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Abstract. A history deterministic (HD) automaton can successfully re-
solve its nondeterministic choices in a way that only depends on the past.
Formally, an HD automaton has a strategy that maps each finite word
to the transition to be taken after the word is read, and following this
strategy results in accepting all the words in the language of the au-
tomaton. HD automata can replace deterministic automata in several
applications, most notably reactive synthesis, and they attract a lot of
interest in the research community.

In 2015, Kuperberg and Skrzypczak proved that an HD Büchi automa-
ton A can be determinized with a quadratic blow-up in the state space.
The suggested construction also implicitly induces an HD co-Büchi au-
tomaton of linear size that complements A. The construction is based
on a series of transformations on an HD strategy for A, which has two
drawbacks. First, the construction is conceptually hard to understand.
Second, since the state space of the HD strategy is exponential, so is the
runtime of a procedure implementing the construction.

In this paper, we describe a direct complementation procedure for HD
Büchi automata. Our procedure is based on removal of transitions from
A itself, which can be done in polynomial time. It results in an HD Büchi
automaton equivalent to A on top of which we define a complementing
HD co-Büchi automaton of linear size. A deterministic equivalent au-
tomaton of size quadratic in A can then be defined in polynomial time
too. We also prove a quadratic lower bound on the size of an HD strategy
for HD Büchi automata.

1 Introduction

Nondeterminism allows a computing machine to examine several possible actions
simultaneously [19]. In the setting of automata on finite words, nondeterminism
does not add to the expressive power of deterministic automata, yet enables
the definition of exponentially more succinct automata. In the setting of au-
tomata on infinite words [6], nondeterminism is more involved. Acceptance in
such automata is determined according to the set of transitions that are tra-
versed infinitely often along the run. For example, in Büchi automata (tNBW
and tDBW, for nondeterministic and deterministic Büchi word automata, re-
spectively), the acceptance condition is a subset α of transitions, and a run is



accepting iff it visits α infinitely often.1 Consequently, the subset construction,
which is useful for determinization of automata on finite words, does not work
for automata on infinite words, as it does not maintain information on the his-
tory of runs beyond the state they have reached. In fact, NBWs are strictly more
expressive than DBWs [17].

Automata on infinite objects are used in specifications, verification, and syn-
thesis of reactive systems [21,13]. In some applications, such as verification,
algorithms can be based on nondeterministic automata, whereas in other ap-
plications, such as synthesis and control, algorithms are based on determinis-
tic automata, and thus involve a complicated determinization construction [20]
or acrobatics for circumventing determinization [16,8]. Essentially, the problem
with nondeterminism is that it amounts to guessing the future, and in many
applications, the use of nondetermnistic automata means that the same guess is
applied to all futures, which is too restrictive.

In [9], Henzinger and Piterman introduced history deterministic (HD) au-
tomata, which capture this difficulty in a very clean way. A nondeterministic
automaton is HD if it can to resolve its nondeterministic choices in a way that
only depends on the past.2 Formally, a nondeterministic automaton A over an
alphabet Σ is HD if there is a strategy g that maps each finite word u ∈ Σ∗ to
the transition to be taken after u is read; and following g results in accepting
all the words in the language of A. Note that a state q of A may be reachable
via different words, and g may suggest different transitions from q after different
words are read.

The simplest class of HD automata are deterministic ones. Another simple
class consists of nondeterministic automata that are determinizable by pruning
(DBP); that is, ones that just add transitions on top of a deterministic automa-
ton. Clearly, DBP automata are HD, as witnessed by a strategy that follows the
embodied deterministic automaton. In fact, it is not hard to see that HD nonde-
terministic automata on finite words are always DBP. Moving to automata on
infinite words, the picture is different. On the one hand, in terms of expressive
power, HD automata are not more expressive than deterministic ones [15,18].
On the other hand, HD automata need not be DBP [3], and they constitute an
interesting and intriguing class of automata, many of whose properties are still
unknown [14,5].

In [12], Kuperberg and Skrzypczak study determinization of HD automata.
They focus on Büchi auotmata and their dual co-Büchi automata (denoted
tDCW and tNCW, for the deterministic and nondeterministic classes). For HD-

1 Traditionally, the study of automata on infinite words assume state-based acceptance
conditions, which specify the set of states that should be visited infinitely or finitely
often. Here, we assume transitions-based acceptance, which turns out to be cleaner
in our study.

2 The notion used in [9] is good for games (GFG) automata, as they address the
difficulty described above in the context of games played on top of a nondeterministic
automaton. As it turns out, the property of being good for games varies in different
settings, and history determinism is useful for applications beyond games [15,7], and
so we opt for using the term HD.



tNCWs, the picture is well understood: Every HD-tNCW can be determinized
with an exponential blow-up, and this bound is tight [12]. For Büchi automata,
Kuperberg and Skrzypczak proved that an HD-tNBW A can be determinized
with a quadratic blow-up in the state space, and no lower bound is known. The
suggested determinization construction also implicitly induces an HD-tNCW of
linear size that complements A.

Essentially, the construction in [12] starts with computing an HD strategy g
for A that is based on the subset-construction, and is therefore exponential. It
then considers a parity game defined on top of the product of A and g. Using
ranks that are defined on top of the game, the construction identifies properties
of A and g that are used in order to modify them while preserving A’s language
and HDness.

While the construction cleverly solves the open problem of polynomial de-
terminization of HD-tNBWs, it has two drawbacks. First, its implementation is
complex: it is based on a product with an exponential HD strategy and thus
requires exponential time, and it involves optimal strategies in parity games.
Second, the construction involves ranks obtained by analyzing a game played on
top of both A and g. This makes the construction very hard to understand. In
addition, it is difficult to gain a conceptual understanding of HDness from it.

In this paper we suggest an alternative complementation construction for HD-
tNBWs, which addresses the above two drawbacks. Our construction is direct,
and can be implemented in time polynomial in A. We show that a complement-
ing automaton can be defined on top of the state space of A, after removing from
it transitions that are not essential for its language or its HDness. We prove the
correctness of our construction by analyzing the structure of a witness HD strat-
egy. Thus, as in [12], we analyze HD strategies, yet we are able to avoid ranks and
games, and the analysis is used only for proving correctness – the construction
itself is independent of such a strategy. This makes the proof cleaner, shorter,
and easier to understand.

Our complementation construction also yields a new determinization con-
struction: once we complement A to an HD-tNCW, a tDBW equivalent to A
can be defined on top of the product of A and its complement [3]. Thus, in poly-
nomial time we also determinize A with a quadratic blow-up. Our construction
also implies a quadratic upper bound for the size of HD strategies. We show that
the bound is tight. That is, we show that for every n ≥ 1, there is an HD-tNBW
An (in fact, even one that is deterministic in the limit) such that An has O(n)
states and every HD strategy for An needs at least n2 states. Note that this does
not imply a quadratic lower bound for determinization of HD-tNBWs. Indeed, it
only implies that determinization constructions that are based on pruning strate-
gies are at least quadratic, suggesting that a linear determinization construction,
if exists, must involve redirectioning of transitions.

We believe that our results contribute not only to efficient complementation
and determinization constructions for HD Büchi automata, but also to better
understanding of history determinism.



2 Preliminaries

For a finite nonempty alphabet Σ, an infinite word w = σ1 · σ2 · · · ∈ Σω is an
infinite sequence of letters from Σ. For positions 1 ≤ i ≤ j, we use w[i, j] to
denote the finite infix σi · σi+1 · · ·σj of w, and use w[i,∞] to denote the infinite
suffix σi · σi+1 · · · . A language L ⊆ Σω is a set of infinite words. We use L to
denote the complement of L, thus L = Σω \L. We sometimes refer also to finite
words, namely elements in Σ∗, and denote the empty word by ε.

