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Abstract

We address the problem of pLSA with (i) multivariate (more than two), (ii) under L2 loss. We show that a statistical
valid solution can be derived with superior qualities compared to a Maximum-Likelihood solution (relative entropy loss). We
derive bounds showing that an L loss over co-occurrence data (non-linear) under simplex (probability) constraints behaves
well under general additive noise and derive bounds showing that an ML solution would in some (typical for applications)
cases behave badly. We then derive an update rule for the variables of the decomposition which guarantees a statistically valid
locally optimal solution. The update rule is based on a simple building block referred to as ”projection onto the probability
simplex” whose solution can be found in a finite number of steps.

1 Introduction
We will be looking at the following class conditional (or aspect model) problem:

in loss(P, P 1
pylose (0 ) w

where loss(-, ) is an error measure (to be defined), P is the empirical distribution represented by the co-occurrences of the
data and Q is the model distribution family defined below:

k
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where H is the set of d-way rank-1 tensors with convex constraints:
_ d . T1 — S
H={®u :u;>0,u,1=1,i=1,..,d}

where we use the notation ®?_,u; = u; ® - - - ® u, representing the outer-product of d vectors. The array U = ®%_,u; is
indexed by i1, ...,1q where U;, . ;, = Uy, - Ud,, -

When d = 2, and loss(-, -) is the relative entropy measure D(p,q) = >, p; log(pi/¢;), the formulation above reduces to
the well known pLSA (Hofmann, 1999) interpreted as follows: Let X, Y be two observable random variables generating a
co-occurrence matrix G;; = P (X =2;,Y = y;) and let Z be a hidden variable inducing conditional independence between

X,Y,ie, X LY | Z. Then, the distribution model Q is represented by the mixture:

k
Y P(Z=2z)P(X|Z=2z)P(Y|Z=z)

j=1
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If we set \; to represent P(Z = z;) forming a diagonal matrix 3, column vectors u; forming a matrix U to represent
P(X | Z = z;), row vectors va forming a matrix V' to represent P(Y | Z = z;), then the model distribution Q is the set

USVT under convex constraints X, U,V > 0and U1 =V1=1"%1= 1. The optimization problem becomes:

min loss(G,USVT) st.U'1=V1=1"%1=1. (3)
2,U,V>0

An equivalent representation, closely related to Non-Negative Matrix (NMF) factorization (Paatero & Tapper, 1994; Lee &

Seung, 1999), would be to consider a column normalized co-occurrence matrix Gij = P(X =z, 1Y =y;) e, GT1=1,

and noting that P(X |Y) = >, P(X | Z = 2;)P(Z = z; | Y) we have the model distribution Q is represented by the

product UV where U is defined as above and columns of V represent P(Z | Y = y;). The conditions on U, V" are therefore

UV >0and U T1=VT1=1,and the optimization problem becomes:

min loss(G,UV) st.U'1=V"1=1. 4)
U, V>0

The pLSA formulation was introduced in the context of the relative-entropy error measure which guarantees a (locally
optimal) Maximum Likelihood (ML) solution. Generally, the problem setup of eqn. 1 under the relative entropy loss with the
mixture model Q defined in eqn. 2 is an ML problem which falls under the general Expectation-Maximization (EM) scheme.
The EM algorithm introduces auxiliary variables and breaks down the problem into pieces which could be managed without
the need to explicitly enforce the non-negative constraints X, U, V' > 0. As a result the EM approach not only seeks an ML
solution but also is easy to manage in the context of non-negative constraints.

The NMF formulation (and its d > 2 extension known as NTF (Welling & Weber, 2001; Shashua & Hazan, 2005; Hazan
et al., 2005)) has been introduced under both L5 and relative-entropy loss measures but mostly without the affine constraints,
i.e., factor G into UV where U, V' > 0. Under the relative entropy loss, however, the affine constraints U'l=V"1=1in
eqn. 4, i.e., with column normalized co-occurrences, can be satisfied following a simple modification to the Lee-Sueng (Lee
& Seung, 1999) update rule (Gaussier & Goutte, 2005; Ding et al., 2006).

