Revenue Enhancement in Ad Auctions

Michal Feldman-**, Reshef Meit-2, and Moshe Tennenhoft?

! Hebrew University of Jerusalem
nfeldman@uji.ac.il, reshef.meir@mil . huji.ac.il
2 Microsoft Research, Herzlia
noshet @ri crosoft. com
3 Technion-Israel Institute of Technology
4 Microsoft Research, New England

Abstract. We consider the revenue of the Generalized Second Price (GSP) auc-
tion, which is one of the most widely used mechanisms for ad auctions. ikile
standard model of ad auctions implies that the revenue of GSP in equiliisium

at least as high as the revenue of VCG, the literature suggests that isisioty
higher due to the selection of a natural equilibrium that coincides with the VCG
outcome. We propose a randomized modification of the GSP mechanisaon w
eliminates the low-revenue equilibria of the GSP mechanism under sonralnatu
restrictions. The proposed mechanism leads to a higher revenue tdi¢he se

1 Introduction

Ad auctions are perhaps the most widely studied economitpdatthe literature on
on-line markets. As ad auctions generate revenues of llmf dollars per year to
publishers, every subtle feature of their design may haméndous effect. The two
most widely discussed mechanisms in the study of ad auctiomshe Generalized
Second Price (GSP) auction, versions of which are thosedipiused in practice,
and the classical Vickrey-Clarke-Groves (VCG) auction. &desider the original ad
auctions model introduced in the seminal work of Varian [a8Y Edelman et al. [3],
where bidders’ valuations per click are fixed and indepehdéthe ad slot. Previous
work characterized a special family of equilibria of GSPtars in that setting, termed
envy freeor SymmetridNash Equilibria (SNE), and showed that the SNE leading to the
lowest revenue for the seller, termed Lower Equilibrium J[L&bincides with the truth-
revealing equilibrium of VCG. These connections betweenGisP equilibria and the
VCG outcome, as well as the related revenue ramificatioesgemtral to the study of
ad auctions.

While the above results suggest that GSP may lead to highenuwevthan VCG,
other arguments for revenue comparison between these misgt®have been dis-
cussed. Kuminov and Tennenholtz model user behavior étplas glancing through
the ads in a sequence [6]. Interestingly, in this setting\k& outcome coincides
with the GSP equilibrium that leads to theghestrevenue. Closer to the study of the
standard ad auctions setting, Edelman and Schwarz corejdéibrium selection in

* At the time of research the author was affiliated with Microsoft Reseé&tetglia, Israel.



GSP by comparing the revenue in the standard static gameywaardc variant of the
game [4]. They suggest that the GSP equilibrium that leadsediighest revenue is
less natural than the one that coincides with the VCG outceimee it generates too
high revenue compared to the revenue obtained in the dynmaodel. Recently, Lucier
et al. [7] performed a detailed analysis of the revenue inGB& auction, under both
complete and incomplete information, using the VCG reveamia baseline. In partic-
ular, they outlined the conditions under which the revemuedn-envy-free equilibria
can be lower or higher than the revenue in SNE.

Thompson and Leyton-Brown [12] computed the revenue of GS&quilibrium
using several models from the literature. They found thateithe expected revenue of
GSP in Varian's model was slightly higher than the VCG baglin most models the
revenue was profoundly affected by equilibrium selection.

The above suggests that GSP has attracted much attentiorbfsth researchers
and practitioners, but it is unclear whether it has reverlvamatage over VCG. Hence,
one may wish to consider natural modifications for GSP thetei@se the auction-
eer/publisher revenue. Notice that GSP is by now a standadiige and modifications
to it should conform to having a relatively similar struaun the way bidders are as-
signed to ad slots and the way they are assigned paymentsn &dvertiser’s payment
should be bounded by his bids and have some intuitive relatigth other (less suc-
cessful) bids. This is not a “mathematical” requirement, dpractical one, given the
way advertisers perceive ad auctions.

Several modifications to the GSP mechanism have already hegyested in the
literature. The most common modification to GSP is the aalditif reserve prices
Indeed, field experiments (and to some extent also theoggesi that reserve prices
can substantially increase the revenue in GSP auctions ALGifferent modification
deals with allocation efficiency. When some assumptions iia¥& model are violated,
the GSP mechanism may not have efficient equilibria. Bluemet al. modify the GSP
mechanism to guarantee the existence of an efficient equiiibin a more general
model [1].

