizability2ZEXPTIME-complete, and
model checking and assume-guarantee model checking akCEStbmplete. For LTL,
many heuristics have been studied and applied. Some of theimanediately applicable
for PROMPFLTL (c.f., optimal translations of formulas to automatahd some should be
extended to the prompt setting (e.g., bad-cycle detecligorithms). We also study some
theoretical aspects tfROMPFLTL, such as a bound on the wait time, when exists (may
be linear in the system and exponential in the prompt-LTInfala), the ability to translate
PROMPELTL formulas to branching-temporal logics (a translationthe y-calculus is al-
ways possible, but may involve a significant blow up), andatbidity to determine whether a
PROMPFLTL formula has an equivalent LTL formula (PSPACE-comp)et

In [1], Alur et al. study an extension of LTL in which the tenypboperatord andG
may be parameterized by variables that describe lower apéerigpund on the wait time (or
the satisfaction time, fo€&). Our logic can be viewed as a special case of the logic there,
in which only eventualities are parameterized, and onlyhwipper bounds. The algorithms
suggested by Alur et al. are rather involved. By restricattgntion to prompt eventualities
(the practical interest of the other combinations is lesspelling), we get a much simpler
model-checking algorithm, which is also quite similar te ttlassical LTL model-checking
algorithm. We are also able to a solve the realizability sssiene-guarantee model checking.



2 Prompt Linear Temporal Logic

The logicPROMPTFLTL extends LTL [14] by aprompt-eventuallpperatorF,. The syntax
of PROMPTELTL formulas (in negation normal form) is given by the grambelow, for a
setAP of atomic propositionsp ::= AP | =AP | oV | Ag | Xe | Fpe | U | gRep.
The semantics of aROMPFLTL formula is defined with respect to an infinite word =
wo, w1, . .. over the alphabe2”, a positioni > 0 in w, and a bound: > 0. We use
(w, k,i) = ¢ to indicate thatp holds in locationi of w with boundk. The relationj= is
defined by induction on the structurepfas follows.

e For propositions, Boolean connectives, and LTL tempora&rators, the definition is
independent of and coincides with the one for LT

o (w,i,k) = Fpy iff there existsj such that < j <i+ kand(w, j, k) = ¢.

We useFd andG# to abbreviatérueU6 andfalseR 6, respectively. Note that the negation of
F}, is not expressible iPROMPFLTL, thus the logic is not closed under negation. Given a
PROMPFLTL formula, let live(y) be the LTL formula obtained from by replacing every
prompt-eventually operatdf,, by a standard eventually operaidr

A (labeled) transition systeiis S = (AP, S, p, so, L), whereAP is a finite set of atomic
propositions,S is a finite set of stateg; C S x S is a total transition relationsy € Sy is
an initial state, and. : S — 247 maps each stateto the set of propositions that hold in
Whenp(s, s'), we say that’ is asuccessoof s, ands is apredecessoof s’. A computation
of S is an infinite sequence of states= sg, s1,... € S* such that for ali > 0, we have
p(8:, si+1). The computationr induces therace L(w) = L(sg) - L(s1) - - -

Given a systen and aPROMPFLTL formula ¢ over AP, we say thatS satisfiesy,
denotedS = o, if there exists somg > 0 such that for all traces of S, we havgw, 0, k) =
. We then say thaf satisfiesp with boundk. Note that whers [~ ¢, then for evenyk > 0,
there exists a trace such tha{w, 0, k) |~ .

In [1], Alur et al. study an extension of LTL in which the tenrypboperatord andG
are replaced by the operatdfs.,,F,, G<;, andGs,, for variablesz andy (the same
variable may be used in different operators, but, to ensecéddbility, the same variable
cannot participate in both a lower and an upper bound). GaveystemS and a formula in
their logic, one can ask whether there is an assignment teeatti@bles for which the system
satisfies the formula, with the expected interpretatiorhefiounded operatofsOur logic
can be viewed as a special case of the logic studied in [1],hichvonly eventualities are
parameterized, and only with upper bounds. The algoritluggasted by Alur et al. are rather
involved. By giving up the operatos.. ,, G<,, andG,, whose usefulness is debatable,
we get a much simpler model-checking algorithm, which is aisnilar to the classical LTL
model-checking algorithm. We are also able to a solve thizedslity and the assume-
guarantee model checking problems.

The Alternating-Color Techniqgue We now describe the key idea of our technique for
reasoning abouROMPFLTL formulas. Letp be an atomic proposition not iHP. We
think aboutp as a description of one of two colors, say gregem@lds) and redy does not
hold). Each computation of the system can be partitioneddokls such that states of the

2Recall that in LTL we have that, i = ORy iff for all j > 4, if 7, = , then for somek, i < k < j, we
haver, k = 6.

3The work in [1] studies many more aspects of the logic, like pnoblem of deciding whether the formula is
satisfied withall assignments, the problem of finding an optimal assignmedtpther decidability issues.



same block agree on their color. Our technique is based oidéaethat bounding the wait
time of prompt eventualities can be reduced to forcing altks to be of a bounded length,
and forcing all eventualities to be fulfilled within two bk& We now make this intuition

formal.

Consider a wordy = g, 01,... € (247)“. Letp be a proposition not iMP. A p-
coloring of w is a wordw’ = o}, 0%, ... € (247Y{PH)@ such thatw’ agrees withw on the
propositions inA P; i.e., for alli > 0, we haver, N AP = o;. We refer to the assignment to
p as thecolor of location: and say that is green ifp € ¢ and is red ifp ¢ o/. We say that
p changes at if eitheri = 0 or the colors of — 1 and: are different (that isp € o]_, iff
p ¢ ol). We then call ap-change pointA subwordo?, . .., o/, is ap-blockif all positions in
the subword have the same color, arahd:’ + 1 arep-change points. We then say thiand
i’ + 1 are adjacenp-change points. Fdt > 0, we say thatv’ is k-spaced k-boundedand
k-tight (with respect tg) if w’ has infinitely many blocks, and all the blocks are of length at
leastk, at mostk, and exactlyk, respectively.

