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Abstract

Metric embedding plays an important role in a vast range of application areas such as computer vision,
computational biology, machine learning, networking, statistics, and mathematical psychology, to name a few.
The main criteria for the quality of an embedding is its average distortion over all pairs.

A celebrated theorem of Bourgain states that every finite metric spacgoimts embeds in Euclidean space
with O(log n) distortion.

Bourgain’s result is best possible when considering the worst case distortion over all pairs of points in the
metric space. Yet, is this the case for theerage distortior?

Our main result is a strengthening of Bourgain’s theorem providing an embeddingevitiantaverage
distortion for arbitrary metric spaces. In fact, our embedding possesses a much stronger property. We define the
£,-distortionof a uniformly distributed pair of points. Our embedding achieves the best poégibistortion for
all 1 < ¢ < oo simultaneously

1 Introduction

The theory of embeddings of finite metric spaces has attracted much attention in recent decades by several com-
munities: Mathematicians, researchers in Theoretical Computer Science as well as researchers in the Networking
Community and other applied fields of Computer Science.

The main objective of the field is to find embeddings of metric spaces into other more simple and structured
spaces that havew distortion

Given two metric spacesX, dx) and(Y, dy) aninjectivemappingf : X — Y is called anembeddingf X
into Y. An embedding ision-contractivef for any v # v € X: dy (f(u), f(v)) > dx(u,v). For a non-contractive

embedding thelistortionof f is defined aslist(f) = sup,,z,ex disty(u, v), wheredist s (u, v) = %

In Computer Science, embeddings of finite metric spaces have played an important role, in recent years, in the
development of algorithms. More general practical use of embeddings can be found in a vast range of application
areas including computer vision, computational biology, machine learning, networking, statistics, and mathematical
psychology to name a few.

From a mathematical perspective embeddings of finite metric spaces into normed spaces are considered natural
non-linear analogues to the local theory of Banach spaces. The most classic fundamental question is that of em-
bedding metric spaces into Hilbert Space. The main cornerstone of the field has been the following theorem by

Bourgain IL3]:

Theorem 1 (Bourgain). For everyn-point metric space there exists an embedding into Euclidean space with dis-
tortion O(logn).

Bourgain also showed that this bound is nearly tight and later Linial, London and Rabin8g|gbr§ve that
embedding the metrics of constant-degree expander graphs into Euclidean space $tpgresdistortion.

Yet, this lower bound on the distortion isveorst casebound, i.e., it means that theexistsa pair of points
whose distortion is large. However, thgerage casés often more significant in terms of evaluating the quality of
the embedding, in particular in relation to practical applications.

Formally, theaverage distortiorof an embedding is defined asavgdist(f) = ﬁ > uzvex disty(u, v).

2
Indeed, in all real-world applications of metric embeddiagsrage distortiorand similar notions are used for
evaluating the embedding’s performance in practice, for example28284, 4, 22,141, 42]. Moreover, in some
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cases it is desired that the average distortion would be small and the worst case distortion would still be reasonably
bounded as well. While these papers provide some indication that such embeddings are possible in practice, the
classic theory of metric embedding fails to address this natural question.

In particular, applying Bourgain’s embedding to the metric of a constant-degree expander graph results in
Q(logn) distortion for aconstant fractiorof the pair3.

In this paper we prove the following theorem which provides a qualitative strengthening of Bourgain’s theorem:

Theorem 2 (Average Distortion). For everyn-point metric space there exists an embedding into Euclidean space
with distortionO(log n) and average distortio®(1).

In fact our results are even stronger. Fox ¢ < oo, define the/,-distortionof an embedding as:
distq(f) = ||dist s (u, v)|| ) = E[dist(u, v)7]"/9,

where the expectation is taken according to the uniform distribétioner ();) The classic notion of distortion is
expressed by thé,-distortion and the average distortion is expressed bytltkstortion. Theorer is a corollary
of the following theorem:

Theorem 3 (¢,-Distortion). For everyn-point metric spac¢X, d) there exists an embeddirfgof X into Euclidean
space such that for any < ¢ < oo, dist,(f) = O(min{g, logn}).

Another variant of average distortion that is natural is what we dialiortion of average distavg(f) =

d , , , ,
2“73736;( Z(ZEZ);g(U))’ which can be naturally extended to #gnormed extension termedistortion of /,-norm
uFvE ’

Theorem& and3 extend to those notions as well.

Besides; = oo andg = 1, the case ofy = 2 provides a particularly natural measure. It is closely related to
the notion ofstresswhich is a standard measureritultidimensional scalingnethods, invented by Kruskd28] and
later studied in many models and variants. Multidimensional scaling method26;28&]) are based on embedding
of a metric representing the relations between entities into low dimensional space to allow feature extraction and are
often used for indexing, clustering, nearest neighbor searching and visualization in many application areas including
psychology and computational biolo¢z4].

Previous work on average distortion. Related notions to the ones studied in this paper have been considered
before in several theoretical papers. Most notably, Yuri Rabino@@hstudied the notion of distortion of aver&ge
motivated by its application to the Sparsest Cut problem. This however places the restriction that the embedding is
Lipschitz ornon-expansiveOther recent papers have address this version of distortion of average and its extension
to weighted average. In patrticular, it has been recently shown (see for insfahcthfit the work of Arora, Rao
and Vazirani on Sparsest Ci8] [can be rephrased as an embedding theorem using these notions.

In his paper, Rabinovich observes that for Lipschitz embeddings the lower boundogfr) still holds. It is
thereforecrucial in our theorems that the embeddings aceLipschit? (a notion defined by Gromow2[l]) (and
w.l.0o.gnhon-contractivg

To the best of our knowledge the only paper addressing such embeddings prior to this work is by Lee, Mendel
and Naor [BO] where they seek to bound tlarerage distortiorof embeddingr-point L; metrics into Euclidean
space. However, even for this special case they do not give a constant bound on the averagedistortion

Network embedding. Our work is largely motivated by a surge of interest in the networking community on
performingpassive distance estimatigsee e.g.1S,35,132,15,/41, 14]), assigning nodes with short labels in such
a way that the network latency between nodes can be approximated efficiently by extracting information from the
labels without the need to incur active network overhead. The motivation for such labelling schemes are many
emerging large-scale decentralized applications that redpaadity awarenessthe ability to know the relative
distance between nodes. For example, in peer-to-peer networks, finding the nearest copy of a file may significantly
reduce network load, or finding the nearest server in a distributed replicated application may improve response time.
One promising approach for distance labellingéwork embeddingsee lL5]). In this approach nodes are assigned
coordinates in a low dimensional Euclidean space. The node coordinates form simple and difitaect labels
Instead of repeatedly measuring the distance between nodes, these labels allow to extract an approximate measure of
the latency between nodes. Hence these network coordinates can be used as an efficient building block for locality
aware networks that significantly reduce network load.

!Similar statements hold for the more recent metric embeddind@9:2F] as well.

2Usually this notion was called average distortion but the name is somewhat confusing.
3This notion is used here somewhat differently than its original purpose.

“The bound given in30] is O(+/Iog n) which applies to a somewhat weaker notion.

2



As mentioned above the natural measure of efficiency in the networking research is how the embedding performs
on average, where the notion of average distortion comes in several variations can be phrased in terms of the defi-
nitions given above. The phenomenon observed in measurements of network distances is that the average distortion
of network embeddings was bounded by a small constant. Our work givéissttfell theoretical explanation for
this intriguing phenomenon.

Embedding with relaxed guaranties. The theoretical study of such phenomena was initiated by the work of
Kleinberg, Slivkins and Wexlei26]. They mainly focus on the fact reported in the networking papers that the
distortion of almost all pairwise distances is bounded by some small constant. In an attempt to provide theoretical
justification for such phenomen2€] define the notion of g1 — ¢)-partial embeddirRywhere the distortion is
bounded for at least sonfé — ¢) fraction of the pairwise distances. They obtained some initial results for metrics
which have constant doubling dimensi@®]. In Abraham et. al.I] is was shown that any finite metric space has
a(1 — e)-partial embedding into Euclidean space witflog 1) distortion.

While this result is very appealing it has the disadvantage of lacking any promise for some fraction of the
pairwise distances. This may be critical for applications - that is we really desire an embedding which in a sense
does"as well as possible”for all distances. To question whether such an embedding e2€jtsl¢fine a stronger
notion ofscaling distortio&. An embedding has scaling distortionefe) if it provides this bound on the distortion
of a(1—e) fraction of the pairwise distancesy anye. In [2€], such embeddings with(e) = O(log 1) were shown
for metrics of bounded growth dimension, this was extended]ito[metrics of bounded doubling dimension. In
addition [1] give a rather simple probabilistic embedding with scaling distortion, implying an embedding into (high-
dimensional)L .

The most important question arising from the work28,|1] is whether embeddings with small scaling distortion
exist for embedding into Euclidean space. We give the following thebwenich lies in the heart of the proof of
Theoreni3:

Theorem 4. For every finite metric spadeX, d), there exists an embedding &finto Euclidean space with scaling
distortionO(log 1).

Novel Techniques.While [1] certainly uses the state of the art methods in finite metric embedding, it appears
all these techniques break when attempting to prove Thedréndeed, to prove the theorem and its generalizations
we present novel embedding techniques.

Our embeddings are based probabilistic partitionsof metric spaces§] originally defined in the context of
probabilistic embeddingf metric spaces and later used in the context of metric embeddi7y1,|8, 39, 27].

We make use of novel probabilistic partitioi®} yvith refined properties which allow stronger and more general
results on embedding of finite metric spaces which cannot be achieved using any of the previous methods. These
constructions as well as the embedding techniques based on them were developed in conjunction with this paper.
Moreover, here we make a far more sophisticated use of these partitions.