A nondeterministic automaton on infinite words is A = 〈Σ,Q, q0, δ, α〉, where
Σ is an alphabet, Q is a finite set of states, q0 ∈ Q is an initial state, δ : Q×Σ →
2Q \ ∅ is a transition function, and α is an acceptance condition, to be defined
below. We extend δ to sets of states and finite words in the expected way. Thus,
δ(S, u) is the set of states that A may reach when it reads the word u ∈ Σ∗

from some state in S ∈ 2Q. Formally, δ : 2Q × Σ∗ → 2Q is such that for every
S ∈ 2Q, finite word u ∈ Σ∗, and letter σ ∈ Σ, we have that δ(S, ε) = S,
δ(S, σ) =

⋃
s∈S δ(s, σ), and δ(S, u · σ) = δ(δ(S, u), σ). Note that δ is full, thus

|δ(q, σ)| ≥ 1 for every state q ∈ Q and letter σ ∈ Σ. If |δ(q, σ)| = 1 for every state
q ∈ Q and letter σ ∈ Σ, then A is deterministic. In a deterministic automaton A,
we view δ and its extension to words as a function δ : Q×Σ∗ → Q. We sometimes
refer to the transition function δ as a transition relation ∆ ⊆ Q×Σ ×Q, where
for every two states q, s ∈ Q and letter σ ∈ Σ, we have that 〈q, σ, s〉 ∈ ∆ iff
s ∈ δ(q, σ).

An run of A on an infinite word w = σ1 · σ2 · · · ∈ Σω, is an infinite se-
quence r ∈ ∆ω of successive transitions that are traversed while reading w.
Thus, r = 〈r0, σ1, r1〉, 〈r1, σ2, r2〉, 〈r2, σ3, r3〉, . . . is such that r0 = q0, and for
all i ≥ 0, we have that ri+1 ∈ δ(ri, σi+1). We sometimes also consider runs of
A on a finite words w = σ1 · σ2 · · ·σk ∈ Σ∗, where r = 〈r0, σ1, r1〉, 〈r1, σ2, r2〉,
. . . , 〈rk−1, σk, rk〉, and then similarly r0 = q0, and for all 0 ≤ i ≤ k − 1, we
have that ri+1 ∈ δ(ri, σi+1). The acceptance condition α determines which runs
are “good”. We consider here the Büchi and co-Büchi transition-based accep-
tance conditions, where α ⊆ ∆ is a subset of transitions. For an infinite run r,
let inf (r) ⊆ ∆ be the set of transitions that r traverses infinitely often. Thus,
inf (r) = {t ∈ ∆ : t = 〈ri, σi+1, ri+1〉 for infinitely many i’s}. A run r of a
Büchi automaton is accepting iff it traverses transitions in α infinitely often,
thus inf (r) ∩ α 6= ∅. Dually, a run r of a co-Büchi automaton is accepting iff it
traverses transitions in α only finitely often, thus inf (r) ∩ α = ∅. A run that is
not accepting is rejecting. For finite words the acceptance condition α is a subset
of accepting states. Thus, α ⊆ Q and a run r is accepting if the last state in r
belongs to α. Note that as A is nondeterministic, it may have several runs on a
word w. The word w is accepted by A if there is an accepting run of A on w.
The language of A, denoted L(A), is the set of words that A accepts.

Two automata are equivalent if their languages are equivalent. For a state
q ∈ Q, we define Aq = 〈Σ,Q, q, δ, α〉. Thus, Aq is obtained from A by setting
the initial state to q. Then, two states q, s ∈ Q are equivalent, denoted q ∼A s,
if L(Aq) = L(As). When A is clear from the context, we omit it and write
L(q) = L(s), q ∼ s, etc.



We use tDBW, tDCW, tNBW and tNCW to denote deterministic Büchi,
deterministic co-Büchi, nondeterministic Büchi and nondeterministic co-Büchi
word automata with a transition-based acceptance condition.

A nondeterministic automatonA is semantically deterministic (SD, for short)
if different nondeterministic choices lead to equivalent states. Thus, for all states
q ∈ Q, and transitions 〈q, σ, s1〉, 〈q, σ, s2〉 ∈ ∆, it holds that s1 ∼ s2. Consider
two states q and s in an SD automaton A. It is easy to see that if q ∼A s,
then for every σ ∈ Σ, q′ ∈ δ(q, σ), and s′ ∈ δ(s, σ), we have that q′ ∼A s′. An
iterative application of the above property, termed the SDness property, implies
also that for every word x ∈ Σ∗, if q′ ∈ δ(q, x), and s′ ∈ δ(s, x), we have
that q′ ∼A s′. In particular, for all finite words x, all the states in δ(q0, x) are
equivalent. Intuitively, it means that a run of an SD automaton is allowed to
take finitely many ‘bad’ nondeterministic choices; when reading a word in the
language there is always a chance to generate an accepting run.

An automaton A is history deterministic (HD, for short) if its nondetermin-
ism can be resolved based on the past, thus on the prefix of the input word
read so far. Formally, A is HD if there is a strategy g : Σ∗ → Q such that the
following hold:

1. The strategy g is consistent with the transition function. That is, g(ε) = q0,
and for every finite word u ∈ Σ∗ and letter σ ∈ Σ, we have that 〈g(u), σ, g(u·
σ)〉 ∈ ∆.

2. Following g causes A to accept all the words in L(A). That is, for every infi-
nite word w = σ1·σ2 · · · ∈ Σω, if w ∈ L(A), then the run 〈g(ε), σ1, g(w[1, 1])〉,
〈g(w[1, 1]), σ2, g(w[1, 2])〉, 〈g(w[1, 2]), σ2, g(w[1, 3])〉, . . ., which we denote by
g(w), is an accepting run of A on w.

We say that the strategy g is an HD strategy for A, and that g witnesses A’s
HDness. We say that a transition 〈q, σ, s〉 ∈ ∆ is used by g if there is u ∈ Σ∗
such that g(u) = q and g(u · σ) = s. Note that every deterministic automaton is
HD.

For an automaton A, we say that a state q of A is HD if Aq is HD. We use
HD-tNBW and HD-tNCW to denote history deterministic tNBWs and tNCWs,
respectively.

Consider a directed graph G = 〈V,E〉. A strongly connected set in G (SCS,
for short) is a set C ⊆ V such that for every two vertices v, v′ ∈ C, there is
a (possibly empty) path from v to v′. A SCS is maximal if it is maximal with
respect to containment, that is, for every non-empty set C ′ ⊆ V \ C, it holds
that C ∪ C ′ is not a SCS. The maximal strongly connected sets are also termed
strongly connected components (SCCs, for short).

Consider a tNBW A = 〈Σ,Q, q0, δ, α〉. Let Gblack
A = 〈Q,Eblack

A 〉 be the
directed graph with 〈q, q′〉 ∈ Eblack

A iff there is a letter σ ∈ Σ such that
〈q, σ, q′〉 ∈ ∆ \ α. Thus, Eblack

A is induced by transitions of A that are not
in α. The black components of A, denoted by B(A), are the SCCs of Gblack

A . For
a state q ∈ Q, we denote the black component containing q by black(q).

We say that a tNBW A is normal if transitions between different black
components are α transitions. Since a run of A that traverses infinitely many



transitions between black components does not get stuck in a black component,
and is thus accepting, every tNBW can be made normal by adding to α transi-
tions between black components. Note that normalization can be done in linear
time and does not change the set of runs nor their classification to accepting and
rejecting runs. In particular, normalization maintains HDness. We thus assume
that all tNBWs are normal.

We refer to transitions in ∆\α as black transitions and to transitions in α as
green transitions. Note that in a normal tNBWs, all transitions between black
components are green.3 For a finite or infinite run r = 〈r0, σ1, r1〉, 〈r1, σ2, r2〉, . . .,
we say that r is black if r is empty or consists of only black transitions. Otherwise,
we say that r is green. Thus, r is green if there is j ≥ 0 such that 〈rj , σj , rj+1〉 ∈
α. Note that A is normal iff for all states q ∈ Q, black runs from q do not leave
black(q). We define the black language of q, denoted Lblack (Aq), as the set of
infinite words w such that there is a black run of Aq on w.

