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Abstract

Signi cant progressin image segmentationhas been
madeby viewing the problemin the framevork of graph
partitioning. In particular, spectal clusteringmethodsud
as“normalizedcuts” (ncuts)canefciently calculategood
segmentationsusing eigervector calculations. However,
spectal methodsvhenappliedto imageswith local connec-
tivity oftenoversggmenthomaenousregions. More impor-
tantly, they lack a straightforwaid probabilistic interpreta-
tion which malesit dif cult to automaticallysetparametes
usingtraining data.

In this paper we revisit the typical cut criterion pro-
posedin [1, 5]. We showthat computingthe typical cutis
equivalento performinginferencein an undirectedgraph-
ical model. This equivalenceallows us to usethe power
ful madinery of graphical modelsfor learning and infer-
ring image sggmentations.For inferring sggmentationave
showthat the genealized belief propagation (GBP) algo-
rithm can give excellentresultswith a runtimethat is usu-
ally fasterthanthe ncuteigensolver For learning segmen-
tationswederivea maximunlikelihoodlearningalgorithm
to learn af nity matricesfrom labelled datasets.We illus-
trate both learning and inferenceon challengingreal and
synthetidmages.

1. Intr oduction

Many authorshave pointedout that the problemof im-
agesegmentatiorcanbe formulatedasa graphpartitioning
problem(e.g.[2, 8, 11, 9]). In the typical corversionev-
ery pixel corresponds$o a nodein the graphandpixelsare
connectedo nearbypixelswith aweightededge wherethe
weightoftendepend®n the similarity of alocalimagefea-
ture at the two pixels. Segmentingthe imageis equivalent
to nding apartitionof thegraphvertices.

Figure 1. The problemwith minimal cut segmentations.The
trivial sgmentationshavn on the right haslower cut value than
thedesiredsegmentatiorshavn in themiddle. Normalizedcutand
typical cut aretwo criteriathatavoid thesetrivial sggmentations.

How would we de ne a good segmentation? Wu and
Leahy[11] suggestethe minimal cutcriterion. De ne:

1)

where is the afnity betweennode and in the
graph. The minimal cut criterion nds sggmentationghat
minimize .

The advantageof usingthe minimal cut criterionis that
the optimal sgmentationcan be computedin polynomial
time. A disadwantage pointedout by ShiandMalik [9], is
thatit will oftenproducetrivial sggmentations.For exam-
ple, sincethe cut grows linearly with the numberof edges
cut,asinglepixel cutfrom its four nearesheighborwill of-
tenhave alower cutvaluethanalargeforegroundseparated
from backgroundFigurel shovs anexample.

In orderto avoid thesdrivial sggmentationsShiandMa-
lik suggestedhe normalizedcut (ncut)criterion:

(2)

where .

Since is relatedto the size of group , the
Normalizedcut criteriondirectly penalizegartitionswhere
one of the groupsis small. Thus unlike the minimal cut



criterion, a sggmentationof a single, noisy pixel from the
entireimagewill, in generalnotbeoptimal.

Minimization of the ncut criterion is NP Completebut
Shi and Malik shaved that an approximatesolution can
be found by computing the eigervectors of the matrix

, Where is a diagonaldegreema-
trix

1.1 Typical cuts

Thetypical cut criterion avoidstrivial sgmentationsis-
ing a ratherdifferent method. The criterion was rst in-
troducedby Blatt et al. [1] in the framework of statistical
physics,and was reformulatedby Gdalyahuet al. [5] in
termsof graphpartitioningand image segmentation. Un-
like mostgraphpartitioningalgorithms this oneis directly
basedon a probability distribution over partitions. For ex-
ample Blatt etal. de ne aprobabilitydistribution over pos-
siblepartitionsby:

- ®3)

where is a“temperature’parametethatsenesasafree
parameter

Using this probability distribution, the most probable
partitionis simply the minimal cut. ThusperformingMAP
inferenceunderthis probability distribution will still lead
to trivial sgmentationsHowever, aspointedout by [1, 5],
thereis far moreinformationin the full probability distri-
bution over partitionsthansolelyin the MAP partition. For
example, considerthe pairwise correlation de ned
for any two neighboringnodesin the graphasthe probabil-
ity thatthey belongto the samesegment:

(4)

with de nedas iff and
or and .

