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Abstract

We present a fast factorization algorithm for estimat-
ing structure and motion simultaneously from points,
lines, and/or directly from the image intensities under
full perspective. It generalizes the Oliensis method for
points [26] to include lines and intensities as well.

1 Introduction

Structure from motion (SFM), the problem of
reconstructing an unknown 3D scene from multiple
images of it, is one of the most studied prob-
lems in computer vision. Most SFM algorithms
reconstruct the scene from previously computed
feature correspondences, usually tracked points
[12][35][34][39][21][42] [2][31] [13][37][L4][24][40][33][1] [26].
The alternative direct—method approaches re-
construct from the images intensities without
a separate stage of correspondence computation
[17)[11][8][7][9][36][5][6][45].

These approaches have complementary advantages
and disadvantages. Usually some fraction of the im-
age data is of such low quality that it cannot be used
to determine correspondence. Feature—based methods
address this problem by pre-selecting a few distinctive
point or line features that are relatively easy to track,
while direct methods attempt to compensate for the low
quality of some of the data by exploiting the redundancy
of the total data. Feature-based methods have the ad-
vantage that their input data is relatively reliable, but
they neglect most of the available image information and
only give sparse reconstructions of the 3D scene. Direct
methods have the potential to give dense and accurate
3D reconstructions, due to their input data’s redundan-
cy, but they can be unduly affected by large errors in a
fraction of the data.

This paper describes an essentially linear algorithm
that combines feature—based reconstruction and direct
methods. It can use feature correspondences, if these are
available, and/or the image intensities directly. Unlike
optical-flow approaches [18], the algorithm exploits the
rigidity constraint and needs no smoothing constraint
(in principle!) even when it uses just intensity data.

Also, the algorithm can reconstruct from both point

IThis is true assuming the motion is small and the brightness
constancy equation is valid. In practice, we often do impose s-
moothness in the algorithm.

and line features. This is important, since straight lines
are abundant, especially in human—-made environments,
and it is often possible to track both features types.
Lines can be localized very accurately due to the possi-
bility of finding many sample points on a single line, and
they do not suffer from some of the problems of point
tracking such as spurious T-junctions and the aperture
effect. The algorithm described here is the first that
can reconstruct from all three types of input data (in
any combination or separately) over a sequence of arbi-
trarily many images under full perspective.

Algorithms based on tracked lines include [34][35],
where the original linear algorithm for 13 lines in 3 im-
ages was presented, and the optimization approaches of
[38] and [32][15][16][23][44]. [1][31][24], and references
therein, describe work on lines in an affine framework.
[41] describes a projective method for lines and points
which involves computing the projective depths from a
small number of frames. Hartley [13] presented a full
perspective approach that reconstructs from points and
lines tracked over three images.

Due to space limitations, we only report experimental
results based on point and line correspondences. Results
obtained using intensity data are reported in [25].

Algorithm Overview. A preliminary stage of the
algorithm recovers and compensates for the rotations.
The main algorithm constructs a shift data matrix that
incorporates all the data and gives the change in feature
position or intensity for each image with respect to a ref-
erence image. It factors this into two rank-3 matrices
using the SVD and recovers the structure and motion-
s from these factors by exploiting the known forms of
the translational and rotational displacements. Final-
ly, it improves the initial results by iterating modified
versions of the earlier steps.

2 Definitions

We first assume that the calibration is known and
take the focal length to be 1 (wlog). Section 4 describes
how to modify the algorithm for uncalibrated sequences.

Assume a sequence of Ny images. Choose the zeroth
image as the reference image. Let R!, T? denote the
rotation and translation between this image and image
1. We parameterize small rotations by the rotational
velocity wi = (wi,wi,wi)”. Let [T?], = ( T¢ Ti)".
Let a 3D point P transform as P' = R(P — T).