The Ponetial Revenue of other incentive compatible and-&m@e/mechanisms has
also been studied. Hartline and Yan [5] analyzedrttaximalrevenue attainable under
envy-freeness constraints, which are perceived as a telaxa incentive compatibility
(IC), in a wide variety of single-parameter domains (inahgdad auctions). They show
that optimal envy-free revenue is a good proxy of the optilGatevenue, and use it
as a baseline to evaluate the revenue of other IC mechanisrase results highlight
another angle of the roles of truthfulness and envy-freeimesevenue analysis, but lie
outside the scope of our model. This is mainly since Harttind Yan assume truthful
bidding (even with non-IC pricing) whereas the envy-freecomes of the GSP auction
are the result oftrategic bidding Thus GSP and its variations have multiple equilibria
with different revenues, as discussed above.

Our contribution In this paper we take the study of the GSP revenue to the rege st
by suggesting natural modifications to the GSP mechanisnchmtgsult in revenue
boosting for many natural click-through rates. Recall thahe GSP mechanism every
winning agent pays theecondprice, i.e., the bid of the bidder directly below her bid.
Our revised mechanism selects randomly between GSP andaatvaf it, in which



an agent pays ththird price, i.e., the bid that is just below the bid below her Bid.
We show conditions under which the combined mechanism adanitex-post envy-
free equilibrium that achieves revenue that is arbitrazibse to the revenue obtained
in the highest revenue equilibrium of GSP, while elimingtihe low revenue equilibria
outcomes. More generally, we introduce the familyrefrice auctions by generalizing
the GSP auctions as well as the random selection among thehg their ex-post envy-
free equilibria, and prove that by random selection betwaepair of such mechanisms
we can boost the revenue of GSP.

2 Modd and Preliminaries

2.1 Ad auctions

In an ad auction there ageslots to allocate, and bidders, each with valuatios;, per
click, fori € {1,...,n}. Every slotl < j < s is associated with a click-through rate
(CTR)z; > 0, wherez; > x;,,. For mathematical convenience, we define= 0 for
everyj > s. Throughout the paper we make the simplifying assumptiah@TRs are
strictly decreasing, i.es; > ;1.

The mechanism receives as input a bjdrom every bidder and determines an
allocation of the slots to the bidders and a payment per cligkfor every bidder. We
denote the slot allocated to bidddy 7 (7). A bidder: that has been allocated slofi)
gainsw; per click (regardless of the slot), and is charggger click. Thus, his total
utility is given byu; = (v; — p;)x~(;). A mechanism that assigns better slots to higher
bids is calledefficient A mechanism that never assigns lower payments to higher bid
is calledmonotoneWe restrict our attention to efficient and monotone medrasi

Nash equilibria. Letv; > ... > v, andbq,...,b, be the bidders’ private values
and submitted bids, respectively (both sorted accordirdgtoeasing valuations). Let
f be an efficient and monotone auction mechanism, and let . , p,, be the payments
assigned by according to the bids. We say that the bids are in Nash equitib(NE),

if no bidder wants to deviate by changing her bid. pﬁ(b’) be the payment assigned
by f to bidder: if she changes her bid # (and all other bidders keep their current
bids). From the efficiency of, in order to get sloj < = (i), bidderi must bid like
the bidder currently occupying the slot, i.&.,= b,.% Similarly, in order to get slot
j > (i), bidderi must bid below biddey, i.e.,’ = b;11. The stability requirements
of NE can be divided into three parts. For every biddére following should hold:

bid neutral Bidder i has no incentive to change her bid if this deviation does not
change the slot assignedito
up-Nash Bidder: does not want to get a better slot:

Vi <m(i), (vi—pi)reu) > (vi — P{(bﬂfl(j)))fcj- (1)

5 k-price auctions have been shown to lead to some intriguing results in tleectaesical single-
items setting; see [8,9,11]

8 To guarantee that the deviator gets glave assume that ties are broken in favor of the deviator.
This assumption will not be required, however, when we analyze ther®®Ranism and its
variations, as biddercan bidb,;_1 > b" > b;, without affecting her own payment.



down-Nash Bidder: does not want to get a worse slot:
Vi >m(i),  (vi—pi)Tag) > (05 — b (br-1(551)))75- 2

The first requirement is usually handled by mechanisms gmaitreb; when setting the
paymenip; (i.e.,b; is only used to decide on the allocation andpgrior j # 7).