A solution for NMF with affine constraints, i.e., eqn. 4, under an Lo loss function is more problematic and so far has not
been dealt with in a satisfactorily manner. There are some discussions about “mixed” conic and affine constraints (Lee &
Seung, 1997) such as: (i) VTl = 1,0<U<landV >0,0or (i) 0 < U <1,V >0, or (iii) VTl = 1,0 < U <1, but
those do not satisfy the probabilistic constraints. Therefore, the Lo solution for NMF with the full set of affine constraints is
still an open problem.

We will refer, from now on, to the general aspect model described in eqn. 1 under the Lo loss with the mixture model Q
defined in eqn. 2 as “probabilistic non-negative tensor factorization” abbreviated by pNTF. The special case of d = 2 would
be abbreviated by pNMF. We focus on the Lo loss because, as stated above, the relative entropy loss reduces the problem to
the well known ML using the popular and well understood EM algorithm. Our contribution in this paper is two fold.

[1]: We argue that applications of interest where an aspect model is of use are typically subject to additive noise. The
behavior of an Lo loss in the context of a linear model is well understood — it provides the ML solution under Gaussian
noise — however, when the data consists of co-occurrence matrices (or tensors) the rational for an Lo loss is unclear. We
will develop bounds (for general additive noise) both for L, and relative-entropy loss showing that an Lo is greatly superior
to a ML solution — thus paving the way to our second contribution.

[2]: Our second contribution is algorithmic. As stated above, the pNTF (or pNMF) lacks a satisfactory algorithm. The
Lee-Seung update rule (for Ly loss) would not account for the affine constraints and the NTF extension are also based on
the Lee-Seung update rule and thus would not satisfy the constraints. We will show that the pNTF problem can be broken
down into two simple components. The first is an iterative update rule based on the “’projection onto probability simplex”
sub-problem and the second component is a small size QLP which can be handled by any standard solver.

As for applications, the original application domain for the aspect model is typically found in document analysis using the
bag-of-words concept where the goal is to map a document into a set of topics (Hofmann, 1999). The co-occurrence matrix
holds the joint frequency of words and documents and the set of topics are represented by the rank-1 matrices A;ju; V;r of the
decomposition. In computer vision there has been a recent trend of adapting the bag-of-words concept to co-occurrence of
features (Fei-Fei & Perona, 2005; Quelhas et al., 2005; Sivic et al., 2005) for identifying key features and performing object



classification. Non-negative tensor decompositions are also used for sparse image coding (Hazan et al., 2005) where the class
of training images are stacked to form a 3D cube (tensor) whose factors correspond to basic (sparse) features.

For the sake of minimizing technical jargon we will introduce our derivations for the special case of d = 2, i.e., pPNMF,
as most readers are familiar with matrix manipulations. We will devote Section 4 to fill-in the necessary material going from
pNMF to pNTF.

2 In Favor of L, Loss for Co-occurrence Data

To recap, using an Lo loss for factor analysis represented in eqn. 3, or more generally in eqn. 1, would not provide us with the
ML solution — which for lack of other arguments seems like the right thing to do. In other words, minimizing the Frobenius
norm [|G — >, A; ujva ||% under the constraints of Eqn. 3 would provide a probabilistically admissible solution, but would
not be the ML solution — which seems to go against conventional wisdom.

The behavior of an Ls loss is well understood when approximating a linear model, i.e., one obtains the ML solution under
Gaussian additive noise. The question is what can we expect from an Lo under a simplex model (the convex constraints)
operating on co-occurrence (non-linear by nature) data and under general additive noise? We will provide bounds both for
L5 and relative entropy in order to measure the effect of additive noise between Lo and ML solutions.

