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Abstract

Theinformationbottleneck(IB) methodis aninformation-theoreticformulation
for clusteringproblems.Givenajoint distribution �������
	�� , thismethodconstructs
anew variable thatdefinespartitionsover thevaluesof � thatareinformative
about � . Maximumlikelihood(ML) of mixturemodelsis a standardstatistical
approachto clusteringproblems.In thispaper, weask:how arethetwo methods
related? WedefineasimplemappingbetweentheIB problemandtheML prob-
lem for the multinomial mixture model. We show that underthis mappingthe
problemsarestronglyrelated. In fact, for uniform input distribution over � or
for largesamplesize,theproblemsaremathematicallyequivalent. Specifically,
in thesecases,every fixedpoint of theIB-functionaldefinesa fixedpoint of the
(log) likelihoodandvice versa. Moreover, the valuesof the functionalsat the
fixedpointsareequalundersimpletransformations.As a result,in thesecases,
every algorithmthatsolvesoneof theproblems,inducesa solutionfor theother.

1 Intr oduction

Unsupervisedclusteringis a centralparadigmin dataanalysis.Givena setof objects� ,
one would like to find a partition ������� which optimizessomescorefunction. Tishby
et al. [1] proposeda principled information-theoreticapproachto this problem. In this
approach,giventhejoint distribution ����������� , onelooksfor acompactrepresentationof � ,
whichpreservesasmuchinformationaspossibleabout (see[2] for adetaileddiscussion).

Themutualinformation, !"���$#% �� , betweentherandomvariables� and  is givenby [3]!"���$#% ��'&)(+*-,-.0/ 12,�34�����"���5���76 �"�98;:-<>=2? 1A@ *CB=D? 1EB . In [1] it is arguedthatboththecompactness
of therepresentationandthepreservedrelevantinformationarenaturallymeasuredby mu-
tual information,hencetheaboveprinciplecanbeformulatedasa trade-off betweenthese
quantities.Specifically, Tishbyet al. [1] suggestedto introducea compressedrepresenta-
tion � of � , by defining FG��HE6 �"� . Thecompactnessof therepresentationis thendetermined
by !����>#��I� , while the quality of the clusters,� , is measuredby the fraction of informa-
tion they captureabout  , !"����#J ��%KD!"���$#% �� . The IB problemcanbe statedasfinding a
(stochastic)mappingFG��HE6 �"� suchthat theIB-functional LM&N!"���>#J���PORQ�!"���>#% �� is min-
imized, where Q is a positive Lagrangemultiplier that determinesthe trade-off between
compressionandprecision. It was shown in [1] that this problemhasan exact optimal
(formal) solutionwithoutany assumptionabouttheorigin of thejoint distribution �5��������� .
Thestandardstatisticalapproachto clusteringis mixturemodeling. We assumethemea-
surements� for each� comefrom oneof 6 �S6 possiblestatisticalsources,eachwith its own



parametersTVU (e.g. WXUY�JZ�U in Gaussianmixtures). Clusteringcorrespondsto first finding
themaximumlikelihoodestimatesof TVU andthenusingtheseparametersto calculatethe
posteriorprobability that the measurementsat � weregeneratedby eachsource. These
posteriorprobabilitiesdefinea “soft” clusteringof � values.

While bothapproachestry to solve thesameproblemtheviewpointsarequitedifferent.In
theinformation-theoreticapproachnoassumptionis maderegardinghow thedatawasgen-
eratedbut weassumethatthejoint distribution �������J�G� is known exactly. In themaximum-
likelihoodapproachwe assumea specificgenerative model for the dataandassumewe
havesamples['�����J��� , not thetrueprobability.