Referringagainto the singlepixel in gure 1, while that
pixel andits neighborsdo not appearin the samesggment
in the mostprobablepartition, they do appearin the same
segmentfor the vastmajority of partitions. Thuswe would
expect for thatpixel andits neighbors.

Gdalyahuwetal. de nedthetypical cutpartitionastheone
de ned by the connecteccomponentof the graphwhere
all edgesfor which have beenremoved.
Gdalyahuet al. shoved encouragingesultson imagesey-
mentationproblemsusingthis criteria.

In summaryboththe normalizedcut andthetypical cut
criteriaare promising,principled approacheso sggmenta-
tion. However, while normalizedcut hasbeenusedwidely
for mary imagesementatiorproblemsthetypical cut has
not. Mostly this is dueto algorithmicconsiderationsJust

asexactminimizationof the normalizedcut criterionis NP

complete exact calculationof (equatiord) is expo-

nentialin thesizeof theimage.While ef cient approximate
algorithmsfor normalizedcut are availablethrougheigen-
solvers,to this day, therehasbeenno similar algorithmfor

typical cuts. Both [1, 5] usedsophisticatedgtochastialgo-

rithms whosebehavior for nite sampleds dif cult to an-

alyze. In fact, the problemof determiningthe equilibrium

distribution over segmentationsrom which the algorithm

usedin [5] sampledrom, is anopenone.

In this paper we shov an equivalencebetweencalcu-
lating typical cuts and inferencein an undirectedgraphi-
cal model. This equivalenceallows us to usethe power-
ful machineryof graphicalmodelsfor inferenceandlearn-
ing. For inferencewe shov thatgeneralizedelief propa-
gation(GBP)leadsto a simple,deterministicsggmentation
algorithmwhoserun time is usually fasterthanthe eigen-
solver usedin ncuts. For learning,we derive a maximum
likelihoodalgorithmto learnaf nity matricesfrom labeled
datasetsWe illustratebothinferenceandlearningon chal-
lengingrealandsyntheticimages.

2 Typical cutsand graphical models

This paperis basedon the obsenation that equation3
de nesanundirectedyraphicaimodelandhencealgorithms
for approximateor exactinferencein graphicalmodelscan
be usedto calculate and can also be usedto learn
af nities.

An undirectedgraphicalmodelwith pairwisepotentials
(see[13] for areview) consistof agraph andpotential
functions suchthatthe probability of anassign-
ment is givenby:

- (5)

wherethe productis takenover nodesthatareconnectedn
thegraph

To relatethisto typical cutswe rst de ne for everypar
tition abinaryvector suchthat if
and if . Wethende ne:

(6)

Observationl: The probabilitydistribution (equation3)
is equivalentto thatinducedby a pairwiseundirectedyraph-
ical model (equation5) whosegraph is the sameasthe
graphusedfor graphpartitioningandwhosepotentialsare
givenby equation6.

This equivalencedescribedabore, holdsfor any number
of segments . Let beapatrtitioningof the



graphinto sements.De ne in direct
analogyto equationl, and:

- (7

In the equivalent graphicalmodel formalism, is no

longerabinaryvectorbut rathertakeson possiblediscrete
valuesandthepotentialsareanalogougo equation6 with
alongthediagonaland in all of theoff diagonal
elements.The graphicalmodelde ned this way de nes a
probabilitydistribution over g-way cutsthatis equivalentto
equation?.

