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Nonlinear Multiresolution: A 
Shape-from-Shading Example 

Shmuel Peleg and Gad Ron 

Abstract-Multiresolution methods are often used in computer vision 
to speed up computationally intensive tasks. An approximate solution 
computed for a reduced image is used to guide the algorithm towards the 
complete solution on a larger image. 

Whenever the image is a nonlinear function of the parameters to be 
computed, multiresolution should be used with special care. The obvious 
image reduction is incorrect, and the solution on the reduced image is a 
bad estimate of the higher resolution solution. 

Shape-from-shading is treated in this correspondence as an example of 
such difficulties. Reduction of the gray level resolution of an image, as 
often done in image “pyramids,” does not correspond to images obtained 
by reducing the shape resoldon: the 3-D resolution of an object. The 
correspondence between gray level and shape resolutions is therefore 
discussed, and a method is proposed for using multiresolution approach 
in the case of shape-from-shading. 

It is concluded that a study of the relation between image resolution 
and estimated-parameter resolution should be done before using any 
multiresolution approach. 

Index Tern-Multiresolution, pyramids, shape-from-shading. 

I. INTRODUCIION 
When image intensity is not a linear function of the parameters, 

as in the case of shape-from-shading, the obvious reduction of image 
resolution will not give optimal results. This correspondence studies 
one specific case of shape-from-shading, and analyzes the relation 
between shape resolution and image resolution. 

Shape from shading methods try to reconstruct a 3-D surface 
from an intensity image when the surface reflectance properties 
are known. This correspondence treats surfaces with Lambertian 
reflectance properties. 

In this section we will briefly review the Lambertian reflectance 
model and a proposed solution to the shape from shading problem, 
and describe the multiresolution pyramid. 

A.  The Lambertian Reflectance Model 

Given a surface S and a point light source at direction i, the surface 
is called Lambertian if the amount of light R reflected from tee surface 
S is a function zf the angle between the light direction L and the 
surface normal N,.  It will be assumed that the reflectance coefficient 
of the surface is 1, and it will be omitted from all equations. The 
reflectance function of the surface S at every point can thus be written 
as follows: 

By denoting p = and q = g, the surface normal can be 
written as gs = (-l ,p,q).  Given a light source in the direction 
2 = (-l.pL,qL), the Lambertian reflectance function at a point 
with surface derivatives (p, q)  can be written as 
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For a light source in the direction ,f = (-1, 0,O) (illumination 
from above) the reflectance function is 

B. A Shape-fiom-Shading Algorithm 
In shape-from-shading the inverse problem of the reflectance 

model is solved. Given a gray level image I of an object with a 
Lambertian surface, the surface S is to be reconstructed. This problem 
is underconstrained, and at any point the observed reflectance R 
can correspond to many (p, q )  pairs. Brooks and Horn [ l ]  added 
a smoothness constraint on the surface derivatives. They developed 
an iterative algorithm to compute the surface derivatives ( p , q ) ,  
minimizing the error between the observed intensity and the computed 
reflectance, giving weight to a smoothness term. The error term at 
every image point is 

q)  = (1 - R(P, + . V(P, (I), 

where I is the given intensity at the point, R is the intensity computed 
from the suggested (p, q )  using the reflectance model, V ( p ,  q )  is the 
smoothness term for (p, q )  at the point, and X is the weight given to 
the smoothness term. The smoothness term was computed as 

V ( p ,  q )  = (2 )  + (2) + (9) dY + (3) 8Y 

The iterative step to compute p,+l from p ,  [ l ]  is as follows: 

(3) 
1 dR 
X OP pi+l = $ z  + - . (1 - R(pa,qt)) . - ( p t , q t ) ,  

where $ i  is the local average ofp at iteration i ,  Z is the observed image 
gray level, and R ( p ; ,  q,) is the intensity predicted by the reflectance 
model. A similar equation holds for q;+1. The average used in this 
paper to compute $ and is a convolution with 

L(“ 2 0 1 4 1  : “). 
This average is slightly different from the average of four closest 
neighbors as originally used in [l], having somewhat better direc- 
tional symmetry. 