Our embeddings intd,, are based onniformly padded hierarchical probabilistic partition3he properties of
these partitions allow to define sophisticated embeddings in a natural way. We believe that the application of these
techniques as presented here demonstrates their vast versatility and we expect that more applications will be found
in the near future.

We stress that although the similarity in approach and techniqued] tbg proof of the main result in this
paper is considerably more involved. This is not surprising given that here we desire to obtain distortions which
depend solely om rather than om. This requires clever ways of defining the embeddings so that the contribution
would be limited as a function of. In particular, in addition to the decomposition based embedding, a second
component of our embedding uses a similar approach to that of Bourgain’s original embedding. However using
it in straightforward manner is impossible. It is here that we crucially rely on the hierarchical structure of our
decompositions in order to do this in a way that will allow us to bound the contribution appropriately.

Additional Results and Applications. In addition to our main result, our paper contains several other important
contributions: we extend the results on average distortion to weighted averages. We show the Gtlsgids
where® is the effective aspect ratio of the weight distribution. We also obtain average distortion results for embed-
dings into ultrametrics. In addition we present a solution for another open problem|26)] [regarding partial
embedding into trees.

Finally, we demonstrate some basic algorithmic applications of our theorems, mostly due to their extensions to
general weighted averages. Among others is an applicatiemdapacitated quadratic assignmg8g, 25]. We also
extend our concepts to analyze Distance Oracles of Thorup and Z&dtfroviding results with strong relation to

SCalled “embeddings witk-slack” in [26].
bCalled “gracefully degrading distortion” if2f].
’In fact in this theorem the definition of scaling distortion is even stronger. This is explained in detail in the appropriate section.



the questions addressed [f]. We however feel that our current applications do not make full use of the strength
of our theorems and techniques and it remains to be seen if such applications will arise.

The rest of the introduction provides a detailed description of the new concepts and results. We then provide the
proof of Theoren®t which contains the main technical contribution of this paper. The rest of the results are given in
the detail in the appendix.

1.1 ¢,-Distortion and the Main Theorem

Given two metric spacesX, dx) and(Y, dy) aninjectivemappingf : X — Y is called anembeddingf X into
Y. In what follows we define novel notions of distortion. In order to do that we start with the definition of the classic
notion.

An embeddingf is calledc-co-Lipschitz R1] if for any u # v € X: dy(f(u), f(v)) > ¢ dx(u,v) andnon-
contractiveif ¢ = 1. In the context of this paper we will restrict attention to co-Lipschitz embeddings, which due
to scaling may be further restrictednon-contractiveembeddings. This has no difference for the classic notion of
distortion but has a crucial role for the results presented in this paper. We will elaborate more on this issue in the
sequel.

For a non-contractive embedding define the distortion functiofy dist, : (3 ) — R*, where foru # v € X:

dist ¢ (u,v) = %. The distortion off is defined aslist(f) = sup,. e x distf(u,v).
Definition 1 (¢,-Distortion). Given a distributionl] over ()2() define forl < ¢ < oo the ¢,-distortionof f with
respect tdl:

dist{V (f) = ||dist (u, v)||{" = Enldist ; (u, v)7]"/,

where|| - HEIH) denotes thenormalizedq norm over the distributioriII), defined as in the equation above. Lét

denote the uniform distribution oveéé‘). The/,-distortionof f is defined asdist,(f) = distg“)(f).

In particular the classic distortion may be viewed as #hedistortion: dist(f) = dists(f). An important
special case of,-distortion is wherny = 1:

Definition 2 (Average Distortion). Given a distributiorll over ()2() define forl < ¢ < oo theaverage distortion

of f with respect tdl is defined aS:avgdist(H)( f) = distgn)( f), and theaverage distortiorof f is given by:
avgdist(f) = disty (f).

Another natural notion is the following:

Definition 3 (Distortion of £,-Norm). Given a distributioriI over (% ) define thedistortion of¢,-normof f with
respect tdl:

_ En[dy (f(u), f(v))9)"/

distnorm{™ () Enjdx(u, 0)dl/a

q

and letdistnorm,(f) = distnormgu)( f).

Again, an important special case of distortior/giorm is wheny = 1:

Definition 4 (Distortion of Average). Given a distributiorll over ()2() define thedistortion of averagef f with

respect tdl as: distavg(n)( f) = distnormgn)( f) and thedistortion of averagef f is given by: distavg(f) =
distnorm; (f).

For simplicity of the presentation of our main results we use the following notation:

distZ(H) (f) = max{distén) (f), distnormgn) (N}, disty (f) = max{dist,(f), distnorm,(f)}, and
avgdist®(f) = max{avgdist(f), distavg(f)}.

Definition 5. A probability distributionII over (3 ), with probability functions : () — [0,1], is callednon-
degeneratéf for everyu # v € X: 7(u,v) > 0. Theaspect ratioof a non-degenerate probability distributibinis
defined as:

maXy-£yeX ﬂ-(ua U)

minu#vEX W(ua ’U) .

In particular® (/) = 1. If IT is notnon-degenerate thep(II) = co.

O(ID) =
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For anarbitrary probability distributioril over (3 ), define itseffective aspect ratias® &(IT) = 2 min{®(II), (%)}

Theorem 5 (Embedding into L,). Let (X, d) an n-point metric space, and let < p < co. There exists an
embeddingf of X into L, in dimensione®®) logn, such that for everyt < ¢ < oo, and any distributioriI
over (¥): dist;™(f) = O(min{g,logn}/p + log ®(IT)). In particular, avedist*™ () = O(log H(IT)). Also:
dist(f) = O([logn/pl), disty(f) = O([q/p]) andavgdist™(f) = O(1).

We show that all the bounds in the theorem above are tight.

In the full paper we also give a stronger version of the bounds for decomposable metrics. Recall that metric
spaceg X, d) can be characterized by their decomposability paramstavhere it is known thatx = O(log \x),
wherex is the doubling constant of, and for metrics of<, ;-excluded minor graphs.x = O(s?). For metrics

with a bounded decomposability parameter we exf€nelorem Sby showing an embedding witdhistz(n)(f) =

O(min{g, (log Ax )"~ 7 (log ) /?} + log ®(I1)).
The proof ofTheorem 5follows directly from results on embedding with scaling distortion, discussed in the
next paragraph.

1.2 Partial Embedding, Scaling Distortion and Additional Results
Following [26] we define:

Definition 6 (Partial Embedding). Given two metric spacegX, dx) and(Y, dy ), a partial embeddings a pair
(f, @), wheref is a non-contractive embedding &finto Y, andG C ()2() The distortion of( f, G) is defined as:
dist(f, G) = supgy vyeq distf(u, v).

Fore € [0,1), a(1 — ¢)-partial embeddings a partial embedding such that| > (1 — ¢)(}).°

Next, we would like to define a special type [df — ¢)-partial embeddings. For this aim we need a few more
definitions. Let.(x) denote the minimal radiussuch that B(z,r)|/n > . LetG(e) = {{z,y} € (3)|d(z,y) >
maX{Te/?(x)areﬂ(y)}}'

A coarsely(1 — ¢)-partial embedding is a pafif, G(¢)), wheref is an embedding®

Definition 7 (Scaling Distortion). Given two metric spacesX, dx) and(Y, dy) and a function : [0,1) — R,
we say that an embeddirfg: X — Y hasscaling distortionx if for any e € [0, 1), there is some sé&k(¢) such that
(f,G(e)) is a(l — e)-partial embedding with distortion at maste). We say thaif hascoarselyscaling distortion
if for every e, G(e) = G(e).

We can extend the notions of partial probabilistic embeddings and scaling distortion to probabilistic embeddings.
For simplicity we will restrict to coarsely partial embeddings.

Definition 8 (Partial/Scaling Probabilistic Embedding). Given (X, dx) and a set of metric spaces for e €

[0,1), acoarsely(1 — ¢)-partial probabilistic embeddingonsist of a distributiotF over a setF of coarsely(1 — e)-

partial embeddings fronY into Y € S. The distortion off is defined asdist(F) = supy,, ,1cae) By~ [dists (u, v)].
The notion of scaling distortion is extended to probabilistic embedding in the obvious way.

We observe the following relation between partial embedding, scaling distortion afgdrstortion.

Lemma 1 (Scaling Distortion vs. ¢,-Distortion). Given ann-point metric spac€ X, dx) and a metric space
(Y, dy). If there exists an embeddirfg: X — Y with scaling distortion then for any distributioriI over (7 ):12

1 1/q
dist{™V(f) < (2 / a(xci)(n)—l)qczx> + a(®In)~h).

5(3) e

In the case oftoarselyscaling distortion this bound holds fdﬁst;(n)(f).

8The factor of 2 in the definition is placed solely for the sake of technical convenience.

°Note that the embedding srictly partial only ife > 1/(%).

191t is elementary to verify that indeed this definefla- ¢)-partial embedding. We also note that in most of the proofs we can nge a
rather thannax in the definition ofG(e). However, this definition seems more natural and of more general applicability.

1our upper bounds use this definition, while our lower bounds hold also for the non-coarsely case.

12Assuming the integral is defined. We note that lemma is stated using the integral for presentation reasons.



Combined with the following theorem we obtain TheorBmWe note that when applying the lemma we use
a(e) = O(log 1) and the bounds in the theorem mentioned above follow from bounding the corresponding integral.