2.1 Inferring imagesegmentationsusing GBP

The obsenation meanghat algorithmsfor approximate
inferencein graphicalmodelscanbe usedto devise a typi-
cal cut algorithm. We usedthe generalizeelief propaga-
tion (GBP) ( [13]) algorithmwhich hasbeenshawvn to give
excellentresultson similar problems. We refer the reader
to [13] for afull descriptionof the GBP algorithm.

Speci cally, the GBP typical cut algorithmis given an
af nity matrix betweerall neighboringixelsin the
image,anddoesthefollowing:

1. Constructa graphicalmodelwith potentialsgiven by
in the off diagonaltermsand for the di-
agonalterms.(seeeq6)

2. Use generalized belief propagation to compute

mauginal probabilities over pairs of adjacentpixels

. Derive from thesemaiginal prob-
abilitiesusing:

(8)

3. Remove from thegraphary edgedor which
and nd theconnectecomponentsf thegraph.

We now give the speci ¢ GBP updatedor the problem
of image segmentation. Our input is a 2D grid in which
eachpixel is connectedo its four nearesneighbors.The
algorithmdescribechereis calledthe “two-way” GBP al-
gorithmin [12].

To apply GBP to our problem,one rst formsa region
graph In ourcasethis graphcontainsall quartetof neigh-
boringnodesandall pairsof neighboringnodes.In general,
eachquartetis connectedo pairsandeachpair is con-
nectedto two quartets.Figure2 shavs a small grid
anda portionof the associatedegion graph.In thegeneral
GBP algorithmfor 2D grids, therewill alsobe regionsfor
single pixels, but dueto the symmetryof the potentialsin
our problem,they canbeignored.

Figure 2. a. A small image.b. A portion of theassoci-
atedregion graph.In generakll quartetsof neighboringpixelsare
connectedo four pairsof pixelsandall pairsareconnectedo two
guartets GBP passesnessagealongbothdirectionsof thegraph.

Along each edgein the region graph, messagesre
passedn both directions. Thesemessageare probability
distributions over pairs of pixels. At every iteration, the
messagsentby anodein theregiongraphis updatedased
onthemessaget recevedatthe previousiteration. When
all messagebave corverged, every pair of nodesforms a
“belief” : anapproximatiorto themarginal prob-
ability of pixels and

The messageipdatesnvolve multiplying andsumming
other messages. We give the updaterules for a spe-
cic pair and quartet. All other messageupdatesare
identical up to a permutation. Referringto gure 2 we

denoteby the messagehat the quar
tet sendsto the pair and by
themessagé¢hatthepair sends

to thequartet
Theupdaterulesare:

In asimpleimplementatiorof theabove algorithm,each
messagés a matrix explicitly representinghe joint
probability of a pair of pixels. For example ex-
plicitly representghe joint labelingsof pixels and
However, dueto the symmetryof the potentials,eachsuch
matrix actuallyonly containgwo distinctvalues:onealong
the diagonal(correspondindo the pairswhere )
andanotheroff the diagonal(correspondingdo pairswhere

). Thuseachvectorof probabilitiescanberepre-
sentedy a singlescalamumber(e.g.theratio of the prob-
abilities of and ). By takingadwantage
of this scalarrepresentatioryve canrewrite the algorithm
in thefollowing way.

Assumethe message
alongthediagonal andacertainvalue

is representedby
in all off diagonal



elements.Hencethe updaterule for is
givenby !
where

Sincethe potentials
singleparameter , the' ' for
ply . Theupdaterule for
multiplicationof thethreecorresponding's.

For a given the algorithmhasa single free pa-
rameter . This parameteimplicitly de nesthe number
of sggmentsin the nal segmentation. Note thatthe nal
outputtedpartition may containary numberof segments,
regardlessof . For all the probability massin
equation? is centeredon the solutionwhereall entriesof

areidenticalandthusthe algorithmreturnsonebig sey-
ment. For the probability massin equation? is
uniformly distributed andthus approaches and
thealgorithmreturnsmary smallsegments.