Let E be a bounded perturbation matrix with | E||. = € < 00, i.e., the maximum absolute value of an entry of E is
bounded from above by some €. Let Q be defined as in eqn. 2, i.e., the space of low rank (rank = k) probability matrices.
Consider some Py € Q additively perturbed by E, and let P € Q the closest rank-k probability matrix to Py + E. The
approximation is “well behaved” if the difference between F, and P is small. To use a “neutral” measure of difference
we will measure the difference between Py and P by the infinity norm (the value of the largest entry). A low value
for ||Py — P’||o is definitely desired whereas a large value indicates that something in the approximation is wrong. We
introduce the following result:

Proposition 1 Let Py € Q be a probability matrix and let P} € Q be the closest admissible matrix to Py + E in Frobenius
norm. Then,

1Po = P llo < 2Ve

Proof: see Appendix. [|

We see that the approximation error of the Frobenius norm is governed by the maximal entry of the perturbation matrix
E. Therefore, when || F||  is small so is the approximation error — that is, the approximation behaves well.

We will turn our attention to ML approximation, i.e., the approximation using the relative entropy measure in eqn. 3. We
will focus on a reduced case where Q is the set of rank-1 n X n probability matrices. Define:
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We state the following result:

Proposition 2 Let Py = p,q, be a rank-1 probability matrix and let P¥ = pe*q;‘T be the closest rank-1 matrix to Py + E
in relative entropy. Then,

* 1B
[Py — Pelloc — ”pOme <o
and
* 1B
90 — a¢ oo — ||%Hoom < g
and

[P0 = Pl lloc < 3max {[lpy — Plloo » 190 — qclloc} -

Proof: See Appendix ]

The bounds above would be tight when a1, av; would be small, i.e., when || E1||oc < 1" E1. The following result bounds
the value of a1, a5 in the case where the perturbation E satisfies || E|| = € and Py+ E > 0 and the entries of E are sampled
independently:
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Figure 1: Ilustration of L2 and relative-entropy rank-1 approximation: (a) Py + E, (b) closest rank-1 (with probability constraints) in L2,
(c) ML solution.

Proposition 3 Let 3 be the number of indices satisfying Po,;; < €, then,

< € min{3,n}

a; < Bt1 with high probability when n — o0

Proof: see Appendix. []
Given the bound on a1, aa, then if 8 = w(n) is super-linear, i.e., the number of entries in Py is larger than n, then «; goes
to zero:

Corollary 1 If 3 is super-linear, abbreviated 3 = w(n), then

n—oo n—oo

[po = Pllc — lIPolloc and llag — aclloc —" llgollsc
with probability one.

The results above show that when the data co-occurrence matrix has a low entropy — reflected in the requirement that
(asymptotically) more than a square-root of the number of entries have a value which is smaller than || E|| o, (the largest entry
of the perturbation matrix) then with increasing array size the ML approximation would produce an ill-behaved approximation
in the sense that || Py — P¥|| is governed by || Po|| . In contrast, the L, loss generates well-behaved approximations which
commensurate with the magnitude of the perturbation. Fig. 1 illustrates this point with a rank-1 array consisting of a block of
high values with remaining entries consisting of random low value perturbation (representing Py + E). Fig. 1(b) shows the
L5 loss reconstruction (closest rank-1 array) and Fig. 1(c) shows the relative-entropy (ML via EM) reconstruction. One can
clearly see that the ML solution attenuates (significantly) the gap between the high and low entries whereas the Ly loss more
or less preserves that gap.

3 pNMEF via Successive Von-Neumann Projections

We turn our attention to deriving an update rule for the pPNMF problem described in eqn. 3, i.e., min |G =3, A; ll,*V;-r %
subject to the simplex constraints on A, u;,v; and G > 01is a dy x dp matrix with unit sum.

