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Multi-linear Systems for 3D-from-2D Interpretation

Lecture 3
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Material We Will Cover Today
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222 PPP ®Ä Mapping of the dynamic projective plane onto itself

Points are moving along straight-line trajectories 
while camera changes position
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3 snapshots of a linearly moving point
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• 26 matching triplets p,p’,p’’ arising from dynamic points provide 
A unique solution for the dual Htensor (each triplet provides one
linear constraint).

• The 26 points must lie on at least4 lines (in general position),
where no more than 8 points on the first line, no more than 7
points on the second line, 6 on the third, and 5 on the fourth.

%	������������ ijkH
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ijk HG

ijkG is a symmetric tensor, i.e. contains only 10 different groups

111,222,333,112,113,221,223,331,332,123

up to permutations.

One needs at least 16 dynamic points in an unlabeled set
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• 3 of the 7 constraints provided by a labeled static live in the
10’th dimensional subspace of unlabeled static points. 

• If we have 40 ££ x labeled static points, then we need

x416- dynamic points
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,������	������� �	!���

Known      unknown     moving
static                             required
0 26 16

1 19 12

2 12 8

3 5 4

4 0 0
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QuickTime™ and a
 decompressor

are needed to see this picture.
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• 4x4x4
• 4 Solutions (60 matching points)
• Unlabeled Static points live in a 20-dim subspace.
• Labeled static point contributes 10 constraints
• 4 of the 10 constraints provided by a labeled static live in the

20’th dimensional subspace of unlabeled static points. 
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Segmentation Results
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The General Case

• N: dim of vector space (3 for Htensor, 4 for Jtensor)

• K: No. of observations (3 for Htensor, 3 for Jtensor)

• M: dim of subspace (2 for Htensor, 2 for Jtensor)

<332> Htensor moving points, 26 dim-space
<331> Htensor static points, 10 dim-space
<432> Jtensor moving points, 60 dim-space
<431> Jtensor static points, 20 dim-space

<nkm> ?
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��V(n,m,k) ={v1 Ä v2� Ä vm |dimspan{v1,...,vm} £ k}

VLet be a n-dim vector space. For mkn ³³

Consider the 

dimV(n,m,k) = nm -
m!

(hook- lengths)Õ

(n + j - i)
(i, j )Î l

Õ

(hook- lengths)Õl k+1>0




Let ��l = (l 1 ³ l 2 ³ � ) be a partition of m

)(VGL module V(n,m,k)

We want to determine the module structure and  dimV(n,m,k)
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