Theorem 6 (Scaling Distortion Theorem intoL,). Let1 < p < oo. For anyn-point metric spac€¢.X, d) there
exists an embedding: X — L, with coarsely scaling distortio®([(log 1)/p]) and dimensior®®) log n.
For metrics with a decomposability parametgrthe distortion improves tcO(min{T)ljl/p(log %)I/P, log1}).

Applying the lemma on the probabilistic embedding into ultrametrics with scaling distaptibrg %) of [1] we
obtain:

Theorem 7 (Probabilistic Embedding into Ultrametrics). Let (X, d) an n-point metric space. There exists a
probabilistic embeddingF of X into ultrametrics, such that for evelly< ¢ < oo, and any distributiodl over(;():

dist; ™ (F) = O(min{q, logn} + log &(IT)).
Forq = 1 and for a given fixed distributiciiheorem 7an be given a classic embedding (deterministic) version:

Theorem 8 (Embedding into Ultrametrics). Given an arbitrary fixed distributiodl over ()2() for any finite
metric space X, d) there exists embeddings f’ into ultrametrics, such thaivgdist™ (f) = O(log ®(II)) and
distavg™) (') = O(log B(I1)).

The results inlI] leave as an open question the distortion of partial embedding into an ultrametric. While
the upper bound which follows froni] by applying b, 12] is O(%), the lower bound which follows fromi] by

applying the2(n) lower bound on embedding into trees 88] is only Q(ﬁ).

We show that the correct answer to this question is the latter bound which is achievable by embedding into
ultrametrics In fact we can obtain embeddings into low-degkeldSTs |6]. This result is related both in spirit and
techniques to recently developed metric Ramsey theoi&@n42] where embeddings into ultrametrics aldHSTs
play a central role.

Theorem 9 (Partial Embedding into Ultrametrics). For everyn-point metric spacé X, d) and anye € (0,1)

there exists g1 — ¢) partial embedding into an ultrametric with distortiaﬂ)(ﬁ).

1.3 Algorithmic Applications

We demonstrate some basic applications of our main theorems. We must stress however that our current applications
do not use the full strength of these theorems. Most of our applications are based on the bound given on the
distortion of averagdor general distributions of embeddingsnto L, and into ultrametrics Witldistavg(n)(f) =

O(log ®(II)). In some of these applications it is crucial that the result holds for all such distribuficFisis

is useful for problems which are defined with respect to weighisv) in a graph or in a metric space, where the
solution involves minimizing the sum over distances weighted accordingltiois is common for many optimization
problem either as part of the objective function or alternatively it may come up in the linear programming relaxation
of the problem. These weights can be normalized to define the distriblitiobsing this paradigm we obtain
O(log <i>(c)) approximation algorithms, improving on the general bound which dependsmothe case tha@(c)

is small. This is thdirst result of this nature.

We are able to obtain such results for the following group of problageseral sparsest cuBl, 5,33, 3, 2],
multi cut[20], minimum linear arrangemeifil6, 40], embedding irl-dimensional meshg&6, 8], multiple sequence
alignment[45] anduncapacitated quadratic assignmgBg, 25].

We would like to emphasize that the notion of bounded weights is in particular natural in the last application
mentioned above. The problemwfcapacitated quadratic assignmestone of the most basic problems in opera-
tions research (see the surv@g]) and has been one of the main motivations for the work of Kleinberg and Tardos
on metric labelling25].

We also present a different use of our results for the problemifsumk-clustering[11].

1.4 Distance Oracles

Thorup and Zwick44] study the problem of creatindjstance oraclefor a given metric space. A distance oracle is

a space efficient data structure which allows efficient queries for the approximate distance between pairs of points.
They give a distance oracle of spadékn't1/¥), query time ofO(k) andworst casedistortion (also called

stretch) of2k — 1. They also show that this is nearly best possible in terms of the space-distortion tradeoff.
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We extend the new notions of distortion in the context of distance oracles. In particular, we can defjae the
distortion of a distance oracle. Of particular interest are the average distortion and distortion of average notion. We
also define partial distance oracles and a distance oracles scaling distortion. We present distance oracle analogues
to our theorems on embeddings.

2 Proof of Main Result

In this section we prove Theore We make use of a new type of probabilistic partition described below.

2.1 Probabilistic Hierarchical Partitions

Definition 9 (Partition). Let (X, d) be a finite metric space. A partitioR of X is a collection of disjoint sets
C(P) = {C1,Cy,...,C;} such thatX = U;C;. The setd; C X are called clusters. Far € X we denote by
P(z) the cluster containing. GivenA > 0, a partition isA-boundedf for all 1 < j < ¢, diam(C;) < A.

Definition 10 (Uniform Function). Given a partitionP of a metric spacé X, d), a functionf defined onX is
calleduniformwith respect taP if for any =,y € X such thatP(z) = P(y) we havef(z) = f(y).

Definition 11 (Hierarchical Partition). Fix some integel. > 0. Let/ = {0 < ¢ < L|i € Z}. A hierarchical

partition P of a finite metric spacéX, d) is a hierarchical collection of partitiongP; },c; where P, consists of
a single cluster equal t& and for any0 < i € I andz € X, Pi(z) C P_1(z). Givenk > 1, letL =

[log, (diam(X))] and setAy = diam(X ), and for eacl) < i € I, A; = A;_1/k. We say thafP is k-hierarchical
if for each: € I, P, € P, P, is A;-bounded.

Definition 12 (Probabilistic Hierarchical Partition). A probabilistic k-hierarchical partition of a finite metric
space( X, d) consists of a probability distribution over a gétof k-hierarchical partitions.

A collection of functions defined oX, f = {fp;|P € H,i € I} is uniformwith respect toi if for every
P € Handi € I, fp; is uniform with respect td;.

Definition 13 (Uniformly Padded Probabilistic Hierarchical Partition). Let H be a probabilistid:-hierarchical
partition. Given collection of functions = {np; : X — [0,1]|i € I, P, € P,P € H} andé € (0, 1], H is called
(n, §)-paddedf the following condition holds for ali € I and for anyx € X:

Pr[B(x,npi(x)A;) C Pi(z)] > 0.

We sayH is uniformly paddedf 7 is uniform with respect t6-.
To state the main lemma we require the following additional notion:

Definition 14. The local growth rate of € X at radiusr > 0 for a given scaley > 0 is defined ap(z,r,~v) =

|B(x,rv)|/|B(z,7/v)|.Given a subspacg C X, the minimum local growth rate of at radiusr > 0 and scale
~v > 0 is defined a®(Z, r,v) = mingez p(x,r,v).the minimum local growth rate of € X at radiusr > 0 and
scaley > 0 is defined ag(x, r,v) = p(B(z,7),r,7).

We now present the main lemma on the existence of hierarchical partitions which are the main building block of
our embedding. A variant of this lemma is given 8}.[

Lemma 2 (Hierarchical Uniform Padding Lemma*). LetT' = 64. Leté € (0, %}. Given a finite metric space
(X, d), there exists a probabilisti¢-hierarchical partition{ of (X, d) and a uniform collection of functions =

{¢pi: X — {0,1}|P € H,i € I}, such that for the collection of functiong defined below, we have that is
(n, 0)-uniformly padded, and the following properties hold for @y H,0 < i € I, P, € P:

o jeibrs(@nps (@) <2 (k) /n(1/6).
o If ép;(x) = 1 theninp,(z) < 278
o If ¢p,(x) = 0then:np(x) > 278 andp(z, A;_1,T) < 1/6.



2.2 The Proof
In this section we prove the following generalization of Theo@:fhe proof relies on Lemmz2.

Theorem 10. Let1 < p < oo and letl < k < p. For anyn-point metric spacé X, d) there exists an embedding
f:+ X — L, with coarsely scaling distortio®([(log 1)/x]) and dimensior®*) log n.

Letl < k < p. Lets = e”. Let D = ¢°") Inn. We will define an embedding X — [P, by defining for
eachl <t < D, functionf®), ") u® : X — R* and letf") = ¢® @ ) andf = D-VP @, p, [,

Fixt,1 <t < D. Inwhat foIIows we define)(). We construct a uniformlyn, 1/s)-padded probabilistic
4-hierarchical partitiorf{ as inLemma 2 and let¢ be as defined in the lemma. Now fix a hierarchical partition
P € H. We define the embedding by defining the coordinates for eachX. Define forz € X,0 < i € I,

ol X = RT, by ! (x) = Epi(a)npi(x) L.
Claim 3. Foranyz,y € X andi € I if Pi(z) = P,(y) theng\” (z) = ¢\" (y).

For each) < i € T we define a functions!”) : X — R* and forz € X, lety:® (z) = 3, v ().

Let {az(t)((])\(] € P,,0 < i € I} be ii.d symmetric{0,1}-valued Bernoulli random variables. For each
x € X: Foreach) < i € I, let wi(t)(x) = al(t)(Pi(x)) -g§t)(m), Wheregi() X — Rtis deflned aSg( )( ) =
min{$\"” () - d(z, X \ Pi(x)), A;}. Defineg!” : X x X — R+ as follows:g\"” (z, y) = min{¢\" (z) - d(z, ), A;}
(Note thatg” is nonsymmetric).

Claim 4. Forany0 < i € I andz,y € X: ¢\"(2) — v (y) < 3 (x, ).

Proof. We have two cases. In Case 1, assufie:) = Pi(y). It follows thaty\” (z) — " (y) = 0" (Pi(z)) -
(0" () — ¢! (). We will showthatgt( )= () < 3@, y). The bounds” (z) - t(y) < A, isimmediate.