Consider the formulalt, = GFp A GF—p. It requires that the propositignalternates
infinitely often. Given aPROMPTFLTL formula ¢, letrel,(p) denote the formula obtained
from ¢ by (recursively) replacing each subformula of the faktgy by the LTL formula
(p — (PU(—pUY))) A (-p — (—pU(pUv))). Note that the definition is recursive, thus
rel, () may be exponentially larger thgn The number of subformulas oéi,(¢), however,
is linear in the number of subformulas @f and it is this number that plays a role in the
complexity analysis (equivalently, the size of theG-presentation ofel,(y) is linear in
the size of theDAG presentation ofp). For aPROMPFLTL formula ¢, we definec(y) =
alt, A rel,(p). Thus,c(p) forces the computation to be partitioned into infinitely man
blocks, and requires each prompt eventuality to be satisfi#te current or next block or in
the position immediately after the next block (within twabtks, for short),

Lemma 2.1 Consider aPROMPFLTL formulay, a wordw, and a bound: > 0.
1. If (w,0, k) = @, then for every-spaced-coloring w’ of w, we havgw’, 0) = ¢(p).
2. Ifw' is ak-bounded-coloring ofw such thatw’, 0) = ¢(p), then(w, 0, 2k) = ¢.

Proof: Consider the first claim. Singedoes not use the propositipnthen clearly(w’, 0, k) |=
. Annotate every location in’ by the subformulas of that hold in this location. Every lo-
cation annotated bl , ¢ satisfies eithepU(—pUvy) or -pU(pUy). Indeedw’ is k-spaced,
and(w, i, k) |= Fpy ifthere existg < k suchthafw, i+7, k) = . Hence(w',0) = c(p).
Consider the second claim. Let be ak-boundedy-coloring ofw such thatw’,0) =
c(p), Annotate every location im’ by the subformulas of(y) that hold in this location.
Consider a locatior annotated byU(-pUv) or —-pU(pUy). Sincew’ is k-bounded, it
follows that for somej < i + 2k, the locationj is annotated by). Therefore, location
satisfiesF 1. Hence(w, 0, 2k) = ¢. O

The alternating-color technique sets the basis to reag@tiout s ROMPFELTL formula
¢ by reasoning about the LTL formuldy). The formulac(y), however, does not require
the blocks in the colored computation to be of a bounded fenigideed, the conjunetlt,
only forces the colors to be finite, and it does not preven, @a-coloring in which each
block is longer than its predecessor block, and which issAlbbunded, for alk > 0. Thus,
the challenge of forcing thg-coloring to bek-bounded for somé remains, and we have to
address it in each of the decision procedures describe@ ifoHowing sections.



3 Realizability

Given an LTL formulay over the setd andO of input and output signals, thealizability
problemfor 1 is to decide whether there isstrategyf : (2/)* — 2 such that all the com-
putations generated by satisfys) [16]. Formally, a computation € (2/%°)« is generated
by fif w= (i¢0Uoo), (i1U01), (12U02),...andforallj > 0, we haven; = f(ig-i1---i;).
Thus, the interaction is initiated by the environment therigrates,, and the first state in the
computation is labeleé U f(ip). Then, the environment generatesand the second state
in the computationig; U f (i - i1), and so on. It is known that if some strategy that realizes
1 exists, then there also existgegular strategy(i.e, a strategy generated by a finite-state
transducey that realizesg) [6]. Formally, a transducer i® = (I,0,Q,n, qo, L), wherel
andO are the sets of input and output signé)sis a finite set of states,: Q x 2/ — Qisa
deterministic transition functiomy € Q is an initial state, and. : Q — 2° maps each state
to a set of output signals. The transdufegenerateg in the sense that for everyc (27)*,

we havef (1) = L(n(7)), with the usual extension afto words over’.

We first show thaPROMPFLTL realizability of a formulay cannot be simply reduced
to the realizability oflive(¢). Thus, we describe a formujasuch thative () is realizable,
but for every strategy that realizesp and for every candidate bourid > 0, there is a
computationv generated by such thatw, 0, k) |~ ¢. LetI = {i} andO = {o}. We define

p=0 A (G(i—0) AN ((X-0)Ri) N (FpGo).

Thus, a computation satisfiesif o holds in the present and whenevérolds, whenever
does not hold in some position, themoes not hold in this position or in an earlier one, and
the computation prompt-eventually reaches a position fngdrith o holds everywhere. It is
not hard to see thdtve(yp) is realizable. Indeed, the strategy that sets true everywhere
except in the first time thatis falserealizeslive(p). On the other hand; is not realizable.
To see this, note that the position in which the inpistset tofalsecan be delayed arbitrarily
by the environment, forcing a delay also in the fulfiimentloé Go eventuality. Thus, for
every candidate bourid> 0, the input sequence in whichs falseat the(k + 1)-th position
cannot be extended to a computation that sati#ijg&o with boundk.

The good news is that while realizability gf cannot be reduced to the realizability of
live(¢p), it can be reduced to the realizability @fp). Intuitively, it follows from the fact that
in a regular strategy, the fact that all blocks are of a firétegth does imply that they are also
of a bounded length. Formally, we have the following.

Theorem 3.1 A PROMPFLTL formulay over input signald and output signal® is real-
izable iff the LTL formula:(y) over input signald and output signal® U {p} is realizable.

Proof: Suppose thap is realizable. Then there exists a stratefgy (2/)* — 29 and a
boundk > 0 such that all the computations of f satisfy (w,0, k) E . We extendf to

a strategyf’ : (27)* — 20Y{r} that realizes:(¢). Intuitively, we add to the computations
of f ap-coloring that is2k-tight. Formally, forr € (27)*, we definef’(r) = f(7) U {p} if
|7] mod 2k is betweer) andk — 1 andf’(7) = f(7) if |7] mod 2k is betweerk and2k — 1.
Consider a computatiom induced byf’. Note thatw is k-tight and it satisfies. Therefore,
by Lemma 2.1, we conclude that}= c(y).