In the context of an alternating optimization where each group of variables A, {u;}¥ and {v;}¥ are updated given the
value of the remaining variables, each update process involves the solution to a Quadratic Linear Program (QLP). However,
the QLPs associated with the update of the matrices U and V' can be reduced to a simple problem, referred to as the projection
onto the probability simplex (PPS):

min [|x — b|? s.t. x>0, |[x]|; =1, 6)

which has a particularly simple solution. We will begin by showing how the update rule of the vectors u; and v; reduce to a
PPS problem.



Let Gt = G=3 "2 )\jujva and we wish to find a probability vector u; > 0, |lu;|[; = 1 which minimizes ||G*—\u,v, ||%
— this can be reduced to building block (eqn. 5) as follows:

argminy ||G' — Ay, ||Z =

argming, A7 [[u|*[[ve]|® — 2\ u/ Glvy =

argminy || —uy|?

GtVt
Aellvell?
Thus we wish to find a probability vector u; closest (in Ly norm) to the point b = Gtv;/)\;||v¢||?. Likewise, the same
argument holds if we wish to solve for v; given the remaining vectors — we end up solving a PPS problem. We will defer
the details of the solution of a PPS problem to the next section and focus next on the update rule for A.

The second type of QLP problem arises when we desire to solve for A given the values of {u;}% and {v;}¥. Letb =
vec(G) the vector representation of the matrix G (by some fixed order, say lexicographic order of the indices) and let A be the
matrix whose j’th column is the probability vector vec(u;v, ). Given b and A we desire to find a vector A which minimizes
the following constrained optimization:

m}}nHA)\ —b|]? st A>0, A1 = 1. (6)

This quadratic program defines a projection of the vector b onto the convex hull spanned by the columns of A — a problem
which we refer to as the “projection onto a general simplex”. Since the number of variables k£ is relatively small (in applica-
tions it is typically in the order of a dozen, e.g, the number of topics contained in a document) we leave this problem for a
standard QLP solver (such as the one supplied by Matlab).

3.1 Finding the Projection onto the Probability Simplex

We wish to solve the QLP described in eqn. 5. We first show how the projection can be derived by an iterative scheme and
then introduce a modification which guarantees a finite number of steps (at most d).
We define below two subproblems, each with a closed-form solution:

Pi(y) = argming|x—y|? st. x'1=1, 7
Py(y) = argming|x —y|?® s.t. x> 0. (8)

We will use the Von-Neumann (Neumann, 1950) successive projection lemma stating that Py Po Py P5... Py (b) will converge
to the projection of b onto the intersection of the affine and conic subspaces described above'. Therefore, what remains to
show is that the projections P; and P, can be solved efficiently (and in closed form).

We begin with the solution for P;. Setting the derivative of the Lagrangian corresponding to eqn. 7 to zero yields:
X —y = Al where ) is the Lagrange multiplier. Multiplying both sides by the vector 1 provides A = (1/d)(1 — y 1) which
after substitution provides the solution: Pi(y) =y + (1 —y 1)L

The projection P2 (y) can also be described in a simple closed form manner. Let I be the set of indices corresponding
to positive entries of y and _ the set of non-positive entries of y.The criterion function ||x — y||? becomes: ||x — y|* =
Zz‘eu (@i —i)® + Dier_ (@ — i)

Clearly, the minimum energy over x > 0 is obtained when x; = y; for all ¢ € I and zero otherwise. Let th>((y) stand
for the operator that zeroes out all negative entries of y. Then, Py(y) = th>o(y).

The two projection operators can be integrated into a finite step scheme by noting that when P (y) has a non-positive
coordinate (thus is set to zero by P») it will remain non-positive in future P; projections (proof omitted due to limited space)
therefore without loss of generality a non-positive coordinate can be removed. Therefore, the scheme can have at most d
steps. Above we summarize the projection onto the probability simplex algorithm.

Algorithm 1 (Projection onto Probability Simplex) The following algorithm projects a general point b € R onto the inter-
section of the non-negative orthant of R® and the unit hyperplane, i.e., finds X which minimizes (global optimum) ||x — b||?
under the constraints x > 0 and x'1 = 1.