To provegi(t) (x) —gz@( ) < qﬁ ( )-d(z,y) consider the value cg‘ ( ). Assume flrsy (y) = qbl(.t) (y)-d(y, X\
Pi(x)). By/Claim 2¢\" () = ¢Z(. )(x) and therefore

d"(@) = g () < ¢ (2) - (d(w, X \ Pi(x)) — d(y, X \ Pi(x))) < (@) - d(x, ).

In the second casg” (y) = A, and thereforg'” (z) — ¢”(y) < A; — A, = 0, proving the claim in this case.
Next, consider Case 2 whefe(x) # P;(y). In this case we have thdtx, X \ P;(x)) < d(z,y) which implies

thaty” (z) < 9" (2) < 51" (,y). O
Next, we define the function(*), based on the embedding technique of Bourgih 4nd its generalization by
Matousek B4]. Let T’ = [log,n] andK = {k € N|1 < k < T'}. For eachk € K define a randomly chosen

subsetA,(f) C X, with each point ofX included inA,(:) independently with probability*. For each: € K and
x € X, define:
Ii(z) = {i € I|Vu € Py(x), s" 2 < |B(u,16A;_1)| < s"}.

We make the following two simple observations:

Claim 5. For everyi € I: (1) Foranyz € X: [{k|i € Ix(x)}| < 2. (2) For everyk € K: the functioni € I (z) is
uniform with respect ta@;.

We definei, : X — I, whereig(z) = min{i|i € Ix(z)}. For eachk € K we define afunctiorpcg) : X — RT
and forz € X let u®(2) = 3, ¢ ul(f)(x). Let &y = 28. The functlonu() is defined as follows: for each
z € X: For eachk € K, let u\"(z) = min{%d(m,A,ﬁt)),hEk(m)( )}, whereh!” : X — R* is defined as:
g (x) = min{®g-d(x, X\ P;(x)), A;}. Defineﬁgt) : XxX —RTas fOIIOWS:EZ(t) (z,y) = min{Pg-d(z,y), A;}
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(Note that/_”agt) is nonsymmetric). We have the following analogu@dim 4

=

Claim 6. Foranyk € K andz,y € X: ;L,(f) (z) — ,u,(f) (y) < Zz)( )(az,y).



Proof. Leti = ix(x). We have two cases. In Case 1, assufyl@) = P;(y). Leti’ = ix(y). By/Claim Ewe have
thati € Ix(y), implying i/ < i. SinceP is a hierarchical partition we have thBf () = P (y). HenceClaim &
implies that’ € Ii(z), so thati < ¢/, which impliesi’ = i.

sincen\" (z) < A; we have thap” (z) — 1" (y) < A;. To proven” (z) — 1" (y) < @ - d(a: y) consider

the value ofiy” (y). If 1 (y) = Jd(y, A thenp (2) — i (v) < F(d(x, AY) = d(y, AP)) < L - d(,y) <
g - d(z, y). Otherwise, iful” (y) = ®¢ - d(y, X \ P;(x)) then

(@) = 1P (y) < B - (d(w, X \ Pi(2)) — d(y, X \ Pi(x))) < B - d(x, y).

Finally, if ,u,](f) (y) = A; thenul(:) () — ,u,](f)(y) <A —A; =0.

Next, consider Case 2 whefg(z) # P;(y). In this case we have thdfz, X \ P;(z)) < d(z,y) which implies
that
@) - 1) < 1 (@) <12 (@) < B (@),

Lemma 7. There exists a universal constafif > 0 such that for any > 0 and any(z,y) € G(e):

fD(z) — fD(y)| < C1 (In(1/€)/k + 1) - d(x,y).
Proof. FromClaim 4we get
Y @@ -vPm) < Y i@y
o<iel o<iel

Definel to be largest such that, 4, > d(z,y) > max{r./s(z),rc/2(y)}. If no such’ exists then let = 0.
By Lemma 2we have

S gy < Y o) dwy) < D 6P (@) - d(x.y)

0<i<t 0<i<t 0<i<t

211 . In (W) k- d(z,y) < (21 In(2/e) /k) - d(z, ).

x, AE+4)‘

IN

We also have thal, ., 6\ (2, 4) < 3"y se; Ai < Ay < 43d(x, y).

it follows that|v:(® () — O (y)| = | Soies (0 () — 0 (1)] < (2" W(2/€) /5 + 47) - d(z, ).
FromClaim éwe gety", . (1t” (2) — i (1)) < Spekc BEZ)@) (z,9).

Let &’ be the largest such thatt’ <en/2. We have

S A @y < Y @g-dlay) =25 (Nlog,n] — [logy(en/2)]) - d(x.y)

k'<keK k'<keK
25 (In(2/e)/x +2) - d(z,).

Now, if £ < k' andi € I, (z) then for anyu € P;(z) we havel B(z,16A;)| < |B(u, 16A;_1)| < s¥ < en/2. It
follows thatd(z,y) > r./2(z) > 16A,. Denote the largestsatisfying the last inequalit§/. UsingClaim Swe get

2 Mm@y = 3 Mm@ 30 3T A< 30 2 <4Ar < d(wy)/4.

k' >keK k' >keK >iel keK il (x) >iel

IN

It follows that

1O (@) = O @) =13 (W)l < 2° (In(2/€) /K + 3) - d(z,y).

keK

Therefore

D) — fOy)| = [0 (@) + pP (@) — P (y) — pD(y)| < 2'2(In(2/€) /K + 1) - d(z,y).



Lemma 8. There exists a universal constati > 0 such that for any:, y € X, with probability at least ="~ /4:

fD (@) = O y)| > Co - d(w,y).
Proof. Let0 < ¢ € I be such thatA,_; < d(z,y) < 16A,_1. We distinguish between the following two cases:
e Case 1:Eitherép(z) =1 0rlpy(y) = 1.
Assume w.l.o.g thafp,(x) = 1. It follows that(ﬁy)(x) = npe(z)~'. AsH is (n,)-padded we have the
following boundPr[B(z, np(x)Ar) C Pe(z)] > 1/s.Therefore with probability at leasy s:
o)) (x) - d(z, X \ Pi()) = ¢{” (@) - npe(2) A0 = As.
Assume that this event occurs. We distinguish between two cases:
—1fO) — fOy) — @ (@) — v ()] > 1A, In this case there is probability at ledsts that
o) (Pu()) = 0" (Pu(y)) = 0, s0 thaws (" () = v (y) = 0.
— 1FO@) = fOy) — @ (@) — v (1)) < LA, Sincediam(Py(z)) < A, < d(z,y) we have that
Pi(y) # Pu(z). We get that there is probability/4 thato'” (P,(x)) = 1 anda'” (Py(y)) = 0 so that
v (@) — v () = A
We conclude that with probability at leasst4s: | ) (z) — O (y)| > SA,.

e Case 2:{py(z) =Epy(y) =0
It follows from Lemma 2that max{p(x, A;_1,T), p(y, Ar—1,T)} < s. Leta’ € B(z,Ap 1) andy’ €
B(y, Ay—1) such thap(z', Ay_1,T) = p(x, Ap—1,T) andp(y’, Ay_1,T) = p(y, A¢—1,T). Forz € {2/, ¢}
we have:

B(zTA)|  |B(x,32A0 )]
|B(2, Ae—1/T)| ~ |B(z, Ag—r /T’

using thatl(x, 2') < A,y andd(z,y’) < d(z,y)+d(y,y’) < 17A,_1, andl’ = 64, so thatB(z,32A,_1) C
B(z,TA;_1). Letk € K be such that*~! < |B(x,32A,_1)| < s*. We deduce that for € {z',5/},
|B(z,A¢_1/T)| > s*2. Consider an arbitrary point € Py(z) asd(z,u) < Ay < Ay it follows that
s"=2 < |B(u,16A,_1)| < s*. This implies that € I;(z) and therefore,(z) < ¢. As H is (n, )-padded
we have the following bound

Pr[B(z,npe(x)Ar) C Py(x)] > 1/s.

Assume that this event occurs. Sirfeés hierarchical we get that for eveiy> ¢ B(x,np)(x)Ay € Pr(x) C
P;(z) and in particular this holds far= i (z). As p,(z) = 0 we have thatp,(z) > 275 = 1/®,. Hence,

(I)O . d(a:,X \ Pl(a;)) > (I)() . T]p’g((L‘)Ag > Ag.

Implying: 1" (z) = min{d(z, A", ®¢ - d(z, X \ Pi(x)), A;} > min{Ld(z, AV, A},
The following is a variant on the original argument 8[34]. Define the events4d; = B(y',Ay_1/T) N

A 20, Ay = B/, 8p_1/T) 0 AY £ pand. Ay = [B(x,32A0 1)\ B(y, A¢_1)] N AP = . Then for
m € {1,2}:

k—2

Pr[d,] > 1- (1 - s—’f)s >1 e TS e > 5720,
Sk
Prid)] > (1 - s_k> >1/4,

usings > 2. Observe thati(2’,y") > d(z,y) — 2A,1/T > (1 — 2/T)Ai—1 > 2A,_1/T, implying
B(y',Av—1/T) N B(2!, Ay—1/T). It follows that eventA; is independent of either evest, or Aj,.

Assume even#; occurs. It follows thati(y, A,(f)) <d(y,y') + A1 /T < (1 +1/T)Ay—;. We distinguish
between two cases:

10



— 1fO@) — fO) — (1P (@) — 1 (y))] = 3/2- A In this case there is probability at least? /2
that event4, occurs, so thdw,(f)(:z:) - u,(f) (y)| < 1 max{d(z, A,(f)), d(y, A,(f))} <3(1+1/T)A;y =
(1+1/T)Ay, by boundingd(z, A,(f)) in the same way as done above &y, A,(f)). We therefore get
with probability at least —2/2 that|f() (z) — f®(y) > 3/2- Ay — (1 + 1/T)Ap > Ay/4.

