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Abstract

It has been established that certain trilinear froms
of three perspective views give rise to a tensor of 27
intrinsic coefficients [11]. We show in this paper that
a permutation of the the trilinear coefficients produces
three homography matrices (projective transformations
of planes) of three distinct intrinsic planes, respec-
twely. This, in turn, yields the result that 3D invari-
ants are recovered directly — simply by appropriate
arrangement of the tensor’s coefficients. On a sec-
ondary level, we show new relations between funda-
mental matriz, epipoles, Fuclidean structure and the
trilinear tensor. On the practical side, the new results
extend the existing envelope of methods of 3D recov-
ery from 2D views — for example, new linear methods
that cut through the epipolar geometry, and new meth-
ods for computing epipolar geometry using redundancy
available across many views.

1 Introduction

Given that three-dimensional (3D) objects in the
world are modeled by point sets, then their projection
onto a number of distinct image planes produces point
sets that are related by correspondences. The geomet-
ric and algebraic relationship between a 3D point set
and the correspondences across the images, created by
the pin-hole camera model, is by now well understood
when the number of images is two. In the case of two
cameras, the correspondence constraint is a bilinear
function of image coordinates whose coefficients can
be arranged in a matrix, known as the fundamental
matrix [3, 1]. The bilinear constraint describes the
epipolar geometry (“coplanarity constraint” known in
photogrammetric circles), and once it is known the 3D
structure of the scene can be recovered (linearly) up
to a projective transformation [2, 6, 10].

The case of three cameras is a recent topic of in-
vestigation. It has been shown in [11] that the corre-
spondence constraint is expressed by certain trilinear
forms (henceforth “trilinearities”) having all together
27 distinct coefficients (henceforth “trilinear tensor”).
The interest in the trilinearities is threefold. On one
hand, the trilinear tensor can be recovered linearly
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from 7 corresponding points across the three views,
whereas the fundamental matrix requires 8 points.
Second, concatenation of epipolar geometries across
three views fails in cases where trilinearities do not.
Third, the trilinearities use all three views together,
rather than in pairs, implying that the current class
of 3D reconstruction methods that are based on “two-
views-at-time” can be extended to “three-views-at-a-
time” | thereby gaining additional numerical stability.

This paper investigates the relationship between
the trilinear tensor and geometric invariants of the 3D
world, intrinsic structures of two views (fundamental
matrix and epipoles), and show the existence of new
intrinsic structures (beside the tensor itself) associ-
ated with three views. We show that there are three
generic ways to permute the tensor into sets of the
three matrices. One of these permutations was re-
cently shown by Hartley [5] to yield, somewhat unex-
pectedly, the three matrices associated with lines over
three views [7, 15, 13]. The other two permutations
produce another remarkable result: the sets of matri-
ces turn out to be homography matrices (projective
transformations of planes) of distinct intrinsic planes.
This result has far reaching implications, because it
implies that 3D invariants can be recovered directly
— simply by appropriate arrangement of the tensor’s
coefficients.

2 Preliminaries

We consider object space to be three dimensional
projective space P3, and image space to be two dimen-
sional projective space P2. An object is modeled as a
set of points in P3 and its views (images) are denoted
by ¥; C P2. The projection centers will be denoted
by O,0', 0" for views 1, ¢3, 13, respectively (we con-
sider at most three views in this paper). The symbol
= denotes equality up to a scale. The skew-symmetric
matrix associated with vector product u x w is denoted
by [u]z, i.e., [u]lsw = u x w for any vector w.

Image coordinates are noted by p = (z,y,1)T,p' =
(z',y',1)T and p” = (2", y", 1) for views ¥y, ¥, 13,
respectively. Let M denote the transformation
from the (unknown) camera coordinate frame to the
adopted coordinization of vy, i.e., zM ~1p is the lo-
cation of the object point in the first camera coor-



dinate frame. In other words, M represents what
is often referred to as the interior orientation of the
camera. Similarly, M’ and M" denote the internal
parameters of the cameras associated with views 4
and 3, respectively. Let R and T stand for the rota-
tional and translational components (relative orienta-
tion) from the first to the second camera coordinate
frames, hence we have:

!~ I -1 1 /
P2 MRM 'p+ -M'T
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Similarly, R” and 7" are the rotational and transla-
tional components from the first to the third camera
coordinate frames. The vector v/ = M'T is known
as the epipole (located on t3) which is the point at
the intersection of the line OO’ with the image plane
of the second camera. Similarly, v/ = M"T" is the
epipole on 3.

