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Abstract. Of special interest in formal verification are safety properties, which as-
sert that the system always stays within some allowed region. Each safety property
ψ can be associated with a set of bad prefixes: a set of finite computations such that
an infinite computation violates ψ iff it has a prefix in the set. By translating a safety
property to an automaton for its set of bad prefixes, verification can be reduced to
reasoning about finite words: a system is correct if none of its computations has a
bad prefix. Checking the latter circumvents the need to reason about cycles and sim-
plifies significantly methods like symbolic fixed-point based verification, bounded
model checking, and more.
A drawback of the translation lies in the size of the automata: while the translation
of a safety LTL formula ψ to a nondeterministic Büchi automaton is exponential, its
translation to a tight bad-prefix automaton — one that accepts all the bad prefixes
of ψ, is doubly exponential. Kupferman and Vardi showed that for the purpose of
verification, one can replace the tight automaton by a fine automaton — one that
accepts at least one bad prefix of each infinite computation that violates ψ. They also
showed that for many safety LTL formulas, a fine automaton has the same structure
as the Büchi automaton for the formula. The problem of constructing fine automata
for general safety LTL formulas was left open. In this paper we solve this problem
and show that while a fine automaton cannot, in general, have the same structure
as the Büchi automaton for the formula, the size of a fine automaton is still only
exponential in the length of the formula.

1 Introduction

Today’s rapid development of complex and safety-critical systems requires reliable veri-
fication methods. In formal verification, we verify that a system meets a desired property
by checking that a mathematical model of the system meets a formal specification that
describes the property. Of special interest are properties asserting that observed behavior
of the system always stays within some allowed region, in which nothing “bad” happens.
For example, we may want to assert that every message received was previously sent. Such
properties of systems are called safety properties. Intuitively, a propertyψ is a safety prop-
erty if every violation of ψ occurs after a finite execution of the system. In our example, if
in a computation of the system a message is received without previously being sent, this
occurs after some finite execution of the system.

In order to formally define what safety properties are, we refer to computations of a
nonterminating system as infinite words over an alphabet Σ. Typically, Σ = 2AP , where



AP is the set of the system’s atomic propositions. Consider a languageL of infinite words
overΣ. A finite word x overΣ is a bad prefix for L iff for all infinite words y overΣ, the
concatenation x · y of x and y is not in L. Thus, a bad prefix for L is a finite word that
cannot be extended to an infinite word in L. A language L is a safety language if every
word not in L has a finite bad prefix. Linear properties of nonterminating systems are
often specified using nondeterministic Büchi automata on infinite words (NBW) or linear
temporal logic (LTL) formulas. We say that an NBW is a safety NBW if it recognizes a
safety language. Similarly, an LTL formula is a safety formula if the set of computations
that satisfy it form a safety language.

In addition to proof-based methods for the verification of safety properties [MP92,MP95],
there is extensive work on model checking of safety properties. General methods for model
checking of linear properties are based on a construction of an NBW A¬ψ that accepts
exactly all the infinite computations that violate the property ψ [LP85,VW94]. Verifica-
tion of a system M with respect to ψ is reduced to checking the emptiness of the prod-
uct of M and A¬ψ [VW86]. This check can be performed on-the-fly and symbolically
[CVWY92,GPVW95]. When ψ is an LTL formula, the size of Aψ is exponential in the
length of ψ, and the complexity of verification that follows is PSPACE, with a matching
lower bound [SC85].

When ψ is a safety property, the NBW A¬ψ can be replaced by bad-pref(Aψ) – an au-
tomaton on finite words (NFW) that accepts exactly all the bad prefixes ofψ [KV01a]. This
has several advantages, as reasoning about finite words is simpler than reasoning about in-
finite words: symbolic reasoning (in particular, bounded model checking procedures) need
not look for loops (cf. [HKSV97]) and can, instead, apply backward or forward reacha-
bility analysis [BCM+92,IN97,CBRZ01]. In fact, the construction of bad-pref (Aψ) re-
duces the model-checking problem to the problem of invariance checking [MP92], which
is amenable to both model-checking techniques [BCM+92,IN97] and deductive verifica-
tion techniques [BM83,OSR95,MAB+94]. In addition, using bad-pref (Aψ), we can re-
turn to the user a finite error trace, which is a bad prefix, and which is often more helpful
than an infinite error trace.

The construction of bad-pref (Aψ) is studied in [KV01a]. As shown there, while the
translation ofψ to the NBW A¬ψ involves an exponential blow up, the NFW bad-pref (Aψ)
may be doubly-exponential in the length of ψ. This discouraging blow up is reflected in the
fact that users have restricted attention to invariance checking [GW91,McM92,Val93,MR97],
have assumed that a general safety property is given by the set of its bad prefixes [GW91],
or have worked with variants of A¬ψ that approximate the set of bad prefixes [GH01].