Example 1. The tDBW A on the right is not nor-
mal. Indeed, B(A) = {{q0}, {q1, q2}}, and the transi-
tion 〈q0, a, q1〉, which connects two black components, is
black. Note that the run of A on the word w = (ab)ω

does not traverse α, and so w ∈ Lblack (Aq0). Normal-
izing A, the transition 〈q0, a, q1〉 becomes green. Then,
the word w is no longer in Lblack (Aq0), yet the run on it
traverses only one green transition, and is thus rejecting.

q0

q1

q2

b

a

a b

a

b

3 Observations on HD strategies

Recall that each HD automaton has an HD strategy that witnesses its HDness.
By [4], each HD automaton has a finite-state HD strategy, namely one generated
by a finite-state transducer. In this section we define super-tight HD-tNBWs,
which are HD-tNBWs whose HDness is witnessed by a strategy with some helpful
properties. We then use this strategy in order to complement HD-tNBWs.

3.1 Tight HD automata

Consider an HD-tNBW A = 〈Σ,Q, q0, δ, α〉. We view an HD strategy for A as
a (Σ/Q)-transducer, namely a finite-state machine that given inputs in Σ, gener-
ates outputs inQ. Formally, the HD strategy is given by g = 〈Σ,Q,M,minit , ρ, τ〉,
where M is a finite set of states, minit ∈M is an initial state, ρ : M ×Σ →M
is a transition function that is guarded by the inputs in Σ, and τ : M → Q
labels each state by a state in Q. We extend ρ to finite words by ρ(m, ε) = m
and ρ(m,u · a) = ρ(ρ(m,u), a), for all u ∈ Σ∗ and a ∈ Σ. Then, for u ∈ Σ∗, we
let g(u) ∈ Q be the state suggested by g on u. I.e., g(u) = τ(ρ(minit , u)). We

3 Note also that there can be green transitions among states that belong to the same
black component, for example the transition 〈q1, a, q1〉 in Example 1 is a green tran-
sition inside black(q1).



refer to the states of g as memories, and say that m ∈M is a memory of a state
q ∈ Q if τ(m) = q. We assume that all memories in HD strategies are reachable.
Recall that g is an HD strategy for A, and so in particular induce legal runs
of A. I.e., for all m,m′ ∈ M and σ ∈ Σ such that m′ = ρ(m,σ), we have that
〈τ(m), σ, τ(m′)〉 is a transition of A.

Recall that the labeling function τ : M → Q of g maps each memory in g to
its state in A. We extend τ to sets of memories in the expected way. Thus, for
C ⊆M , we have that τ(C) = {τ(m) : m ∈ C}.

Let Ag be the tDBW obtained by letting A follow g. Formally, Ag = 〈Σ,
M , minit , ρ, αg〉, where αg = {〈m,σ,m′〉 ∈ M × Σ ×M : m′ = ρ(m,σ) and
〈τ(m), σ, τ(m′)〉 ∈ α}. The following observations follow easily from the defini-
tions and the fact we assume that all memories are reachable.

Lemma 1. [4] Consider an HD-tNBW A = 〈Σ,Q, q0, δ, α〉 and let g = 〈Σ,Q,M ,
minit , ρ, τ〉 be a strategy witnessing its HDness.

1. For every memory m ∈M in Ag, we have that L(Amg ) = L(Aτ(m)).
2. For every two memories m,m′ ∈M in Ag with τ(m) = τ(m′), we have that

L(Amg ) = L(Am′g ).

The notion of tightness for HD automata and strategies is introduced in [4]
for Rabin automata with state-based acceptance. Here, we focus on the special
case of Büchi automata and a setting with transition-based acceptance. An HD-
tNBW A is tight with respect to an HD strategy g if all the transitions of A are
used by g, and for all memories m and m′ with τ(m) = τ(m′), if m 6= m′, then
there is a black path from m to m′ in Ag. Equivalently, if all memories of a state
q ∈ Q belong to the same black component of Ag. We say that A is tight if it is
tight with respect to some HD strategy.

Tightness is achieved by starting with some witness strategy g, and then
repeatedly (1) removing from A transitions that are not used by g and (2)
merging memories m and m′ of the same state such that there is no black path
from m′ to m. Intuitively, by removing m and redirecting transitions that go to
m into m′, we save one memory of τ(m) and we continue to accept all words in
L(A), as between successive traversals of transitions that have been redirected,
there is at least one traversal of a transition between different black components.
As A is normal, the latter are green. Formally, we have the following.

Lemma 2. [4] Every HD-tNBW A can be made tight.

Proof. Let g = 〈Σ,Q,M,minit , ρ, τ〉 be a strategy witnessing A’s HDness. To
make A tight with respect to g, we repeatedly apply the following modifications
to A and g:

1. Remove all transitions of A that are not used by g.
2. If there are memories m 6= m′ with τ(m) = τ(m′) such that m is unreachable

from m′ in Ag or m is reachable from m′ only via paths that visit αg, then
modify g by removing the memory m and redirecting transitions to m to m′

(in particular, if m is the initial memory of g, then we make m′ initial).



Before we prove that the modifications result in an equivalent and tight HD-
tNBW, we note that they only involve removal of transitions in A. Indeed,
the first step clearly only removes transitions, and the second only redirects
transitions in the strategy g. In more details, the redirection in the second step
is of transitions of the form 〈m′′, σ,m〉 to 〈m′′, σ,m′〉 for memories m and m′

with τ(m) = τ(m′) = s. Accordingly, both transitions follow the transition
〈τ(m′′), σ, s〉 in A, and so the redirection in g follows transitions in A.

We prove that in each iteration, if we start with an HD-NBW A and a
strategy g that witnesses its HDness, the modification results in an HD-tNBW
A′ and function g′ such that L(A′) = L(A) and g′ witnesses the HDness of A′.
Then, since the modification of A into A′ at most removes transitions from A,
it follows that A′ is an equivalent HD-tNBW that is embodied in A′.

It is easy to see that the above holds for modifications in the first step.
Indeed, since removal of transitions that are not used by g does not restrict the
language of A, we have that L(A′) = L(A), and g stays an HD strategy for A′.

We proceed to the modifications in the second step, thus the replacement of
g by g′. There, we prove that L(A′g′) ⊆ L(Ag), implying that L(A′) = L(A)
with g′ being an HD strategy for A′.

Let m and m′ be memories in Ag such that g′ is obtained from g by removing
the memory m and redirecting to m′ the transitions to m. Consider an accepting
run rg ofAg of g on some word w ∈ L(Ag). Let rg′ = 〈m′0, σ1,m′1〉, 〈m′1, σ2,m′2〉, . . .
be the run of Ag′ on w. We prove that rg′ is accepting.

Let k ≥ 0 be the number of times that rg′ takes redirected transitions to m′.
Formally, k = | {i ≥ 0 : ρ(m′i, σi+1) = m} |. Note that if m is not reachable from
m′, then once rg′ visits m′, it never reaches m, and so it never takes a redirected
transition. Hence, if k = ∞, the reason for the modification in the second step
is that m is reachable from m′ only via green runs. Therefore, rg′ traverses at
least one green transition between each pair of successive redirected transitions.
It follows that when k =∞, we have that rg′ is accepting.

We continue to the case 1 ≤ k <∞. Let i ≥ 0 be the last index in rg′ in which
a redirected transition is taken. Thus, i ≥ 0 is such thatm′i = m′ and for all j > i,
the j-th transition in rg′ is an original transition of g. That is, ρ(m′j−1, σj) = m′j ,
for all j > i. Accordingly, the suffix of rg′ from the i-th position coincides with

the run of Am′g on the suffix w[i + 1,∞]. This, it is left to show that Am′g
accepts w[i + 1,∞]. The strategy g′ witnesses that τ(m′) ∈ δ(q0, w[1, i]). Since
w ∈ L(A), it follows by the SDness of A that w[i + 1,∞] ∈ L(Aτ(m′)). Then,
since all memories are reachable, Lemma 1 implies that w[i + 1,∞] ∈ L(Am′g ).