Assume now that(y) is realizable. Letf : (27)* — 20Y{r} be a regular strategy that
realizes it. We show that the strategy: (27)* — 2© obtained fromf by projecting it on
O (thatis, for allT € (27)*, we havef’(r) = f(r) N O) realizesp. Letn be the number
of states in the transducer that generatesVe show that all the computations generated



by f’ satisfy ¢ with bound2n + 2. Consider a computatiom of f’. We claim thatw is

(n + 1)-bounded. To see this, assume by way of contradictionuthiads adjacent-change
pointsi andj such thatj —i > n + 1. LetD = (27,29 Q,n, q, L) be the transducer
that generateg, and letqq, ¢1, g2, - . . be the run ofD that corresponds ta. SinceD has

n states, there exists a stateand locationg’ andj’ such that < i/ < j' < j —1 and
g = q;j-. Thus, some state repeats alonggHelock that starts atand ends af — 1. Then,
the rungo, g1, - .., qi—1, (gir, - - -, q7—1)* is also a run ofD. This run, however, generates a
computation off that does not satisfylt,, contradicting the fact thaf realizesc(y¢). So,
every computatiomw of f’is (n+1)-bounded, and it satisfie$y). Therefore, by Lemma 2.1,
we conclude thafw, 0, 2n + 2) | ¢. O

Since LTL realizability is 2EXPTIME-complete and every Lfarmulais also ®# ROMPF
LTL formula, we can conclude:

Theorem 3.2 The problem of prompt realizability is 2EXPTIME-completdhe size of the
formula.

As demonstrated above, the alternating-color techniqwerng powerful in the case of
realizability. Indeed, the challenge of forcing thecoloring to bek-bounded for somé:
is taken care of by the regularity of the strategy. We now eedcto the model-checking
problem, where a reduction tdy) is not sufficiently strong.

4 Model Checking

In this section we describe an algorithm for solving the ntarhecking problem foPROMPF
LTL. An alternative algorithm is described for the richergaeterized linear temporal logic
in [1]. Our algorithm is much simpler, and it deviates frome #tandard LTL model-checking
algorithm only slightly. In addition, as we show in Sectigrtite idea behind our algorithm
can be applied also in order to solve assume-guarantee roogiekting, which is not known
to be the case with the algorithm in [1]. Our algorithm is lthee the automata-theoretic
approach to LTL model-checking, and we first need some digiisit

A nondeterministic Bchi word automator{NBW for short) is A = (%, 5,4, so, @),
whereY is a finite alphabetS is a finite set of statesj : S x ¥ — 29 is a transition
function, sq € S is an initial state, ande C S is aBuchiacceptance condition. Aun of
A onawordw = wq - ws - -+ IS an infinite sequence of stateg s1, . .. such thatsg is the
initial state and for allj > 0, we haves;; € §(s;,w;). Forarunr = sg,s,..., let
inf(r) = {s € S| s = s, forinfinitely manyi's} be the set of all states occurring infinitely
often in the run. A run isicceptingf inf(r) N« # 0. That is, the run visits infinitely many
states fromn. A word w is accepteddy A if there exists some accepting run.dfover w.
Thelanguageof A, is the set of words accepted By

Theorem 4.1 [20] For every LTL formulapy over AP there exists an NBWA, over the
alphabet24? such thatA,, accepts exactly all words that satisfy The number of states of
A, is at most exponential in the number of subformulag.of

In order to check whether a syste$nsatisfies an LTL formulg, one takes the product
of S with the NBW A-,, and tests the product for non-emptiness [19]. Indeed, aipath
this product withesses a computation®that does not satisfy. As discussed in Section 1,
in the case oPROMPFLTL we cannot translate formulas to languages. Moreoveraigo
cannot simply apply the alternating-color technique: efeve check the nonemptiness of



the product of the system (an augmentation of it in which tlepepsitionp behaves nonde-
terministically, thus alp-colorings are possible) with the automaton ét, A —rel,(y), a
path in this product only implies that for some boung 0, the formulap is not satisfied in
S with boundk. For proving thatS does not satisfyp we have to prove something stronger,
namely, thaty is not satisfied inS with boundk, for all boundsk > 0. For that, we do
take the product of the system with the automatorufoy A —rel, (), but add a twist to the
nonemptiness check: we search for a path in the product inhndachp-block contains at
least one state that repeats. Such a state indicates ttedt fmundsk > 0, thep-block can
be pumped to a-block of length greater thak, implying thaty cannot be satisfied i§ with
boundk. We now formalize this intuition.

A colored Bichi graphis a tupleG = {{p},V, E, vy, L, o), wherep is a proposition}
is a set of verticesfl C V x V is a set of edgegy, € V is an initial vertex,L : V —
2{r} describes the color of each vertex, andC V is a set of accepting states. A path
T = vy, V1,02, ... Of G is pumpabléf all its p-blocks have at least one state that repeats.
Formally, if i and:’ are adjacenp-change points, then there are positigrend;j’ such that
i <j<j <iandv; = v;. Also,r is fair if it visits « infinitely often. Thepumpable
nonemptinesgroblem is to decide, give@¥, whether is has a pumpable fair path.

Let¢(p) = alt, A —rel,(p). Thatis, we relativize the satisfaction Bf, to the new
propositiorp, negate the resulting formula, and require the proposittoralternate infinitely
often. LetAz,) = (247°{P}, Q, 6, g0, o) be the NBW foré() per Theorem 4.1. Consider
asystemS = (AP, S, p,so, L). We now define the product & with Az,,) by means of
a colored Buchi graph. Note th& does not refer to the propositign and we duplicate
its state space in order to have in the product all posgHulelorings of computations i§.
Thus, the product i = ({p}, S x {{p},0} x Q, M, (so,{p},q), L, S x {{p}, 0} x ),
whereM ((s, c, q), (s',,¢")) iff p(s,s’) andq’ € §(q, L(s) Uc), andL((s,c,q)) = c.

