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Abstract: The work examines the possibility of using formal-verification methods
and tools for reasoning about scientific-computation methods. The need to verify
about infinite-state systems has led to the development of formal frameworks
for modeling infinite on-going behaviors, and it seems very likely that these
frameworks can also be helpful in the context of numerical methods. In particular,
the use of hybrid systems, which model infinite-state systems with a finite control,
seems promising.

The work introduces Probabilistic o-minimal hybrid systems, which combine flows
definable in an o-minimal structure with the probabilistic choices allowed in
probabilistic hybrid systems. We show that probabilistic o-minimal hybrid systems
have finite bisimulations, thus the reachability and the nonemptiness problems for
them are decidable. To the best of our knowledge, this forms the strongest type of
hybrid systems for which the nonemptiness problem is decidable, hence also the

strongest candidate for modelling scientific-computation methods.
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1. INTRODUCTION

This work examines the possibility of using
formal-verification methods and tools for reason-
ing about scientific-computation methods. The
need to reason about infinite-state systems has
led to the development of formal frameworks for
modeling infinite on-going behaviors, and it seems
very likely that these frameworks can also be
helpful in the context of numerical methods. In
particular, the use of hybrid systems, which model
infinite-state systems with a finite control, seems
promising.

1 The research is supported by BIKURA grant 032.8967
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We introduce some negative results about the ap-
propriateness of existing formal-verification meth-
ods and tools. In particular, we show that an
extension of the allowed dynamic of hybrid sys-
tems with linear differential equations in ways
that would enable the modeling of simple nu-
merical schemes result in systems for which the
reachability problem (which is at the heart of
the nonemptiness problem and other problems
to which verification is reduced) is undecidable.
These results have led to a sequence of undecid-
ability results for problems in numerical methods
(e.g., the problem of deciding whether the New-
ton method converges for a given function and
an initial value is proved as undecidable), which
together with similar known results from (Blum et



al., 1997) suggested that our attempts should be
less ambitious, as many numerical schemes involve
undecidable queries.

Accordingly, our efforts have focused in different
types of extensions of hybrid systems that seem
helpful in the context of numerical analysis and
for which the reachability problem is still decid-
able. A unified approach to decidability questions
for verification algorithms of hybrid systems is
obtained by the construction of a bisimulation.
Bisimulations are finite state quotients whose
reachability properties are equivalent to those of
the original infinite state hybrid system. Order-
minimal hybrid systems, which were introduced
by (Lafferriere et al., 2000), are initialized hybrid
systems whose relevant sets and flows are defin-
able in an order-minimal (o-minimal, for short)
structure (that is, every definable subset of R
is a finite, possible unbounded, union of points
and intervals). This extends classical hybrid sys-
tems whose dynamics consist of linear trajecto-
ries (Henzinger, 1996). Lafferriere et al. proved
that o-minimal hybrid systems always admit fi-
nite bisimulations, and presented other classes
of hybrid systems with more complex dynam-
ics for which finite bisimulations exist. As stud-
ied in (van den Dries and Miller, 1996), quite
many useful theories are o-minimal. This makes
o-minimal hybrid systems a good staring point,
better than the initial candidates. Rather than
extending them by more complex dynamics, we
follow an orthogonal approach, of extending o-
minimal hybrid systems them with probabilities.

We extend hybrid systems with linear differen-
tial equations with probabilities, which enables
their use for getting probabilistic bounds on the
performance of controllers and designs (?). Such
bounds are required when it is impossible to
meet the specification deterministically. We in-
troduce Probabilistic o-minimal hybrid systems,
which combine flows definable in an o-minimal
structure with the probabilistic choices allowed
in probabilistic hybrid systems. We show that
probabilistic o-minimal hybrid systems have finite
bisimulations, thus their reachability problem is
decidable. Given a probabilistic o-minimal hybrid
system H, we construct a finite-state automaton
A such that H and A are bisimilar. Verification
of properties of H is then reduced to verification
of properties of A.

We suggest several applications to the stronger
model of probabilistic o-minimal systems. One
type of applications has to do with the initial goal
of the work — using them for modeling and rea-
soning about probabilistic numerical schemes such
as Monte Carlo methods (Hammersley and Hand-
scomb, 1964) that have less complicated dynamics
but are of probabilistic nature. A second type of

applications has to do with the ability of prob-
abilistic o-minimal systems to model complicated
realistic dynamics, as demonstrated in Section 3.1.
Due to the lack of space, many details are omitted,
and can be found in (Auerbach, 2002).