This algorithm needs boundary conditions on ( p ,  q )  in order to 
converge, and it can give a nonintegrable solution; integrating ( p ,  q )  
on a closed path will not give zero as it should for derivatives 
of a true surface. Frankot and Chellappa [3] proposed to enforce 
integrability on given (p, q )  estimates by projecting the estimates 
onto an appropriate space of functions using the Fourier transform. 
Ikeuchi and Horn [4] proposed to use Gaussian sphere coordinates 
instead of the ( p ,  q )  coordinates. The Gaussian sphere system enables 
enforcement of boundary conditions for any slope, unlike the (p, q )  
system that has singularity points. However, the Gaussian sphere 
approach was not used in this paper as the equations in the ( p , q )  
domain are much sim ler 

On a picture with N pixels, one iteration step of (3) takes O ( N 2 )  
operations. Including the integrability constraint of [3], additional 
O ( N 2  log(N)) operations are needed at each iteration. The total 
number of iterations is on the order of O ( N ) .  This computational 
complexity suggests the introduction of a multiresolution scheme 
for speedup. Correct application of multiresolution turned out to 
be non trivial, as is shown in Section 11. This correspondence will 
describe a method to reduce image resolution in a way which is 
compatible with reduction of shape resolution. Another approach 
to fast multiresolution shape from shading, using hierarchical basis 
conjugate gradient method, has recently been presented [7]. 

s .  
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Fig. 1. Reducing image resolution and reducing shape resolution do not 
commute. 

C. The Multiresolution Pyramid 
The image pyramid, and multiresolution image analysis, have been 

studied extensively in the past decade [8], [2], [5],  [6]. A brief review 
of basic pyramid techniques will be given. 

An image pyramid is a sequence of copies of an original image in 
which resolution and sample density are decreased, usually in regular 
steps. Let Go be the original image, which forms the “basis” of the 
pyramid. Go is convolved with a low pass filter w, then subsampled 
by discarding every other row and column to form G I ,  the “first” 
level of the pyramid. G1 is then filtered and subsampled to form Gz, 
and so on. In general, for 1 > 0, this can be written concisely in terms 
of a convolution operator: 

GI = [w * G1-11~2. 
Here the notation [.I12 indicates the image contained within brack- 

ets is subsampled by a factor of 2 in each spatial dimension. In typical 
pyramids the low pass filter w is similar to a Gaussian function, and 
the pyramid is called a Gaussian Pyramid. 

The filter w is called the generating kernel. In practice this is 
chosen to be small and separable, so that the computation cost of 
the filter convolution is kept to a minimum. Pyramid construction is 
a fast algorithm that generates a full set of filtered images at a cost 
typically less-than 10 operations per pixel of the original image. 

Many iterative algorithms take advantage of the pyramidal struc- 
ture. The first iterations are computed on a reduced image GI with 
little computational cost. The result is then expanded in size, and 
additional iterations are performed on GI-1. This process continues 
until the final iterations are performed on the full-size image GO. The 
advantage of this process is that most iterations are performed on 
images of reduced size, significantly decreasing the computational 
cost. 

11. SURFACE RESOLUTION AND INTENSITY RESOLUTION 
For the intensity pyramid to be of any help in the computation 

of shape from shading, the following assumption should be true. 
Let l o  be the gray level image of the surface SO. Reducing the 
resolution of 10 into I1 should yield the same image as the image 
of surface SI, which is obtained by reducing the resolution of surface 
SO. In earlier work, Terzopoulos [9] and Simchony et al. [6] used 
a simple gray level pyramid for multiresolution shape-from-shading, 
with reasonable results on very simple shapes. They have used the 
surface computed on a reduced resolution image as an approximation 
for the higher resolution surface. Unfortunately, the operators of 
reduction of resolution and imaging (using the reflectance model) 
do not commute, and in general this simple approach can fail badly; 
see Fig. 1. Following is a one-dimensional example. In this example 
we will view the reduction of resolution as filtering, and we will 
omit the subsampling stage. 