2.1 2-view Geometry via the Homogra-

phy Matrix: Review

The intrinsic structures associated with two views,
say between 1, and 5, can be conveniently described
through a 2D projective transformation (homography
matrix), as follows. Let @ be some arbitrary plane in
P3 parameterized by normal vector n and distance to
origin d with respect to the first camera frame, then
the homography matrix A, is described below [4, 14,
12]:

Ang%R+éﬂﬂmrP (1)
The transformation A, registers the points of 7 across
the two images, i.e., if p, p’ are projections of a point
P € 7, then A;p = p’. We have the following prop-
erties: (1) Ayv = v/, where v = MRTT is the cor-
responding epipole on 7, and (ii) p'T[v’]wap =0
for any corresponding pair of image points. The first
property is that the homography matrix aligns the
epipoles, regardless of w. This property provides a
simple method for recovering the homography ma-
trix from corresponding pairs, once the eplpoles v, v
are known: take three corresponding pairs p;, p}, i =
1,2,3, (their corresponding object pomts determme
the plane @), then the relation Azp; = pf, and Azv =
v’ provides a linear system of equations to solve for the
homography matrix [10, 9]. The second property is
the epipolar geometry: F' = [v/];Ar = [v/], M'RM ™!
is known as the “fundamental” matrix [2], which we
readily see can be recovered linearly from eight cor-
responding image pairs. Note that F' is an intrinsic
structure of two views because it does not depend on
the choice of 7. It also readily follows that for any =
we have A, " F + FTA, = 0. For notation purposes,
we denote F' to be the fundamental matrix between
1/}171/}3a i'e': p//TF“p =0.

One can distinguish two intrinsic fiducial planes:
the first is the plane at infinity whose homography ma-
trix is Aow = M'RM~1 arises from setting d = oo in
Eqn. 1 (note that A, cannot be recovered from image
measurements alone without prior information, unlike

Az). The second plane, denoted by 5, is coplanar
with the center O’ (thus the corresponding homogra-
phy matrix is of rank 2, and A;,v = 0) and perpen-
dicular to the line O0’, thus in addition A,, "¢/ = 0.
It then follows [8] that A, = [v']F. We will refer to
the plane 7, as the “singular intrinsic plane”.

The coordinization of object space and its views
is based on the (3 x 4) projection matrix [I,0] onto
the first view 11, and the projection matrix [A,,v']
onto the second view 5 (note that = is arbitrary).
Thus the projective coordinates of a point P project-
ing onto p, p’ is [z, y, 1, k] where k satisfies the equation
p' = A;p+kv'. The scalar k remains fixed between
and any other view ; if the same fiducial plane 7 is
used [12]. In other words, k is invariant to the choice
of of the interior and relative orientation parameters
(the projection matrix) from object space to ;. If two
fiducial planes m; and w2 are used whose homography
matrices are recovered up to a mutual scale, then a
projective invariant x can be defined by the equation
p' = Az, p+ kAq,p. The scalar £ is invariant to the
choice of the interior and relative orientation param-
eters of both views [10], provided that m; and 72 are
fiducials (i.e., used for all pairs of views).

2.2 Trilinearity: Review
The material presented in this paper relies criti-
cally on the existence of certain trilinear forms of three
views with intrinsic coefficients [11]. Let A; : 1 +— 99
and B, : ¢¥1 — 3 be homography matrices of some
arbitrary plane 7, recovered together with v', v up to
a common scale. Then, there exists a tensor of 27 in-
trinsic (i.e., do not depend on the choice of 7) entries:
Ak :vgbjk—v;»'aik. i,j,k: 1,2,3 (2)
We use the standard notations for tensors, as fol-
lows. We identify vectors and matrices by fixing some
of the indices while varying others. For example, a;;p
is a set of scalars, a;j. is a set of 9 vectors (k varies
while ¢,j remain fixed); «;.. is a set of 3 matrices

(a1..,as.. and as..), and so forth.
The tensor « forms the set of coefficients of cer-
tain trilinear forms that vanish on any corresponding
triplet p,p’, p” (i.e., functions of views that are invari-

ant to object structure). There are nine functions di-

vided into sets of four linearly independent functions®.