Assume N, points and Ny, lines tracked over the se-
quence. For clarity, we use a different notation for the
the tracked points than for the pixel positions in the
intensity images. Let q}, = (¢s,qy)%, denote the m-
th tracked point and A} = (a,3,7){" denote the I-th
line in the i-th image. Let @ =(q; l)T. Let R *x q de-
notes the image point obtained from q after a rotation:

Rxq=[ (Ra),, (Ra), ]T / (RQ),. Define the three
point rotational flows r'V) (z,y), r® (z,y),r® (z,y) by
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g‘, denotes the 3D unit vector q/ |a|=(q;1)" /|(q; 1)|.
Similarly, A = A/|A|. Let s, = ¢, — q° denote
the image displacement for the m—th tracked point and
Qn=(Q: Qy Q: )i denote the 3D scene point cor-
responding to the tracked point ¢,,.

We parameterize a 3D line L by two planes that it lies
in. The first plane, described by A, passes through the
center of projection and the imaged line in the reference
image. The normal to the second plane, B, is defined
by requiring B- A =0 and B-Q = —1, for any point
Qon L.

Let pn=(Zn,yn)’ be the image coordinates of the
n—th pixel position. Order the pixels from 1 to Nx,
the total number of pixels. Let I’ denote the i~th in-
tensity image and let I, = I’(p,) denote the image
intensity at the n—th pixel position in I*. Let P,, de-
note the 3D point imaged at p,, in the reference image,
with P = (Xp, Yn, Zn)" in the coordinate system of I°.
Let di, denote the shift in image position from I° to I*
of the 3D point P,,.

Suppose V' is a set of quantities indexed by the in-
teger a. We use the notation {V'} to denote the vector
with elements given by the V.

3 Algorithm Description
3.1 Preliminary Processing

Like the original approach of [26], the algorithm re-
quires that the translational motion not be too large
(e.g., with |T/Zmin| < 1/3) and that the camera po-
sitions do not lie in a plane. (One can automatically
detect planar configurations and use other, related al-
gorithms for these situations [29][28].)

Given tracked points and lines, we approximately re-
cover the rotations between the reference image and each
following image as in [26] by minimizing:
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with respect to the rotations R?, where one should ad-

just the constant p according to the relative accuracy
of the point and line measurements.? [30] shows that

2(1) assumes a good noise model for points but a less good one

minimizing (1) gives accurate rotations as long as the
translations are not large. After recovering the rota-
tions, we compensate for them and can henceforth treat
them as small.

3.2 Points

We follow the description in [26]. The point displace-
ments are

i _ Qem@nT: - [T,

)
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where the rotational flow f(R?,ql,) = q’, — (R?) “laqi
Under the assumptions, we can approximate
i~ QT (anT! — [T7],)
+w;r(1) (am) + w;r@) (am) + wir(B) (am) s

where the last three terms give the first—order rotation-
al flow. Correspondingly, define the three length-2N,
translational flow vectors

_ e = {0}
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and the length—2N, rotational flows
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Collect the shifts s? into a N; x 2N, matrix S, where
each row corresponds to a different image ¢ and equals

[ {s;}T {s;}T ] Then
S~ T} &5 +{Ty} &, +{T.} @7 (2)
+ {w:} q’{ + {wy} lI’Z + {w:} ‘I’Z

3.3 Lines

Measurement model. One can reasonably assume
that the noise of a measured line is proportional to the
integrated image distance between the measured and
true positions of the line. Let Opov denote the field
of view (FOV) in radians. Typically, pov < 1. If the
measured line differs from the true one by a z-rotation,

this gives a noise of O ((9Fov / 2)2). A rotation around

an axis in the z—y plane gives a noise of O (froy ), which
is typically larger. (These estimates reflect the fact that

for lines. (See the discussion of the line measurement model in the
next section.) The advantage of using (1) is that one can compute
the minimizing R® exactly.



the displacement region bounded by the true and mea-
sured lines looks like 2 triangles in the first case and
a quadrilateral in the second.) For our representation,
this implies that line measurements determine A, more
accurately than A;, A,, by a factor roughly of 1/0rov.
Image flow for lines. Let A = (A;0) and B =
(B;—1) be the homogeneous length—-4 vectors corre-
sponding to the plane normals A and B for the line L.
Let @ = (Q;1) be the homogeneous vector correspond-
ing to a point on L. Then A-B=A-Q=B-Q =0.
After a rotation R and translation T', we determine
the transformed A’, B' from the requirement that A’ -
Q' = B'- Q" = 0. We can satisfy this requirement using