Example: Let the 1-D surface be SO = cos ( 2 m ) .  Blurring SO into 
SI using a Gaussian filter .& . e-z22u gives the smoother surface 
SI = w. In the 1-D case, viewed and illuminated from above, 
(2) becomes 

where p = as a x .  

(4) 

As SI has smaller derivatives than SO at all points, its image RI 
should be brighter than the image of SO everywhere. And indeed S1 
is closer to a smooth plane which gives highest intensities. On the 
other hand, if Z I  is a smooth (blurred) version of l o ,  then the relation 
l o  < Z I  can never be true for every point. 11 will just be closer to the 
average of l o  at every point, and so R1 # 1 1 .  This example is also 
displayed in Fig. 2. 

111. BLURRING SURFACE REFLECTANCE 
In this section a method is described for estimating the reflectance 

R1 of a reduced resolution surface SI from the gray level image 
I o  = RQ. 

It can be assumed that the blur operator and the derivative operator 
commute (both are convolutions). Therefore, if the surface derivatives 
( p , q )  could be estimated from l o  they could be blurred, and RI 
could then be generated from these smoothed derivatives. But as 
the main problem is to compute these surface derivatives, we will 
rather compute T2 = tan(ag,)’, where a$, is the angle between 
the surface normal and the (vertical) lighting direction. From (1) and 
(2) we can get for every image point: 

2 1 - R 2  
T 2  = tan(ags) = - R2 = P 2  + q2,  

and 

T is computed from the image intensities R. Given T, R can be 
computed by using the following equation: 

(7) 

As T = ll(p,q)l! is the norm of ( p , q ) ,  then aT = Il(wIa4)II. 
Simply stated, multiplying T by a constant corresponds to multiplying 
the surface derivatives by a constant. This is used to estimate the 
function T of the reduced resolution surface given the original surface. 
Resolution reduction involves blur followed by subsampling, and the 
critical stage is the blur. Therefore, the function T of the blurred 
surface should be estimated given the function T of the original 
surface. 

When the derivatives ( p l , q l )  and ( p z ,  q 2 )  are similar at two 
adjacent point, then II(p1, q l )  + ( p z ,  q2)11, the norm of the smoothed 
surface, can be approximated by ll(p1, q1)11 + II(pz,q2)11, smoothing 
the two surface norms. This holds, of course, for any local convolu- 
tion operator. So blurring the surface derivatives ( p ,  q )  by convolving 
with a Gaussian, and then computing T of the blurred surface, can 
be approximated by blurring the original T. This approximation is 
more accurate when the derivatives (p, q )  do not change quickly, i.e., 
the surface is smooth. If on the other hand the derivatives (p, q )  do 
change quickly, then the estimate will no longer be accurate. Blurring 
T, the norm of ( p , q ) ,  will give higher values than the norm of 
(bZurred(p), blurred(q)) .  But even in this case the image obtained 
after blurring Twill be closer to the correct image than a simple gray 
level blur. 

In summary, to estimate the image of the blurred surface we take 
the original image R, compute from it the array T using (6), blur T, 
and recompute an intensity image using (7). This procedure gives 
the exact image of the low resolution surface for one dimensional 
case where there is no sign changes in the slope. For other cases this 
procedure is an approximation giving a much closer estimate than 
just smoothing the image. This is displayed clearly in Fig. 3, where 
the reduced resolution images are getting brighter as the slopes are 
getting smaller. 
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Fig. 2. Blurring the surface and blurring the image do not commute. (a) A surface SO = cos(a). (b) The surface SO of (a) blurred to give Si = 4 cos(a). 
(c) The intensity R(S0) of the original surface using (4). (d) The intensity R ( S I )  of the blurred surface in (b). (e) Blumng the intensity in (c). This blurred 
intensity is different from the intensity of the blurred surface in (d). 