For example, the following four forms are linearly in-
dependent invariant functions of three views:

d"alyp— " ajp+aagp—alp=0,
" _T "ot T 1T T _
Y'agp—y ragpt+ragp—opp=0,
t"ajsp— 2y ajzp+yazp—ajp=0,
" T "ot T 1 T T _
Y o3 p—y yagptyagp—oay,p=0
Since every corresponding triplet p,p’,p” con-
tributes four linearly independent equations, then

1If we change the order of views, then we have a three-fold
scaling: 27 functions, divided into sets of 12 linearly indepen-
dent functions and 81 coefficients.



seven corresponding points across the three views
uniquely determine (up to scale) the tensor «. More
details and applications can be found in [11].

3 Homography Matrices via Permuta-
tion ;.
The permutations of the tensor obtained by a.;.

leads to our main result (Theorem 1) which is remark-
ably simple:

The three matrices oj. are three homography ma-
trices of three distinct and intrinsic planes.

Theorem 1 The matrices Ej corresponding to ;.
, E1 = a.q., and so forth, are homography matrices
of three distinct planes:

1
Ej = A M'(R+ —Tu; " )M, (3)
]

where u; are the row vectors of U = M"R" and X is
some fized scale factor.

Proof. From the definition of the tensor in Eqn. 2,
we write E; in terms of the components 4, B, v', v’ as
follows:

Ej =v'b;T —vf A= M'Th;T — v/ A,

where b; are the row vectors of B, and v’ is scaled
such that v' = M'T. Let v" be scaled such that v =
M"T". Since A, B,v',v" are defined up to a common
scale, then the matrices A and B share a common scale

A
1
A=AM'(R+ ETnT)M‘l

1
B = /\M”(R” 4 ET”RT)M_l,

where n and d are the parameters of some arbitrary
plane 7. By substituting the expressions of A and B
in F; we obtain:

1
E; = AM’T(ujJrv]’f%)T _1—A'L:;’M’(R+ETnT)M_1,

where u; are the row vectors of U = M"”R". By col-
lecting terms we see that the contribution of = drops
out and we are left with Eqn. 3. |:|

We see that the arrangement of the tensor into ;.
gives rise directly to homography matrices of some
planes in space. These planes are not singular, i.e.,
they are not coplanar with any of the camera cen-
ters, and in case the third camera is calibrated (i.e.,
M'" = 1), the planes are perpendicular to the main
axes of the third camera coordinate frame, i.e., £ is
the homography associated with the plane whose nor-
mal is the  — azis of the third camera frame and
whose distance to the origin O is 1/v{, and so forth.

We refer to the matrices F1, E5, E'5 as the intrinsic
homography matrices.

A direct consequence of this result is that we can
obtain three projective invariants of 3D space directly
from the tensor, as follows:

Corollary 1 The matrices E; = ;. give rise to three
projective nvartants kq, ko, k3 per corresponding pairs
p, P (in images 1, respectwely) The nvariants
satisfy the following equations:

p' = Eip+ kiEap
p' = Evp+koEsp
p' = Eap + ksEsp

The scalars ki, ks, ks are invariant to the cam-
era transformations P3 — P? associated with views
1, 9. The third view 3 determines the projective
reference frame.

Proof. It was shown in [10] that two homographies
(of two distinct planes) recovered up to a common
scale provide an invariant (referred to as “projective-
depth”) which corresponds to a cross-ratio across the
line connecting the space point P (prOJects onto p, p'),
the unit basis point P, and the two intersection points
with the the planes associated with the two homogra-
phies (note that two planes and a point not copla-
nar with the planes provide a projective basis for 3D
space). By Theorem 1, Ey, Ey, F5 are homographies
of distinct planes, and are determined up to a common
scale (because the tensor coefficients are recovered up
to a common scale). ]

We have two outcomes. First, projective invariants
of the scene are recovered directly from the tensor,
without the need for additional steps of calculations.
Second, and quite intriguing, is that those invariants
are recovered without “fiducial” points.