._[ RA] .._[ EB
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But A* doesn’t necessarily have A}, = 0, as the A’
for the new image of the line must. So we set A’ =
A* — A} B* /By, which implies that the new image line

is given by
T-A
I — — —_—
A_R(A BT-B+B4>' 3)

Now consider the line flow §A} = A} — A?. Define

JAp=A"— R 'A% and
(T-A)

1-T- BB7

so A = JAr + dAg. (Recall By = —1.) For small
rotations and translations, with |T - B| < 1,

SA'~ (T-A)B+wxA. (4)

B - A =0 implies that A - A ~ 0. To eliminate the
scale ambiguity in defining each A, we take |A9| =1
in the reference image and require that the line flow
satisfies 0 = A} - AY = (Al — A?) - A? ezactly. We
normalize all A° to the same magnitude in the reference
image to reflect the fact that the measurement errors
should be similar for all lines. The requirement that 0 =
SA-A? “fixes the gauge” in a way that is consistent with
our line representation and small-motion assumption.

After “gauge fixing,” each JA! incorporates just two
degrees of freedom. We represent A} by its projection
along two directions, A;x(Z x A;) and Z x A;, which we
refer to respectively as the upper and lower directions.
Let the unit 3—vectors P’U and P} project onto these
two directions. For typical fpov < 1, |A;- 2| < 1 and
the upper component of A; roughly equals A; .. Thus,
image measurements determine the upper component
more accurately than the lower, by roughly 1/0rov.

In analogy to the point definitions, define the line
translational flows

o= (5] o= [ (25

o= [ {40

AT =R 'A'— A=

where these are length-2Ny, vectors. By = B - Py and
B, = B - Py, are the upper and lower components of B.
Similarly, define the rotational flows

o[ @) o= [ FrER ]

Py-(Zx A
me= | B ]

Let A be the Ny x 2Ni matrix where each row
corresponds to a different image i and equals

[ {Py-5AY" {Py-6AT}T ] Then
A= {T,} o1, +{T,} o1, + {T.} @1, (6)
+{w } UL + {wy LT + {w.} TLT.

3.4 Intensities

One can apply the same arguments to the df, the
image shifts corresponding to the 3D point imaged at
the pixel position py,, as to the si, for the tracked feature
points. Thus

&~ 27 (paT: - [T],)
+w;r(1) (pn) + w;r(z) (pn) + w;r(s) (Pn) -

Let VI, = VI (p,) = (Iw,Iy)T represent the gradient

n
of the image intensity for I9, with some appropriate def-

inition for a discrete grid of pixels. Let AI} define the
change in intensity with respect to the reference image.
Its simplest definition is AI' = I! —I9. The brightness
constancy equation is

ATl + VI, -di =0. (7)
This and the previous equation imply that
—-AILL =VI,-d}, » Z,' (VI - pT; — VI, - [T'],)
+VI,- (w;r(nl) + w;rg) + w;rg)) .
Define the three length—-Nx translational flow vectors

&, =-{Z7'L,}, 8, =- {271},
&, ={Z""(VI-p)},

and the length—Nx rotational flows
v = {VI-x® (p)}, 0y, = {VI 2@ (p)},
Uy, = {VI r® (p)} .

Let A be a Ny x Nx matrix, where each row corresponds
to an image i and equals {AT] Z'}T. Then

A~ {T,} of, + {T,} ®f, + {T.} o, (8)
+{w.} ‘I’Iz + {wy} ‘Illz; + {w,} lI’IZ.



3.5 Reconstruction

Define the total rotational flow vectors for points,
lines, and image intensities by:

T=[ o1 w ¥, wivi ],

and similarly for the y and z components. Here wy, and
wy are constant weights that the user should set accord-
ing to the relative noisiness of the point, line, and inten-
sity data. The ¥, have length 2N, + 2Nt + Nx = Niot.
One can verify from the definitions that the ¥ are com-
putable from measured quantities and can be taken as
known. Using Householder matrices, one can compute
as in [26] a (Niot — 3) X Nyoy matrix H annihilating the
three ¥, , .. Computing and multiplying by H cost
O (Niot) computation.