1. Set the estimated projection x = b. Set the active face I = {1, ...,d}

Yactually, the Von-Neumann lemma applies only to linear subspaces. Nevertheless, it can be shown to apply also to the PPS problem.



2. fort=1,...d

@ 51— 3+ 3 (1= Ty )
(b) it I = {i € I:x; > 0} then break.
(¢c) Vie{l,..,d}\I setx; =0

(d I —{iel:z; >0}

The algorithm makes use of very simple computations and with a linear upper-bound on the number of steps. In practice
the number of steps are a small fraction of the theoretical upper bound. It is important to note that a general QLP solver would
make the pNMF unwieldy as the dimension d of the problem is the number of rows or columns of the input matrix GG. For
example, in computer vision applications each column of G represents an image thereby making d ~ 10°. Our algorithm,
which is specialized to the probability simplex, has at most d very simple calculations and in practice much fewer than d.

4 pNTF: Beyond Matrix Factorizations

The derivations and algorithms presented so far scale up beyond matrices. The general aspect-model presented in eqn. 1 with
distribution model Q of eqn. 2 takes the following form:

k
min |G =Y N @ ullz st Al =1, [ulllh =1, )
A>0,u >0

j=1
where G € R% % i5 an n-dimensional (probability) array, and ®iu{ stands for the rank-1 tensor u{ ®...®@u described
by the outer-product of n vectors.

The update computation of a vector u’. given the values of the remaining vectors and of A reduces to the PPS problem of
eqn. 5 and whose solution is described in Section 3.1. To derive the reduction we need to introduce a contraction notation:
Let A © ®ym£r0y, stand for the vector resulting from contracting the tensor A with the vectors u; where i # r:

A © ®m7érum = Z Ai1,...,ianL;érum,,im

AT 2 Y P N

the result is a vector since the index i, remains free. So, for example in the 2D case (n,r = 2) A®u; = Zil @iy iy UW1,5, =
ATy and forn = 3,7 = 2 we have 4 © (u; ® uz) = Zil’is iy in.isU1 i, U35~ Using this notation, first let Gt =
G =37, Aj @; u] and we wish to find u}, > 0 which minimizes ||G* — \; @; u}||%, then it is possible to show that:

argming: > jut |, =1 IG* = A @, uf||7 =
: G' O ®izru 12
argming: et s — Wl
& UTZO,HU,«HFl”)\tHi#”uEHQ I
which is achieved by projecting the point b = (G* ® ®;,uf)/(A¢Il;z.[uf||?) onto the probability simplex (Section 3.1).
To update the weights Ay, ..., A\, we follow the same path as described in pPNMF: let b = vec(G) the vector representation
of the tensor G (by some fixed order, say lexicographic order of the indices) and let A be the matrix whose j’th column is
vec(®;u}). Given b and A we desire to find a vector A which minimizes eqn. 6.

S Experiments

We have performed a wide range of tests to compare the pPNMF/pNTF performance against conventional NMF/NTF (with Lo
loss) for the purpose of gauging the importance of the integral weights recovered during decompositions. We also performed
tests against EM and “tempered” EM (Hofmann, 1999) which also provide a weighted decomposition but under the relative-
entropy error measure (this also covers NMF with relative-entropy loss).