For clarity we elaborate briefly on the latter
outcome. Computing projective invariants of the
scene requires the identification of five fiducial (ref-
erence/basis) points, and in the case of two views, can
be achieved (linearly) by observing the projections of
those five points and the epipoles [2, 10]. For exam-
ple, the projections of points 1,2,3 and the epipoles
determine the homography A, of the plane spanned
by points 1,2,3. The projections of points 2,3,4 (and
the eplpoles) determine the homography A,r2 of the
plane spanned by points 2,3,4. The remaining fifth
fiducial point is then used to achieve a common scale
for both homographies, and the result is the projective
invariance described by the relation [10]:

p/ = A7l'1p + kAﬂ'2p

Geometrically, the invariant scalar k is the cross ratio
of the fifth fiducial point P,, the point of interest P
(projecting onto p, p') and the intersections of the line
connecting P, and P with the two planes 71, ma.

As it turns out, with three views the two planes
are provided “for free” without the need to select four
fiducial points (and the epipoles). The fifth fiducial



point is not required either, because the homographies
are already determined up to a common scale. To
complete the geometric picture we may describe the
location of the fifth fiducial point P, relative to the
planes associated with £}, as follows. The point P, is
associated with k = 1, i.e., p/, = (E1+ E2)p,. The ma-
trix F1 4+ E5 is a homography of a plane w15, hence P,
is coplanar with w15. For similar reasons P, is copla-
nar with w3 and mwe3, thus P, is at the intersection
of the three planes associated with the homographies
E1+ Ey, E1+ Ez and By + Es.

What we may gather from this is that the third
view provides the projective reference frame, i.e., we
are replacing fiducial points with a “fiducial view”. We
summarize this feature of the trilinear tensor below:

The recovery of 3D projective invariants can be ac-
complished directly from the trilinear tensor (without
recovering epipoles or fundamental matrices), nor is
it required to identify fiducial points for a projective
reference frame.

The finding that «.;., 7 = 1,2,3, are homography
matrices entails severa{ properties, generally straight-
forward, such as the ability to compute the fundamen-
tal matrix from two homography matrices, and other
examples that will be detailed later. Those properties
are unrelated to the fact that o.;. have come from the
trilinear tensor. However, in addition, the three ho-
mography matrices are given up to a common scale.
From this finding alone we get the curious result de-
scribing a direct connection between the matrices o ;.

and the epipole v" € 3:

Theorem 2 The eigenvalues of Ej_lEZ-, ,j] =
1,2,3(¢ # j), have multiplicity 2. The multiple eigen-
value is equal to —ir.

J

Proof. From Eqn. 3 we easily find that

" 1"

v v T -1
Ei — U_i/E] = /\v'(ui — U—j/uj) M . (4)
J J
Thus, E; — Z—},Ej is a rank 1 matrix, which in turn
J

proves that y = v}’ /v} is one of the generalized eigen-
values of (E; — uEj;)z = 0, where « is the correspond-
ing generalized eigenvector. Also, since we know there
exists g that makes F; — pF; rank 1, then p must
be of multiplicity 2. Finally, the generalized eigen-
values of (E; — pEj)x = 0 are the eigenvalues of

(Ej_lEi — ul)z = 0, i.e., the eigenvalues of E]»_lEi.

The practical implications of Thm. 2 are, first, that
the epipole v"/ € 13 can be recovered in closed-form
from the tensor matrices (there is a closed-form solu-
tion for finding eigenvalues of 3 x 3 matrices). The
components v{'/vg and v} /vY are simply the eigen-
value with multiplicity 2 of the matrices E3_1E1 and

E3_1E2, respectively. Second, the distribution of the
eigenvalues of E]»_lEi provides an indication of accu-

racy on finding the epipole v, i.e., in an error-free
case two of the eigenvalues should be equal to v}’ /v}'.