It is not hard to see that a path= (sg, co, q0), {(s1,¢1,¢1), {S2,¢2,¢2), ... In P corre-
sponds to a computatioy, s1, s2, . . . of S, ap-coloring L(sg)Uco, L(s1)Uc, L(s2)Uca, . ..
of the trace that the computation induces, and agpuiny, g2, - - . of Az(,,) on thisp-coloring.

Theorem 4.2 The systend does not satisfy iff the product ofS and Az, is pumpable
nonempty.

Proof: Assume first thalS |~ ¢. Then, for every bound > 0, there exists a computation
7 of S such that(r, 0,2k) = ¢. Letk be larger thanS| - |Q| and letr;, be as above.
Since(my, 0,2k) B~ ¢, then, by Lemma 2.1, for aki-bounded-coloring;, of 7, we have
(7}, 0) = ¢(¢p). Consider the-tight p-coloring . of 7, that starts with a green block. By
the above(r},,0) = c(p). Also, clearly,(r},,0) = alt,. Thus,(m,,0) = €(p). In addition,
sincek > |S| - |Q|, every path in the produ@® that corresponds to ftight p-coloring of
7 IS pumpable. Hence, the productzdf with an accepting run oflz(,.) is a pumpable fair
path inP.

Assume now thaP contains a pumpable fair path= (s, co, qo), (51, 1, 1), {82, 2, ¢2),
.... We claim that for everyt > 0, we can pump the computatieg, s1, s2,... of Sto a
computation that does not satisfywith boundk. To see this, note that for eaéhwe can
pump the pathr to a fair pathr, such that the-coloring of the trace that correspondsitp
is k-spaced and satisfies-el,(¢). Hence, by Lemma 2.1, it does not satigfyith bound
k. O

In Section 5, we study the problem of deciding whether a eal@tichi graph is pumpable-
nonempty, and prove that it is in NLOGSPACE and can also besddh linear time. This,



together with Theorems 4.1 and 4.2, imply the upper bountérfallowing theorem. The
lower bound follows from the known lower bound for LTL.

Theorem 4.3 The model-checking problem feROMPFLTL is PSPACE-complete and can
be solved in time exponential in the length of the formulalarehr in the size of the system.

Note that while the pumpable nonemptiness problem to whikbMPFLTL model-
checking is reduced is a variant of the nonemptiness protdeshich LTL model checking
is reduced, the construction of the product is almost theesalm particular, the extensive
work on optimal compilation of LTL formulas to NBW (see suyia [18]), is applicable to
our solution too.

Remark 4.4 The model-checking algorithm of the parametric linear teraplogic of [1] is
based on the observation that iPROMPTFLTL formula ¢ is satisfied in a systeri, then

it is satisfied with bound:, for somek that is exponential ip and polynomial inS. One
cannot hope to improve this bound. Indeed, for every 1, we can define aROMPFLTL
formulat,, of size linear inn such that a systems satisfigs iff in all its computations, the
atomic propositiory corresponds to an-bit counter, and the value of the counter promptly
eventually reache®™ — 1. Clearly,,, is promptly satisfied, but the minimal boudwith
which,, is satisfied with bound (in some system) is exponentialin ]

5 Algorithms for Colored B lichi Graphs

In Section 4 we reduced model-checking FROMPFLTL to pumpable nonemptiness prob-
lems for colored Biichi graphs. In this section we solve ph@éblems, and provide space and
time bounds.

Theorem 5.1 The pumpable nonemptiness problem for colorédBgraphs is NLOGSPACE-
complete and can be solved in linear time.

Proof: LetG = ({p},V,E, vy, L,).  We start with an algorithm in NLOGSPACE. It
is not hard to see that it is enough to search for pumpabl@éirs of the formiw“ where
u,w € V. In addition, we can assume that is ap-change point, that is, the color of the
last vertex inu is different from the color of the first vertex in, and in addition that the first
p-block inw visits a.

It is well known that we can check whether a verieis reachable from a vertex in
NLOGSPACE. We guess a successbtrof v, if v = v’ the answer is yes, otherwise we
check whether’ is reachable from”. The algorithm requires logarithmic space in order to
store the vertices, v' andv”.

In order to find a pumpable fair path we have to iterate thecbeaf paths described
abové. We say that a vertex is block-reachabldrom v if there exists a path from to v’
such that all vertices on the path agree on their color. Bleelchability can be established
by an algorithm similar to the above where the search isicéstito vertices that agree with
v andv’ on their color. We say that vertex is pump-block-reachablfeom v if v’ is block-
reachable fromvy and in addition some vertex repeats on the path froto v/. We can
establish that’ is pump-block-reachable fromby an algorithm similar to the above. We
guess a vertex” that agrees withh andv’ on their color, ensure that’ is block-reachable

4This is similar to the proof that emptiness of Biichi graphsolvable in NLOGSPACE. We guess a vertex
v € a, show that it is reachable frony and that it is reachable from itself.



from v, thatv” is block-reachable from itself, and that is block-reachable from”. A
simple modification of the above can check thais pump-block-reachable fromby a path
that visitsa.

Using the pump-block-reachable check described above weediollowing. We guess a
vertexwv; that is the first vertex im. We check that; is reachable fromy with a sequence
of pump-block-reachable steps. That is, to make one step fredev we guess a node
that does not agree withon its color. We guess a predecessb6of v’ that does agree with
on its color and check that’ is pump-block-reachable from Then we continue the search
from v’. Once we have established thatis reachable fromyy, we guess a vertex,, make
sure that some predecess9rof v, is pump-block-reachable from with a path that visits
«. Finally, we check that; is reachable froms by a sequence of pump-block-reachable
steps (as before).