Efficiency A priori, even with an efficient mechanism we might end up véthineffi-
cient outcome, where a bidder with low valuation bids highan a bidder with higher
valuation, thereby getting a better slot. We say that anlibguim outcome isfficient
if b; > b; 1 for all . Note that if both the mechanisyfhand the outcomb are efficient,
then every bidder gets slot, i.e.,n (i) = i. Efficient equilibria guarantee that teecial
welfare i.e., the sum of utilities of all bidders and the auctionéemaximized.

Envy freenessA different notion of stability than Nash is captured by gwy-freeness
requirement. An outcome is envy free if no bidder is intezdsh swapping slots (and
payments) with any other bidder. Formally, it takes thediwihg form:

Vi £ m(@), (v —p)Tagy > (i — Pl (br-10541)))2;. (3)

Itis easy to verify that (3) entails requirements (1) and TBus, any envy-free outcome
in a bid-neutral mechanism is also a NE. In fact, envy fregimemore restricting than
(1), and thus we are left with a subset of the original set of NE

Envy-free equilibria have been thoroughly studied in tterditure of games in gen-
eral, and ad auctions in particular. They are also knowsyasmetric Nash equilibria
(SNE), due to the symmetry of up-Nash and down-Nash consstavarian [13] and
Lucier et al. [7] further studied properties of SNEs in theRG8echanism. For exam-
ple, it is shown that every SNE is efficient, which is not traedrbitrary NE.

When a randomized mechanism is in use, we must distinguisteketoutcomes
that areenvy free in expectatiofftom outcomes that arenvy free ex-posiThe latter
definition means no bidder wants to change slots, even Afteanhdomization has taken
place and the outcome is known. We will be interested in tinenger interpretation of
envy freeness.

The revenue intervalSuppose we are using some auction mecharfisth f has mul-
tiple NE outcomes, then the auctioneer might end up witredéffit revenues for the
different equilibria. We definéRJ’{ (resp.RJ%) as the highest (resp. lowest) revenue gen-
erated by mechanisghin some NE. We use a similar notation to denote the highest and
lowest revenues in restricted subsets of NE, replaéingith E R (for efficient NE or
with SR (for symmetric NE Clearly[SR}, SRY], [ER?, ERY] C [R}, RY].

The revenue interval raises the natural questiceqoilibrium selectionClearly, the
auctioneer would like the bidders to end up playing an egpiilim with high revenue.
However, the auctioneer is not a player in this game. Theeptagre the bidders, and
given an efficient allocation their joint incentive is basdlg the opposite - to end up
paying the lowest possible amount.



22 VCG

The VCG mechanism sorts the bidders by their bids, and adsdhe;’'th slot, j =
1,...,s, to thej'th highest bidder. Each bidderis charged (per click) for the “harm”
she poses to the other bidders, i.e., the difference bettheenelfare of bidders £ j

if j is omitted and their welfare whepnexists; thug; = Zk>j+1 b(xp—1 — xp) (We
defineb; = 0 for all i > n). Note that VCG is efficient and monotone. It is well known
that under the VCG mechanism, reporting the true values §j.e= v;) is a dominant
strategy, and in particular it is a Nash equilibrium. We dertbe revenue in the truthful
equilibrium of VCG byR{ ...

23 GSP

The allocation of the GSP mechanism is efficient, i.e., idahto that of VCG. The
charge of biddej = 1,...,s equals the bid of the next bidder; i.@; = b;,1. For
mathematical convenience, we define,; = 0 for j > n. GSP is clearly efficient and
monotone.

Varian [13] focuses on the analysis of envy-free equililfrie., SNEs) in the GSP
auction, due to their many attractive properties. The SNfuirement (3) takes the
following form:

Vi # 4, (vi — bip1)xi > (vi — bjy1)y. (4)

As Varian shows, every SNE is an efficient equilibrium.