Note thatevery iterationof the GBP algorithmis linear
in the numberof edgesin the graph, or equivalently, for
nearesneighborconnectionslinearin the numberof pix-
els. We arenotawareof aboundonthenumberof iterations
neededuntil convergencebut we found that for half sized
images( ) iterationsweresufcient. Also note
thatwhile our algorithmdealswith probabilitiesit is a de-
terministicalgorithm: unlike formertypical cut algorithms
which arestochastialgorithms two runsof the GBP typi-
cal cut algorithmwith the sameinput will give exactly the
sameanswer

arealsogovernedby a
issim-
is alsoa

2.2 Learning image segmentationsusing maxi-
mum lik elihood

Many authorshave pointedout thata major problemin
segmentatiorusinggraphpartitioningis how to de ne the
af nities betweenpixels (e.g.[4]). Therearemary differ-
ent gestaltcuesfor segmentationincluding color, texture,
contouretc.,anddifferentweightsfor thesecueswill lead
to very differentsegmentations We would lik e to usea la-
beleddataseto learnthe “right” af nities.

More speci cally let us assumehe “correct” af nity is
a linear combinationof a setof known af nity functions

. Hencethe af nity betweenneighboringpixels

1 denoteghe sumof over all assignment@é which ,
and denoteghe sumof all assignment& which Lt
shouldalsobe notedthatwe assumehat

and , is de ned by: . The
“basis”af nity functions caneithercorrespondo differ-
entcues(in which casethe nal afnity is aweightedlin-
earcombinationof cueaf nities) or to nonlinearfunctions
of af nities (in which casethe nal afnity is a nonlinear
combinationof cueaf nities).

In additionassumeve aregivena labeledtraining sam-
ple (similar to the Berkeley segmentationdatabaseused
in [4]) in which imagesare sggmentedby hand. For each
imagein thetraining set,we cancomputethe basisaf nity
values betweemeighboringpixels. Our goalis to
estimateheaf nity mixing coefcients

As we now shaw this problemcanbe solved usingthe
graphicalmodelde ned by the typical cut probability dis-
tribution (Equation?). The probability of the partition is
de ned

Wherewe have de ned:

. is the cut valuede ned by when
only taking into accountthe af nity function , henceit
canbe computedusingthetrainingsample.

Differentiating the log likelihood with respectto
givesthefamiliar exponentialfamily equation:

(9)

Equation9 givesan intuitive de nition for the optimal
theoptimal is theonefor which .
Thatis, the optimal is the one for which the expected
valuesof the cutsfor eachfeatureseparatelymatchexactly
thevaluesof thesecutsin thetrainingset.

Since we are dealingwith the exponentialfamily, the
likelihoodis corvex andthe ML solutioncanbe found us-
ing gradientascent.To calculatethe gradientexplicitly, we
usethelinearity of expectation:

Where
uesof

arethe pairwisecorrelationsfor givenval-

3 Experimental results
3.1 Inferenceresults

By using GBP to computethe pairwise correlations
we obtainanapproximatiorof thetruepairwisecor-



relations. In orderto evaluatethe quality of theseapprox-
imationswe comparethe correlations calculatedus-
ing an extensve MCMC samplingprocedurdg10] to those
calculatedusing GBP with the clustersbeing four neigh-
boring pixelsin the graph. Figure 3 shavs resultsof GBP
approximationdor a 2D uniform grid. The clique
sizein ajunctiontreeis of order = andhenceexactin-

ferencels impossible.GBP corvergedin only iterations
andgivesanexcellentapproximation.
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Figure 3. Scattemplot of pairwisecorrelationsn a grid,

usingMCMC [10] andGBPR Eachdot correspondso the pairwise
correlationof oneedgeat a speci ¢ temperatureNoticethe excel-
lentcorrespondenceetweenGBPandMCMC

Figure 4(b) presenta comparisorof theMCMC corre-
lationswith thosecalculatedby GBP on a real by
image(seeFigure 4(a))with af nity basedon color simi-
larity.
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Figure 4. (a)Originalimage. (b) Scatterplot of pairwisecor
relationsin theimageusingMCMC [10] andGBP, at onespeci ¢
temperatureEachdot correspondso onepair of pixels.