Since the reachability problem in directed graphs is in NISBACE, our algorithm can
be implemented in NLOGSPACE.

We now move to the time complexity. For standard Bichi nopigmess, one looks for
a reachable nontrivial strongly connected component titatsectsy. In the colored case,
we should further check that eagfblock in the path can be pumped. We do this by making
sure that every greemblock contains at least one vertex that belongs to a noakstrongly
connected componentin the graph of the green vertices,ianildity for the redp-blocks.

Consider the grapler, = (V,, E,) obtained fromG by restricting attention to green
vertices. ThusV, = {v € V | L(v) = {p}} andE, = En (V, x V). The graph
G, = (V,, E,.) is defined similarly. We can find the maximal strongly conedaomponents
(MSCC) of G, and G, in linear time [17] (note we are interested also in MSCCs #rat
not reachable fromy in G, andG,). LetS, C V,; andS, C V, denote the union of all
non-trivial MSCCs inG, andG,., respectively.

Let back, (S,) be the vertices that can reach some vertesjnand lete- baclg( 4) be
the edges that are used to reach these vertices. We tag ﬁ@yen back;(S,) \ S, by
the tags. Formally, we defineback(S,) = S, andbackK ,(S;) = {v € V | Hv €
backi(Sy) and(v,v") € E}. Then,

back,(Sy) = S, U (|_J bacK (S,)) x {B}.

i>1

For a vertexu € back,(S,), let ver(u) be the vertex it/ that induces; that is, the vertex
obtained fromu by ignoring its tag, if exists. Then,

e-bacl; (S,y) = {(u, ') : E(ver(u),ver(u')) and there is > 0 such that € back, , (S,) andu’ € back'(S,)}

In a similar way, we definéorward, (S, ) to be the set of vertices that are reachable from
some vertex irb, (with vertices not mS tagged withF) and definee-forward, (S, ) to be the
edgesthatare used to reach these vert|ces Thbagks e-back, forward,, ande -forward.

are defined similarly. Another type of edges we need are dugfeseernp-blocks. Let

Eyr = {{u,u) : E(ver(u),ver(u')),u € forward,(S,), andu’ € back.(S,)}
be the set of edges along which the color changes from greewlt@and let
E,.—4={(u,u) : E(ver(u), ver(u')),u € forward,(S,), andu’ € back,(S,)}

be the set of edges along which the color changes from redetngr
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Consider now the grapti’ = (V', E'), whereV’ = back,(S,) U forward, (S,) U
back.(.S,.) U forward,.(S,), and

E' = e-forward, (S,) U e-forward.(S,) U e-back (S,) U e-back(S,) U E, ., U E,_,.

Note that the vertices i, and S, appear inG’ with no tag. Other vertices (these W
that can reach an MSCC i}, along green vertices and can also be reached from a different
MSCC inS, along green vertices, and similarly f&r) may appear i7" with both tags, thus
the number of vertices i is at most twice the number of verticesGh

Intuitively, the graphG’ contains exactly all the pumpable computationg>ofIndeed,
along eachp-block, there must exists a vertex that belongs to an MSC@efjtaph of the
corresponding color. We prove th@tis pumpable nonempty iff?’ has some non-trivial
MSCC that is reachable fromy (possibly tagged witls) and contains a vertex froma.

Suppose that there is some non-trivial MSCGdhwith a vertexv from a. Letn =
vg, V1, - .., be a path fromuwy that visitsv infinitely often. We show that we can find a
pumpable path’ from v that visitsv infinitely often. (Note that”” C VU(V x {B, F}), thus
we abuse here notation and move to talk about the projectioron V). Consider the path.
Every edge inr is in one of the six sets of edges that comp#igePartitionr to thep-blocks
that comprise itrg, 71, . . ., wherem; = vj,, vj,41, ..., v;,,,—1. We construct by induction a
pathz’ in which every block is pumpable. Consider the bloeksandr;. Suppose that,
is green andr, is red (the dual case is similar). It follows that;, —1,v;,) € E,_., and that
v;, -1 € forward ( 4). Hence, there has to be a pattGp betweeny, andv;, _; that passes
through some MSCC itv,. Letn] be the path that goes from to v;, —; through this MSCC
and passes at least some vertex in this MSCC twice. Congideblocksm; 1,7, mi41.
Assume thatr;_; is green,n; is red, andr;; is green. Ther(v;,_1,v;) € E4,, and
(Vjis1—1,Vj;4,) € Er_y. It follows thatv;, € back.(S,) andv;,,,—; € forward.(S,).
Thenm; visits some vertex in S,, and we seir; to be a path betweery, andv;,,, _; that
visits v twice. The case where the pathhas only finitely many-blocks can be handled
similarly.

Consider a pumpable fair path= vg, v1, ... in G. We can tag some of the vertexby
B or F according to its location in its block (tag withvertices not inS, that appear before
the repeating state and tag witlvertices not inS, that appear after the repeating state). Itis
easy to see that all the edges in the tagged versm:rramé presentid’. It follows that inG’
there is some reachable MSCC that visits

We analyze the time it takes to constré¢t and to check whether it has a non-trivial
MSCC that intersecta. Clearly, the MSCC decomposition 6f, andG,. can be done in
linear time. The search fdrack;, andforward, is done by backward and forward propagation
from S,. During the search, the edgeserback ande-forward, can be marked. The case
of back. andforward, is similar. This stage can be completed in linear time as.izfially,
the MSCC decomposition @ is completed again in linear time. Since the siz&bis at
most twice the size afy, the overall running time is linear. ]

We note than our algorithm is based in MSCC-decompositiae.adn open question whether
a linear-time algorithm based on nested depth-first-seeaiohbe found (see discussion of
these types of algorithms in [18]).