— If®(z) — fO(y) — (ugt) (z) — u?) (y))| < 3/2- Ay Inthis case there is probability at ledstt that
eventA), occurs. Observe that:

d(z, B(y', Ae-1/T)) < d(z,y) +d(y,y") + Apy/T

< 16Ap 1+ A1+ Ap /T < (174 1/T)Ap—1 < 32444,
d(z, B(y',A—1/T)) = d(z,y) —d(y,y') — AT

> 4D —Apg — Ay /T > (3-1/T)Ap,

implying thatd(z, A") > d(z, B(y/, Ar_1/T)) > (3—1/T)A,_; and thereforgi”) () > min{1(3 —
1/T)Ar-1,Agy = (3~ 1/T)Ay. Sincepl) (y) < 1d(y, AY) < 11+ 1/T)Ar1 = (1+ 1/T)A, we
obtain that:u,(f) (x) — M;(:) (y) > 3—-1/TVAy— (1 +1/T)A, > (2 —2/T")Ay. We therefore get with
probability at least /4 that|f®) (z) =) (y)| > (2 — 2/T)A; — 3/2- Ay > Ay /4.

We conclude that gives;, with probability at least=2/2: |f®)(z) — f® (y)| > Ag/4.
It follows that with probability at least=>/4: [f®)(z) — fO(y)| > 1A, > 2473d(z, y) = 278d(z, y). O

Lemma 9. There exists a universal constaiit$, C%, > 0 such that w.h.p for any > 0 and any(z,y) € G(e):
Cy-d(z,y) < | f(2) = fW)llp < C1 (In(1/€e)/k + 1) - d(z,y).

Proof. By definition||f(z) — f(y)lly = D™ Y1 <,<p 1F ¥ (2) = D (y).
Lemma 7implies that|| f(z) — f(y)||b < (Ci(In(1/€)/k + 1))? d(z, y)P.
UsingLemma 8and applying Chernoff bounds we get w.h.p for any € X:

15() ~ T = 1o (Cod(a, )" 2 ¢ (7% Cod(r, )"
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A Partial Embedding, Scaling Distortion and the ¢,-Distortion

The following lemma states that lower bounds on thelistortion follow from lower bound orf{l — ¢)-partial
embeddings. Applying this on the lower bound results frdhwje obtain the tightness of our bounds.

Lemma 10 (Partial Embedding vs. /,-Distortion). LetY be a target metric space, l&t be a family of metric
spaces. If for any € [0, 1), there is a lower bound af(e) on the distortion of 1 — ¢) partial embedding of metric
spaces int into Y, then for anyl < ¢ < oo, there is a lower bound 0504(2—‘1) on the/,-distortion of embedding
metric spaces i’ into Y.

Proof. For anyl < ¢ < oo sete = 277 and letX € X be a metric space such that afly— ¢) partial embedding
into Y has distortion at least(e). Now, let f be an embedding of into Y. It follows that there are at least?,)
pairs{u,v} € (3) such thatlist ;(u,v) > a(e). Therefore:

(E [dist (1, )1)) 9 > (ea(e)?)? > (27% (279) ) = Za (279) .

O]

The following lemma in particular implies constant average distortion for any scaling embedding with distortion
O(log(1/€)). However, the argument extends to the weighted average case to ptliged) distortion, whereb
is the effective aspect ratio of the weight function.
Lemma 1 (Scaling Distortion vs. /,-Distortion). Given ann-point metric spac€ X, dx) and a metric space
(Y, dy). If there exists an embeddirfg: X — Y with scaling distortion then for any distributioriI over (% ):12

1 1/q
dist{V(f) < <2/ o a(x@(n)—l)mz) + a(®(I)7h).

Proof. We may restrict to the casg(Il) < (%). Otherwise®(II) > (%) and thereforelist{™ (f) < dist(f) <
a(®(I1)~1). Recall that
dist{V (f) = [|disty(u, v) ||V = En[dist(u, v)7]"/9.
Define for eache € [0,1) the setG(e) of the (1 — ¢€)(5) pairsu,v of smallest distortionlist(u,v) over all
pairs in (3). Sincef is a (1 — ¢)-partial embedding for any € [0,1) we have that for eacku,v} € G(e),
dist(u,v) < ale). LetG; = G27'®(IN)~) \ G(2-(-Dd(1)~!). Sincea is a monotonic non-increasing
function, it follows that
Enldisty(u,v)?] = Y m(u,v)disty(u,v)?
uFveX
Z 7 (u, v)a(S(I) )7 +
{uv}eG(S(I) 1)
log( ()2 ~")]

IN

Z m(u, v)a(27 O~

=1 {uv}eG;
< Y o) a@m s
uFveX
Log((5)®(D)~)] .
> el (‘P(%” ) w(u,w) @By
i=1 2] wu#tveX
Llog((5)®(D)~")]
< a@mTHT+ D 27 a2
=1

A 1 A
< a(®(I)H + <2ﬁ a(xq)(ﬂ)_l)qu> .

5(3) " @

BAssuming the integral is defined. We note that lemma is stated using the integral for presentation reasons.
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The following somewhat more sophisticated lemma in particular implies cordgittnttion of averager any
scaling embedding with distortio®(log(1/¢)). Again, the argument extends to the weighted average case to
provideO(log @) distortion.

Lemma 2 (Coarsely Scaling Distortion vs. Distortion of/,-Norm). Given ann-point metric spac€.X, dx) and
a metric spaceY, dy ). If there exists an embedding: X — Y with coarsely scaling distortion then for any
distributionI over (7 ):%4

1 1/q
distnorm{"V(f) < (2 / - a(xé(n)—l)qczm> + a(®(ID)7h).
3(3) 2

Proof. We may restrict to the cagg(IT) < (). Otherwised(IT) > (%) and thereforelistnorm!'™” (f) < dist(f) <
a(®(I1)~1). Recall that
EH[dY( (), f(0))]"9

Enldx (u,v)| /e~
Fore € [0,1) recall thatG/(e) = {{z,y} € (3)|d(z,y) > max{r o(x),7¢/2(y)}}. Since(f, G) is a(1 — ¢)-partial
embedding for any < [0, 1) we have that for eacfu, v} € G(e), dists(u,v) < a(e). LetG; = G(27'®(I) 1) \
G(2-(=De ()~ 1). We first need to prove the following property:

> dx(wv)?! <27 > dx(u,v)"

{uw}reGy uFveX

distnormén) (f) =

To prove this fix somes € X. LetS = {v|{u,v} ¢ G(2~0"Dd(1)~1)}. ThenS = B(u,r,
S|/ (3)27*®(I1)~! and for each € S, v’ € S we haved(u,v) < d(u,'). It follows that:

Z dx(u,v)? = de(u,v)q+2dx(u,v)q

viuFveX veS vesS

77‘&)(1_[)71 (u)) ThUS,

Y ves dx (u,v)9 o 2oves dx (u,v)
> =Y L= — d
S| S +19] S |S|Z v (u,v)4

veES

1 Assuming the integral is defined.
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Sincea is a monotonic non-increasing function, it follows that

Enldy (f(u), f(0))7] = Y w(u,0)dy(f(u), f(v))

uFveX
= Z 7(u, v)dx (u, v)?dist s (u, v)?
uFveX
< Z 7(u, v)dx (u, v)o(DIT) "1 +

{uw}eG(@(m)~1)
Llog((3)2(1D~")]
Z 7 (u, v)dx (u, v) (27 B () 712

=1 {U,U}Eéi

IN
A
£
=
SN
jal
£
<
=
2
>
A
=
+

N

2 dx(u0) ®(I) - min ww,2) a2 () )

(VAN
A
£
S
QU
>
£
<
=
2
K>
A
L
=
+

[log((5)2(1)~")] )
Z Z 2" de (u,v)?- min w(w,z) - a(z*l@(n)*l)q

w#z€X

INA
S
S
QU
ol
£
<
=
2
/*_ef
E
+

A
E
5
S
S

A.1 Distortion of /,-Norm for Fixed ¢

Lemma 1. Let1 < ¢ < oo. For any finite metric spacéX, d), there exists an embeddingfrom X into a star
metric such that for any non-degenerate distributindistnorm’' " (f) < 21/4(2¢ — 1)1/4&(I1)1/4. In particular:
distnorm, (f) < 2Y/9(27 — 1)1/9 < /6.

Proof. Letw € X be the point that minimize __ - d(w, x)9)/4, LetY = X U {r}. Define a star metri¢Y, d')

17



wherer is the center and for every € X: d'(r,z) = d(w, z). Thusd'(x,y) = d(w, z) + d(w,y). Then

Enld (u,0)?] = Y w(w,0)d(u,0)?< Y w(u,v) (d(u,w) + d(w,v))?

uFveX uFveX
< (29-1) Z 7(u,v) (d(u, w)? 4 d(w, v)?)
uFveX
< (27-1) M;X <<I>(H) 8;2161%( W(S,t)) (d(u, w)? + d(w,v)?)
= (27 —1)-®(II) S;%i&w(s,t) I ; ! (Z d(u, w)?+ ) d(w,v)‘I)
ueX veX
< (21 1) BT (n—1)- % >3 min w(s.t) - du. )"
zeX ueX
< 2020-1)-9() - > w(u,0) - d(u,v)"

uZveX
— 2(27 — 1) - B(IT) - Exg[d(u, v)].

B Embedding into Ultrametrics

In this section we shoWl — ¢) partial embedding with distortiolvg(1/+/€) into ultrametrics.