In spiteof theseconceptualdifferenceswe show thatundera properchoiceof thegenera-
tive model,thesetwo problemsarestronglyrelated.Specifically, we usethemultinomial
mixturemodel(a.k.atheone-sided[4] or theasymmetricclusteringmodel [5]), andpro-
videasimple“mapping”betweentheconceptsof oneproblemto thoseof theother. Using
this mappingwe show that in general,searchingfor a solutionof oneprobleminducesa
searchin thesolutionspaceof theother. Furthermore,for uniform input distribution �5���"�
or for largesamplesizes,weshow thattheproblemsaremathematicallyequivalent.Hence,
in thesecases,any algorithmwhich solvesoneproblem,inducesa solutionfor theother.

2 Short review of the IB method

In the IB framework, oneis given asinput a joint distribution ����������� . Given this distri-
bution, a compressedrepresentation� of � is introducedthroughthestochasticmappingFG��HE6 �"� . Thegoalis to find FG��HE6 �"� suchthattheIB-functional, L\&+!"����#����POIQ�!"���>#% S� is
minimizedfor a givenvalueof Q .

Thejoint distribution over �]�J and � is definedthroughtheIB Markovian independence
relation, �_^`�bac . Specifically, every choiceof FG��HE6 ��� definesa specificjoint prob-
ability FEdYef�����J�"�JH��S&_�������J�G��FG��HE6 �"� . Therefore,the distributions FG��H�� and FG���76 H�� that are
involvedin calculatingtheIB-functionalaregivenbygh i FG��H��'& ( *-/ 1PF dYe ���������JH��'& ( *������"�jFG��HE6 ���FG���76 H��'& kl ? U B (\*'FCdYef����������H��m& kl ? U B (\*X�5���������jFG��HE6 ���on (1)

In principleevery choiceof FG��HE6 �"� is possiblebut asshown in [1], if FG��H�� and FG���76 H�� are
given,thechoicethatminimizesL is definedthrough,FG��HE6 �"�m& FG��H��p ��Q'�J�"��q�rts�uwvXx ?y=D? 1A@ *zBj@ @ l ? 1A@ U B�B � (2)

where
p ��Q'�J�"� is thenormalization(partition)functionand {}|�~5���56 6 FA�0&�(���8�:�< = l is the

Kullback-Leiblerdivergence.Iteratingoverthisequationandthe !�� -stepdefinedin Eq.(1)
definesaniterativealgorithmthatis guaranteedto convergeto a(local)fixedpointof L [1].

3 Short review of ML for mixtur e models

In a multinomial mixture model,we assumethat  takeson discretevaluesandsample
it from a multinomial distribution �����76 H����"�J� , where H������ denotes� ’s label. In the one-
sidedclusteringmodel [4] [5] we furtherassumethattherecanbemultipleobservations�
correspondingto asingle� but they areall sampledfrom thesamemultinomialdistribution.
Thismodelcanbedescribedthroughthefollowing generativeprocess:



� For each� choosea uniquelabel H����"� by samplingfrom �'��H�� .� For �7&������
– choose��� by samplingfrom �w����� .
– choose� � by samplingfrom �t���76 H���� � ��� andincrease['��� � ��� � � by one.

Let �Hf&���H k �En;n�n;��H @ .�@ � denotestherandomvectorthatdefinesthe(typically hidden)labels,
or topicsfor all �]��� . Thecompletelikelihoodis givenby:�����������2�H0�A�w�J���j�7��& � @ .�@��� k �'��H���� � �J�j�f�� � k �w��� � ������� � 6 H���� � ��� (3)& � @ .�@��� k �'��H���� � �J�j� @ .�@�;� k � @ 3m@�J� k-� �P��� � ���t��� � 6 H���� � �����¡  ? *C¢j/ 1%£jB � (4)

where ['��� � ��� � � is a countmatrix. The(true) likelihoodis definedthroughsummingover
all thepossiblechoicesof �H ,¤ ��['���������¥�A�w�J���j�7�'&§¦7¨U �5�����J���2�H0�-�w���t�j�7�'n (5)