In Section 6 we reduce assume-guarantee model-checkingéwpPFLTL to a pumpable
nonemptiness problem for colored Biichi graphs with twarl We now turn to consider
such graphs.

A colored Bichi graph of degree twis a tupleG = ({p,q},V, E, vy, L, «). Itis similar
to a colored Biichi graph, only that now there are two setsotifrs, described by andg.
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Accordingly, L : V — 2{ra}, Also, « is a generalized Biichi condition of index 2, thus
a = {ay,a2}. Apathm = vg,v1,v2,...0f G is pumpablef we can pump all its;-blocks
without pumping itsp-blocks. Formally, if; andi’ are adjaceng-change points, then there
are positionsj, j/, andj” such that < j < 7/ < j” < ¢, v; = v;» andp € L(v;)

iff p ¢ L(v;). Also, « is fair if it visits both oy andas infinitely often. Thepumpable
nonemptinesgroblem is to decide, give@¥, whether it has a pumpable fair path.

Theorem 5.2 The pumpable nonemptiness problem for colorédt graphs of degree two
is NLOGSPACE-complete and can be solved in linear time.

Proof: As before, we are searching for a pumpable fair path of tha far” whereu, w €
V+ and thafu| is ap-change point.

The search for g-block that connects to v' and contains a pumpable section is parti-
tioned as follows. We guesg’ that agrees withy on the assignment tg and search for a
path fromv to v” while maintaining the samgassignment. Then we search for a path from
v” to itself. This path has to maintain the same assignmegqthowever, has to change the
assignment te at least once. Finally, we search for a path frofnto v’ that maintains the
same assignment to

Using this basic reachability algorithm we do the following/e guess a vertex, that
is the first vertex inw. We make sure that, is reachable fromy with a sequence of such
moves. We make sure that is reachable from itself with a sequence of such moves tlsit vi
botha; andasy. The entire algorithm can be implemented in NLOGSPACE.

We now describe a linear-time algorithm for solving the peolo. Assume thaty, has no
incoming edges. Consider the gra@h = (V,, E,) whereV is the subset of vertices labeled
byg,ie.V,={veV]qge L)} andE, = EN (V, x V). The graphGz = (Vg, E7)
is defined similarly for vertices not labeled lgy We can analyze the maximal strongly
connected components (MSCC) @}, andGy in linear time [17]. We restrict our attention
to MSCCs that contain both vertices labeledpgnd vertices not labeled by Let S, C V,
denote the union of all non-trivial MSCQ¥ in G, such that there exist v’ € M such that
p € L(v) andp ¢ L(v"). DefineSz C V5 similarly.

For 8 € {q,7}, the setshack;(Ss), e-back(Ss), forward,(Ss), e-forward;(Ss) are
defined as in the proof of Theorem 5.1. As there, the verticésicks (S3) \ S are tagged
with B and the vertices iforward(Ss) \ Sp are tagged withr.

Consider now the grapt’ = ({p}, V', E’, v, L, ) of G whereV’ = back(S,) U
forward, (S,) U back;(Sz) U forward;(S;) andE" is as follows.

E' = E, .3 U Eg_.,Ue-forward,(S,) U e-forward,(Sz) U e-back (S, ) U e-back(Sg),
whereE, .z andE;_,, are defined as follows.

Ey—q = {({u,u') : E(ver(u),ver(u')),u € forward,(S,), andu’ € back(S3)},
Eg.q = {(u,u') : E(ver(u), ver(u')),u € forward,(Sz), andu’ € back(S,)}.

Ifin G’ some non-trivial MSCC that is reachable fram (possibly tagged witts) and
contains vertices from; and fromas then we conclude thaf is pumpable nonempty.

Claim 5.3 The graphG is pumpable nonempty i’ has some non-trivial MSCC that is
reachable fromy, (possibly tagged wits) and contains vertices from; and fromas.
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Proof: Suppose that there is some non-trivial MSC@3hwith a verticesy; andv, from
a1 andas, respectively. Letr = vg, vy, .. ., be a path fromyy that visitsv; andws infinitely
often. We show that we can find a pumpable pattirom vy that visitsv infinitely often.
Consider the pathr. Every edge inr is in one of the six sets of edges that comprige
Partitionr to the g-blocks that comprise itg, 7y, ..., wherem; = v;,,vj,41,- .., V), -1
We build by induction a patl’ in which every block is pumpable. Consider the blocks
mo and ;. Suppose thatg is labeled byg and 7; is not labeled by;. It follows that
(vj,—1,v5,) € Eq—g and thatv;, , € forward, (S,). Hence, there has to be a pathdf
betweenv, andwv;, _; that visits some vertex in S,. By definition of S;, the vertexv
belongs to an MSCQ@/ that contains vertices labeled byand vertices not labeled by
Let ] be the path that goes frong to v,, _1, visitsv twice, and between the two visits to
passes vertices labeled pynd vertices not labeled hy Consider the blocks;_1, 7;, m;41.
Assume thatr;_; is labeled byg, 7; is not labeled by, andw;,; is labeled byg. Then
(vji—1,v5,) € Eqg and (vj,,.,—1,vj,,,) € FEg_4. It follows thatv;, € back(Sz) and
vj,,—1 € forward (Sz). Thenm; visits some vertex in Sz, and we setr; to be a path
between;, andv;,, , —; that visitsv twice, and in addition between the two visitsitpasses
vertices labeled by and vertices not labeled by The case where the patthas only finitely
manyg-blocks can be handled similarly.