2. UNDECIDABILITY

Newton’s method is the most basic “search algo-
rithm” of numerical analysis and scientific com-
putation. Given a real-valued function, Newton’s
method searches iteratively for real numbers in
which the function value is zero. For a function
g : R — R and an initial point ng € R, the Newton
sequence for g and ng is a real-valued sequence

Njy1 = N; — j,((?;)), where 1 = 0,1,2,... and g’ de-

notes the derivative of g. The Newton-method con-
vergence problem is to decide whether Newton’s
method reaches close enough a zero of the function
after a certain number of iterations. It is easy to
reduce the Newton-method convergence problem
to the reachability problem in a hybrid system
with a single real-valued variable that corresponds
to the intermediate values of the sequence. The
theory of real computation described in (Blum et
al., 1997) implies that the convergence problem is
undecidable. Our alternative proof reduce Newton
convergence problem to the halting problem of
a one-register machine (Minsky, 1967). It follows
that the reachability problem for hybrid systems
that model simple scientific-computation meth-
ods is undecidable. It also suggests an alternative
proof for the undecidability result in (Alur and
Dill, 1994).

3. PROBABILISTIC HYBRID SYSTEMS

A hybrid system is a computational model that
has discrete and continuous components. The
state space of a hybrid system consists of dis-
crete and continuous elements. A state of a hy-
brid system changes according to both discrete
and continuous transitions. A discrete transi-
tion resets some or all of the state elements.
A continuous transition changes the continuous
elements of the state according to a system
of ordinary differential equations. Hybrid sys-
tems are used to model a wide range of ap-
plication such as real-time circuits (Maler and
Yovine, 1996), chemical processes (Engell et al.,
2000), air traffic management systems (Livadas
et al., 1999; Lygeros et al., 1998b; Tomlin et
al., 1998), automated highway systems (Horowitz
and Varaiya, 2000; Lygeros et al., 1998a; Varaiya,
1993), robotics (Alur et al., 2000q; Song et al.,
2000), biological processes (Ben-Jacob, 1997), and
chemical process (Turk et al., 1997). Surveys can
be found in (Alur et al., 2000b; Henzinger, 2002).



ez = (8 < b;12;0.3;6=1,p =0)

ez = (8 < b;12;0.7;b = 4,p = 6)

Fig. 1. The bacteria-growing system H.

A probabilistic hybrid system is a hybrid system
that decides probabilistically about its transitions.
The system picks the next discrete transition and
the duration of a continuous transition randomly.
Probabilistic hybrid system are used in analysis of
randomized distributed algorithms (Lehmann and
Rabin, 1981), fault-tolerant systems, embedded
systems, air traffic management (Hu et al., 2000),
traffic control (?), and more.

A general hybrid system can model almost every
physical system. Yet, the expressiveness of hybrid
systems is often impractical, as it involves rea-
soning about infinite state spaces. Probabilistic
hybrid systems with linear differential equations
that do not involve nondeterminism are shown to
have constructible finite bisimulations (Lafferriere
et al., 1999), hence, verifying their properties is
decidable. In particular, checking whether a sub-
set of states of a probabilistic hybrid system with
linear differential equations is visited infinitely
often as time diverges is decidable.

3.1 QOwverview by example

An overview of our approach example drawn from
the biotechnological field. We introduce a process
of bacteria growing. A probabilistic hybrid system
and a bisimilar finite-state automaton model the
process.

The bacteria-growing process involves a control
unit and three containers. Each container contains
a solution of bacteria, food consumed by the
bacteria, and poisons that bacteria produce. The
food—poison rate in each container determines the
growing conditions of the bacteria as follows.

The probabilistic hybrid system #, which is shown
in Figure 1, models the process. The system has
three discrete states q, g2, and ¢z that model
the growing (rich in food and low in poisonous

products), neutral (similar quantities of food and
poinson), and decreasing (highly poisonous) con-
tainers, respectively. The real-value variables b
and p denote the amount of bacteria and poison,
respectively. The system continuous state is a
two-dimensional real-valued vector that stores the
bacteria and poison quantities. A state of H is
a pair of a discrete state and a continuous state.
For example, the initial state is (¢1, (1,0)), i.e., the
solution is initially in the growing container, which
has 1 unit of bacteria and no poison. The system
state changes by transitions of two types as fol-
lows. A continuous transition changes the system
continuous state. A discrete transition changes
both the discrete and the continuous state. A path
of the system is a sequence of alternating contin-
uous and discrete transitions. Each discrete state
has an tnvariant set, e.g., the invariant set of ¢ is
the triangular set {(b,p) € R? : 0 < p < b < 10}.
The discrete state may be g1 if the bacteria and
poison quantities belong to the invariant set of g .