Therefore, Am′g accepts w[i+ 1,∞], and we are done. ut

Tight HD-tNBWs have some nice properties. For example, tight HD-tNBWs
are SD. To see why, observe that if A has two transitions 〈q, σ, s1〉, 〈q, σ, s2〉 ∈ ∆
with s1 6∼ s2, then no strategy that witnesses the HDness of A can use both
transitions [12]. Indeed, if 〈q, σ, s1〉 is used by an HD strategy, then L(s2) ⊆
L(s1).



Another advantage of a tight strategy g is that the partition into black com-
ponents in A induces a partition to black components in Ag. Formally, we have
the following.

Lemma 3. If A is tight with respect to g, then for all memories m,m′ ∈M , it
holds that τ(m′) ∈ black(τ(m)) iff m′ ∈ black(m).

Proof. Consider an HD-tNBW A = 〈Σ,Q, q0, δ, α〉 that is tight with respect to
g = 〈Σ,Q,M,minit, ρ, τ〉. We prove that for all memories m,m′ ∈ M , it holds
that τ(m′) is reachable via a black run of Aτ(m) iff m′ is reachable via a black
run of Amg . By the symmetry between m and m′ and the definition of black
components, it follows that τ(m′) ∈ black(τ(m)) iff m′ ∈ black(m).

Assume first that m′ is reachable via a black run of Amg . Consider a black
run r = 〈m0, σ1,m1〉, 〈m2, σ,m3〉, . . . , 〈mk−1, σk,mk〉 of Amg to m′, thus m0 = m
and mk = m′. By definition of αg, we have that 〈τ(mi), σi+1, τ(mi+1)〉 /∈ α for
all 0 ≤ i ≤ k − 1. Hence, the corresponding run mapped by τ is a black run of
Aτ(m) to τ(m′), as required.

Assume now that τ(m′) is reachable via a black run of Aτ(m). If τ(m) =
τ(m′), then m and m′ are both memories of the same state and since g is tight it
follows that m′ ∈ black(m). In particular, m′ is reachable via a black run in Amg
as required. Otherwise, the black run from τ(m) to τ(m′) is a non empty run.
That is, there exists a black run r = 〈p0, σ1, p1〉, 〈p2, σ, p3〉, . . . , 〈pk−1, σk, pk〉 of
Aτ(m) to τ(m′), thus p0 = τ(m) and pk = τ(m′). Since g is tight, all transitions
are used by g, and hence there are memories m′0,m1,m

′
1,m2,m

′
2, . . .m

′
k−1,mk ∈

M , such that 〈m′i−1, σi,mi〉 is a black transition ofAg and 〈τ(m′i−1), σi, τ(mi)〉 =
〈pi−1, σi, pi〉 for all 1 ≤ i ≤ k. Let m0 = m and m′k = m′. Since for all 0 ≤ i ≤ k
the memories mi and m′i are both memories of the same state, it follows by
tightness that there are words w0, w1, w2, . . . , wk ∈ Σ∗ such that the run of Ami

g

over wi is black and reaches m′i. It then follows that the run of Am0
g on the word

w0 ·σ1 ·w1 ·σ2 · · ·σk ·wk is black and reaches m′k. That is, m′ = m′k is reachable
via a black run in Amg = Am0

g and we are done. ut

An immediate consequence of Lemma 3 is that if A is normal and tight
with respect to g, then Ag is normal as well. Indeed, if 〈m,σ,m′〉 is black,
then 〈τ(m), σ, τ(m′)〉 is black, and so since A is normal we have that τ(m′) ∈
black(τ(m)). Then, by Lemma 3 it follows that m′ ∈ black(m).

3.2 Fast memories

Consider a normal HD-tNBW A = 〈Σ,Q, q0, δ, α〉 that is tight with respect to
a strategy g = 〈Σ,Q,M,minit , ρ, τ〉. Let Ag = 〈Σ,M,minit , ρ, αg〉.

For a memory m ∈M and a state q ∈ Q, we say that m covers q if for every
word w ∈ Σ+, and run r from q on w, if r is green, then so is the run of Ag from
m on w. Thus, m covers q if for every word w ∈ Σ+, runs of Aq on w cannot
traverse an α transition before the run of Amg on w traverses an αg transition.
Intuitively, if m covers q, and τ(m) is a state equivalent to q, then following the



strategy g from m is better than following any other run from Aq, in the sense
that the former traverses an α transition faster.

It is not difficult to see that the cover relation is transitive in the sense that if
m covers τ(m′) and m′ covers q, then m covers q. Formally we have the following.

Lemma 4. Consider states q, p ∈ Q and memories m,mq ∈ M , such that mq

is a memory of q. If m covers q and mq covers p, then m covers p.

Proof. Consider a word w ∈ Σ+ for which there exists a green run of A from
p. We need to show that the run of Ag on w from m is green as well. Since mq

covers p it follows that the run of Ag on w from mq is green. So mq witnesses
that there exists a green run of A on w from q. Then similarly, as m covers q it
follows that the run of Ag on w from m is green and we are done. ut

In contrast to the transitivity in Lemma 4, the covering relation needs not be
reflexive. Thus, there may be a memory m, a word w ∈ Σ+, and a run of Aτ(m)

on w that traverses a green transition while the run of Am on w is black. We
say that a memory m is fast if m covers τ(m). We then say that a state q ∈ Q
is fast if there exists a fast memory of q. It is not hard to see that the property
of being fast is preserved along black paths. Formally, we have the following.

Lemma 5. For all states q ∈ Q, if q is fast, then all states in black(q) are fast.

Proof. Consider a fast memory mq of q. We prove that all the memories in
black(mq) are fast. Since, by Lemma 3, each state q′ ∈ black(q) has a memory
mq′ ∈ black(mq) with τ(mq′) = q′, the claim follows.

Consider a memory m ∈ black(mq). Let m0, . . . ,ml be a path from mq to m
in black(mq), thus m0 = mq and ml = m. We prove that m is fast. The proof
proceeds by an induction on l. First, if l = 0, then m = mq, and we are done.
For l > 0, consider the black transition 〈ml−1, σ,ml〉. Let pl−1 = τ(ml−1) and
pl = τ(ml). By the induction hypothesis, the memory ml−1 is fast, and so ml−1
covers pl−1. Hence, as 〈ml−1, σ,ml〉 is black, the transition 〈pl−1, σ, pl〉 cannot
be green, and so it is black.

Assume towards contradiction that ml is not fast. That is, ml does not cover
pl. Then, there exists a word w ∈ Σ+ on which there exists a green run rl from
pl, while the run of Aml

g on w is black. Consider the word σ · w. The sequence
r = 〈pl−1, σ, pl〉 · rl is a green run of Apl−1 on σ · w. On the other hand, since
〈ml−1, σ,ml〉 is black, the run of Aml−1

g on σ · w is black. Thus, the word σ · w
witnesses that ml−1 does not cover pl−1, and we have reached a contradiction
to ml−1 being fast. ut

We now argue that each memory covers an equivalent fast state. We first
need the following lemma.

Lemma 6. Consider a state q ∈ Q. For every memory mq of q, there is a state
s equivalent to q such that mq covers s.



Proof. Let Ag = 〈Σ,M,minit , ρ, αg〉. Consider a memory mq of q. Assume
towards contradiction that for all states s equivalent to q it holds that mq does
not cover s. We prove that for all s0 ∼A q we can define a word x1 ∈ Σ+ and a
state s1 ∈ Q equivalent to q, such that the following holds:

1. The run of Ag on x1 from mq is a black cycle. I.e., the run of Ag on x1 from
mq does not traverse αg transitions and is such that ρ(mq, x1) = mq .