Define the N1 x N;ot matrix
I_)E[ S wLA wIA ]

Let C be a constant (N; — 1) x (N — 1) matrix with
Ci = 0;» + 1. (As discussed in [26], we include C to
counter the bias due to singling out the reference image
for special treatment.) Define

DC’H = 0_1/2]_)HT.

Define the total translational flow vectors by

(I)mE l ’LUL(I)Lz ] y

wiPix
and similarly for y and z. (2), (6), and (8) imply that

Doy ~ C7'2{T,} 3THT + C'/2{T,} 3THT (9)
+C 24T,y 3THT.

D¢y is approximately rank 3. Our basic algorithm is:

1. Define H and compute Dcgy. Using the singu-
lar value decomposition (SVD), compute the best
rank—3 factorization of Doy ~ M3 SGT  where
M®, S®) are rank 3 matrices corresponding re-
spectively to the motion and structure.

2. SG) gatisfies

[, &, & |=HTSOU+[T, T, ¥.]Q
(10)

where U and Q are unknown 3 x 3 matrices. We
eliminate the unknowns @, B, and Z~! from the
®, in this system of equations to get 3Nyo linear
constraints on the 18 unknowns in U and Q. We
solve these constraints with O (Nyo) computation

using the SVD.

3. Given U and (2, we recover the structure unknowns
Q., B, and Z~! from (10).

4. Given U, we use SOU ~ [
to recover the translations.

$, &, &.]and(9)

5. We recover the rotations wy, wy, w; from

wi‘i’m + wZ‘ilyn + wililm = 071/2]32

~ (¢ (T 87+ (1) 8] + (T} 3T))

3.6 Comments.

The description above omits some steps which are im-
portant for bias correction. 1) We weight the upper line
components in D by a factor proportional to 1/8rov, to
account for the greater accuracy in the measurement of
these components. 2) To correct for bias due to the fact
that the FOV is typically small, in Steps 2—4 we weight
T! by a factor proportional to the FOV and weight @, by
the inverse of this, while leaving the = and y components
untouched. See [28] for a similar bias correction in a
point—based algorithm. 3) As described in [26], one can
iterate the steps of the algorithm to give better result-
s and correct for the small motion assumptions. This
involves multiplying the original feature point shifts by
1—Z~'T, and the line shifts by 1—B - T. The algorithm
is guaranteed to converge to the correct reconstruction if
the motion and noise are small and the camera positions
do not lie on a plane [26].

Of course, the results for the intensity—based part of
our algorithm depend crucially on the technique used for
computing derivatives. To make this more robust, one
should iteratively reduce the size of the displacements
d? by warping and recomputing the reconstruction in a
coarse—to—fine mode [3][4][20]. Our current preliminary
implementation simply computes the image derivatives
at a single scale, using consistency between the spatial
derivatives computed for different images to determine
whether the assumption of small image motion holds
for this current scale. Only those pixel sites where the
assumption does hold are used for the motion computa-
tion.

We have sometimes found it useful to preprocess the
image intensities prior to running the algorithm. We
first compute a Laplacian image and then transform the
intensities by a sigma function to enhance edgy regions
and suppress textureless ones. This gives the intensity
images a form that is intermediate between the unpro-
cessed images and a selected set of tracked features.

Comparison to the Irani approach [19]. The part
of our algorithm that reconstructs directly from the
image intensities is related to [19]. [19] writes the
brightness constancy equation (7) in matrix form as
A = —DI,where D tabulates the shifts di, and I con-
tains the intensity gradients VI (p,). [19] notes that D
has rank 6 (for a camera with known calibration), which
implies that A must have rank 6. To reduce the effects
of noise, [19] projects the observed A onto one of rank



[19] then applies a multi-image form of the Lucas—
Kanade approach to recovering optical flow [22], which
yields a matrix equation DI, = —Ay,where the en-
tries of I are squared intensity gradients I, I, summed
over the “smoothing” windows, and the entries of Ag
have the form I, AI. Due to the added Lucas-Kanade s-
moothing constraint, the shifts D or di, can be comput-
ed as D = —A,/ [I,]" ,where [I5]" denotes the pseudo-
inverse, except in smoothing windows where the image
intensity is constant in at least one direction. Using the
rank constraint on D, [19] determines additional entries
of D for the windows where the intensity is constant in
one direction.