Such an approximation is also studied in [KV01a], which release the requirement on
bad-pref (Aψ) and seek, instead, an NFW that need not accept all the bad prefixes, yet
must accept at least one bad prefix of every infinite computation that does not satisfy ψ.
Such an NFW is said to be fine for ψ. For example, an NFW that accepts all the finite
words in 0∗ · 1 · (0+1) does not accept all the bad prefixes of the safety language {0ω}; in
particular, it does not accept the minimal bad prefixes in 0∗ · 1. Yet, such an NFW is fine
for {0ω}. Indeed, every infinite word that is different from 0ω has a prefix in 0∗ ·1 · (0+1).
In practice, almost all the benefit that one obtains from bad-pref (Aψ) can also be obtained
from a fine automaton. It is shown in [KV01a] that for many safety formulas ψ, a fine
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automaton has the same structure as the NBW A¬ψ, and can be constructed by redefining
its set of accepting states.

The construction in [KV01a] has been optimized and implemented in [Lat03], which
also describes an implementation of the algorithm for checking whether an LTL formula
ψ is such that a fine automaton for it can be easily constructed from A¬ψ. The problem of
constructing fine automata for general safety LTL formulas was left open in both papers.
We note that the problem was left open not due to a lack of interest; to the opposite – in
practice we do come across formulas for which the constructions in [KV01a,Lat03,GH01]
do not work, and a fine automaton is desirable. In this paper we solve this problem and
show how to construct, for every LTL formula, a fine automaton of size only exponen-
tial in the length of the formula. We also show that while a fine automaton for ψ cannot,
in general, have the same structure as the NBW A¬ψ, its construction is similar to that of
A¬ψ. The key idea behind our construction is that even though it is impossible to bound the
length of a good prefix, it is possible to bound the number of visits that a good prefix has to
the set of accepting states. In addition to the above positive result, we give negative results
about fine automata constructed from Aψ (rather than A¬ψ), and about the possibility of
using properties of the NBWs obtained from LTL formulas (c.f., reverse determinism, sin-
gle accepting run, obtained by alternation removal of a very weak alternating automaton)
in order to define a fine automaton with the same structure as Aψ.

From a theoretical point of view, we find our result very interesting: the “fine-automaton”
problem belongs to a class of long-standing open problems that refer to the power of non-
determinism, and this work is the first to solve a problem from this class. To get the flavor
of this class, consider an NBW A, and assume we want to translate it to an equivalent
nondeterministic co-Büchi automaton1 (NCW). The best known procedure for doing it is
to determinize A to a Streett automaton and then define the co-Büchi condition on top
of the deterministic automaton. This involves an exponential blow-up, with no matching
lower bound, and the question about the existence of an efficient NBW-to-NCW transla-
tion that avoids determinization and goes directly to an NCW is open. More problems in
this class include a translation of an NBW to an automaton on finite words (accepting a
language whose limit is the language of the original automaton, see [Lan69]), a translation
of nondeterministic tree automata for a derivable language to a word automaton for the
language that derives it (see [KSV96]), and more. The “fine-automaton” problem is the
first problem in this class to which we are able to avoid determinization. Indeed, the exist-
ing solution, from [KV01a], applies the subset construction. We hope the solution would
shed light on the other problems in this class. In particular, we believe that the idea used
here, of using the complementary nondeterministic automaton instead of a deterministic
automaton would be useful for the other problems: both determinization and complemen-
tation involves an exponential blow-up. Nevertheless, when the language is given in terms
of an LTL formula, complementation is for free. Thus, as is the case with fine-automata,
a construction that uses the complementing automaton rather than the deterministic one is
exponentially better.

1 Such a translation is not always possible, and attention is restricted to languages for which it is
possible. The need for such a translation arises from the fact that the transition from NCW to
the alternation-free µ-calculus is linear, whereas the transition from NBW to the alternation-free
µ-calculus is exponential. For details, see [KV05a].
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From a practical point of view, our solution shows that reasoning about all safety for-
mulas can be done symbolically with a single exponential blow-up and a single nested
fixed-point. In Section 5, we discuss the application of our result in run-time verification
and bounded model checking.

2 Preliminaries

Safety and co-safety languages. Consider a language L ⊆ Σω of infinite words over the
alphabetΣ. A finite word x ∈ Σ∗ is a bad prefix forL iff for all y ∈ Σω, we have x·y 6∈ L.
Thus, a bad prefix is a finite word that cannot be extended to an infinite word in L. Note
that if x is a bad prefix, then all the finite extensions of x are also bad prefixes. A language
L is a safety language iff every infinite word w 6∈ L has a finite bad prefix. For a safety
language L, we denote by bad-pref (L) the set of all bad prefixes for L.