2. There is a green run r1 on x1 from s0 to some state s1 equivalent to q.

Note that then, as q ∼A s1, and by assumption mq does not cover s1, we can use
the same argument to also define x2 ∈ Σ+, and s2 ∈ Q with similar properties.
I.e., the run of Ag on x2 from mq is a black cycle, whereas there is a green
run r2 on x2 from s1 that reaches a state s2 equivalent to q. Repeating this
argument inductively, we end up with an infinite word w = x1 · x2 · x3 · · · such
that, on the one hand, the run of Ag from mq on w does not traverse αg, and
so w /∈ L(Amq

g ) = L(Aq), and on the other hand, the concatenation of the
runs r1, r2, . . . on the subwords x1, x2, . . ., is a run r of As0 on w that traverses
infinitely many green transitions. Recall that a run is rejecting iff it is eventually
black, and so the induced run r is accepting, and we reached a contradicting to
the fact that q ∼A s0. Taking s0 = q completes the proof.

We define x1 as follows. As mq does not cover s0, there is a word y1 ∈ Σ+

such that the run of Ag from mq on y1 is black, yet there is a green run of A
from s0 on y1 that reaches some state s′1. Let m1 = ρ(mq, y1). Recall that Ag
is normal, and so m1 ∈ black(mq). Hence, there is a word z1 ∈ Σ∗ such that
the run of Ag from m1 on z1 is black and reaches mq. We define x1 = y1 · z1,
and s1 ∈ Q to be some state reachable from s′1 with a run on z1. By the above,
the run of Ag on x1 from mq is a black cycle, and there is a green run of A on
x1 from s0 to s1. As q ∼ s0, and q ∈ δ(q, x1) and s1 ∈ δ(s0, x1), the SDness
property implies that s1 is equivalent to q. ut

Since M is finite, the transitivity of the “covers” relation (Lemma 4), together
with Lemma 6, imply the following.

Lemma 7. For every memory m, there is a fast state pm such that pm is equiv-
alent to τ(m) and m covers pm. In particular, every state in Q has an equivalent
fast state in Q.

Intuitively, Lemma 7 implies that the set of fast states of A can represent
the languages of all the states of A. In Lemma 8 below we show that this rep-
resentation can be carried on to a small set of fast memories – one for each fast
state.

Lemma 8. Consider an HD strategy g. For every state q ∈ Q, if q is fast, then
we can modify g so that it has only a single memory of q.

Proof. Let g = 〈Σ,Q,M,minit, ρ, τ〉. Consider a fast state q ∈ Q, and let
mq be a fast memory of q. We define a strategy g′ in which mq is the only
memory of q. Essentially, all the transitions of g that lead to other memories of



q are directed in g′ to mq. Formally, g′ = 〈Σ,Q,M ′,m′init, ρ′, τ〉, where M ′ is
obtained by removing from M all the memories of q but mq, the initial state
m′init stays minit, unless it is a memory of q that is no longer in M ′, in which
case m′init = mq, and ρ′ is such that for all m ∈M and σ ∈ Σ, if τ(ρ(m,σ)) = q,
then ρ′(m,σ) = mq, and otherwise ρ′(m,σ) = ρ(m,σ).

We prove that L(Ag) = L(Ag′). For that, we first prove that mq is fast also
with respect to g′. That is, for all words w ∈ Σ+, if there is a green run of Aq
on w, then the run of Amq

g′ on w is green. Assume by way of contradiction that

mq is not fast with respect to g′ and let w = σ1 · σ2 · · ·σk ∈ Σ+ be a minimal
witness for that. That is, there is a green run of Aq on w, the run r′ of Amq

g′ on
w is black, and there is no word shorter than w for which the above hold.

As mq is fast with respect to g, the run r = 〈r0, σ1, r1〉, . . . , 〈rk−1, σk, rk〉 of
Amq
g on w is green. Consider the black run r′ = 〈r′0, σ1, r′1〉, . . . , 〈r′k−1, σk, r′k〉 of

Amq

g′ on w, and consider the minimal index 1 ≤ i ≤ k in which r and r′ differ.
Thus, for all 1 ≤ j < i, we have that rj = r′j , r

′
i = mq, and ri = m′q for some

memory m′q of q with m′q 6= mq. Note that such an index i must exist. In fact,
i < k, as otherwise the runs of Aq on w generated by r and r′ are identical,
contradicting the fact that the former run is green whereas the latter is black.

We claim that the suffix w′ = σi+1 ·σi+2 · · ·σk of w also witnesses that mq is
not fast with respect to g′, contradicting the minimality of w. Since i is minimal
and the run r′ is black, the fact that the run r is green implies that r traverses a
green transition only after its first i transitions, thus when it reads w′ from m′q.

Hence, there is a green run of Aq on w′. On the other hand, the run of Amq

g′ on
w′ is a suffix of the run r′, and is black. If follows that w′ is a shorter witness to
mq not being fast, and we have reached a contradiction.

We can now prove that L(Ag′) = L(Ag). Since L(Ag′) ⊆ L(A) = L(Ag), it
is enough to prove that L(Ag) ⊆ L(Ag′). Consider a word w ∈ L(Ag), and let
r = 〈m0, σ1, rm〉, 〈m1, σ2,m2〉, . . . be the accepting run of Ag on w. We show that
the run r′ = 〈m′0, σ1,m′1〉, 〈m′1, σ2,m′2〉, . . . of Ag′ on w is accepting to. To begin
with, as memories of the same state are equivalent in Ag, the SDness property

implies that for all i ≥ 0, we have that L(Ami
g ) = L(Am

′
i

g ). We say that an index
i ≥ 0 is a jumping index if r′ uses the memory mq at m′i instead of some other
memory of q. Thus, m′i = mq whereas mi 6= mq.

For i ≥ 0 let r[i,∞] be the suffix of r from the i-th tranistion. Thus, r[i,∞] is
the run of Ami

g on w[i+ 1,∞]. The run r′[i,∞] is defined similarly with respect
to r′. Assume first that r′ has finitely many jumping indices, and let j ≥ 0 be the

last such index. Then, the run r′[j,∞] coincides with the run of Am
′
j

g on the suffix

w[j + 1,∞]. By the SDness property, we have that Amj
g ∼ Am

′
j

g . Since r[j,∞] is

an accepting run of Amj
g on w[j + 1,∞], we conclude that w[j + 1,∞] ∈ Am

′
j

g ,
and thus r′ is an accepting run on w.

Now, if the run r′ has infinitely many jumping indices, we claim that r′ tra-
verses infinitely many green transitions, and is thus accepting. Assume towards
contradiction that r′ traverses only finitely many green transitions. Thus, there
is a jumping index i ≥ 0 such that r′[i,∞] is a black run on the suffix w[i+1,∞].



As L(Ami
g ) = L(Am

′
i

g ) and w[i + 1,∞] ∈ L(Ami
g ), there is a green run of Am

′
i

g

on w[i + 1, j], for some j ≥ i + 1. Then, since i is a jumping index, we have
that m′i = mq. Since mq is fast with respect to g′, then r′[i,∞] traverses a green
transition upon reading w[i+ 1, j], contradicting the fact that r′[i,∞] is black .

ut

4 An Efficient Complementation Construction

In this section, we present our efficient complementation construction. As in
[12], our starting point is an HD-tNBW4 A and a finite-state HD strategy for
A. In [12], the strategy is manipulated until every state of A has only linearly
many “copies” in the obtained HD strategy, implying that the strategy can
be viewed as an equivalent deterministic automaton of quadratic size. Here,
the “copies” are induced by the fast states A, which, as we argue below, can
be identified efficiently. Also, while [12] uses the manipulated strategy only for
determinization, we observe that it induces also an HD-tNCW of linear size that
complemnts A, and so we gain both a linear complementation and a quadratic
determinization constructions.