Our first series of tests is on face images taken from the MIT CBCL database containing 2429, 19 x 19, images. We
wish to recover local-part features from the image class via a non-negative decomposition and then use those features as



Figure 2: Left: Comparing leading factors of pNTF versus NTF, EM and Tempered-EM factors on face images. Right: Superimposing the
q = 4,8,12,16 (from top to bottom) leading factors on face images.
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Figure 3: ROC curves generated by SVM using the filter responses of (a) leading pNTF, NTF and EM factors 1-5, and (b) non-leading
factors 6-10
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Figure 4: The “science” factor coefficient in the reconstruction of (a) non “science” postings (graph values should be low), and (b)
"science” postings (values should be high).

measurements for a face detection classification and compare the ROC performance across pNTF, NTF and EM. It has been
argued in the past (Shashua & Levin, 2001; Hazan et al., 2005) that a natural representation of a set of images is a 3D cube
(rather than a matrix whose columns correspond to the vectorized images). Consequently, we construct a 3-way array from
the set of face images and perform the decomposition methods directly on the array. The factors of the decomposition are
rank-1 tensors each represented by an outer-product of three vectors. The slices of the rank-1 factor are scaled versions of a
single rank-1 matrix. In other words, if Ay, ..., A,, represent the set of m images as slices of the tensor (G, then the tensor
decomposition produces a set of k rank-1 matrices \17y, ..., Ay T Whose linear combinations reconstruct (to a least-squares
approximation) the original images. We refer to 7; as the factors of the decomposition.

In Fig. 2 we show the four leading factors (out of a decomposition of k£ = 50 factors) of pNTF, NTF, EM, and tempered-
EM. The local-part nature of the factors is evident in all the decomposition methods but one can see a sharper distinction
between the factors in pNTF compared to NTF (where the factors seem to have a higher overlap with each other). This
sharper distinction becomes more evident when we take a super-position of the ¢ = 4, 8,12, 16 leading factors (weighted
by ;) as shown in right hand side panel of Fig. 2. The gradual face “build-up” as generated by local parts is much more
apparent with pNTF than with any of the other decompositions.

For a quantitative measure of performance, we used the leading five factors as convolution kernels for obtaining a vector
of measurements per input images. The part buildup that we see in Fig. 2 suggests that the pNTF factors potentially form a
“relevant” set of features. An image was mapped into a vector of five entries by convolution with the leading factors. The
measurement vectors were then fed into a SVM classifier (Boser et al., 1992) with a RBF kernel for classifying faces versus
non-faces. The decomposition was performed on a subset of 429 face images chosen randomly from the dataset, the training
of the SVM was performed on a subset of 1000 images of the dataset (different from the decomposition set) and the testing
was done on the remaining 1000 images. Fig. 3a shows the ROC curves of the SVM using the features produced by pNTF,
NTF and EM (tempered-EM produced the same ROC as EM). One can see that the pNTF generalizes the best of the three
and this is consistent with the previous qualitative judgement about the sharpness (and relevance) of the factors. We then
performed the experiment using the next five factors (numbered 6 — 10). If indeed the pNTF factors are more “relevant” than
we would expect the performance to degrade more rapidly with non-leading factors. Fig. 3b supports this notion as the ROC
using the EM features is much better than pNTF.

Our second experiment is in the domain of text analysis. We used the reduced version of the “20newsgroups” dataset.
Documents are represented by 100 dimensional binary co-occurrence vectors and tagged as a member of one out of four
classes “computers”, “recreational activities”, ”science” and “talks”. Documents contain approximately 4% of the words,
averaged across the 16242 postings. We performed pNMF,NMEEM and tempered-EM to recover four factors which were
used as filter measurements to an SVM classifier.

To gain a better understanding to the nature of the different solutions we first show in Fig. 5 the leading (high value/probability)

Zhttp://www.cs.toronto.edu/~roweis/data.html
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Figure 5: comparing the most probable words contained in the four factors of the newsgroup data-set.