The method of [19] differs significantly from ours.
The essential step for recovering correspondence is a
multi—frame generalization of the optical-flow approach
of [22], which relies on a smoothness constraint and not
on the rigidity constraint. In particular, it does not use
the known form of the rotational and translational flows.
[19] uses the factorization of D, which is crucial in our
method, simply to fill out the entries of D that could
not be computed initially.

Bas-relief for lines. Due to the bas—relief ambiguity,
it is difficult to recover the constant component of the
vector {Z~'} for point features, though typically one
can recover all other components accurately [26]. We
derive a similar result for lines.

The rotational flow for a line is w x A. For typi-
cal roy < 1, |A;| € |Azy|- Thus, X and § rotations
give flows roughly proportional to § x A ~ —A,2 and
(@ x A) ~ Ayz. From (4), the effects of a z—translation
T, are suppressed by |A,|, and the translational flows
due to the constant component of {B,} are also giv-
en roughly by linear combinations of the A,z and A,Z.
Therefore, it is difficult to untangle the effects of the
{B.} constant component from rotational effects, which
makes this component difficult to recover accurately.

One can get a more quantitative analysis of this ef-
fect by arguments similar to those of [26]. Assuming
that the input data consists of lines only, (10) implies
that PsH [ @1, @, ®r. | =0, where Pg is a pro-
jection matrix that annihilates S©®). Those {B} com-
ponents that produce small overlaps Y, 7 H H®y,
will also produce small overlaps >_, ®F HTPsH®y,. It
follows from standard perturbation theory [10][26] that
noise will mix these components into the true solution
for the B, where the amount of contamination is in-
versely proportional to the size of the eigenvalue. De-
fine B = [ {B:}; {By}; {B:}]. We computed for
several sequences the eigenvalues of Hp, defined such
that BTHgB =3, ®f H'H®r,, and found that, as
expected, there was one small eigenvalue, whose eigen-
vector approximately equaled the constant component
of {B,}. Thus, one can use the input data to estimate
the inaccuracy in recovering this component.

Our derivation suggests an improvement of our algo-
rithm that is analogous to one of the steps of the point—

based approach of [26]. [26] found that reconstructions
improved significantly after recomputing separately the
structure component affected by the bas—relief ambigu-
ity. Similarly, it may be possible to improve our results
for lines by recomputing the bas—relief-affected compo-
nent of {B}.

4 Projective Algorithm

The algorithm described here for calibrated sequences
generalizes in a straightforward way to deal with uncal-
ibrated sequences. In this projective case, instead of
a preliminary stage of rotation computation, one com-
putes planar homographies between the reference im-
age and each subsequent image. It is worth noting that
one can easily and accurately compute these homogra-
phies by a multi—frame generalization of the projective—
reconstruction method of [37].

We briefly describe how this works for the example
of tracked points. Assume the scene is planar. Then

Ao g, =M'S,,, (11)

where M is a 3 x 3 matrix (a homography), S,, is the
structure 3—vector giving the position of the m—th point
on the plane (in some arbitrary coordinate system), and
AL, is the projective depth. The steps of the homogra-
phy recovery are:

1. Take i, =1 initially.
2. For the current estimate of the i, collect the
Al.4;, into a single 3N; x N, matrix I'. Use the

SVD to decompose this into the product of two rank
3 factors: T' & M®)§0G),

3. For the current M®) S®) compute the X! mini-
mizing [T — M3 S® |2. Return to Step 2.

After convergence, M) contains the M estimates.
Our estimate of the homography taking the reference
image to image i is M%\M*.

As shown in [26], this procedure is guaranteed to con-

verge to a local minimum of [T |2 / |IT|?, where T™® is
the difference between I' and its best rank—3 approxima-
tion. Also, [41] shows that it gives nearly the optimal
estimates of the M? if the true motion is not too large
(and the scene is truly planar).