Consider an HD-tNBW A. We construct an HD-tNCW that complements A
in two steps: (1) Trimming redundant transitions from A, and (2) Defining a co-
Büchi acceptance condition on top of the state space of the trimmed HD-tNBW.

The correctness of the construction follows from the analysis in Section 3.
Essentially, we show that trimming of redundant transitions makes the identi-
fication of fast memories easy, and that the complementing HD-tNCW can be
defined on top of the state space of fast states.

Consider an HD-tNBW A = 〈Σ,Q, q0, δ, α〉. We say that A is maximally-
trimmed if we cannot remove transitions from A and obtain an equivalent HD-
tNBW. Note that the latter condition means that for every t ∈ ∆, the automaton
obtained from A by removing t from ∆ either rejects some words that A accepts,
or has the same language as A, but is no longer HD. Intuitively, transitions in
maximally-trimmed HD-tNBWs are used by every HD strategy.

Theorem 1. Every HD-tNBW can be made maximally-trimmed in polynomial
time.

Proof. Consider an HD-tNBW A = 〈Σ,Q, q0, δ, α〉. We repeatedly remove
transitions from ∆ while maintaining A’s language and HDness. Formally, let
t1, . . . , tm be an order on the transitions in ∆. Starting with i = 1, we check
whether the tNBW obtained from A by removing ti is an equivalent HD-tNBW.
If so, we remove ti. In any case, we increase i by 1. Since removal of a transition
cannot make another transition redundant, the order in which the transitions are

4 The construction in [12] starts with an HD-NBW, thus one with state-based accep-
tance. Since every HD-NBW can be translated to an equivalent HD-tNBW on the
same structure, our setting is more general.



checked is not important. 5 Hence, by definition, once i = m+ 1, the procedure
terminates and we end up with a maximally-trimmed HD-tNBW.

Since checking HDness and language equivalence for HD-tNBWs can be done
in polynomial time [2], and since the number of times each transition in ∆ is
examined is linear in |∆|, the whole procedure is polynomial in A. Note that
normalizing a maximally-trimmed HD-NBW leaves it maximally-trimmed. In-
deed, normalization does not change the classification of runs to accepting or
rejecting, and so a transition t can be removed after normalization iff there is
an HD strategy that does not use t also before normalization. ut

Consider an HD-tNBW A = 〈Σ,Q, q0, δ, α〉. We say that a state q ∈ Q is
deterministic if for all letters σ ∈ Σ, it holds that |δ(q, σ)| = 1. A set B ∈ B(A)
is a black deterministic component if all states q ∈ B are deterministic.

Lemma 9. Consider a maximally trimmed HD-tNBW A. For every state q of
A, we have that q is fast iff black(q) is a deterministic black component.

Proof. First, as detailed in the proof of Lemma 2, making an HD-tNBW tight
involves removal of transitions as long as some condition, which is stronger than
the one used in maximal trimming, is valid. Hence, all maximally trimmed HD-
tNBW are tight, and so the analysis in Section 3 applies to them. Let g be the
HD-strategy of A.

We first prove that if black(q) is deterministic, then q is fast. Let m be a
memory of q. Assume that a word w ∈ Σ+ is such that the run of Amg on w is
black. Then, as transitions in Ag are induced by transitions in A, there exists a
black run of Aq on w. Since black(q) is deterministic, there is a unique run of
Aq on w, and so all runs of Aq are black. It follows that if Aq has a green run
on w ∈ Σ+, then the run of Amg on w is green. That is, m covers q and since
τ(m) = q we have that q is fast.

We continue to the second direction and prove that if q is fast, then black(q)
is deterministic. Consider a fast state q, and assume by way of contradiction that
black(q) is not deterministic. There is a state p in black(q) and a letter σ ∈ Σ
such that δ(p, σ) is not a singleton. By Lemma 5, the state p is fast too. Also,
by Lemma 8, we can obtain from g an HD strategy g′ in which p has a unique
memory m. We claim that the strategy g′ witnesses that a maximal-trimming
of A should have made p deterministic. Formally, consider the HD-tNBW A′
obtained from A by trimming from A all the σ-successors of p but the one used
by m. The strategy g′ witnesses that A′ is an HD-tNBW equivalent to A. Thus,
A is not maximally trimmed, and we reached a contradiction. ut

We can now describe the complementation construction.

Theorem 2. Let A be a maximally-trimmed HD-tNBW. We can construct in
polynomial time an HD-tNCW C such that L(C) = L(A), and the state space of
C is contained in the state space of A.

5 Note that different orders may lead to different HD-tNBWs, but they are all maxi-
mally trimmed.



Proof. Let A = 〈Σ,Q, q0, δ, α〉. Recall that A is normal, implying that black
transitions from black components stay in the same black component. We define
the HD-tNCW C = 〈Σ,Q′, q′0, δ′, β〉 as follows.

– Q′ = {q ∈ Q : q belongs to a deterministic black component of A}.
– The state q′0 ∈ Q′ is chosen such that q0 ∼A q′0.
– Since Q′ contains only deterministic states of A, we know that for all q ∈ Q′

and σ ∈ Σ, we have that δ(q, σ) = {s}, for some state s ∈ Q. The transition
function δ′(q, σ) then depends on whether s belongs to Q′, and is defined as
follows.
• (original transitions) If s ∈ Q′, then δ′(q, σ) = {s}. In this case, we have

that 〈q, σ, s〉 ∈ β iff 〈q, σ, s〉 ∈ α.
• (new transitions) If s /∈ Q′, then δ′(q, σ) = {p ∈ Q′ : p ∼A s}. In this

case, 〈q, σ, p〉 ∈ β for all p ∈ δ′(q, σ).
Thus, if s is in Q′, then it is the only σ-successor of q, and the transition to
it is in β iff the corresponding transition of A is in α. If s is not in Q′, then
the σ-successors of q in C are all the states in Q′ that are ∼A-equivalent to
s, and the transition to them is in β.

Since checking language equivalence for HD-tNBWs can be done in polynomial
time, so are the checks required for the definition of the new transitions.

We first prove that C is well defined. By Lemma 9, the set Q′ is the set of fast
states/ By Lemma 7, for every q ∈ Q there exists a states s ∈ Q′ equivalent to q.
Hence, the initial state q′0 is well defined, and δ′(q, σ) is non-empty for all q ∈ Q′
and σ ∈ Σ. Moreover, a transition 〈p, σ, p′〉 of C belongs to β iff the unique σ
transition from p in A is green and hence belongs to α.

We prove that C is an HD-tNCW with L(C) = L(A). Note that by the SDness
of A, the definition of δ′, and the choice of q′0 to be one that is equivalent to q0,
we have that that for all u ∈ Σ∗, all states in δ′(q′0, u) are ∼A-equivalent to all
states in δ(q0, u) (the proof is by an easy induction on |u|). In particular, the state
g(u) ∈ δ(q0, u), reached by g on u, is equivalent to all states in δ(q0, u)∪δ′(q′0, u).
So overall, for all q ∈ δ(q0, u) and for all p ∈ δ′(q′0, u) it holds that q ∼A g(u) ∼A
p. We refer to this as the “equivalence property”.

We first prove that L(C) ⊆ L(A). Let r = 〈q′0, σ, q′1〉, 〈q′1, σ2, q′2〉, . . . be an
accepting run of C on some word w = σ1 · σ2 · σ3 · · · ∈ Σω. Let i ≥ 0 be such
that r does not traverse β after time i. I.e., 〈q′j , σj+1, q

′
j+1〉 /∈ β for all j ≥ i.

By definition of β this means that all transitions after time i are original black
transitions of A, and so the suffix of r from the i-th position is a rejecting run
of Aq′i on the suffix w[i + 1,∞]. Let q = g(w[1, i]). Then, by the equivalence
property, we have q′i ∼A q and so w[i + 1,∞] /∈ L(Aq) = L(Aq′i). Thus, by the
SDness of A the latter implies that w /∈ L(A) and we are done with the first
direction.