Next we describe a practical result that follows from
the fact that o.;. are homography matrices. In gen-
eral, given any two homography matrices we have a
sufficient (and redundant) set of linear equations for
solving for the fundamental matrix:

Corollary 2 The (over-determined) system of linear

equations resulting from:
FTE; +E;"F=0 j=1,2,3

provides a unique solution for F (up to scale). The

solution is unique when at least two of the E;s are used
in the system, i'e'; .7 = jl;j?; jl 7£ j2; jlaj2 = 1:2:3'

Proof. Follows directly from the finding that E;, j =
1,2, 3, are homography matrices (i.e., FTEj is a skew-
symmetric matrix). []

The importance of the last corollary is that it pro-
vides an algorithm for recovering the fundamental ma-
trix F', associated with the first two views, from the
tensor. Moreover, F' can be obtained in a least-squares
sense because we have a redundant set of equations
(18 homogeneous equations for 9 unknowns). In fact,
we can use this result and extend the envelope of al-
gorithms for computing the fundamental matrix from
two views (4 many point matches) to any number of
views m > 3, as follows.

Consider views 91, ..., ¥m, m > 3 with many (> 7)
points matches across them. Assume we would like
to compute F' between views 1, %,,. Let o™ de-
note the tensor of views 1,9, %; (in that order),
where j = 2,...,m — 1. Each of these tensors can be
recovered in a least-squares manner using all the avail-
able point matches across the appropriate three views.
From Corollary 2 we have that each tensor contributes
18 linear equations for F'. Hence, the more views we
have the larger system of equations we have for F' for
a least-squares solution. Non-linear components may
be added to this basic scheme by enforcing the rank
constraint of I, and other constraints like in [1].

We end this section with two results on the internal
structure of the trilinear tensor.

Corollary 3 The intrinsic homography matrices
Ey, FEs, Fs are generically full rank. In the case
the three camera centers O,0',0" are collinear (i.e.,
R'RTT = T") the intrinsic homography matrices
have rank 2 (the corresponding fiducial planes are
coplanar with O'). Finally, E; has rank 1 iff vj = 0.

Proof. FEqn. 3 is of the general form depicted by
Eqn. 1, rewritten below:

1
Ar 2 M'RM™ + Ev’nTM_l. (5)



The right hand terms of Eqn. 5 represent a sum of
two matrices, the first of rank 3 and the second of
rank 1. Their sum is a matrix of deficient rank if and
only if the scalar g = 1/d is a generalized eigenvalue
of the two matrices. There are two eigenvalues: one
with multiplicity 2 making the sum a rank 1 matrix

(the case when vy = 0), and the second eigenvalue

making the sum a rank 2 matrix (homography matrix
associated with the plane coplanar with O). Since
rank 2 homography matrices necessarily satisfy the
constraint Azv = 0, it can be readily calculated that
the corresponding eigenvalue must equal:

1
(M//R//M—l)j-rv.

lu:

Therefore, if M"R"M~'v = v, then the rank of all
three intrinsic homography matrices is 2. Since, v =
MR'T and v" = M"T", the condition reduces to
R'RTT = T", which in geometric terms means that
the three camera centers are collinear. []

Corollary 4 Let (E;), denote the mth column of
matriz E;.  Then the vectors (E1)m,(E2)m,(E3)m
span a 2D space form =1,2,3.

Proof. Follows immediately from the observation
that FTEj is a skew-symmetric matrix. D

4 The Permutation o;.

The arrangement of the tensor by «;.. produces sim-
ilar properties as the arrangement o.;., with the dif-
ference that the homography matrices apply from
to ¢3 (instead of ¢2). In other words, if we denote by
W1, Wy, W3 the three matrices corresponding to «;..,
then W; are homographies from ¢ to ¥s correspond-
ing to planes associated with the coordinate frame of
the second view 5:

1
m :/\UQM“(RH—}— U_{Tllng)M_l’
g

where G = M'R. The rest follow readily, and for ex-
ample: [v"];W; =2 F" (recall that F"' is the fundamen-

tal matrix between views ¥ and 13, and v"’ € 13 is the
epipole with the first view 1); F'TW + W, TF" = 0.
The second view )5 is the fiducial view for reconstruc-
tion, rather than the third view.