We now comparencutsandGBPtypical cutsonrealand
synthetidmages.Both algorithmsreceivedasinput exactly
thesamaeaf nity matrix . Everypixelwasconnected
to its 4 nearesheighborsandthe weightwasonly a func-
tion of the absolutedifferencebetweenthe RGB valuesin
thetwo pixels:

We shouldemphasizahat theseaf nities are certainly
not the optimal af nities to usefor image sggmentation:

they only take into consideratiorcolor and not texture or
contourand the radiusof connectionds very small. Our
goal herewasnot to build a state-of-the-arsegmenterbut
ratherto understandhe differencedetweerthevariousal-
gorithms,andto demonstratéheir capabilities. Undoubt-
edly, both ncutsand GBP typical cut would improve with
better andwith higherneighborconnectvity.

For GBPtypical cut we chose for all imagesand
the temperaturevas adjustedmanuallyto achieve the de-
sirednumberof clusters.For ncutswe usedthe -way al-
gorithm describedn [9]. Speci cally, we calculatethe
largesteigervectorsof the matrix andem-
bedevery pixel in a dimensionalvectorspace.We then
ran the Kmeansalgorithmsin the vectorspaceto give the
Normalizedcuts segmentation. We ran Kmeans  times
and chosethe clusteringthat gave lowestdistortion. The
free parameter wasadjustedmanuallyto achiese the de-
sirednumberof clusters.

When running Both ncut and GBP typical cut on the
noisy edgeimagedescribedn the introduction(Figure 1)
both algorithmsavoid the trivial sggmentationof the mini-
mal cutalgorithmandoutputthe correctsggmentation.

Figure 6. A comparisorof the edgeprobability mapsbefore
andafterrunningthe GBPtypical cutalgorithm.Edgesn thegraph
appeatin locationswhere . Notethatedgeshatdo
notdenotealargeregion but have astronggradient(e.g.theripples
onthewaves)have andthereforedisappeafrom the
resultingedgemap.
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Figure 5. A comparisorof sggmentatiorresultsusing GBP typical cut (columns(a) and (b)), and Normalizedcut (columns(c) and(d). Both
algorithmsusedthe sameaf nity matrices.(a) and(c) shav the 15largestclusterboundariesuperimposedntheoriginalimage.(c)and(d) shov a
graylevel mapof the 15 largestclusters. As maybe seenthe Normalizedcut algorithmtendsto split large homogeneoussgions.

Figure5 shaws the results? on threereal imagestaken
from [6]. We emphasizehat we choseimagesthat con-
tain large homogeneousgionsto highlight the distinction
betweenthe two algorithms. It is known that ncutswith
local connectvity will tendto favor splitting homogeneous
regions(e.g.[3]). In the appendix,we analyzencutsand
typical cutsfor a simplesyntheticimagewith homogenous
regionsandshow thattypical cutswill notoversgmentthe
large homogenousegion. What happensn real images
with homogenousegions?

Asshownnin gure 5, ncutsindeedtendso favor splitting
of large homogeneousegions while the typical cut does
not. At the sametime, the GBP typical cut algorithmalso
outputssomesmallnoisy clusterswvhich the ncutalgorithm
avoids. Which of thesetwo errorsis moreimportantis, of
course applicationdependentlt canbe seenthat, the sey-
mentationbtainedby usingthe GBPtypical cutaremore
meaningful:onecanrecognizethe airplane,palmtreeand
eyesin the secondcolumnof gure 5 but notin the fourth
column. It shouldbe notedthatfor theseimagesthe GBP
implementatiorwasanorderof magnitudd€asterthanMat-
lab's eigseigensoler.