We continue and prove that C is HD and L(Ag) ⊆ L(C). Since L(Ag) = L(A)
this will complete the second direction. We do so by defining a strategy f : Σ∗ →
Q′ such that for all w /∈ L(Ag), we have that f(w) is an accepting run of C on w.
We define f to be such that we always take original transitions of A as long as
possible, and whenever all σ-transitions from f(u) are new transitions, we pick



one that is to a fast state covered by g(u · σ). Such a state exists by Lemma 7.
Formally, for a memory m ∈ M , let pm be some fast state equivalent to τ(m)
such that m covers pm. Let f(ε) = q′0, and for all u ∈ Σ∗ and σ ∈ Σ, let s ∈ Q
and m ∈ M be such that δ(f(u), σ) = {s} and m = ρ(minit , u · σ), and define
f(u · σ) as follows:

f(u · σ) =

{
s if s ∈ Q′

pm otherwise

Note that in the case that s /∈ Q′ then δ′(q, σ) = {p ∈ Q′ : p ∼A s} and pm ∼A
τ(m) = g(u ·σ), and by the equivalence property g(u ·σ) ∼A p for all p ∈ δ′(q, σ).
Thus, the fast state pm indeed belongs to δ′(q, σ), and f is well defined.

Consider a word w /∈ L(Ag) and let rg be the run of Ag on w. For j ≥ 0,
let mj = ρ(minit , w[1, j]) be the j-th memory reached by rg on w. Similarly,
let rf be the run of C generated by f on w, and, for j ≥ 0, let q′j = f(w[1, j])
be the j-th fast state reached by rf . By the equivalence property, it holds that

τ(mj) ∼A q′j , for all j ≥ 0. In particular, w[j + 1,∞] /∈ L(Amj
g ) = L(Aq

′
j ).

Moreover, since w /∈ Ag, it holds that rg is eventually black. That is, there
exists an index i0 ≥ 0, such that after position i0, the run rg traverses no
more green transitions. Note that if rf takes finitely many new transitions, then

there exists j ≥ 0 such that the j-th suffix of rf coincides with the run of Aq
′
j

on w[j + 1,∞]. Since w[j + 1,∞] /∈ L(Aq′i), it follows that rf also takes finitely
many original α transitions. Thus, if rf takes finitely many new transitions, then
rf is co-Büchi accepting with respect to β, which is the union of new transitions
and original α transitions. We conclude the proof by proving that rf takes at
most one new transition after position i0.

Assume that f takes at least one new transition after position i0. Let i1 > i0
be the first position it does so. By the definition of f , we have that mi1 =
ρ(minit , w[1, i1]) covers q′i1 . Now, as i1 > i0, the run of Ami1

g on w[i1 + 1,∞] is

black, and since mi1 covers q′i1 , all the runs of Aq
′
i1 on w[i1 +1,∞] are black too.

In fact, since q′i1 belongs to a deterministic black component, it follows that Aq
′
i1

has a unique run on w[i1 + 1,∞]. Since f follows the unique original transitions

as long this is possible, the i1-th suffix of rf coincides with the run of Aq
′
i1 on

w[i1 + 1,∞], and is hence an original run with no new transitions. ut

We conclude this section by a determinization construction that makes use of
the complementation construction. The construction is based on a construction
from [3,14], which generates a deterministic automaton for a language L from
HD automata for L and L. Here, we use a slight variant, where the automata
for both L and L use transition-based acceptance conditions.

Theorem 3. Let A be an HD-tNBW with n states, and C be an HD-tNCW
for L(A) with m states. We can determinize A in polynomial time, obtaining a
tDBW with at most n ·m states.

Proof. Let A = 〈Σ,Q, q0, δ, α〉, and C = 〈Σ,Q′, q′0, δ′, β〉. Consider the tNBW
P obtained by taking the product of A with C and requiring runs to satisfy the



acceptance condition of A. Thus, P = 〈Σ,Q×Q′, 〈q0, q′0〉, η, α×∆′〉, where for
every state 〈q, q′〉 ∈ Q×Q′ and letter σ ∈ Σ, we have that η(〈q, q′〉, σ) = δ(q, σ)×
δ′(q′, σ), and a transition 〈〈q, q′〉, σ, 〈p, p′〉〉 is accepting iff the corresponding
transition 〈q, σ, q′〉 of A is accepting. Since the transition functions of A and C
are full, the product of A with C is also full and so L(P) = L(A). We prove that
P can be pruned to an equivalent tDBW.

Consider the following game between Player ∃ and Player ∀. The game is
played on P and starts from position 〈q0, q′0〉. When the game is in position
〈q, q′〉 ∈ Q × Q′, Player ∀ chooses a letter σ ∈ Σ, and Player ∃ chooses a
successor position 〈s, s′〉 ∈ η(〈q, q′〉, σ). The outcome ρ of an interaction be-
tween the players is an infinite sequence of Σ-labeled transitions of P. That
is, ρ = (〈q0, q′0〉, σ1, 〈q1, q′1〉), (〈q1, q′1〉, σ2, 〈q2, q′2〉), (〈q2, q′2〉, σ3, 〈q3, q′3〉 . . .. Note
that ρ combines a run r = 〈q0, σ1, q1〉, 〈q1, σ2, q2〉, . . . of A with a run r′ =
〈q′0, σ1, q′1〉, 〈q′1, σ2, q′2〉, . . . of C, both on the word w = σ1 ·σ2 ·σ3 · · · obtained by
concatenating the letters chosen by Player ∀.

The winning condition for Player ∃ is that either r satisfies α or r′ satisfies β.
This winning condition can be specified by a transition-based parity condition
with three colors. Thus, γ : (Q×Q′)×Σ× (Q×Q′)→ {0, 1, 2} and an outcome
ρ is winning for Player ∃ if max γ(inf(ρ)) is even.

For all q, p ∈ Q, q′, p′ ∈ Q′, and σ ∈ Σ we define γ(〈q, q′〉, σ, 〈p, p′〉) as follows.

γ(〈q, q′〉, σ, 〈p, p′〉) =


0 if 〈q, σ, p〉 /∈ α and 〈q′, σ, p′〉 /∈ β
1 if 〈q, σ, p〉 /∈ α and 〈q′, σ, p′〉 ∈ β
2 if 〈q, σ, p〉 ∈ α

Outcomes ρ with max γ(inf(ρ)) = 0 are outcomes in which r′ satisfies β, out-
comes ρ with max γ(inf(ρ)) = 2 are outcomes in which r that satisfies α, and
outcomes ρ with max γ(inf(ρ)) = 1 are such that r′ does not satisfy β and r
does not satisfy α. Note that r and r′ are both runs above the same word in
automata that complement each other, and so at most one of them is accepting.
Since an outcome ρ is winning for Player ∃ if max γ(inf(ρ)) ∈ {0, 2}, the function
γ specifies outcomes in which at least one of the runs are accepting.

It is easy to see that following the HD strategies of A and C is a winning
strategy for Player ∃. Indeed, this strategy guarantees that if the word w is
in L(A), the run r is accepting in A and thus satisfies the Büchi condition α,
namely infinitely many moves of priority 2 are played. Conversely, if w ∈ L(A),
then while the run r is clearly rejecting, the run r′ is accepting in C and thus
eventually only moves of priority 0 are taken. Since every word is either in L(A)
or in L(A), the winning condition for Player ∃ is always satisfied.

It is known that parity games admit memoryless strategies and that a mem-
oryless strategy can be computed in polynomial time for parity games with a
fixed number of colors [11,10]. Hence, we can compute in polynomial time a
memoryless winning strategy for Player ∃. Such a strategy maps each position
〈q, q′〉 ∈ Q×Q′ and letter σ ∈ Σ to a position 〈s, s′〉, and induces the required
pruning of P into a deterministic automaton. ut



Combining Theorems 2 and 3, we have the following.