entries (corresponding to the most popular words) of the four factors for each of the four decomposition method. All meth-
ods produce plausible results in the sense that the most popular words indeed correspond to what a Layman would consider
appropriate for the topic — hence a visual inspection of the factors does not reveal useful information for comparing the dif-
ferent methods. Next we took a new “science” posting (represented as a binary vector g with 100 entries normalized to unit
L, norm) and reconstructed it using the four factors. One would expect that the coefficient corresponding to the “’science”
factor would have a high value if g is a science posting and low if g is some other posting. By running over all ”’science”
postings we obtain a graph, one for each method, of the ”science” factor coefficient value. Likewise, by running over all
other postings (non “’science”) and plotting the “science” coefficient value (a graph per method) we obtain four graphs whose
values should be low. The ”winning” method should have a consistent high value in the first graph and a consistent low value
in the second graph. As for the details of reconstruction, in pPNMF we solve the problem min || Ax — g||? under the simplex
conditions x > 0 and ||x||; = 1. For NMF we solve the same criterion function but under x > 0 only. For EM we minimize
under the relative entropy loss with the simplex constraint.

Fig. 4 shows the graphs corresponding to the value of the ”science” factor coefficient in the reconstruction. One can see
that over all ”science” postings the pNMF coefficient is consistently the highest, and over all non “science” postings the
pNMF coefficient is consistently the lowest. This result agrees with the face image dataset results we obtained above where
it appears that the pNTF factors are ’sharper” and more “relevant” than the factors obtained by the other decomposition
methods.

6 Summary

There are two main points in our work. First is the justification of an L, loss for probabilistically valid decompositions
of co-occurrence data. The Ly loss for a linear model is well understood (ML under Gaussian additive noise) but for co-
occurrence data, which is by nature non-linear, we have shown that under general additive noise (not necessarily Gaussian)
the approximations commensurate well with the magnitude of the noise — unlike a ML solution. It is worthwhile noting
that our framework is constrained as the solutions must lie in the probability simplex thus one should expect a different
behavior compared to standard unconstrained Ly approximations (where Ly has a ’bad reputation” with respect to outliers
for example). The length of the paper does not allow us to explore this avenue in more details — such as the role of
an “Euclidean” entropy for driving sparse solutions and so forth. The second point of our work is deriving an update rule,
replacing the Lee-Seung update rule for NMF/NTF, which would guarantee a probabilistically valid (locally optimal) solution.
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A Proofs of Propositions
Proof of Proposition 1:

P! = argming g||Po+ E — P|%
argminp o || Po — P|% — 2(P, E),

where (A, B) = 3, ; Ai,; B;; denote the inner product operation. As Py € Q and P attains the minimal value we infer || Py — P¢ 1% —
2(P?,E) < ||Py — Po||3 — 2(Py, E) which implies by the Holder inequality |(x,y)| < [|x||1]|¥||co that

[P0 — PZ |7 < 2(P7, E) — 2(Po, B) < 4| Bl

and the norm inequality || Po — P || < ||[Po — P.||F establishes the proof. []

Proof of Proposition 2: Sety = 1" F1and e = E1, then p* = (p, +€)/(1 + ) and

. v e
‘poi pm" = |Po; 1+~ ~
We set a1 = ||e]|oo/(1 + ) and bound ||p, — p; || using the relation |z| — |y| < |z — y| < |z| + |y|. In a similar manner we derive the

bound on ||qy — q || - T
Set§ = p; — p, and pp = q — q, then for every i, j hold |(poaq — prq’ ' )ij| = [Poigo; — peige;| = [Poittj + gojdi + dipj| <
3max {|6:], ||} since po,, qoj, 0, 15 < 1.[]
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Proof of Proposition 3: The expectation of uniformly chosen perturbation elements €’ < E;; < € is (¢ — €')/2. To compute the
expectation of E1 and 17 E1 we introduce the collection of indexes F = {(4, ) : po;qo ; < €} and its power 3 = |F|.

€—Dpo;Q,; _ ef—1
Exp[d Byl = > 5 2
i ijEF
€ —Do;,q0; _ €-min{3,n}
Exp) " Eiy] = > 5 < 2
J J: (i0,9)€F

Since independent trials are concentrated around their mean, we deduce that with high probability

E1 < e-min{3,n}

whenever n 00
11 E1-  B+1 -

11