Given ['��������� , the goal of ML estimationis to find an assignmentfor the parameters�'��H������t���76 H�� and �P���"� suchthat the likelihoodis (at leastlocally) maximized. Sinceit is
easyto show that the ML estimatefor �P���"� is just the empiricalcounts ['���"�%K©� (where['�����o&§(\15['��������� ), we furtherfocusonly onestimating�w��� .
A standardalgorithmfor this purposeis theEM algorithm[6]. Informally, in the ª -step
we replacethemissingvalueof H������ by its distribution �5��H������E6 �X���"�J� which we denotebyF * ��H�� . In the « -stepwe usethatdistribution to reestimate�w��� . Usingstandardderivation
it is easyto verify thatin ourcontext the ª -stepis definedthroughF * ��H��¬& X���"�j�'��H�� q   ? *CB (\®   ? 1-@ *CB©¯ °%±t² ? 1A@ U B (6)& �³����"�j�'��H�� q   ? *CB
´ (+®   ? 1A@ *zB©¯ °J±t² ? 1A@ U B r (\®   ? 1A@ *zB©¯ °%±   ? 1A@ *zB¡µ (7)&  ³ ���"�j�'��H�� q�r   ? *zB u vXx ?   ? 1A@ *zBj@ @ ² ? 1A@ U B�B � (8)

where X���"� and  ³ ���"� are normalizationfactorsand ['���76 �"�¶&   ? *-/ 1�B  ? *zB . The « -stepis
simply givenby gh i �'��H��o· ( *oF * ��H���t���76 H��'· ( *P['���������jF * ��H��'n (9)

Iteratingover theseEM stepsis guaranteedto convergeto a local fixedpoint of thelikeli-
hood.Moreover, everyfixedpointof thelikelihooddefinesa fixedpoint of thisalgorithm.

An alternativederivation[7] is to definethefreeenergy functional:¸ ��['�����J���¥�-F9���w�J����& O ¦ U / * F * ��H���¹
8;:-<'�'��H���º ¦ 1 ['�����J�G�G8�:�<'�t���76 H��¼» (10)º ¦ U / * F * ��H��98;:-<mF * ��H��mn (11)

The ª -steptheninvolvesminimizing
¸

with respectto F while the « -stepminimizesit
with respectto �w��� . Sincethis functional is bounded(undermild conditions),the EM
algorithmwill convergeto a local fixedpoint of

¸
which correspondsto a fixed point of

thelikelihood.At thesefixedpoints,
¸

will becomeidenticalto O½8;:-< ¤ ��['���������0�A�w�J��� .



4 The ML ¾ IB mapping

As alreadymentioned,the IB problemandthe ML problemstemfrom differentmotiva-
tionsandinvolvedifferent“settings”. Hence,it is not entirelyclearwhatis thepurposeof
“mapping” betweentheseproblems.Here,we definethis mappingto achieve two goals.
Thefirst is theoreticallymotivated:usingthemappingweshow somemathematicalequiv-
alencebetweenbothproblems.The secondis practicallymotivated,wherewe show that
algorithmsdesignedfor oneproblemare(in somecases)suitablefor solvingtheother.