2.4 Known properties of GSP

Before presenting some known properties of the VCG and GSthamésms, we put
forward the following basic definitions. Lef, ..., 9, € R, be the elements of a
monotonically nonincreasing series. We sometimes refsuth series aginctions(of
the formg : {1,...,m} — R). We say thay is convexf it has a decreasing marginal
loss, i.e.gi—gi+1 > gj—g,+1 foreveryi < j. Similarly, if g has arincreasingmarginal
loss then it iconcave Notice that linear functions are both convex and concave.

A special case of convexity is when the marginal loss deeseagponentially fast.
We say thay is s-separatedfor some0 < 8 < 1) if g;11 < Bg; for everyi. If the
above holds with equality (rather than inequality)s said to beexponential

The last property refers to thiatio between consequent elements, rather than differ-
ence. A series/functiois said to bdog-concaveif for everyi < j < m, -2 > -9i_

gi—1 — gj—1"

Distinguished equilibriaOf particular interest are the two equilibria of GSP thaides
on the boundaries of the SNE set, referred td.awer Equilibrium(LE) and Upper
Equilibrium (UE). We denote the LE and UE profiles by} = {bl};cny andb? =
{bY };e N, respectively. The bids in the LE, for eve?y< i < s, are given by

biwi1 = v(wi—1 — x) + b3 = Z V(21 — x¢).
s+1>t>14

This equilibrium induces payments, utilities, and reveaqgeal to those in VCG.



Proposition 1 (Varian [13]) The payments of all bidders in the LE of GSP are the same
as under the truthful bidding in VCG. In particular, it folls thatSRé g, = RY .

The bids in the UE, for every < i < s, are given by

U U
by i—1 = vi—1@i—1—x) +b T = E V1 (@—1 — ).
sH1>t>i

Note that since:; 1 > x;, no two bidders submit the same bid in LE (or in UE).
Another outcome of GSP which one may wish to consider is nbthby truthful
bidding (i.e.,b; = v;), which may or may not be an equilibrium. We further discuss

truthful bidding in Section 3.3.
Since SNE is always efficient, we have that

[SR&sp, SRGsp] C [ERGsp, ERGsp] C [Résps Respl;

where in the most general case, these inclusions may be stric

Lucier et al. [7] study the conditions on the CTR function end/hich the bound-
aries of these sets become close or equal. They show thatifz; ; for all i (as we
assume here), then the first inclusion becomes an equai#y.i3, we can get a revenue
r in an efficient equilibrium iff there is an SNE with revenue

Justifying the Lower equilibriumWe argue that when faced with the equilibrium se-
lection problem of GSP, bidders are likely to play the lowevyefree equilibriumb’.
The concept of envy freeness itself is well justified in vas®ettings. In addition, in
our ad auction setting, bidders have a particular inteneshiefficient allocation, which
makes the set of SNEs even more prominent. Within this sexte thre two natural focal
points, introduced in the previous paragraph.

Observation 1 Letb be an SNE other than LE; thdnis Pareto dominated big”.

To see this, observe that if all bidders change their bida frato biL, then the allocation
remains the same, and every biddeays the same, or strictly less léiff+1 < biy1).

To sum up: if bidders try to influence the outcome equilibrjtiney are most likely
to play the lowest envy-free equilibrium (LE in the GSP cdsa)d the revenue of the
auctioneer will beSRL s, = ERE o .

3 Boosting therevenue

In this section we propose a variant of the GSP mechanisrelingihates the LE profile
(but not the UE profile) as an envy-free equilibrium, theréimentivizing the bidders
to end up in higher-revenue equilibrium.

" We emphasize that we do not considelusion i.e., binding contracts among agents.



3.1 Generalized Next Price auctions

Consider a modified GSP mechanism, termegrice auction, in whictp; = b; 1.
For example, thé-Price auction is GSP, as = b, 1. We argue that the SNE outcomes
of the auction are essentially the same fomall> 2.