IV. PYRAMIDAL SCHEME FOR SHAPE-FROM-SHADING 
Based on the value T as computed in (6), the suggested algorithm 

for building the gray level pyramid for shape from shading purposes 
is as follows: 

1) TO is calculated from the given input image 10 using (6). 
2) A Gaussian pyramid T O . .  T,-1 is being built, whose basis 

is TO, as described in Section I-C. The pyramid has n levels, 
chosen such that T,-1 will still have significant shape infor- 
mation. We have experimented with pyramids whose smallest 
levels were of sue  32 x 32. 

3) Using (7), the gray level image R, is calculated for every 
pyramid level T,. The images R, constitute a gray level pyra- 
mid, which is the estimate of the reduced resolution surface 
reflectance. 

4) The multiresolution shape-from-shading algorithm is performed 
using the R, pyramid. First, ( p , - l ,  qn-l) are computed from 
R, -1 using any shape-from-shading algorithm, for example 
the one described in Section I-B. The obtained low-resolution 
derivatives ( p , ,  q I )  are than expanded into (p , -1 ,  q,--l), to 
be used as an initial guess for the computation of the ( p , q )  
derivatives at the level i - 1 of the pyramid. The process is 
repeated until the ( p ,  q)  derivatives are computed for the full 
resolution image. 

With this pyramidal scheme most iterations are being performed 
on low resolution images, saving significant computations. 

V. EXPERIMENTAL RESULTS 
The proposed multiresolution scheme has been tested on two 

simulated surfaces of size 128 x 128, displayed in Fig. 3. 10 was 
numerically calculated from the surfaces using (2). A three-level 
reflectance pyramid was then built using the scheme of the 
previous section: Ro = 10 of sue  128 x 128, R I  of size 64 x 64, 
and RZ of size 32 x 32. The blurring of the T-pyramid was done 

Fig. 3. The reflectance pyramid. (a) A perspective view of the original 
surfaces, size 128 x 128. (b) The intensity images of the original surfaces. 
(c), (d) Reducted resolution intensity images to sizes 64 x 64 and 32 x 32. 
The resolution is reduced according to the algorithm described in Section IV. 

using the following mask: 

0.125 0.5 0.125 . 

The surfaces, as well as the intensity images of the reduced 
surfaces, are displayed in Fig. 3. It should be noted that the overall 
brightness of the reduced resolution images is significantly higher 
than the brightness of the higher resolution images. This occurs as 
the reduced resolution surfaces are more flat, their brightness should 
thus increase, and this effect is captured in our scheme for resolution 
reduction. 

Boundary conditions for ( p , q )  where calculated from SO on the 
surface boundaries, and reduced in resolution for the other levels. 
The coefficient X of (3) was taken to be 7000 in all the runs. 

( 1:::: 1 ) 
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Fig. 4. Perspective view of the surfaces obtained using nonpyramid algo- 
rithms. Left: Without using the integrability constraint (sfs). Right: Using the 
integrability constraint at each iteration (sfsi). 

Fig. 5. Perspective view of the surfaces obtained in the multiresolution 
approach of Section IV, without using the integrability constraint. The lowest 
resolution was computed first, and then the higher resolution surfaces. 

Fig. 4 shows the surfaces reached by shape from shading algo- 
rithms without using pyramids. It shows both the regular shape from 
shading without using the integrability constraint (sfs), and using 
the integrability constraint (sfsi). In the case which did not use the 
integrability constraint during the iterations, it was applied once after 
convergence to enable the creation of a displayable surface. 