[27] has already described the uncalibrated version
of our point-based algorithm in [26]. Here we briefly
describe the uncalibrated version of the line-based al-
gorithm. Let K be the standard 3 x 3 matrix (with
zero lower—diagonal entries) giving the calibration pa-
rameters for the i—th image. For the uncalibrated case,
(3) still holds if one replaces R — (K')"" RK = My
and T - KT, where K and K’ are the calibration ma-
trices for the first and second image. M is a general
homography and is the inverse transpose of the analo-
gous homography for points.



The first—order approximation of the new version of
(3) is (4) but with T - KT and with w x A replaced by
(5MHA, where MH =1+ 5MH

We define H to annihilate the first-order homogra-
phy flows due to My, instead of the rotational flows
as for the calibrated case. Since the first—order approx-
imation of My" is 1— §M}, one can easily define H
to annihilate the first—order flows for both points and
lines. Represent

F
6MH = |: JT g :| )
where F' is 2 x 2 and G and J are 2 x 1. The first—
order point and line displacements due to each of the 8
parameters in § Mg are given in the following table:

Fii. Fip Fon Fpy Gi Gy Ji D
A,:| A, A, 0O 0 A 0 0 0
Acl 0 0 A, A, 0 A, 0 0
Aclo 0o 0 0 0 0 A, 4,
@Gz:| -z 0 -y 0 —22 —2y -1 0
¢@:] 0 -z 0 -y -—-zy —y* 0 -1

We define H to annihilate the 8 vectors associated with
the columns of this table.

After the indicated replacements, the uncalibrated al-
gorithm is the same as the calibrated one.

Projective covariance for lines. [27] showed that, if
one fixes the point coordinates in some reference image,
the remaining freedom under a projective transform is:
Z7' 5 ax+by+c+dZ~ ', where x and y are the image
coordinates. This corresponds to scaling and adding an
arbitrary plane to the structure.

One can derive a similar relation for B. Let P be a
3D point on the line determined by B. Then B-P = —1
implies

B-(z,y,1)=-2"".

A projective transform must preserve B'-P’ = —1. From
this, and the transform of Z~! given above, it follows
that B’ — B = (a,b,¢) up to a scaling, with the same
constants a, b, c¢ as for the point transform. This relation
holds with the same constants for any line B.

The fact that B is recoverable only up to an over-
all shift is also clear from the uncalibrated version of
our algorithm. When we use H to eliminate the first—
order effects of small homographies, we also eliminate
the translational image flows due to the three constant
components of the B. Thus, these components cannot
be recovered.

5 Experiments

Figure 1 shows the results of applying our algorithm
for points and lines to a real image sequence taken in our
laboratory. The translational motion was rather large,
with max (|T| /Z) = 0.36 and max (|T| |B|) = 0.70. The

images were 1536 x 1024 pixels, with a nominal FOV of
51° x 38°. We tracked 41 points automatically over
7 images and also tracked 8 lines manually. The first
image in Figure 1 shows the selected points and lines
in the reference image. The other images in show the
reprojections of the reconstructed 3D points and lines.
(The diagonal line from the top left corner in all images
reflects a bug of the MATLAB plotting routine and was
not tracked.) The average error between the tracked
and reprojected point positions was 1.57 pixels. When
we applied our algorithm to the point data alone, the
average reprojection error was 1.86 pixels. The angu-
lar errors between the reprojected line normals A and
their tracked positions averaged 0.48°. Note that this
sequence has nonlinear distortions, which are evident in
the fit of the baseboard line.

We also ran our algorithm on the Castle sequence.
This sequence consists of 28 points tracked over 11 im-
ages. We converted it to a sequence of 14 tracked lines
and 14 points by defining lines between the first 14 suc-
cessive points. Ground truth is available for this se-
quence. The average fractional error in B for the 14 lines
was 0.012, while that for the translations was 0.031. The
average rotation error was 0.05°. The average fractional
error in the Z was 6.6 x 10™%.

3
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Selected lines and points in first of 7 images
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Figure 1: The seven images used are shown. The lines were marked in the first image and reprojected from the reconstructed
motion and 3D structure in the other images. The diagonal line from the top left corner is a bug of the MATLAB plotting
routine.