Lemmal. Letb be a (sorted) bid vector, and lé&tm st.2 <k <m<n+1-s.b
is an SNE ofn-price if and only ifb’ is an SNE ok-price, whereb, = b; 1, ,,,.8

Proof. The two bid vectors in both mechanisms induce exactly theesaltocation
(in decreasing order of valuations), and exactly the sanyenpats. This is because
pi(m) = biym-1 = b, = pi(k) (note that the payment is well defined). Thus, if in
one auction there is a biddéenvious of a biddey, then the same bidder is envious in
the other auction. Sinde, m > 2, the paymenp, does not depend on the biditself,
thus no envy also entails Nash equilibrium, i.e., SNE. O

In particular, from the perspective of the bidders the ooteds the same whether GSP
or any othemn-price auction is used (although they will submit differeids). Clearly
the revenue of the auctioneer is the same as well.

Due to Lemma 1, we can easily derive the lower and upper boom@&NE bids in
m-price auctions, which we denote b§(m), bY (m). Indeed, for everyn > 2,

s+1 T x
L _ L _ t—1 — Tt
b’ (m) = b\ s, = Z L —

Tit1—
t=i+2—m i+1l-m

and similarly for the upper equilibrium.
We will focus on2-price (i.e., GSP) and-price auctions; we refer to the latter as
thegeneralized third-pricauction [GTP].

3.2 Boosting revenue via randomization

Due to Lemma 1, it seems that there is no benefit in usingirth@ice auction rather
than the original GSP. Quite surprisingly, it turns out tbatnbining these mechanisms
enables us to improve the revenue interval.

We introduce a randomized mechanism that boosts the aeetisnrevenue. To
this end, we identify a bid profile that constitutes an SNEann tnechanisms simulta-
neously, enabling us to preserve the envy-free equilibrden we choose randomly
between them (the proof is given below, together with the@pod Theorem 3).

Theorem 2. Suppose that the CTR function is coneexilog-concave, and for every
2 >4 > sitholds that;*— < *—. Then the UE of GSP is also an SNE of GTP.

Vi Zq

Note that there is a wide family of log-concave functions i@ also convex. These
include linear, polynomial, quasi-polynomial, and expatied functions. The more del-
icate condition is the requirement on the valuation fungtiee., that it besteeperthan

81f i + k — m < 1 thend. can be completed arbitrarily, as long as bids’ order is kept, i.e.,
b > biyq.



the CTR function. While this may not always hold, such steepiea likely assumption
in domains where bidders are heterogeneous.

Log-concavity is a necessary condition. That is, if the CTiRction isnot log-
concave, then there is no bid profile that is simultaneously-dree in both auctions.
Further, we can sharpen our conditions by focusing on thestlieg-concave” function.

Theorem 3. If the CTR function is exponential, then the UE of GSP is etyutile LE
of GTP. This is true for arbitrary valuations.

This means that (with exponential CTR) there igréquebid profile that is simultane-
ously envy-free in both auctions.

Proof. By Varian's paper (see [13], p. 1167), the blafsare SNE iff
aiba_l —+ (1 — Oli)’Ui_l Z b;k 2 aib;-k+1 —+ (1 — Oli)’l)i,

wherea; = ;% < 1. For exampleé (2) = ;b7 ; (1) + (1 — a;)vi—1.
Similarly, for GTP, we get from Lemma 1 that the bid$ are SNE iff

ai1bi g + (I —io1)via > b7 > a;1bi ) + (1 — ai—1)vi1.
or, equivalently, if
Ti1bj + (Timo — xi—1)Vi—g > wi_2b] > xi_1b; | + (Ti—2 — Ti—1)vi—1.  (B)
We can substitute* for any given set of bids (e.gh”) to see when these bids form an

equilibrium.
The lower bound holds if

U U U
OéibiJrl + (1 — ai)vi,l = bl > Oziflbi+1 + (1 — ai,l)vi,l <
l—0; 21— <~
x; Ti_q
— =0 < = ——,
Ti—1 Li—2

i.e., whenx is log-concave. The first transition holds because it is @onombination
of biUJrl andv;_1, where the latter is larger.

For exponential CTR functionsy; is a constant and we get an equality with the
lower bound. In particular, the upper bound holds as wellrédger, any lower bids
will not be SNE in GTP, as they must violate the lower boundsTnoves Theorem 3.