To get a betterunderstandingf how GBP typical cut
works,we displayin gure 6 the optimaledgeguessede-

2WethankMarshallTapperfor providing aC++ GBPimplementation.

fore andafter runningGBR The “before” columnshaws a
white pixel wherever the probability of anedgebasedonly
onthelocal color gradientis greatethan . The “after”
columnshavs awhite pixel wheneer calculatedus-
ing GBP is greaterthan . Note that edgeswherethere
is asigni cant color gradientbut do not denotea boundary
betweentwo large regionsare suppressefe.g. theripples
onthewaves).

3.2 Learning results

We experimentedvith the ML learningalgorithmonthe
problemof ignoring shadavs. Whenone usescolor simi-
larity betweermpixels,thelargestdifferencebetweerpixels
may be dueto shadavs. Whetherwe want our algorithm
to indeedsegmentbasedn shadevs or ignorethe shadavs
is, of course applicationdependentThis preferencecanbe
communicatedising a training set: whenthe training set
ignoresshadavs we would like our algorithmto learnto
ignorethem,but if thetrainingsetsegmentshasedn shad-
ows, we would like thealgorithmto do the same.

Fig 7 shaws a syntheticexample. Thereis onetraining
image (g 7a) but two differentsggmentationy g 7b,c).
The rst trainingsegmentatioris basedntheshadevsand
the secondraining segmentatiorignoresshadavs.



Thethreeaf nity functionsusednerearebasedninten-
sity differencesn thethree channels.The af nity
is anaf ne function of the intensity difference. We used
gradientascentas given by equation9. Figure 7c shaws
a novel image and gures 7d,e shav two different pair
wise correlationsof thisimageusingthelearned . Indeed,
thealgorithmlearnsto eitherignoreor notignoreshadavs,
basednthetrainingset.

Figure 8 shaws resultson realimages.For realimages,
we found that a preprocessingf the image colorsis re-
quiredin orderto learnshadev-invariantlineartransforma-
tion. This wasdoneby saturatingthe imagecolors. The
training sggmentation(shavn in gure 8a-c)ignoresshad-
ows. On the novel image (shavn in gure 8d) the most
salientedgeis a shadev ontheface.Neverthelessthe sey-
mentationbasedon the learnedaf nity ( gure 8e)ignores
the shadevs and seggmentsthe facial featuresfrom each
other In contrast,a typical cut segmentationwhich usesa
naive af nity function (combiningthe threecolor channels
with uniform weights)segmentsmostly basedon shadavs

(gure 8f).

@) (b)
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Figure 7. A syntheticexamplefor learningthe afnity func-
tion. Thetop row presentghe training set: The input image(a),
the clustersof the rst experiment(b), andthe clustersof the sec-
ond experiment(c). The bottom row presentsthe result of the
learningalgorithm: The input image (d), the maginal probabili-
ties (Eqgn. 4) in the rst experiment(e) and the mamginal
probabilities in the secondexperiments(f). The illustration
is betterviewedin color.

4 Discussion

The introduction of graph partitioning techniquesinto
imagesegmentatiorhasbeentremendoushhelpful. In par
ticular, the ncutsalgorithmhasgivenexcellentperformance
over a wide rangeof images. This is dueboth to the cri-
terionwhich avoidstrivial sgmentationsndto the simple
eigervectoralgorithm. In this paperwe have presentech
new algorithm: GBPtypical cutwhichin termsof complex-
ity is usuallyfasterthanthe eigervectorncut. We shaved

(@) (b) (©)

(d) (e) G

Figure 8. Learninga color afnity functionwhichis invariant
to shadavs. Thetop row shaws the learningdataset: The input
image(a)the pre-processeiinage(b) andtheclusteringto regions
(invariantto shadavs) (c). The bottomrow presentsfrom left to
right, the pre-processethputimagefor theclassi cationstage(d),
anedgemapproducedy learningthe shadav-invariantaf nity (e)
andanedgemapproducedy a naive af nity function,combining
the 3 color channelswith uniform weights(f). Theedgemapwas
computedby thresholdinghe pairwisecorrelations(i,j) (Eqn.4).
Theillustrationis betterviewedin color. Seetext for details.