When the discrete state is ¢;, a continuous tran-
sition occurs. During the transition continuous
state of # changes according to the following
ordinary differential equation. %(b, p) = (b,2).
The r.h.s. of the differential equation is referred to
as the flow vector field of g1, denoted by F,. The
continuous state keeps changing according to the
differential equation above until the escape time
from ¢ is reached. Then, a discrete transition that
resets both discrete state and continuous state oc-
curs. The escape time from ¢; is probabilistically
picked according to the density function (gq1)(¢) =
0.4-U([In7,ln8))(¢) + 0.6 - U([In8,1n 10])(¢). i.e.,
the probability to choose the escape time in the
interval [In8,In10] is flglslo Dens(q;)(¢t) dt = 0.6.
When the the escape time from ¢; is reached,
H makes a discrete transition induced by either
edges e1, e, or ez. The guard set of both edges es
and ez is {(b, p) € R? : b > 8}. If the state belongs
to the guard set, the edges e; and e3 are enabled



and the system probabilistically picks each edge
according to the edge probability parameter, i.e.,
eo is chosen with probability 0.7 and ez is cho-
sen with probability 0.3. The reset set of es is
{{b,p) € R? : b = 4 and p = 4}. The state of H
is reset to (ga, (4,4)) when the discrete transition
induced by es is taken.

For a discrete state ¢, the discrete state may
stays ¢ forever if the density function of ¢ has
an unboubnded support. For example, the density
function of g3 is the following exponential density
function. Dens(gs)(t) = e~ 122 if t > In2 and
zero otherwise. For every t; > In 2, the probability
to choose an escape time that is greater than ¢;
is positive. Thus, the discrete state may be g3
forever. Some states are designated as final states,
denoted by Xz = {gs} x [0,0.5) x {6}.

The system is non blocking, that is, all system
paths let time diverge. For every state that is
reachable form the initial state, there exists either
discrete or continuous transition that changes the
state.

The question of interest is as follows: does the
system stay forever in the set of final states with
positive probability? In order to answer the ques-
tion, a finite-state automaton A that bisimulates
the system # is constructed. The automaton A,
shown in Figure 2, is referred to as the quotient
automaton of H. The states of A are sets of states
of H, e.g.,the state X9 of the automaton A is
the set Xp of final states of H. The automaton
has additional special states referred to as gateway
states. A positive probability value is assigned to
every edge of A. The automaton A bisimulates
the hybrid system H in the following sense. There
is a positive-probability edge from a state X' to
a state X" of the quotient automaton A if and
only if there exists a positive-probability transi-
tion from a state of x’ of H that belongs to X’ to
a state x” of H that belongs to X”. Bisimilar sys-
tems have similar reachability properties. Thus,
the hybrid system H stays forever in Xp with
positive probability if and only if the automaton
A stays forever in X9 with positive probability.

8.2 Probabilistic o-minimal hybrid systems

A probabilistic hybrid system is an initialized hy-
brid system (Alur et al, 1995) augmented with
edge probability parameters and density func-
tions. The discrete transitions are chosen accord-
ing to the edge probability parameters. The du-
rations of the continuous transitions are chosen
according to continuous density functions.

Definition 1. (Probabilistic hybrid system). A Prob-

abilistic hybrid system is a tuple

H = (Xp,X¢c,Xo,Xr, F,Inv,Dens, L, E), where

e Xp={q1,.-.,qm} is a set of discrete states.

e Xc = R" is a set of continuous states. The
system state space is X = Xp x X¢.

e Xy C X is a set of initial states.

e X C X is a set of final states.

o F ={F,,...,F, } is a flow set, each F, :
R™® — R" is a vector field.

e Inv : Xp — 2% assigns to a discrete state
an invariant set.

e Dens assigns to a discrete state ¢ a continu-
ous density functions Dens(g) : R — Rxg.

o L={ly,...,In} is a set of edge labels.

e EC XpxXpx2® x2% x[0,1] x Lis
a set of edges. Each edge e = (¢,¢',9,7,p,1)
consists of the following elements.

- g € Xp is a source state of e.

- ¢ € Xp is a target state of e.

- g CR” is a guard of e, which consists of
all continuous sources of e.

- r C R™ is a reset of e, which consists of
all continuous targets of e.

- p € [0,1] is a probability of e.

- 1l € L is alabel of e.

For an edge e, the predecessor of e, denoted by
Pre(e), is the collection of precondition states of
e, that is, all states whose discrete elements are
source of e and their continuous elements belong
to the guard of e. The successor of e, denoted by
Post(e), is the set of all states whose discrete ele-
ments are the target of e and continuous elements
belong to the reset of e.