Definition 15. An ultrametric U (or 1-HST) is a metric spa¢¥, d;/) whose elements are the leaves of a rooted
treeT. Eachv € T is associated a labél(v) > 0 such that ifu € T is a descendant ofthenA(u) < A(v) and
A(u) = 0iff uw € U is a leaf. The distance between leaveg € U is defined asiy (x,y) = A(lca(x,y)) where
lca(x,y) is the least common ancestorofndy in T'.

Theorem 9. For everyn-point metric spac€X, d) and anye € (0, 1) there exists 1 — ¢) partial embedding into
an ultrametric with distortiorﬁ(ﬁ).

Proof. The proof is by induction on the size &f (the base case is whel® | = 1 and is trivial). Assume the claim
is true for any metric space with less than| points. Denoté\ = diam(X). Letu,v € X such thatlx (u,v) = A,
and assuméB(u, §)| < % (otherwise switch the roles afandv).

Letl ={1,2,3,--[\/5/¢]}, foreveryi € I let A; = B (u,i,/e/5%), a; = il g — A\ A

There are two cases to considélase 1.1 < e. In this case label the root &f with A, and it will have two
children: one is a leaf formed by the singletpmn} and the other is the tree formed recursivelyXoy {u}.

Letv € X \ A; thendx (u,v) > \/6/5%. Sincedy (u,v) = A then distortion isO(ﬁ). Hence, only pairs
(u,w) wherew € A; may need to be discarded, and using the induction hypothesis the total number of distorted

distances is at most:
n—1 n%—n n
— 1 = =
e(n—1)+ 6< 5 > e €<2>
as required.

Case 21 > e. Notice that for alli € I we haven; < § becauseB(u, §)| < 2.

Claim 1. There exists € I such thatS;|? < ea;n?

Proof. Seeking a contradiction, assume that forial I, |S;|? = (a1 — a;)?*n? > ea;n? and hencev; 1 — o; >
Vea;. Under this assumption; > %eiz for all i € I, and the proof is by induction.
For the base case, > ¢ > %e. For the induction step, assumege > %ezﬂ, then

18



Q] —Q; = J€q;

1 1 1 1
iyl > §ei2 + \/@6%2 = §e(z'2 +3i) = geli + 1)2
Therefoream > %6(\/5/6)2 > 1 and contradiction follows. This completes the proot&im 1 O

Leti € I be anindex such thas;|? < ea;n?. We partitionX to X; = B (u, (i + %)\/6/5%) andX; = X\ X;

(we divide the shelb; in half). Label the root ot/ with A and create two children: one is the tree formed recursively
by X, and the other is the tree formed recursively.By.
Since|X:| > a;n and| Xz| > § we get

S\ _ ISiP?
(5 < BF <axix

LetC = {(u,v) | v € X1,v € Xo}andD = {(u,v) | u € u € X1 N S;,v € u € XoN S;}. So for
any (u,v) € C'\ D, d(u,v) > min{dx (X1, X2\ S;),dx (X1 \ Si, X2)} > /(¢/5)A/6. Hence only distances
(u,v) € D may be distorted by more thﬂ(ﬁ), and there are at mo(s‘t";") such distances.

Using the induction hypothesis we conclude that the total number of distorted distances is at most

X X Si 1
e< 21’) —|—€<| ;') - <| 2l|> < eq (X = X0 ]+ [Xaf? — [ Xa] +21X0 ]| Xa|)

1
< e (Xl + X)) (Xa] +[Xe| = 1)

{0

C Applications

Consider an optimization problem defined with respect to weighitsv) in a graph or in a metric space, where the
solution involves minimizing the sum over distances weighted according }3,, , ¢(u, v)d(u,v). It is common

for many optimization problem that such a term appears either in the objective function or alternatively it may come
up in the linear programming relaxation of the problem.

Then these weights are can be normalized to define the distribdtisheren(u, v) = % so that the
x,y e

goal translates into minimizing thexpected distancaccording to the distributioll. We can now use our results to
construct embeddings with smdiktortion of averagg@rovided inTheorem 5Theorem 7andTheorem 8 Thus we
get embeddingg into L,, and into ultrametrics Witl’distavg(n)(f) = O(log @(H)). In some of these applications
it is crucial that the result holds for all such distributidigTheoremsb and Theorer?).

Define®(c) = ®(II) andd(c) = d(IT) . Note that if for allu # v, c(u,v) > 0 thend(c) = Bwvclwv)

ming ., c(u,v)
Using this paradigm we obtaifi(log ®(c)) = O(min{log(®(c)),logn}) approximation algorithms.
This lemma below summarizes the specific propositions which will be useful in most of the applications in the
sequel:
Lemma 2. Let X be a metric space, with a weight function on the pairg3 ) — R, . Then:
1. There exists an embeddirfg X — L, such that for any weight functian

Y cwv)llf(w) = fo)ll, < Ologd(c)) Y elu,v)dx(u,v)
{u,v}e()z() {u,v}e();)
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2. There is a set of ultrametricS and a probabilistic embedding of X into S such that for any weight function
c:

Ep| D cluv)dy(f(u),f(0)]| <OUog@(e)) D eluv)dx(u,v)
{uve(3) {uvye(3)

3. For any given weight function, there exists an ultrametricy’, dy ) and an embedding : X — Y such that

> cluv)dy(f(u), f(v) < O(logd(c)) Y elu,v)dx(u,v)
{u,v}e();) {u,v}e();)

C.1 Sparsest cut

We show an approximation for the sparsest cut problem for complete weighted graphs, i.e., for the following prob-
lem:
Given a complete grap&(V, /) with capacities:(u,v) : £ — R, and demand®(u,v) : £ — R,. Define
the weight of a cut.S, S) as
2 uespes (U v)
ZuES,veg D(u7 ’U)

We seek a subsét C ¥V minimizing the weight of the cut.

The uniform demand case of the problem was first given an approximation algoriticgfn) by Leighton
and Rao/B81]. For the general case(log k) approximation algorithms were given by Aumann and Rab&jraufd
London, Linial and Rabinovich33] (wherek is the number of demands), via embeddings ihtoof Bourgain.
Recently Arora, Rao and Vazirani improved the uniform case bout{ {dog n) and subsequently Arora, Lee and
Naor gave a(+/log n log log n) approximation for the general demand case based on embedding of negative-type
metrics intoL. .

We show arO(log ®(c)) approximation. We apply the method &3]: build the following linear program:

min Z c(u, v)7(u,v)
4 u,v

subjectto: >~ D(u,v)7(u,v) > 1
T satisfies triangle inequality
T72>0

If the solution would yield a cut metric it would be the optimal solution. We solve the relaxed program for
all metrics, obtaining a metri¢V, 7), then embedV, ) into l1, using f of Lemma 2 Since the embedding is
non-contractive-(u,v) < || f(u) — f(v)]||1, hence

> € 0) 1 f () = f(0)l )
> uw D(w, 0)|[ f(u) — f(v)lly < O(log (c))

> €U, 0)7(u, v)
Zuw D(u,v)71(u,v)

Following [33], we can obtain a cut that providesHlog ®(c)) approximation.

C.2 Multi cut

The multi cut problem is: given a complete gra@ghV, ) with weightsc(u,v) : E — R4, andk set of pairs
(siyt;) €V xV i=1,...,k find a minimal weight subset’ C F, such that removing every edge il
disconnects every pafs;, t;).

There best approximation algorithm for this problem due to Garg, Vazirani and Yann2Gjkia$ performance
O(logk).
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We show a0 (log ®(c)) approximation. We slightly change the methodszfi|] create a linear program:

min Z c(u, v)7(u,v)

1
(uv)€(y)
subjecttoi,j > 7(u,v)>1
(u,v)ep{
T satisfies triangle inequality
T>0

wherep! is thej-th path froms; to ¢;. Now solve the relaxed version obtaining metric spdcer). Using(3.)
of Lemma 2we get an embedding: V — Y into an HST(Y, dy-). We use this metric to partition the graph instead
of the region growing method introduced I20].
Hencez(u’v)g(g) c(u,v)dy (u,v) < O(log ®(c)) Z(u,v)e(‘;) c(u,v)7(u, v). We build a multi cute’: for every
pair (s;, t;) find theirlca(s;, t;) = r;, and create two clusters containing all the vertices under each child: insert into
E’ all the edges between the points in each subtree and the rest of the graph. Since we have the constraint that
Z(w)epj 7(u,v) > 1, we get from the fact thaf is non-contractive thal(r;) = dy (s;,t;) > 1. It follows that if

an edg€gu,v) € E' nthend(u,v) > 1. It follows that

Y cw) < > c(u,v)dy (u,v) < O(log &(c))OPT
(u,0)EE (u,v)e(g)

C.3 Minimum Linear Arrangement

The same idea can be used in the minimum linear arrangement problem, where we have an undirect&§d’gfgjph
with capacities:(e) for everye € E, we wish to find a one to one arrangement of vertices” — {1,...,|V|},
minimizing the total edge length}_ ,, ,)c g c(u, v)|h(u) — h(v)].

This problem was first given afi(log n log log n) approximation by Even, Naor, Rao and Schied€},[which
was subsequently improved by Rao and Ric¢H fo O(logn).

As shown in [L€], this can be done using the following LP:

min Z c(u,v)d(u,v)
uFveV

st.  YUCV, YWweU:> d(uwv)>
uelU

(|UF=1)

=

V(u,v) : d(u,v) >0

which is proven there to be a lower bound to the optimal solution. Even etl€plfe this LP formulation to
define aspreading metriavhich they use to recursively solve the problem in a divide-and-conquer approach. Their
method can be in fact viewed as an embedding into an ultrametric (HST) (the argument is similar to the one given
for the special case of thaulti cutproblem) and so by using assertith) of Lemma 2we obtain arO(log ®(c))
approximation.