A naturalmappingwouldbeto identify eachdistributionwith its correspondingone.How-
ever, this directmappingis problematic.Assumethatwe aremappingfrom ML to IB. If
we directly map F * ��H������'��H��©�������76 H�� to FG��HE6 �"���JFG��H��©�JFG���76 H�� , respectively, obviously thereis
no guaranteethattheIB Markovian independencerelationwill hold oncewe completethe
mapping.Specifically, usingthis relationto extract FG��H�� throughEq.(1)will in generalre-
sult with adifferentprior over � thenby simplydefining FG��H��o&¿�'��H�� . However, wenotice
thatoncewe definedFG��HE6 ��� and ����������� , theotherdistributionscouldbeextractedby per-
forming theIB-stepdefinedin Eq.(1). Moreover, asalreadyshown in [1], performingthis
stepcanonly improve(decrease)thecorrespondingIB-functional. A similar phenomenon
is presentoncewe mapfrom IB to ML. Although in principle thereareno “consistency”
problemsby mappingdirectly, weknow thatoncewedefinedF * ��H�� and ['��������� , wecanex-
tract � and� by asimple « -step.Thisstep,by definition,will only improvethelikelihood,
whichis ourgoalin thissetting.Theonly remainingissueis to defineacorrespondingcom-
ponentin theML settingfor thetrade-off parameterQ . As wewill show in thenext section,
thenaturalchoicefor thispurposeis thesamplesize, �À& ( *-/ 1�['�����J��� .
Therefore,to summarize,wedefinethe « ¤ÂÁ !�� mappingbyF * ��H�� Á FG��HE6 �"��� �� ['��������� Á �������J�G���Ã� ÁÅÄ QI� (12)

where
Ä

is a positive (scaling)constantandthe mappingis completedby performingan
IB-stepor an « -stepaccordingto themappingdirection.Noticethatunderthis mapping,
everysearchin thesolutionspaceof theIB probleminducesa searchin thesolutionspace
of theML problem,andviceversa(seeFigure2).

Observation 4.1 When � is uniformly distributed(i.e., ['���"� or �����"� are constant),the« ¤�Á !�� mappingis equivalentfor a directmappingof each distribution to its corre-
spondingone.

This observationis a directresultfrom thefact that if � is uniformly distributed,thenthe
IB-stepdefinedin Eq.(1)andthe « -stepdefinedin Eq.(9)aremathematicallyequivalent.

Observation 4.2 When� is uniformlydistributed,theEM algorithmis equivalentto the
IB iterativeoptimizationalgorithmunderthe « ¤$Á !�� mappingwith

Ä &Æ6 �Ç6 .
Again,thisobservationis adirectresultfrom theequivalenceof theIB-stepandthe « -step
for uniform prior over � . Additionally, we noticethat in this case['�����0& �@ .�@ & � È &)Q ,
henceEq.(6)andEq.(2)arealsoequivalent.It is importantto emphasize,though,thatthis
equivalenceholdsonly for a specificchoiceof Q)&É['���"� . While clearly the IB iterative
algorithm(andproblem)aremeaningfulfor any valueof Q , thereis no suchfreedom(for
goodor worse)in theML setting,andtheexponentialfactorin EM mustbe ['����� .
5 Comparing ML and IB

Claim 5.1 When� is uniformlydistributedand
Ä &�6 �Ç6 , all thefixedpointsof thelikeli-

hood
¤

aremappedto all thefixedpointsof theIB-functional L with Q¶&\['���"� . Moreover,



at thefixedpoints, O½8�:�< ¤ ·¿LIºÇ , with  constant.k
Corollary 5.2 When� is uniformlydistributed,everyalgorithmwhich findsa fixedpoint
of
¤

, inducesa fixedpoint of L with QÂ&N['���"� , andviceversa. Whenthealgorithmfinds
several fixedpoints,thesolutionthatmaximizes

¤
is mappedto theonethatminimizesL .

Proof: Weprovethedirectionfrom ML to IB. theoppositedirectionis similar. Weassume
thatwe aregivenobservations['��������� where ['���"� is constant,and �w�J� thatdefinea fixed
point of thelikelihood

¤
. As a result,this is alsoa fixedpoint of theEM algorithm(whereF * ��H�� is definedthroughan ª -step).Usingobservation4.2 it follows that this fixed-point

is mappedto a fixed-pointof L with Q]&M['����� , asrequired.