For other log-concave CTR functions the inequality may bietsand therefore we
must verify that the upper bound holds as well. Under ourragsions onx andv,

(zi—1bYy + (T2 — i—1)vi2) — (2,-2bY)

b i + (wim1 — @i)via

U
=xi_1bjy 1 + (Ti—2 — i_1)Vi—2 — Ti_2 =
Ti—1

T;_ok; Ti_

U i—24L9 i—2

=biy1 ( - 9Cz‘1> + (Ti—2 — i—1)Vi—2 — (im1 — @i)via
Ti—1 Ti—1

Ti—2
> (Timo — Ti—1)Viee — —— (@1 — T;)vi—1 (6)
Ti—1
Ti—92
> ;9 — — ;1 (7)
Ti—1
X Tj—
> = 21}1‘—1* : 2Uz‘—1:07 8
Ti1 Ti1

and thUS’EiflblU_i_l + (LL'Z‘,Q — xi,l)vi,g > mi,szU. Inequality (6) follows from |Og-
concavity ofx, (7) from convexity, and (8) from the steepness/of O

In addition to showing that the UE profile is an SNE in both ang, we also want
to show that worse profiles (for the auctioneer) are not. Térad guarantees that this
is the case with exponential CTRs, but in the less restricesg: of Theorem 2 there
may be other profiles with this property. However, we showt grgy profile with this
property must include bids that are strictly above the LHif@o

Observation 2 The LE of GSP imotan SNE of GTP.

This follows directly from Lemma 1. The lower SNE bound of dédl: in GTP (i.e.,
bk (2)) equals the LE bid of bidder— 1 in GSP, and is therefore strictly higher thign
Thusb? violates the SNE constraints of GTP (for all bidders).

Finally, we bring together the results above in order to troies a mechanism that
beats VCG in terms of revenue. This mechanism, dendtdd), runs GSP w.pg
(wheregq € [0, 1]) and otherwise runs GTP.

Algorithm 1 THE RANDOM NEXT-PRICE MECHANISM (M (gq))

Collect bids from all agents.

Allocate slots according to bids in decreasing order.
W.p. ¢, each biddei paysb; 1. // GSP is applied
w.p.1 — g, each biddef paysb;». // GTP is applied

Recall our discussion from the Introduction, where we adghat the most reason-
able bid profile that will be played is the envy-free equililon with the lowest payments
(and lowest revenue). For the GSP mechanism, that was thedfitepThe next result
follows immediately from Theorem 2 and Observation 2.



Corollary 1. Suppose that the conditions of Theorem 2 hold; thEén= {b} },cn is

an ex-post envy-free Nash equilibriumMf(q), for all 0 < ¢ < 1. Moreover, for any
ex-post envy-free Nash equilibrium we haveh; > bF for all i < s + 2, with at least
one strict inequality.

Similarly, from Theorem 3, we get the following:

Corollary 2. If CTRs are decreasing exponentially, tHe is theuniqueex-post envy-
free Nash equilibrium ol (¢), forall 0 < ¢ < 1.

We conclude that in either case the expected revenue dfftfig mechanism exceeds
that of GSP and VCG, and with exponential CTR it is approagkie highest possible
revenue of the GSP auction (in any Nash equilibrium).

Theorem 4. Under the conditions of either Theorem 2 or 3, for @y ¢ < 1 it holds
that SRf; ) > SRésp (and thusSRY, > RY ). Moreover, under the conditions
of Theorem 3,

gi_{q SRﬁ(q) = SRgSP = ERgSP‘

Proof. By Corollary 1, there exists a bidding profile that is ex-post envy-free in
M (q). The payment of bidderis given byg(b;+1) + (1 — q)(bi+2). Sinceb; cannot be

lower than the LE bid of GTP (or otherwise it would not be effkge), it follows that

by > b5 (3). By Lemma 15 (3) = bL_,. Therefore,

Elp;] > qbiL+1(3) +(1— Q)biL+2(3> = qbiL +(1 - q)biL+1 > biL+1 = piL'

That is, every bidder is paying (in expectation) strictlyrmin the M/ (¢q) mechanism
than in GSP. Further, when the CTRs are exponential, the galyis