5 The Permutation a..;

The arrangement «..;, was addressed in full by Hart-
ley in [5]. To complete the picture of the tensor de-
composition into sets of matrices we summarize the
highlights of this arrangement.

Unlike the previous two arrangements, the matri-
ces Ty = a1, are not homography matrices, and they
are of rank 2 (instead of 3). The epipoles v/, v can
be found as the common perpendiculars to the left
(respectively, right) null-spaces of T;. The matrix:

1

T, 1 T, T, 1
B, = ——— [y, 1", 15T,
v

is a homography matrix from 17 onto ¥3 associated
with the plane 7, coplanar with O’. The homography
matrix A,_ from ¥ onto ¥, associated with the plane
7 has the form:

1

Aﬂ—s = W ['U”]i [Tl 'U“, TQ'UH, T3'U//] .

Note that A, is of rank 2 and A,, v/ = 0.

6 Euclidean Results

In the case the cameras are calibrated, the epipole
v’ (v") is the translational components of camera mo-
tion from ¥ to ¥ (¢3). We show next that given the
epipoles we can obtain a closed form solution for the
rotational component of camera motion.

Theorem 3 Given the epipoles v/, v, then in
the case the cameras are internally calibrated
(M=M’=M"=I) the rotational component of camera
motion R" can be recovered (up to reflection) in closed-
form from a.;., and similarly R can be recovered from
[ 7

Proof. Let hy, ha, hs be the vectors:

"7

h1 = /\u1 — U—Ill)\u:«;
vl
,0/2/

hz = AUQ - 7)\1&3 (6)
U3
,Ulll

h3 = /\u1 - TAUQ (7)
Uy

Given v,v"”, the vectors h; are observable following
Eqn. 4, and u; are the row vectors of R”. Our task is
to recover A and uq, us, us from hy, hs, hs.

We note that since R is orthonormal, then A% =
thhg. Let u; = us X us, us = uz X u; and uz =
Uy X Usg, then

vy v v’1’2
h1 X h3 = —)\(7/\’&3 + 7/\’&2 + ﬁAul)
Ua U3 Vs U3

By replacing Auj, and Aus with their expression from
Eqn. 6 and 7, respectively, we obtain:

2
-1 v vt
1 1
13 !yl (h1Xh3+ //h1+ W

vy Yy 1Y vl v
+ + 23 3
hl h3(vl2/ ,U/3/2,U/2/ 1)13’2 )

uz =

Thus, we have two solutions for ug (because of two
solutions for A), and from there two solutions for R"[]

7 Discussion and Future Research

The paper derives connections between the trilin-
ear forms across three views and invariants of 3D
space. The major result is the existence of a per-
mutation of the trilinear coefficients (the tensor) that



produces three intrinsic homography matrices (Theo-
rem 1). The corresponding planes of these homogra-
phy matrices are associated with the camera coordi-
nate frame of the third view and provide a reference
basis for reconstruction of invariants. This result also
provides a complete decoupling between homography
matrices and epipoles (unlike 2-view geometry, and 3-
view line geometry).

The material presented in this paper contains a host
of practical consequences — of which we mentioned
only a few. For example, the envelope of techniques for
recovering the fundamental matrix is now extended to
multiple views (Corollary 2); projective reconstruction
and invariants are recovered without fiducial points;
and most importantly, the introduction of the third
view has a potentially stabilizing effect on numerical
algorithms for 3D calculations from 2D images.

Continuing on the practical motivation, three views
admit three distinct fundamental matrices (pairs of
views out of three), thus all together we have 27 ho-
mogeneous equations (from 9 points), or 24 inhomoge-
neous equations (from 8 points). However, these equa-
tions are decomposed into three independent sets, thus
in practice we use only two views at a time. The trilin-
ear coefficients comprising the tensor are determined
also by 27 equations but with two important differ-
ences: (i) 7 points are needed, (ii) the set of equations
is not decomposable linearly, thus all three views are
used together. In other words, with the introduction
of the tensor there is a better use of the information
available in three views. This argument implies a clear
superiority, regardless of statistical methods that may
be used on top of the results presented here.
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