The problem of embedding irdimensional meshes is basically an expansioh tofd dimensions, and can be
solved in the same manner.

C.4 Multiple sequence alignment

Multiple sequence alignments are important tools in highlighting similar patterns in a set of genetic or molecular
sequence.

Givenn strings over a small character set, the goal is to insert gaps in each string as to minimize the total number
of different characters between all pairs of strings, when the cost of gap is considered 0.

In their paper,/45] showed an approximation algorithm for the generalized version, where each pair of string
has an importance parametér, v), they phrased the problem as finding a minimemmmunication cost spanning
tree i.e. finding a tree that minimizes,, , c(u, v)d(u, v), whered is the edit distance. They apply probabilistic
embedding into trees to bound the cost of such a tree. This gives an approximation €tiogf).

UsingLemma 2we get anO(log <i>(c)) approximation.
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C.5 Uncapacitated quadratic assignment

The uncapacitated quadratic assignment problem is one of the most studied problems in operations research (see the
survey B6]) and is once of the main applications of metric labelligg][ Given threen x n input matrices”, D, F,
such thatC' is symmetric with0 in the diagonal D is a metric and all matrices are non-negative. The objective is to

minimize
min > Cl,))D (0(i),0() + Y F (i,0(i)
1,7 7

whereS,, is the set of all permutations overelements.
One of the major applications of uncapacitated quadratic assignment is in location theory: G¥hereis the
material flow from facility: to j, D (o(i), o (7)) is their distance after locating them ahdi, o (7)) is the cost for
positioning facility: at locationo (7).

Unlike the previous applications he¢éis not a fixed weight function on the metrig, but the actual weights
depends ol which is determined by the algorithm. Hence we require the probabilistic (@$wfLemma 2which
is oblivious to the weight function'.
Kleinberg and Tardos2B] gave an approximation algorithm based on probabilistic embedding into ultrametrics.
They give anO(1) approximation algorithm for an ultrametric (they in fact usST). This implies arO(log k)
approximation for general metrics, wherés the number of labels.

As uncapacitated quadratic assignment is a special case of metric labelling it can be solved in the same manner,
yielding aO(log <i>(C)) approximation ratio by applying resuit) of Lemma 2together with the)(1) approxima-
tion for ultrametrics of25].

C.6 Min-sum k-clustering

Recall the min-sunik-clustering problem, where one has to partition a grapho & clustersCy,...,Cy as to
minimize
k
> 2 duluwo)
i=1 u,weC;

[11] showed that using probabilistic embedding into HST and solving the problem there by dynamic programming
yields a constant approximation factor in the HST and therefore a fac&l(é)(log n)1+5) in H, with running time

nP0/9, Let® = ®(d).

logn
Lemma 3. For a graph H equipped with the shortest path metricdif < 2Tslosn, there is a polynomial time
O (log(k®)) approximation for min-sur-clustering problem.

Denote byO PT the optimum solution for the problem with cluste{E§PT, andO PTr the optimum solution
for a family of HSTT with clustersC”"*7 . Also denote ALG for the result ofifl] algorithm with clusterss A2

We know that by using probabilistid — €) partial embeddind{ into 7, edges: € G are expanded b (log %)
and fore ¢ G the maximum expansion {8 (no distance is contracted), therefore choosiﬁgﬁ yields:

k k
EALG) =Y Pr(T]> Y du(uo) <Y Pr(T]> > dr(uv)

TeT i=1,, veC.ALGT TeT i=1, Uec_ALGT

’ 2 ’ 2

k k
<O PrT]> Y dp(uv) <O(1) Y _Pr(T]Y 0 Y dr(u,v)

TeT =1, pecOPTT TeT i=1 upeCOPT

’ 7

<0(1) (i > ZPr[T]dT(u,v)—i—i > ZPr[T]dT(u,v))

i=1 uweCOPTNG TET i=1 4,eCOPT\GTET

k k
<0(1) (Z > O0Qog(l/e)du(uv)+y > @)

i=1 4 peCOPTNG i=1 upeCOPT\G

< O((log (1/€)) OPT + ken?® = O (log(k®)) OPT + n?/k = O (log(k®)) OPT

22



the last equation follows from the fact th%zt < OPT (assuming we scaled the distances suchithaf, ;,c g dp (u, v) >
1).

Let the clusters be of siz@, . . ., a;, naturally>"_, a; = n, and there ar&"_, a2 edges inside clusters. Let
b=(1,1,...,1) € R*. From Cauchy-Schwartz we get

k 2
(Z ) = (@ x b < Jal PP = (@)
=1

7

therefore)";(a?) > °, meaningD PT > .
The running time of the algorithm 8 (log n)?(°e®) = O since the number of levels in the HST is relatively
smallO(log ®). (seel]] for details).

D Distance Oracles

A distance oracle for a metric spat¥,d), | X| = n is a data structure that given any pair returns an estimate of
their distance. In this section we study scaling distance oracles and partial distance oracles.

D.1 Distance oracles with scaling distortion

Given a distance oracle with(n!/*) bits, the worst case stretch can indee@be- 1 for some pairs in some graphs.
However we prove the existence of distance oracles witading stretctproperty. For these distance oracles, the
average stretch over all pairs is ory(1).

We repeat the same preprocessing and distance query algorithm of Thorup andigit sampling prob-
ability 3n=1/* Inn for the first set andh—!/* thereafter.

Given (X, d) and parametek:
AO =X ) Ak = @ ;
fori=1t0k—1
let A; contain each element of;_,
independently with probability > 1 =1,
independently with proba ”){nl/k ie 1
foreveryx € X
fori=0tok —1
let p;(x) be the nearest node i;,
sod(z, A;) = d(x, pi(z)),
let B;(z) := {y € A\ Ai1 | d(z,y) < d(z, Aip1)};

Figure 1:Preprocessing algorithm.

Givenz,y € X:
z=x;1:=0;
while z ¢ B;(y)
=1+ 1;
(2,9) == (y, 2);
2= pi(a);
returnd(z, z) + d(z,y);

Figure 2:Distance query algorithm.

Theorem 11. Let (X, d) be a finite metric space. Lét = O(Inn) be a parameter. The metric space can be
preprocessed in polynomial time, producing a data structu(é(mq“/k logn) size, such that distance queries can

be answered il0 (k) time. The distance oracle has coarsely scaling distortion bounde{dz @‘MW + 1).

logn

Proof. Fix e € (0,1), andz,y € G(e). Letj be the integer such that/* < en/2 < nlU+D/*k We prove by
induction that at the end of thih iteration of the while loop of the distance query algorithm:
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1. d(z,z) < d(z,y) max{1,¢—j}
2. d(z,y) < d(z,y) max{2,¢ — j + 1}.

Observe that ‘ ”
Pr(B(z, 7 i-mm (@) N Ay = 0] < (1 —n~/*3Inn)""" <n=3

forall z € X andi € {0,1,2,...,k — 1}. Hence with high probability(1.) holds for any/ < j since
d(w, per1(x)) < reja(z) < d(x,y) and(2.) follows from (1.) and the triangle inequality. Fdr > j, from the
induction hypothesis, at the beginning of ttta iteration,d(z’,y) < d(x,y)max{1,¢ — j}, wherez’ = py(z),
2" € Ay. Sincez’ ¢ By(y) then after the swap (the line;, y) := (y, z)) we have

d(z,z) =d(x,per1(z)) < d(z,y) max{1,¢ — j}

andd(z,y) < d(z,y) max{2,¢— j+ 1} follows from the triangle inequality. This competes the inductive argument.
Sincepy_1(x) € Ax—1 = Bi-1(y) then? < k — 1 and therefore the stretch of the response is bounded by

2k —j)—1<2 [‘(’g(?/@’ﬂ +1. O

logn

We note that a similar argument showing scaling stretch can be given for variation of Thorup and Zwick’s
compact routing schemd3d].

D.2 Partial distance oracles

We construct a distance oracle with linear memory that guarantees stratehddraction of the pairs.

Theorem 11. Let (X, d) be a finite metric space. Lét< ¢ < 1 be a parameter. Let < O(log 1). The metric
space can be preprocessed in polynomial time, producing data structure such that distance queries can be answered
in O(k) time. With either one of the following properties:

1

o LN\ 1HI/RY
1. Either withO (”IOgi +k (1 s ) > size, and stretctik — 1 for some se€ C (3), |G| > (1 —€)(3).

€

1
€

2. Or,withO (n lognlog% + klogn (log

€

1+1/k .
) ) size, and stretchik — 1 for the setG(¢).

Proof. We begin with a proof of1.). Letb = [(8/¢)In(16/¢)]. Let B be a set ob beacons chosen uniformly at
random. Construct a distance oraclef][on the subspac@3, d) with parametek < log b yielding stretci2k — 1
and using) (kb't1/¥) storage. For every € X letp(z) be the closest node i8. The resulting data structure’s size
is O(nlogb) + O(kb't1/¥) = O(nlogb + kb'*1/%). Queries are processed as follows: given two nadgse X
let » be the response of the distance oracle on the beagensp(y) then returnd(z, p(z)) + r + d(p(y), y).
Observe that from triangle inequality the response is at l&asty). Let &, for anyz € X be the event

& ={d(x, B) > r5(x)} .