Discrete transitions involve both a nondetermin-
istic and a probabilistic decisions as follows. A
nondeterministic decision is made between classes
of edges, which have the same edge labels. Once a
class is chosen, an edge is chosen from that class
according to the edge probability.

For a state x = (g,z), the integral path of the
flow vector field F,; and the point = is the path
Y% : R — R™ such that £vpx(t) = F(yrq(t)) and
7x(0) = z. The target of a continuous transition
that originates at x and take t time units is
denoted by Target(x,t) = (q,7x(t)). The target
state of a infinite-duration transition is denoted
by Target(x, inf).

Definition 2. (Probabilistic hybrid-system path).
A path of a probabilistic hybrid system H is a
finite or infinite sequence

TH =% -5 x) =% x; x| s xy 2 e
Initial state %o is in Xy and for 1 =0,1,2,..., the
following hold.

(1) The i-th primary state is x; = {(g;, ;) € X,
the time-successor state is x} = (¢;, 7)) € X,



q1
X2:8<b<10

Fig. 2. The quotient automaton .A.

the edge is ¢; € F, and the escape time of the
continuous transition is ¢; € R>o U {+00}.

(2) The ¢-th time-successor state x}i is the target
of the continuous transition that originates at
x; and escapes from ¢ after ¢; time units,
ie., xi = Target(x;,t;) if t; is finite and
x; = Target(x;,inf) if t; = oo.

(3) The x| enables the edge e; and the state
Xi4+1 belongs to the target region of e;, i.e.,
x; € Pre(e;) and x;41 € Post(e;).

For example, the path (g1, (1, 0)) n? {q1,(7,2In 7))
e 2 e

— <QQ7 <47 4>> — <QQ7 <678>> — <Q37 <4’ 6>> =

originates from the initial state of the bacteria-

growing system H and stays forever in gs.

Elementary questions about the behavior of hy-
brid systems are undecidable (Henzinger et al.,
1998). Undecidability follows from too compli-
cated topology of the sets and functions of hy-
brid systems. O-minimal (order minimal) sets and
functions have fine topological properties (van den
Dries, 1998). An o-minimal subset of R is a finite
union of intervals. A bisimulation is an equiv-
alence relation on a state space of a transition
system. Hybrid systems that have constructible
finite bisimulations are decidable. O-minimal hy-
brid systems, whose sets and functions are o-
minimal admit finite bisimulations (Lafferriere et
al., 2000). Hybrid systems with linear differen-
tial equations have constructible finite bisimula-
tions (Lafferriere et al., 1999).

Reasoning about the behavior of a hybrid system
involves exploration of an infinite state space. For
a probabilistic hybrid system with linear differen-
tial equations H, consider the following qualitative
question. Does H have a positive-probability path
that reaches the set of final states and stays there
forever? In order to decide the question, a finite-
state automaton with edge probabilities A that
satisfies the following requirements is constructed.
The automaton A is an abstraction of H, i.e., there

a3
X10:0<b<3

is an equivalence relation ~C X4, X X such that
the state space of A is the quotient space X/ ~.
In addition, the automaton A probabilistically
bisimulates the system H, i.e., the set of initial
and final states Xo, X € X3 are unions of states
of A and for states X', X" of A, there exists a
positive-probability path in A from X' to X" if
and only if there exist states x’ € X' and x” € X"
such that there exists a positive-probability path
in H from x’ to x”.

The construction of the automaton A is as follows.
The behavior of A is purely probabilistic and there
are no nondeterministic choices—a positive real
number is assigned to each of the edges of A. The
transition relation of A is complete, that is, paths
of A never end and may reach a self loop. Con-
structing A involves constructing an equivalence
relation ~C X3 X X% and defining the proba-
bility parameters. The bisimulation algorithm for
hybrid systems with linear differential equations
of (Lafferriere et al., 1999) is used to construct
the state space of \A. In addition, for each discrete
state g of H, an auxiliary state is added to A,
referred to as the gateway of q. The edges of A
simulates the transitions of H as follows. An edges
that enters a gateway state simulates a discrete
transition of H. An edge that leaves a gateway
state simulates a continuous transition. A self
loop simulates a continuous transition that stays
forever in region.

Since the system H and the automaton A are
bisimilar, there is a positive-probability path in
‘H that stays forever in the final state of H if
and only if there is a positive-probability a path
of A that stays forever in the states of A that
simulate the final states of 7. According to (Alur
et al., 1991; Vardi, 1999) if these states of A are a
terminal maximal strongly connected component
of A that is reachable from the initial state of A
then the required path of A exists. This algorithm
decides the question about probabilistic hybrid
systems with linear differential equations.
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