Sinceat thefixedpoint, O½8�:�< ¤ & ¸ , it is enoughto show therelationshipbetweeņ andL . Rewriting
¸

from Eq.(10)we get¸ ��['�����J���¥�-F9���w�J���o& ¦ U / * F * ��H��98�:�< F * ��H���'��H�� O ¦ U / 1 8�:�<'�t���X6 H�� ¦ * ['����������F * ��H��'n (13)

Usingthe « ¤ aÊ!�� mappingandobservation4.1we get¸ & ¦ U / * FG��HE6 �"�G8�:�< FG��HE6 �"�FG��H�� O Ä Q ¦ U / 1 8;:-<oFG���76 H�� ¦ * �5�����J���jFG��HE6 �"�mn (14)

Multiplying bothsidesby �������Ë& k@ .�@ & Ä r k andusingthe IB Markovian independence
relation,we find thatÄ r k ¸ & ¦ U / * �5���"��FG��HE6 �"�98;:-< FG��HE6 �"�FG��H�� O�QS¦ U / 1 FG��H��jFG���76 H��98;:-<mFG���76 H��on (15)

Reducinga (constant)Q�Ì$�Í S�o&�O�QS( U / 15FG��H���FG���76 H��G8�:�<�������� to bothsidesgives:Ä r k ¸ OIQ�Ì$�Í S�o&M!����>#��I�5O�Q�!"����#J ��'&MLÇ� (16)

asrequired.We emphasizeagainthatthis equivalenceis for aspecificvalueof Q¶&M['����� .
Corollary 5.3 When� is uniformlydistributedand

Ä &À6 �Ç6 , everyalgorithm decreases¸
, iff it decreasesL with Q¶&\['���"� .

This corollary is a direct result from the above proof that showed the equivalenceof the
freeenergy of themodelandtheIB-functional(up to lineartransformations).

The previous claimsdealtwith the specialcaseof uniform prior over � . The following
claimsprovidesimilar resultsfor thegeneralcase,whenthe � (or Q ) arelargeenough.

Claim 5.4 For �ÅaÏÎ (or Q$aÐÎ ), all thefixedpointsof
¤

are mappedto all thefixed
pointsof L , andviceversa.Moreover, at thefixedpoints, O�8;:-< ¤ ·MLIºÇ .
Corollary 5.5 When �ÑaÒÎ every algorithm which findsa fixedpoint of

¤
, inducesa

fixedpoint of L with Q\aÓÎ , andviceversa. Whenthealgorithmfindsseveral different
fixedpoints,thesolutionthatmaximizes

¤
is mappedto thesolutionthatminimizeL .Ô

A similar resultwasrecentlyobtainedindependentlyin [8] for thespecialcaseof “hard” cluster-
ing. It is alsoimportantto keepin mind thatin many clusteringapplications,a uniform prior over �
is “forced” duringthepre-processto avoid non-desirablebias. In particularthis wasdonein several
previousapplicationsof theIB method(see[2] for details).
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Figure1: Progressof L and
¸

for different Q and � values,while runningiIB andEM.

Proof: Again, we prove only the direction from ML to IB as the oppositedirection is
similar. We aregiven ['��������� where �Õ& ( *-/ 1�['�����J���¥a`Î and �w�J� thatdefinea fixed
pointof

¤
. Usingthe ª -stepin Eq.(6)weextract F * ��H�� , endingupwith afixedpointof the

EM algorithm.We noticethatfrom �ÖaÏÎ follows ['���"�0a×Î Ø��]�Ã� . Therefore,the
mappingF * ��H�� becomesdeterministic:F * ��H��o&ÚÙ �ÛH'&\Ü ÄzÝ�Þ�ß [XU�à�{ |�~ ��['���X6 �"�C6 6 �t���76 Hjá��J�â

otherwise. (17)

Performingthe « ¤ aÅ!�� mapping(includingtheIB-step),it is easyto verify thatwegetFG���76 H��0&+�t���76 H�� (but FG��H��>ã&)�'��H�� if theprior over � is not uniform). After completingthe
mappingwe try to updateFG��HE6 �"� throughEq.(2). Sincenow QRaÐÎ it follows that FG��HE6 �"�
will remaindeterministic.Specifically,F  -ä�å ��HE6 �"�m&�Ù �æHw&+Ü ÄzÝ�Þ�ß [XU à { |�~ �ç�����76 ���E6 6 FG���76 H á ���â

otherwise, (18)

which is equalto its previousvalue. Therefore,we areat a fixedpoint of the IB iterative
algorithm,andby thatat afixedpointof theIB-functional L , asrequired.