Corollary 1. Let A be an HD-tNBW with n states. There is a tDBW equiva-
lent to A with at most n2 states. Moreover, the determinization can be done in
polynomial time.

5 On the Size of HD strategies

The quadratic determinization construction for HD-tNBWs described in The-
orem 1 implies a quadratic upper bound for the size of HD strategies. Indeed,
given an HD-tNBW A with state space Q, the equivalent tDBW has state space
Q × Q, where a state 〈q, q′〉 can be viewed as a memory of the state q. In this
section we show that the bound is tight – thus there are HD-tNBWs whose HD
strategy must be quadratic.

Theorem 4. For every n ≥ 1, there is an HD-tNBW An such that An has O(n)
states and every HD strategy for An needs at least n2 states.

Proof. Consider n ≥ 3. Let [n] = {1, 2, . . . , n}. We define An = 〈[n] ∪ {#}, Qn,
a1, ∆n, αn〉 as follows (See A3 in Figure 1. For clarity, #-transitions are dashed
in the figure and their # label is omitted).

– The state space Qn = {ai, bi, ci, di : i ∈ [n]} is partitioned into four levels,
each of size n. We refer to the states a1, . . . , an as “the a-states” of An, they
constitute the first level of states, and similarly for b-, c-, and d-states, and
the second, third, and fourth level, respectively.

– Transitions are only between adjacent levels, and ∆n is the union of the
following sets of transitions.
• #-transitions from the first and third levels: {〈ai,#, bj〉 : j 6= i ∈ [n]} ∪
{〈ci,#, di〉 : i ∈ [n]},

• transitions from the second level: {〈bj , i, aj〉 : j 6= i ∈ [n]} ∪ {〈bj , j, cj〉 :
j ∈ [n]}, and

• transitions from the fourth level: {〈di, j, cj〉 : i, j ∈ [n]}.
– The set of accepting transitions (colored green in the figure) is αn = {〈bj , j, cj〉 :
j ∈ [n]}∪{〈di, i, ci〉 : i ∈ [n]}. Thus, transitions from the second to the third
level are accepting (note that these transitions are traversed at most once in
each run, and so their membership in α is arbitrary), and reading i in state
di, we go to ci via an accepting transition.

Let Ln be the set of words w of the form (# · [n])ω such that there is i ∈
[n] such that the subword #i#i appears infinitely often in w. We prove that
L(An) = Ln.

It is easy to see that An accepts only words of the form (# · [n])ω. It is less
easy to see that it accepts a word w ∈ (# · [n])ω iff there is i ∈ [n] such that
the subword #i#i appears infinitely often in w. To see this, note that the only
nondeterminizm in An is in the #-transitions from the first level. Once a run of
An reaches the component that consists of the third and fourth levels, it stays
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Fig. 1: The HD-tNBW A3.

there forever, it is deterministic, and it accepts only words in Ln. Thus, if a word
is accepted, it is in Ln.

For the other direction, consider a word w ∈ Ln. Recall that the tNBW is
deterministic in the limit, and its deterministic component recognizes Ln. So it
will be enough to show that there is a run on w that enters the deterministic
levels. In fact, we will prove that there is a strategy to generates a run that
enters the deterministic levels for all w ∈ Ln. Assume by induction that we have
generated on a prefix u ∈ (# · [n])∗ that ends with i ∈ [k], a run that reached
some a-state aj . Thus by the time we finished reading u we have yet fulfilled
our goal to reach a deterministic c-state. By definition of δ, if we go back from
the b level to the a level with an i-transition, then it is to an a-state different
from ai. Thus i 6= j. Now if we move from aj upon reading # to bi, then in the
next step we’ll succeed and move to the third level iff the next letter will be i.
Notice that if in the limit we always fail, then it means that we have never seen
even a single good pattern in {#k#k : k ∈ [n]}. Since w ∈ Ln, it follows that at
least one such pattern exists, and so after a finite amount of time the strategy
enters the deterministic levels and from there the only deterministic run must
be accepting.

The strategy described above requires each a-state to have n − 1 memories
– one for each letter with which the state was reached. Accordingly, as every
a-state can be reached with (n− 1) letters, a finite-state transducer that models
this strategy needs at least n(n−1) memories for the first level, and then at least
one memory for each of the other 3n states, so overall at least n2 +2n memories.
We now prove that this is optimal. That is, that a minimal HD strategy for
An needs at least n2 + 2n memories. Note that this does not imply that every
tDBW for Ln needs Ω(n2) states. In particular, the deterministic component
that consists of the third and fourth levels of An can serve as a linear tDBW for
Ln.

Consider a minimal HD strategy g = 〈[n] ∪ {#},M,minit , ρ, τ〉 for An. We
prove that each a-state ai has at least n − 1 memories in M , and hence by the



same analysis as above g has at least n2+2n memories. Observe that if g has less
than n−1 memories of some a-state ai, then at least one of the non-deterministic
#-transitions from ai are not used, and hence An is not maximally trimmed.
Indeed, LetA′n be a tNBW obtained fromAn by trimming out transitions unused
by g. On the one hand, L(A′n) ⊆ L(An), and on the other hand g witnesses that
for all w ∈ L(An) the run generated by g on w is an accepting run also in A′n.
So L(An) ⊆ L(A′n) and g is an HD strategy for A′n as well.

Assume by way of contradiction that there is a transition #-transition from
some a-state that can be removed from An while maintaining its language and
HDness. W.l.o.g. assume that the transition 〈a1,#, b2〉 can be removed, and let
h : ([n] ∪ {#})∗ → Qn be a strategy that witnesses the HDness of the obtained
tNBW.

Consider the word w1 = (#1)ω. Since w1 ∈ Ln, it is accepted, and so there
must be i1 ≥ 0 such that h((#1)i1#) = b1. Indeed, the only way for a run to be
accepted is to move from the second to the third level, which can be done only
by reading the letter 1 from the state b1. Let x1 = (#1)i1#2#2 and consider
now the word w2 = x1 · (#1)ω. When a run of An on w2 follows h, it reads the
first occurrence of the letter 2 from state b1. Hence, the run continues to the
state a1, and after reading the next #, it continues to a state bj for some j 6= 2.
Indeed, the transition 〈a1,#, b2〉 does not exist. Hence, upon reading the next 2,
it moves to the state aj . As w2 ∈ Ln, continuing to follow h eventually leads the
run again to b1. That is, there is i2 ≥ 0 such that h(x1 · (#1)i2#) = b1. We let
x2 = x1 · (#1)i2#2#2 and note again that when h reads x2, it reaches a state
bj for some j 6= 2. We can now continue and define an infinite sequence of words
x1, x2, x3, . . ., where each xi is a proper prefix of xi+1 and contains at least i
occurrences of the subword #2#2. In addition, for all i ≥ 1 the run of An on xi,
when following h, never leaves the first and second levels. Thus, in the limit, we
get a word with infinitely many occurrences of #2#2 for which the run of An
generated by h is rejecting, and we reach a contradiction. ut

Note that the automaton An used in the proof of Theorem 4 is deterministic
in the limit: all accepting runs eventually reach a deterministic component. On
the one hand, this makes the lower bound stronger, as it shows that the quadratic
lower bound applies even for HD-tNBWs of a restricted class. In particular, note
that the quadratic strategy is needed in order to make a single successful guess,
which has the flavor of weak HD-tNBWs, which are known to be DBP [4]. On the
other hand, it makes the result weaker, as by making one of the c-states initial, we
get an equivalent tDBW. The latter concern can be easily addressed, by making
the automaton An a bit more complicated by directing the accepting transitions
from the fourth level back to the first level, namely defining δ(di, i) = ai rather
than δ(di, i) = ci. It is not hard to see that all the considerations made above
for An apply also for this variant (which is the extension to n letters of the
HD-NBW used in [3] in order to show than HD-NBWs need not be DBP).
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