Consider a pumpable fair pathin G. Itis simple to see that all the edgesmare present
also inG’. It follows that inG’ there is some reachable MSCC that visits hetrando,. [

As before, all parts of the algorithm can be executed in litieze. O

Remark 5.4 The algorithms described above are explicit. A symbpkoOMPFLTL model
checking algorithm follows from the translation®ROMPFLTL to the p-calculus described
later in Theorem 7.3. The translation, however, involvegyaificant blow up. A symbolic
algorithm that performs well on the colored Biichi graphkefs open. For standard Biichi
graphs, algorithms can be classified as ones that are basedested fixed point that calcu-
lates the set of states that can readhfinitely often [8], and ones that calculate symbolically
the MSCC of the graph [5]. We believe that algorithms of theosel type can be extended to
colored graphs. ]

6 Assume-Guarantee Model Checking

For two systemsS = (AP, S, p, so, L) andS’ = (AP, S, ', s{,, L'), the parallel composi-
tion of S with §’, denotedS||S’, is the system that contains all the joint behavior§s aind
S'. Formally,S||S" = (AP, S”,p", sy, L"), whereS” C S x S’ contains exactly all pairs
that agree on their label, that {s,s’) € S” iff L(s) = L'(s'). Then,sj = (s, s;) and
p"((s,s), (t, ) iff p(s,t)andp’(s',¢'). Finally, L”({s,s")) = L(s).

An assume-guarantee specificatifam a systemS is a pair of two specificationg; and
2. The systens satisfies the specification, denotegl )S(p2), if it is the case that for all
systemsS’, if S||S’ satisfiesp;, thenS||S’ also satisfieg, [15]. In the context of LTL it is
not hard to see thdtp; )S{ps) iff S = 1 — 2. Intuitively, since the| operator amounts
to taking the intersection of the languagessfind &, it is sound to restrict attention to
systemsS’ that correspond to single computationsSofin the case oPROMPFLTL, we can
also restrict attention to single computations, but we iatake the bounds into an account.
Formally, we have the following.
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Lemma 6.1 Consider a syster§ andPROMPFLTL formulasy; andy-. The specification
(p1)S{¢p2) does not hold iff there is a bourid > 0 such that for every bouni, > 0, there
is a tracew of § such that(w, 0, k1) = 1 but(w, 0, k2) & ¢a.

Since refuting assume-guarantee specifications refetbowunds, we extend the alternating-
color technique to refer to two sets of colors. The atomigpesitionp partitions the com-
putation to blocks that bounk;, and a new atomic proposition does the same foks.
According to Lemmas 2.1 and 6.1, refutifg; )S{¢2) amounts to finding a bound, > 0
such that for all boundk, > 0, there is a computatiom of S such thatv has ak;-bounded
p-coloring that satisfieslt, A rel,(¢1), butw also has &;-spaced;-coloring that satisfies
altyA—relq(v2). Indeed, such a computation satisfigswith boundk, , and does not satisfy
P2 with boundkg.

The intuition above led us to the definition of colored Biugtaphs of degree two and the
corresponding definition of pumpable nonemptiness. Asregetbhe pumpable nonemptiness
technique can be used for solving the assume-guaranted-ctoetking problem.

Letc(p1) = altyArel, (1) ande(p2) = alt,A—rely(v2), andletd. ) = (24P Q1,61, 8, a1),
and Aq(,,) = (247919} Qy, 65,3, a2) be the corresponding NBWs (per Theorem 4.1).
We define the product of with A.,,) and Az,) as the colored Buchi graph of degree
two. P = <{pa q}v S % 2{p,q} X Ql X Q27 M, <SOv {p, Q}a qév qg>7 L, {S X 2{p,q} X ag X QQ!

S x 213t x Q) x an}), whereM ((s, ¢, q1, q2), (s', ¢, ¢}, ¢4)) iff p(s, "), ¢, € 61(q1, L(s)U
(¢ {p})), anddj € 62(q2, L(s) U (¢ N {q})). Finally, L((s, ¢, g1, 42)) = c.

Theorem 6.2 The specificatior{y1)S(p2) does not hold iff the product & with A.(,,)
andAz,,) is pumpable nonempty,

Proof: Assume thaty;)S{p2) doesnot hold. Then, by Lemma 6.1, there is a boung 0
such that for every bound, > 0, there is a tracey, , of S such thatwy, ,,0, k1) = ¢1
but (wk, k,,0,2k2) = @2. Letks be larger thar2 - |S| - |Q1] - |Q2] - k1 and letry, &, be as
above. Sincém, k,,0,k1) E 1, then, by Lemma 2.1, for a!%l—spacecio—coloring7r;€]7,€2
of 7k, k,, We have(r; . ,0) = c(p1). Since(my, k,,0,2k2) [~ p2, then, by Lemma 2.1,
for all k2-bounded;-coloring ;. of my, x,, we have(w; . ,0) [~ c(p2). Consider the
k1 -tight p-coloring andk»-tight g-coloring 7y, ., of 7y, x, that starts withp andg. By the
above,(m, ;,,0) % c(p2). Also, clearly,(m; ,.,0) = alty. Thus,(m;, 4,,0) = E(p2). In
addition, sinceéis > 2 -|S| - |Q1] - |Q2] - k1, every path in the produ@® is (p, ¢)-pumpable.
Hence, the productof, , with accepting runs ofl.(,,,) and ofAz,,,) is a(p, ¢)-pumpable
fair path inP.

Assume now thaP contains &p, ¢)-pumpable fair pathr = (sq, co, @3, ¢3), (s1,¢1, 41, ¢3),
(s2,¢2,q3,43), . ... Letk; denote the size of the maximglblock in 7 (as explained in Sec-
tion 5, if P is (p, ¢)-pumpable nonempty, then it has a regyjarg)-pumpable path, thus the
maximum is well defined). We claim that for eveley > 0, we can pump the computation
S0, 81, 82, - . . Of S to a computation that satisfieg with bound2k; but does not satisfy,
with boundk,. Note that if we pumpr, we get a pathr’ such that the-coloring of the trace
that corresponds t@’ is k;-bounded and satisfiegy1). In addition, for eactk,, we can
pump that pathr to a fair pathr, such that the-coloring of the trace that corresponds to
Tk, IS 2ke-spaced and satisfies-el, (¢2). Hence, by Lemma 2.1, it satisfies with bound
2k1, and does not satisfy, with boundks. |

Theorems 4.1, 5.2, and 6.2 imply the upper bound in the fatigiheorem. The lower
bound follows from the known lower bound for LTL.
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Theorem 6.3 The assume-guarantee model-checking problemampPFLTL is PSPACE-
complete and can be solved in time exponential in the lengtiedormulas and linear in the
size of the system.