Figs. 5 and 6 display the surfaces obtained using the pyramidal 
algorithm with and without the integrability constraint. Fig. 5 displays 
the surfaces in the multiresolution pyramid at all three levels. 

Fig. 6 displays the surfaces in the multiresolution pyramid when 
the integrability constraint was enforced after every iteration. 

All algorithms gave results of similar quality, differing mainly in 
the computational cost. Table I summarizes the number of iterations 
needed to reach convergence, and the error between the calculated and 
the known (p, g). The computational speedup of the multiresolution 
approach is evident, and this speedup improves with the complexity 
of the images. 

VI. CONCLUDING REMARKS 

A method has been presented for image resolution reduction which 
simulates the reduction of shape resolution, to be used with shape- 
from-shading algorithms. Resolution reduction has been used for 
accelerating shape from shading algorithms using multiresolution 
pyramids. 

The goal of this correspondence is to show that resolution reduction 
based only on image intensities can be inferior to resolution reduction 
using knowledge of the surface reflectance. This is true for all cases 
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Fig. 6. Same as Fig. 5, but with applying the integrability constraint at every 
iteration. 

TABLE I 
SUMMARY OF THE NUMBER OF ITERATIONS AND THE FINAL ERROR WITH 
ALL METHODS. THE MULTTRESOLUTION METHODS INCLUDE THE 

NUMBER OF ITERATIONS AT EVERY RESOLUTION LEVEL. THE UPPER TABLE 
REPRESENTS RESULTS FOR THE SIMPLER SHAPE, WMLE THE LOWER 

TABLE REPRESENTS RESULTS FOR THE MORE COMPLICATED SHAPE. THE 
METHODS ARE NAMED AS FOLLOWS: sfs: SHAPE-FROM-SHADING. msfs: 
MULTTRFSOLUTION SHAPE-FROM-SHADING. sfsi: SHAPE-FROM-SHADING 
w m  THE INTEGRABI~ CONSTRAINT. msfsi: MULTIRESOLUTION 

SHAPE FROM SHADING WITH THE INTEGRABILITY CONSTRAINT. 

Results for the Simpler Shape: 

Algorithm Size Iterations @(p) E2(s)  

sfs 128 x 128 

mfs 32 x 32 

64 x 64 

128 x 128 

sfsi 128 x 128 

msfsi 32 x 32 

6 4 x 6 4  

128 x 128 

70 0.08 0.08 

13 

4 

6 

13 

11 

6 

5 0.495 0.495 

0.136 0.136 

1.006 1.006 

Results for the Complicated Shape: 

Iterations ~ 2 @ )  E2(d Algorithm Size 

sfs 128 x 128 81 6.3 1.7 

mfs 32 x 32 18 

6 4 x 6 4  6 

128 x 128 15 

sfsi 128 x 128 54 

msfsi 32 x 32 8 

6 4 x 6 4  7 

128 x 128 8 3.11 5.17 

8.9 

3.5 

3.11 

10.3 

of parameter estimation from intensity images, when the intensity is 
not a linear function of the parameters. 
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Since optical reduction of images, as done when moving a camera 
away from the object, is a simple gray level averaging, a question is 
cast on the general scheme of shape-from-shading. As we have shown 
that in general reduction of gray level resolution does not correspond 
to scale reduction of the object, it follows that for accurate shape- 
from-shading we need to know the distance from the object, and 
actually the shape should also be known in advance. 
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A New Set of Constraint-Free 
Character Recognition Grammars 

L. Stringa 

Abstruct-A general pattern recognition procedure is presented for 
application to unconstrained alphanumeric characters. The procedure 
is designed to allow hierarchical redescription of the input images in 
terms of significant elements only, and formal developments are given 
within the framework of elementary phrase-structure grammars. The 
extraction of the primitives associated with the terminal vocabularies 
of the grammars is always deterministic, and the productions of the 
parsers are characterized by a significant degree of topological fidelity. 
Preliminary experimental results indicate recognition rates comparable to 
the state of the art, but with a considerable reduction in computing time. 