Elp:] = gb% 1 (3) + (1 — @)bFis(3) = ab%y + (1 — )b s = qp¥ + (1 — q)p¥,4,

and as; gets closer td, the revenue gets arbitrarily close$&% 5, i.e., to the highest
revenue possible in the GSP mechanisranvy-free equilibrium

Finally, since exponential CTR is in particular strictlycdeasing, it follows (ac-
cording to Lucier et al. [7]) that we get th&tRY s, = ERY ¢ p, as required. O

As a concluding remark, note that by Lemma 1 we can in factoamnze between
any pair of mechanisms-price and(m + 1)-price, form > 2 (provided that there are
at leasts + m — 1 bidders). This is because the ranges of equilibrium paysn@mtd
revenues) will coincide with those of GSP and GTP, respelgtiv

3.3 Truthful bidding

A possible focal point for bidders might be to bid their triaues, if this happens to be
an equilibrium. We ask when is truthful bidding an SNE (iemyy-free equilibrium) of
either of the mechanisms we studied. It always holdshat b”, since the latter is a

AL Ui



convex combination of; and a lower valuet{-,, ). Thus truthful bidding is never too
low. According to Varian [13], SNE bids must satisfy the &oliing:

bizi—1 < vi—1(@i—1—x)+bip12s =
Vii—1 < U (Tim1 — ) + Vip12
=0 1Zi—1 — Ti(Vie1 — Viy1) — (b = vy)
x;(Vic1 — vip1) < @1 (vic1 — i) —
T < Vi—1 — Y

Ti—1 Vi—1 — Vit+1

We get that truth-telling is an SNE in GSP, iff the last indgyaccurs.
For truthful bidding to be an SNE of GTP there is an additiarmaistraint (Eq.(5)):

Ti—oV; > Ti—1Vip1 + (Time — Ti—1)Viz1 <~
Ti—1(Vie1 — Vig1) > Ti—2(Vi1 — v5) —
Ti-1  Vi-1— Ui

Ti—o — Vi—1 — Vg1

Joining both constraints, we get that truthful bidding isp@st envy-free (in the ran-
domized mechanism) if and only if for all
Ti—1 Vi—1 — Vi Ti

Qi1 = >
Ti—2 Vi—1 — Vi41 Ti—1

v

= . 9)

Note that in particular this condition entails that the CTiRdtion is log-concave, as in
the conditions of Theorem 2.

The possible revenue ramification of this result is not glvaforward. On the one
hand, truthful bidding is always above the lower envy-frgaikbrium, and so it might
increase revenue (both in GSP and in the random next-prickoail On the other
hand, if bidders need some focal point to coordinate (icenesnatural set of bids), and
truthful bids arenot an SNEhen the most likely outcome in the randomized auction is
bY (which leads to the maximal revenue). In such a case, diabflithe truthful bids
might hurt the revenue of the auctioneer.

4 Discussion

We proposed a randomized modification to the GSP auctionaaatyzed the set of
ex-post envy-free equilibria in this new mechanism. We sttbwatural conditions un-
der which the revenue to the auctioneer strictly increasegpared to the revenue in
the “natural” envy-free equilibrium of the original GSP &oa (which equals to the
revenue in VCG under truthful bidding). When the CTRs are egptially decreasing,
our mechanism effectively eliminates all ex-post envyefegjuilibria, except the one
leading to the maximal possible equilibrium revenue of ti&PGuction. It is important
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Fig. 1. The average click-through rate for ads positioned in any of the firsio¢émare shown in
Fig. 1(a) (numbers are normalized so that the CTR of slotlD@3. We can see that the shape of
the CTR function is convex in both Google and Overture. In Fig. 1(b) welsesame data in log
scale. Interestingly, the Overture CTR function is very close to expohéwith g = 1.3).

to note that convex and even exponential CTRs are commow irettt world, as can be
seen in Figure 1.

Future research directions include the extension of oulysiseto generalizations
of the basic model (e.g., by considering the “ad’s qualigg,in [13]), and a study of
the randomized mechanism in a model with incomplete inféionaField experiments
with the randomized mechanism (in the spirit of Ostrovsky Schwarz [10]) will help
to determine the practical value of our approach.
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