To show that O½8�:�< ¤ ·NLRºè we noticeagainthatat thefixedpoint
¸ &�O�8;:-< ¤ . From

Eq.(13)we seethat 8;é�ê�¥ë�ì ¸ &�O ¦ U / 1 8;:-<'�����76 H�� ¦ * ['�����J�G��F * ��H��mn (19)

Usingthe « ¤ aÊ!�� mappingandsimilar algebraasabove,we find that8;é;ê��ë>ì ¸ &Ó8�é;ês ë>ì O Ä Q�!"����#J S�7º Ä Q�Ì$�Í í�'&î8�é;ês ë>ì Ä ��LïºïQ�Ì$�� í���on\ð (20)

Corollary 5.6 When�ñaòÎ everyalgorithmdecreaseş iff it decreasesL with Q¶aòÎ .

How largemust � (or Q ) be?We addressthis questionthroughnumericsimulations.Yet,
roughlyspeaking,wenoticethatthevalueof � for whichtheaboveclaims(approximately)
hold is relatedto the “amountof uniformity” in ['���"� . Specifically, a crucial stepin the
aboveproofassumedthateach['���"� is largeenoughsuchthat F * ��H�� becomesdeterministic.
Clearly, when ['���"� is lessuniform,achieving thissituationrequireslarger � values.

6 Simulations

We performedseveral differentsimulationsusingdifferent IB andML algorithms. Due
to the lack of space,only oneexampleis reportedbelow; In this examplewe usedthe
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Figure2: In general,ML (for mixturemodels)andIB operatein differentsolutionspaces.
Nonetheless,asequenceof probabilitiesthatis obtainedthroughsomeoptimizationroutine
(e.g.,EM) in the “ML space”,canbe mappedto a sequenceof probabilitiesin the “IB
space”,andvice versa.Themain resultof this paperis thatundersomeconditionsthese
two sequencesarecompletelyequivalent.«cb���H ß � â k subsetof the20-Newsgroupscorpus[9], consistedof d â�â documentsrandomly
chosenfrom � â differentdiscussiongroups.Denotingthedocumentsby � andthewords
by  , afterpre-processing[10] we have 6 �è6�&ed â-â �f6  6�&cf â�â-â �w�Ö&hgjikgjikit��6 �S6�&�� â .
Sinceour maingoalwasto checkthedifferencesbetweenIB andML for differentvalues
of � (or Q ), we further producedanotherdataset.In this datawe randomlychooseonly
about djl of thewordoccurrencesfor everydocument�]��� , endingupwith �ñ&hfG�8m9� .
For both datasetswe clusteredthe documentsinto � â clusters,using both EM and the
iterative IB (iIB) algorithm(wherewe took �5����������&îk� ['���������©��QÂ& � È � Ä & 6 �è6 ). For
eachalgorithmwe usedthe « ¤\Á !�� mappingto calculatȩ and L duringtheprocess
(e.g.,for iIB, aftereachiterationwe mappedfrom !�� to « ¤ , including the « -step,and
calculateḑ ). Werepeatedthisprocedurefor � â�â differentinitializations,for eachdataset.