Index Tern-Constraint-free character recognition, hierarchical clas- 
sification, implementability, parsing, pattern compression, pattern prim- 
itives, phrase-structure grammar. 
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I. INTRODUCTION 
This correspondence presents a family of phrase-structure gram- 

mars designed for application to pattern recognition, specifically, 
printed, typed, or handwritten alphanumeric characters. Following 
the so-called structural or syntactic approach [12]-[14], [25], the 
proposed schema relies on the analogy between the hierarchical 
structure of such patterns and the syntactical structure of a language’s 
expressions. This seems to allow greater versatility and independence 
of quantitative parameters than methods based on a statistical or 
decision-theoretic approach [4], [15], [21], [28], [39]: each pattern 
is analyzed in terms of its structural “components” using a small 
set of pattern primitives and composition rules, and the recognition 
procedure takes the form of a simple linguistic parsing. 

A major feature of the proposed grammars is that the extraction of 
the primitives associated with their terminal vocabularies is always 
deterministic. Except for rough vertical normalization and centering, 
no specific constraint on the input data (such as standardized writing 
within preprinted frames) is required. 

11. OUTLINE OF THE APPROACH 

The construction is patterned with two goals in mind: on the 
one hand, the procedure must attain significant independence from 
a variety of styles, sizes, imperfections in writing, noise, etc.; on the 
other hand, it must guarantee a high description rate, i.e., keep to a 
minimum the number of ambiguities tolerated. Otherwise, the solution 
might have some intrinsic interest, but would lack any practical utility. 

In the following, the input characters are assumed to be given in the 
form of a binary matrix image (e.g., by entering them into an optical 
scanner). Since the size of the matrix reflects the resolution of the 
digitized character, it can vary depending on the degree of accuracy 
one wants to achieve. For example, a character size of 8 (wide) by 
10 (high) pixels could be sufficient for stylized type fonts such as 
those imprinted on credit cards, whereas slightly bigger matrix sizes 
might be required for regular type fonts such as Courier, Elite, and the 
like; for handwritten characters, the dimensions of the matrix could be 
even bigger, as the number of relevant features increases considerably 
[35]. For the moment, no restriction is assumed on the matrix size, 
provided that it meets some obvious readability conditions. Thus, for 
example, the pictures in Fig. 1 may count as input instances of the 
character “2” (as produced by two distinct handwritings) digitized in 
matrices of sizes 16 x 32 and 8 x 14, respectively. 

Due to the enormous variety of writing styles and graphical 
variations thereof, a “correct” interpretation of such images would 
obviously involve a huge amount of data processing unless the 
number of reference patterns can be reduced. For this reason, a 
procedure will be defined to allow a redescription of the input images 
(regardless of their size) in terms of significant elements only, thereby 
facilitating the recognition process. Also, raw data may carry a 
certain amount of noise as well as redundant information (isolated 
pixels, breaks, gaps, bumps, etc.). To eliminate such elements, it is 
common practice to introduce, at the input end, a preprocessor that 
“smoothes out” the digitized characters in accordance with certain 
fixed standards. Such techniques are often very complicated, but seem 
to be necessary if the patterns are analyzed in terms of particular 
geometric features or line segments (such as bars, hooks, arches, 
loops, and the like), which could become aleatory due to the practical 
difficulties involved in the extraction procedure [3], [8], [lo], [ l l ] ,  
[17], [22]-[24], [34], [38]. The primitives used here will instead be 
quite simple and the extraction procedure totally deterministic. This 
simplicity permits the more uniform and compact treatment required 
by the first goal expressed above. 

The proposed procedure can be described as follows. Given an 
input image l o ,  it is first divided into a certain number of subimages, 
which will be assumed to be square windows of side h a 2. To 
each of these windows, a new square (or primitive) of side j s h 
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