Multi-linear Systems for 3D-from-2D Interpretation
Lecture 3

Dynamic P" ® P" Tensors
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Homography Matrix
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2 N 2 2
P AP ® P Mapping of the dynamic projective plane onto itself

Points are moving along straight-line trajectories
while camera changes position
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3 snapshots of a linearly moving point
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AP P By

rank[p Ap' Bp"]:2

= p'(Ap ~ Bp")=0
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70 H ik

e 26 matching triplets p,p’,p’”’ arising from dynanpoints provide
A unique solution for the dual Htensor (each ttipleovides one
linear constraint).

* The 26 points must lie cat least4 lines (in general position),
where no more than 8 points on the first line, rayarthan 7
points on the second line, 6 on the third, and terfourth.
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| 1] nk _ Ijk —
|1 =5= —> G* =p'p'p"
G* isa symmetric tensor, I.e. contains only 10 ddfergroups

111,222,333,112,113,221,223,331,332,123

n+3-1

up to permutations. rank(v, A v, A v, | rankspargv,,v,,v,) =1) = 2

——> One needs at least 16 dynamic points in an unldtssle
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16- 4x 10- 3x !
p'p’ p**H, =0 => G*H, =0 o =8 => G* =p'plp
| 7x=1 ! | 1 2:?
p'p eiHj =0 p'elp" Hij =0 e\p"'p" Hij =0
p'pesH =0 p'esp" Hyj =0 ehp" p" Hij =0
p'p JEEH{_,',{- =0 p 33- p"™H, =0 Eg p p”“'Hr-_,-k =0
€1, €3, €3 (1,0,0).(0,1,0),(0.0,1)
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! ? EY% = p'p/e; 4 p’&{;}’r" Feip/p*
gk 6( !
7
! 7 Kx=1 ! . 2.7
;-]!-;}F_II-EI‘;HFJR o [:} !_]!E.i'—p”kHIjk L U Ejzl p!jpﬂkHr'jk . [}
p'pesH;y =0 p'elp™H, k=0 esp" p" Hij = 0
p'pesH i =0 p'elp" Hij =0 e\p"p" Hij = 0
€1,€2,€3 {:I,U,U],{U,1,[}]._{:(}._0._1}
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EY% = p'p/e; 4 p’&{;}’r" Feip/p*

Elik ! 6( !
7
/2 | |
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! Th=1 ! | ;! 2:?
p'p e H;j =0 p'elp™ Hij =0 e\p”’p" Hij =0
p'pesH; i =0 pesp™ Hij =0 eyp" p" Hijp =0
p'p"esH =0 p'elp ™ Hij =0 esp”’p"Hij =0
€1,€3,€3 (1,0,0),(0,1,0),(0,0,1)
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EY% = p'p/e; 4 p’&{;}’r" Feip/p*

Elik ! 6( !
7
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p'p e H;j =0 p'elp™ Hij =0 e\p”’p" Hij =0
p'pesH; i =0 pesp™ Hij =0 eyp" p" Hijp =0
p'p"esH =0 p'elp ™ Hij =0 esp”’p"Hij =0
€1,€3,€3 (1,0,0),(0,1,0),(0,0,1)
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» 3 of the 7 constraints provided by a labeled cfate in the
10’th dimensional subspace of unlabeled statictpoin

V

o Ifwe have Q£ X£ 4 labeled static points, then we need

16- 4x dynamic points
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Known | unknown| moving
static required
0 26 16

1 19 12

2 12 38

3 5 4

4 0 0
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H muaj bk e e/

d“H, =¢,a," (b d")=[Bd] A
—  E=[n] A n =Ba
EA=[n] Ahc[n], n=0
E'm=-A"[m,m=0
p'Ep=0 ° @ !
+ n
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BW, +WB' =0,
CG; +GC' =0,
AE; + EA =0
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U. of Milano, 7.7.04

QuickTime™ and a
decompressor
are needed to see this picture.
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n P3

| |
511 2 rank P AP BP' =2

| |
— 9 |9 detP AP BP' V =0
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X, w4 F
A= X, Y, Z, E,
Xy Y3 Z; K
Xy Yy 4, E,

det(h) =EA,- E,A,+EA,- EA,

%
n ) I *
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! PP'P"J =0

! 1 Sym'V

rank(v; A v, A v, |rankspar{v,,v,,v,) =1) =
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det | PAP'BSV | =0 vo,V

]
PPic] =0 PelP*l=0 PP I=0
PPkl =0 PelP™*]u=0 eP'P"J =0
PPIekT =0 PelP™*]=0 &P'P"J ;=0
PPIekl =0 PelP™]u=0 €& P'P"J =0
$ €1,€3,€3, €4 (1,0,0,0),....(0,0,0,1)
. PP'P"J =0 ! ) LT
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P .Plr"rﬁfifuﬂ 0 FFE{FHEL';;; = Eg P;'J.Pnkjr'_.fk =0
PPl =0 PesP™ =0 PP ;=0
PPIeJiu=0 Pe&P"J=0 PP =0
PPleyJu=0 PeP"li=0 PP J;=0

! ? G = PiPiek + Piel P* + ek P/pPF

Gk ! !
7/2 7
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e 4x4x4

» 4 Solutions (60 matching points)

e Unlabeled Static points live in a 20-dim subspace.

» Labeled static point contributes 10 constraints

« 4 of the 10 constraints provided by a labeled static live in the
20’th dimensional subspace of unlabeled static points.
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Segmentation Results
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The General Case

* N: dim of vector space (3 for Htensor, 4 for Jtensor)
* K: No. of observations (3 for Htensor, 3 for Jtensor)

e M: dim of subspace (2 for Htensor, 2 for Jtensor)

<332> Htensor moving points, 26 dim-space
<331> Htensor static points, 10 dim-space
<432> Jtensor moving points, 60 dim-space
<431> Jtensor static points, 20 dim-space

<nkm> ?
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Let V be a n-dim vector space. For N3 K3 m

Considerthe GL(V) module  V(n,m,Kk)
V(nmKk)={v,Av, Av_|dimspad{v,,...v_} £K}

We want to determine the module structure and dimV (n,m,k)

Let /:(/13 /23 ) be a partition of m
O(n+j-i)

dimv(nmky=n"-  x ~ (LU
50O (hook- lengthg O (hook- length3
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N V (332)=3- =26  Htensor

V(n,k,k-1)=n"-

=60 Jtensor

3
3
4
V (432) = 4° - 3

N n+1
V(n,k,k-2):nk- ) +(k-1)2 y

3+1 .
V (331) =3- +(3- 1)° 2 —=927-17=10 Htensor, static

3

3

4 4+1 :
V (43) =4°- 2 +(3- 1)° 2 =64- 44=20 Jtensor, static
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