that the algorithm avoids the trivial segmentationsof min
cutsbut alsoavoidsthe overs@mentatiorof homogeneous
regionsthat may plaguencuts. Anotherimportantadwan-
tageof the GBP typical cut, is thatit comeswith a simple,
probabilisticframeawork, which naturallyallows usingvari-
oussimplealgorithmsfor estimatingthe modelparameters
aswe have demonstrateéh this paper

Although promisingresultshave beenpresentedor the
problemof learning af nities from groundtruth segmen-
tationsin the ncut framewvork [7, 4] it is far from obvi-
oushow to change sothatthe ncut sggmentations
will give boundarieshatagreewith the humanboundaries.
Thisis true evenwhenoneadoptsherandomwalk view of
ncutsproposedn [7]. In contrastML estimationfor undi-
rectedgraphicalmodelsis very well understoodand gives
a straightforvardmethodto learnaf nity matricesfrom la-
beleddata.

Our currentwork of maximumlik elihoodestimationfor
the af nity matrix is just an example of the type
of researchdirectionsthat openup oncewe have a graph-
ical modelanda criterionthatis optimal for sggmentation
giventhatmodel.We view the GBPtypical cutalgorithmas
a bridge betweentheimageseggmentationproblemandthe
powerful machineryof graphicalmodels.
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A Appendix: Analytical comparison on im-
balancedsegmentations

In this sectionwe analyticallycomparethe performance
of optimal ncutsto optimal typical cutson a classof im-
balancedmageswith nearestneighborconnectity. It is
known that ncutswill have trouble undertheseconditions
(e.g.[3]) butwill theseproblemsalsoplaguetypical cuts?

Supposeour inputimageis asshovn in gure 9. There
is asingle,squaregure  of size embeddedn a
uniformbackground of size . Assume
for any two neighboringpixelswith the sameintensityand

for two neighboringpixelsacrossaninten-
sity boundary Considersegmentingthe backgroundnto
two regions thenwe have (ignoringboundaryeffects):

Observationl: For optimal Normalizedcut
with theseweightswill prefercutting the backgroundnto
equal piecesover sggmentingthe gure from the back-
ground.

The proof is straightforward: for a x ed

will approactzerowhile

as grows
will ap-
proach

Figure 9. A simpleimageonwhichwe cancalculatethe perfor
manceof optimal Normalizedcutsandtypical cutswhenboth al-
gorithmshave nearesheighborconnectiity. As thesizeof theim-
agegrows, optimal Normalizedcutswill prefersplitting the back-
groundin half insteadof sggmentingthe gure from ground.Typi-
cal cutswill alwaysprefersggmentingthe gure from ground.

How dependenis thisresultonthenearesheighborcon-
nectionsNotethataslongasthe numberof connection®f
eachnodeis boundedabove (or evengrowssublinearlywith

) the sameargumentholds. Note alsothatthis resultis not
restrictedto normalizedcuts. It alsoholdsfor ratio cuts[2]
(where one minimizes ) aslong as
weight increasesvith thenumberof elementsn

Observatior2: As growsoptimaltypicalcutwill never
preferto split the backgroundnto two ratherthansegment-
ing the gure from thebackground.

To prove this considera point anda neighbor
ing point . Denotetheir correlationasa function
of by . Similarly, considera point

anddenotetheir correlationby . What
happengo thesecorrelationsas grows? Note thataswe
increase thelocal subgraptaroundthese4 pointsdoesnot
changeneitherthetopologynorthe potentials We aresim-
ply addingnodego thegraphthatareincreasinglyfarawvay
from these4 points. Sincethe additionalnodeareincreas-
ingly far away from the 4 points,their in uence decreases
as increasesand , will tendto an
asymptoticvaluethatis independenof