Remark 6.4 For LTL, fairness constraints about the system can be spdgdifithe formula.
Thus, checking thap, holds in all computations that satisfy the fairness coirstra, can

be reduced to model checking — 2. A fairness assumption can also be specified in
PROMPFLTL. Here, however, one has to allow the fairness assumgitd the specifica-
tion to be satisfied with different bounds. Thus, fairnessusth be reduced to checking

(p1)S(p2). O

For two formulasy; andy., we say that; impliesy; iff for every systents, if S satisfies
v1, then it also satisfiegs. In the case of LTLyp; implies o, iff the formulay; — @9 is
valid. In the case o0PROMPFLTL, ¢, implieseps iff (p1)U(p2), whereld is the universal
system (a clique ovex” that contains all traces ovetP). Indeed, since for every system
S we have thatS||Ud = S, then{y1)U(p2) does not hold iff there is a systefsuch that
if S satisfiesp; butS & 2. Sinceld is exponential inAP, and the PSPACE complexity
of assume-guarantee model checking originates from anmitidgothat is polynomial in the
formulas and only logarithmic in the system, we have thefeihg (the lower bound follows
from the PSPACE hardness of LTL implication).

Theorem 6.5 The implication problem foPROMPELTL is PSPACE-complete.

7 Expressiveness

In this section we study expressiveness aspeceRoivPFLTL. We show that #ROMPF
LTL formula ¢ has an equivalent LTL formula ifp and live(p) are equivalent, thus the
problem of deciding whethep can be translated to LTL is PSPACE-complete. Since the
semantics oPROMPTFLTL is defined with respect to a system, a natural questiovhisther
we can translateROMPFLTL formulas to branching temporal logics. We show thatdad,
all PROMPTFLTL formulas can be translated to thecalculus.

All our results refer to finite-state systems. Thus, we say tivo formulasy andy’ are
equivalent iff for all finite systems§, we have thafS = ¢ iff S = ¢'.

7.1 FromPROMPFLTL to LTL

SomePROMPFLTL formulasy are equivalent to the LTL formuléwe (). For example, itis
not hard to see th&dr is equivalent tdr, for an atomic proposition. On the other hand,
as demonstrated in Section 1, theRomMPFLTL formula F,Gr is not equivalent to the LTL
formulaFGr. IsF,Gg equivalent to another LTL formula? A negative answer foddvom
Lemma 7.1 below.

Lemma 7.1 Consider aPROMPELTL formulay. There is an LTL formula equivalent to
iff ¢ is equivalent tdive ().

Proof: Assume thatp has an equivalent LTL formula. Then, there ig-aegular language
L, C (2F)« such that a syster§ satisfiesy iff all the traces ofS are contained irL,,.
We prove that for every systel, we have thatS = live(y) iff S | ¢. The direction
from right to left holds always. For the other direction,@se by way of contradiction that
S [= live(yp), but the traces of are not contained i,. SinceS is finite state and.,, is
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w-regular, but there is an- regular tracew of S that does not belong tb,,. Letk be such
thatw satisfiedive(¢) with boundk (sincew is a single trace of a finite state system, such a
boundk must exist). Theny satisfies alsg, and it therefore belongs . ]

Theorem 7.2 Deciding whether @ROMPFLTL formula has an equivalent LTL formula is
PSPACE-complete.

Proof: By Lemma 7.1, the problem of deciding whetherrOMPFLTL formula ¢ has an
equivalent LTL formula can be reduced to checking the edeiee ofy andlive(y). Since
© — live(yp) is valid for all p, one should only check the implicatidive(¢) — ¢, which,
according to Theorem 6.5, can be done in PSPACE.

We prove hardness in PSPACE by a reduction from the satilfyaproblem of LTL.
Consider an LTL formulg, and a proposition not used inp. Itis not hard to prove that the
PROMPFLTL formula ¢ A F,Gr has an equivalent LTL formula ifp is unsatisfiable. [

7.2 FrompPROMPTLTL to the p-calculus

Itis not hard to prove that threROMPFLTL formulaF, Gq is equivalent to the CTL formula
AFAGq. Indeed, a system satisfies both formulas iff there is a baurd0 such that all
the computations may visit a state in whigtdoes not hold only in the first positions.
One may wonder whether this argument can be generalizetinteto a simple translation
of PROMPELTL formulas to CTL* formulas: given @ROMPFLTL formula ¢, translate it
to a CTL* formulay’ by (recursively) replacing all subformulas of the folfp6 by FA6
(and adding an extern&). To see that the reduction does not hold in general, consige
PROMPELTL formula ¢ = Fp(Xgq V Gg). While the systens from Figure 1 satisfiep
(with bound 3), the systeid does not satisfy the CTLformulay’ = AFA (Xq V Ggq). The
question whethePROMPFLTL can be expressed in CTLis open. On the other hand, we
now show that everprOMPTELTL formula has an equivalent-calculus formula.

Theorem 7.3 EveryPROMPFLTL formula has an equivalent-calculus formula.

Proof: Given aPROMPFLTL formula ¢ over P, let Ay, (., be a alternating parity tree au-
tomaton that accepts exactly all trees all of whose patlisfgat(); in fact, Ay, can
be taken to be a universal co-Blichi automaton [12]. Note tha ) is over the alpha-

bet2PU{r} thus it refers also to the atomic propositipn Let ¢» be ap-calculus formula
equivalent tady, . [10]. As in Theorem 3.1, it can be shown that over finite systens
equivalent tadp.1p. Hence, by [11] is equivalent to somg-calculus formula. ]
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