In thesef â�â runswe foundthatusuallybothalgorithmsimprovedbothfunctionalsmono-
tonically. Comparingthefunctionalsduringtheprocess,weseethatfor thesmallersample
sizethedifferencesareindeedmoreevident(Figure1). Comparingthefinal valuesof the
functionals(after d â iterations,which typically yieldedconvergence),weseethatin dkn out
of f â�â runsiIB convergedto a smallervalueof

¸
thanEM. In gjo runs,EM convergedto a

smallervalueof L . Thus,occasionally, iIB findsa betterML solutionor EM findsa better
IB solution.Thisphenomenonwasmuchmorecommonfor thelargesamplesizecase.

7 Discussion

While we have shown that the ML and IB approachesareequivalentundercertaincon-
ditions, it is importantto keepin mind the differentassumptionsboth approachesmake
regardingthejoint distributionover ��������H . Themixturemodel(1) assumesthat  is inde-
pendentof � given �����I� and(2) assumesthat �����76 �"� is oneof a small number( 6 �S6 ) of
possibleconditionaldistributions. For this reason,themarginal probabilityover ���J� (i.e.,�������J� �A�w�J��� ) is usuallydifferentfrom p�����������o& k� ['�����J��� . Indeed,analternativeview of
ML estimationis asminimizing { |�~ �8p�5���������E6 6 ¤ ��['�����J�G���A�w�����J� .
On theotherhand,in the IB framework, � is definedthroughtheIB Markovian indepen-
dencerelation: ��^Ð�ÅaÐ . Therefore,thesolutionspaceis thefamily of distributions
for whichthisrelationholdsandthemarginaldistributionover ���J� is consistentwith thein-
put. Interestingly, it is possibleto giveanalternativeformulationfor theIB problemwhich
alsoinvolvesKL minimization[11]. In this formulationtheIB problemis relatedto mini-
mizing { |�~ �ÍF dYe �����J�"�JH��E6 6 q ����������H��J� , where q ���������JH�� denotesthefamily of distributions



for which themixture modelassumptionholds, �ÀaÅ�\^Å . ³
In this sense,we maysaythatwhile solvingtheIB problem,onetriesto minimizetheKL
with respectto the“ideal” world, in which � separates� from  . Ontheotherhand,while
solvingtheML problem,oneassumesan“ideal” world, andtriesto minimizetheKL with
respectto thegivenmarginaldistribution p����������� . Ourtheoreticalanalysisshowsthatunder
the « ¤$Á !�� mapping,thesetwo proceduresarein somecasesequivalent(seeFigure2).

Oncewe areable to mapbetweenML andIB, it shouldbe interestingto try andadopt
additionalconceptsfrom oneapproachto theother. In thefollowing we provide two such
examples. In the IB framework, for large enough Q , the quality of a given solution is
measuredthrough

d ?�rJs 3�Bd ? . s 3�B9t � [1]. This measureprovidesa theoreticalupperbound,
which can be usedfor purposesof model selectionand more. Using the « ¤ÖÁ !��
mapping,wecannow adoptthismeasurefor theML estimationproblem(for largeenough� ); In EM, theexponentialfactor ['���"� in generaldependson � . However, its analogous
componentin the IB framework, Q , obviously doesnot. Nonetheless,in principle it is
possibleto reformulatethe IB problemwhile defining Q_&ÀQo����� (without changingthe
form of theoptimalsolution).We leave this issuefor futureresearch.

Wehaveshown thatfor themultinomialmixturemodel,ML andIB areequivalentin some
cases.It is worth noting that in principle, by choosinga differentgenerative model,one
mayfind furtherequivalences.Additionally, theIB methodwasrecentlyextendedinto the
multivariatecase,wherea new family of IB-lik e variationalproblemswaspresentedand
solved[11]. A naturalquestionis to look for furthergenerativemodelsthatcanbemapped
to this multivariateIB problems,andweareworking in thisdirection.
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u
The KL with respectto v is definedas the minimum over all the membersin v . Therefore,

here,bothargumentsof theKL arechangingduringtheprocess,andthedistributionsinvolvedin the
minimizationareover all thethreerandomvariables.