ThenPr[&,] < (1—-8/¢)® < ¢/16 and so by Markov inequality?r[|{&, | € X}| < en/8] > 1/2. In such a case
let

G = {(e.9) € (7 ) 1762 A8 A d(o,) 2 max{rs(a). ()]

We bound the size @. At mosten /8 nodes are removed duefp occurring, and from each remaining node at most
en/8 distances are discarded|shh > (3 ) —en?/4 > (1—¢)(3). For(z,y) € G, we havel(p(z), p(y)) < 3d(z,y)

so from the distance oracte< (6k—3)d(z,y) and in additiommax{d(x, p(x)),d(y,p(y))} < d(z,y) so the stretch

is bounded bk — 1.

The proof of (2.) is a slight modification of the above procedure. bet= [3lnn]. Let By,...,B,, be
sets each containing beacons chosen uniformly at random. LRO; be the distance oracle oiB;,d). For
everyr € X we storep;(z),...,pm(x) wherep;(z) is the closest node iB;. The resulting data structure’s size
is O(nlogblnn) + O(kb't1/%Inn) = O(nlogblnn + kb'*1/%Inn). Queries are processed as follows: given
two nodesz,y € X let r; be the response of the distance orabl@; on the beacong;(x),p;(y) then return
ming <j<m d(z, pi(z)) + ri + d(pi(y), ).

24



For every(z,y) € ()2(), 1 <i < mdefine the evenf, , = {d(z, B;) > rs(x) V d(y, Bi) > r¢/s(y)}. Since
beacons are chosen independently, then for ejery) é(e/zl), with high probability, there exists < i < m
such that-;, . Hence, in a similar argument as (ih.) above, the stretch af(x, p;(z)) + r; + d(pi(y), y) is at
most6k — 1.

]

E Constructing Hierarchical Probabilistic Partitions

In this section we provide details on the proof of Lemha
The main building block in the proof of the lemma is a lemma about uniformly padded probabilistic partitions.

Definition 16 (Probabilistic Partition). A probabilistic partition? of a finite metric spacéX, d) is a distribution
over a sefP of partitions of X. GivenA > 0, P is A-bounded if eactP € P is A-bounded.

Definition 17 (Uniformly Padded Probabilistic Partition). Given A > 0, let P be aA-bounded probabilistic
partition of (X,d). Given collection of functions) = {np : X — [0,1]|P € P} andj € (0,1], is called
(n, 0)-paddedf the following condition holds for any € X:

Pr[B(z,np(x)A) C P(z)] > 6.

We sayP is uniformly paddedf for any P € P the functionp is uniform with respect td.

Lemma 4 (Uniform Padding Lemma). Let (X, d) be a finite metric space. Léf C X. Let A be such that
diam(Z) < A. LetA be such thal\ < A/4 and letl" be such thal' > 4A/A. Letd € (0, 1]. There exists a
A-bounded probabilistic partitiof® of (Z, d) and a collection of uniform functiongp : X — {0,1}|P € P} and
{ip : X — {0,1/In(1/6)}|P € P}, such that for any < § < 1, andn(® defined by;\" (x) = fip(x)In(1/5),
the probabilistic partition? is (n®, &)-uniformly padded, and the following conditions hold for aRye P and
anyx € Z:

o Ifép(z) =1then:277/Inp(z, A,T) < fp(x) < 277/In(1/4).
o If ¢p(a) = 0then: Y (z) = 2-7/1n(1/6) and p(z, A, T) < 1/6.

The proof of Lemmalis a non-trivial generalization of arguments 6f 8] and is given in/9].
Using this lemma we can prove the following lemma on uniformly padded hierarchical probabilistic paititions
from which LemmaéR2 is derived.

Lemma 5 (Hierarchical Uniform Padding Lemma). LetT' = 64. Letd € (0 ,2] Given a finite metric space
(X, d), there exists a probabilistid-hierarchical partition{ of (X, d) and uniform collections of functiorts =
{gpl X — {0,1}|P € H,i € I} and? = {Ap; : X — {0,1/In(1/8)}|P € H,i € I}, such that for any
6 < 6 < 1andn® defined byy® () = 7 (2)1n(1/6), we have that{ is (n9, §)-uniformly padded, and the
following properties hold:

-1 11 n
> épj(x) 77p3 <2 In (B(OC,A@H)> /In(1/6).

j<i
andforanyP ¢ H,0< i€ I, P, € P:
o If épi(x) = 1then:fip,(z) < 278/1In(1/4).
o If épi(x) = 0then:fip,(z) > 278/1In(1/5) andp(x, A;1,T) < 1/9.

153 variant of this lemma appears also@ [
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Proof. We create a random hierarchical partitifh By definition Py consists of a single cluster equal X0 Set
forall z € X, Ag = diam(X), fpo(x) = 1/In(1/d), épo(z) = 0. For eachi € Z we setA; = 47/A,.
The rest of the levels of the partition are created by invoking iteratively Le#imigor 0 < i € I, assume we
have created clusters if_;. SetA = A,_;. Now, for each cluste§ € P;,_;, invoke Lemma4 to create a\;-
bounded probabilistic partitioR[S] of (S,d). Let Q[S] be the generated partition. SBt = Q[S]. Let{gg),

i q[s) be the uniform functions defined in Lemrda Recall that foré” > 6 we have thatQ[S] is (77’(‘5'),5’)-
uniformly padded, Where’g[g] (x) = ﬁ’Q[S] (z) In(1/8"). Definenp;(z) = min{% -ﬁ’Q[S] (x),2-7pi—1(z)} and let
1752(:1:) = fip;(z)In(1/6). If itis the case thafp;(z) = 3 - ﬁ’Q[S] (z) and alsct’ (g (z) = 0 then se€p;(z) = 0,
otherwise{p;(z) = 1.

Settingd’ = 6'/2 > §, observe that by definition;{s)(x) = min{n’g[g] (@), 20)_, (2)}.

Note, that for; € I, z,y € X such thatP;(z) = P;(y), it follows by induction thatjp;(z) = 7p.(y) (and
hencengz( ) = an( )) andépi(x) = £pi(y), by using the fact thay’ and¢’ are uniform functions with respect
to Q[S], whereS = P,_(z) = Pi_1(y).

We prove by induction onthat Property 3 of the lemma holds for alt> 4. Assume it holds fof — 1 and we
will prove for i. Now fix some appropriate value 6f Let B; = B(xz, ngz(aﬁ)Ai). We have:

Pr[B; C Pi(z)] = Pr[B; C Pioi(z)]- Pr[B; € Pi(2)|B; € Piea(x)]. @
As 77552( ) < 77/8[1)0 (@ )}(x) we haveB; C B(z, 77'8[) ;). It follows that if B; C P,_;(x) thenB; C

Ly (@A
Bp, (2,15, (2 (#)A0). Using Lemmadwe havePr{B; gp( )|Bi C P_y(z)] > &

Next observe that by deflnltlon};(x) < 2175372_1(95). A simple induction oni shows thatngz_l(x) <

Qngl 1)( ) foranyd > 4. SinceA; = A;_1/4 we get thatngg(:c)Ai < 77531) L) for &' = 62, We
therefore obtain thaB; C B(x,ng;)_l(fﬂ)ﬁi—l)- Using the induction hypothesis we det(B; C P,_1(x)] > ¢'.
We conclude from) above that the inductive claim holdBr[B; C P;(z)] > ¢ - §' = 4.

This completes the proof thét is (%), §)-uniformly padded.
We now turn to prove the properties stated in the lemma. Consider somd andx € X. The second

property holds agp;(z) < %ﬁbmil(z)](x) < 278/1In(1/4), usingLemma 4 Let us prove the third property. By
definition if {p;(z) = 0 thennp;(x) = %%[PH(w)] (z) and¢ grp,_, (zy(z) = 0. UsinglLemma 4we have that
fipi(x) = 278 /1n(1/0) and thatp(z, A;_1,T) < 1/0.

It remains to prove the first property of the lemma. Defing (z) = 278 - £p;(z)Ap,i(z) 1. We claim that the
following recursion holdsz)p;(z) < max{ln p(z, A;—1,T'),¢p—1(x)/2}. By definition if {p;(z) = 1 then one
of the two following cases is possible. In the first cagg(z) = 2np;—1(z) < %%[Pi_l(z)] (z). It follows from
Lemma that i —1(z) < Jilp, oy < 32°/In(1/6) = 279/In(1/5). By the second property just proved
above we deduce théb;_1(z) = 1. Thereforepp;(z) = 278 -&p,(z)Api(z) ™t = 278-¢p, 1 (2)Api1(z) /2 =
Ypi—1(x)/2. In the second casgr;(x) = %ﬁ/Q[Pi_l(w)] (z) and€'gp, _, (2))(z) = 1. Now, using Lemmat we get
that< Ap;(z) > 278/Inp(x, A;—1,T), and hencep;(z) < Inp(z, A;—1,T).

We conclude that the following recursion holdsp;(x) < Inp(z, A;i—1,T") + ¥ p;—1(x)/2.A simple induction
ontshows thatforang <t <i: 3>, ., ¢p;(x) <23, ;o Inp(z,Aj—1,T)+(1 — 299 p,(z). Now observe
that asl” = 64, and that for anyj € I: B

Bz, A7) ) (!B r, 4A3+h>|>
Inp(z,A;,T)=In| —— "2 In [ =2 22IHRJ1
plz: 4. T) <|B<x A,/T)] Z B,y
It follows that

S wpi@) < 23 pl@, A1) =2 Y Zl <|B~”«"4Aa+h>!>

0<y=s 0<j<i 0<j<ih=—4 Ajin)l
|B(x,4A; +h)\> < n >
h;mg; |B(z, Ajin)l |B(z, Aitq)|
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This completes the proof of the first property of the lemma.
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