For a language L ⊆ Σω (Σ∗), we use comp(L) to denote the complement of L; i.e.,
comp(L) = Σω \ L (Σ∗ \ L, respectively). We say that a language L ⊆ Σω is a co-
safety language iff comp(L) is a safety language. (The term used in [MP92] is guarantee
language.) Equivalently, L is co-safety iff every infinite word w ∈ L has a good prefix
x ∈ Σ∗: for all y ∈ Σω, we have x · y ∈ L. For a co-safety language L, we denote by
good-pref (L) the set of good prefixes forL. Note that for a safety languageL, we have that
good-pref (comp(L)) = bad-pref (L). Thus, in order to construct the set of bad prefixes
for a safety property, one can construct the set of good prefixes for its complementary
language.

Word automata. Given an alphabet Σ, an infinite word over Σ is an infinite sequence
w = σ1 · σ2 · · · of letters in Σ. We denote by wl the suffix σl · σl+1 · σl+2 · · · of w. A
nondeterministic Büchi word automaton (NBW, for short) is A = 〈Σ,Q, δ,Q0, F 〉, where
Σ is the input alphabet,Q is a finite set of states, δ : Q×Σ → 2Q is a transition function,
Q0 ⊆ Q is a set of initial states, and F ⊆ Q is a set of accepting states. If |Q0| = 1 and δ is
such that for every q ∈ Q and σ ∈ Σ, we have that |δ(q, σ)| = 1, then A is a deterministic
Büchi word automaton (DBW, for short).

Given an input word w = σ0 · σ1 · · · in Σω, a run of A on σ is a sequence r0, r1, . . .
of states in Q, such that r0 ∈ Q0 and for every i ≥ 0, we have ri+1 ∈ δ(ri, σi); i.e., the
run starts in one of the initial states and obeys the transition function. Note that a nondeter-
ministic automaton can have many runs on w. In contrast, a deterministic automaton has a
single run on w. For a run r, let inf(r) denote the set of states that r visits infinitely often.
That is,

inf(r) = {q ∈ Q : ri = q for infinitely many i ≥ 0}.

As Q is finite, it is guaranteed that inf(r) 6= ∅. The run r is accepting iff inf(r)∩F 6= ∅.
That is, iff there exists a state in F that r visits infinitely often. A run that is not accepting
is rejecting. An NBW A accepts an input word w iff there exists an accepting run of A
on w. The language of an NBW A, denoted L(A), is the set of words that A accepts. We
assume that a given NBW A has no empty states (that is, at least one word is accepted
from each state – otherwise we can remove the state).

We say that the automaton A over infinite words is a safety (co-safety) automaton iff
L(A) is a safety (co-safety) language. We use bad-pref (A), good-pref (A), and comp(A)
to abbreviate bad-pref (L(A)), good-pref (L(A)), and comp(L(A)), respectively.
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Linear Temporal Logic. The logic LTL is a linear temporal logic. Formulas of LTL are
constructed from a set AP of atomic propositions using the usual Boolean operators and
the temporal operators G (“always”), F (“eventually”), X (“next time”), and U (“until”).
Formulas of LTL describe computations of systems over AP . For example, the LTL for-
mula G(req → Fack ) describes computations in which every position in which req holds
is eventually followed by a position in which ack holds. For the detailed syntax and se-
mantics of LTL, see [Pnu81]. The model-checking problem for LTL is to determine, given
an LTL formula ψ and a system M , whether all the computations of M satisfy ψ.

General methods for LTL model checking are based on translation of LTL formulas to
nondeterministic Büchi word automata:

Theorem 1. [VW94] Given an LTL formula ψ, one can construct an NBW Aψ that ac-
cepts exactly all the computations that satisfy ψ. The size of Aψ is, in the worst case,
exponential in the length of ψ.

Given a systemM and a propertyψ, model checking ofM with respect to ψ is reduced
to checking the emptiness of the product of M and A¬ψ [VW94]. This check can be
performed on-the-fly and symbolically [CVWY92,GPVW95,TBK95], and the complexity
of model checking that follows is PSPACE, with a matching lower bound [SC85].

3 Detecting Bad and Good Prefixes

Recall that the model-checking problem for an LTL formulaψ involves the construction of
an NBW that accepts infinite computations that violate ψ. As discussed in Section 1, when
ψ is a safety property, it is desirable to construct, instead, a nondeterministic automaton
on finite words (NFW, for short) for the bad prefixes of ψ. In this section we recall the
relevant results from [KV01a], and the problem that has been left open in [KV01a].

Consider a safety NBW A. If A is deterministic, we can construct a deterministic au-
tomaton on finite words (DFW, for short) for bad-pref (A) by defining the set of accepting
states to be the set of states s for which A with initial state s is empty. Likewise, if A is
a co-safety automaton, we can construct a DFW for good-pref (A) by defining the set of
accepting states to be the set of states s for which A with initial state s is universal.

When A is nondeterministic, the story is more complicated. Even if we are after a
nondeterministic, rather than a deterministic, automaton for the bad or good prefixes, the
transition from infinite words to finite words involves an exponential blow-up. Formally,
we have the following.

Theorem 2. [KV01a] Consider an NBW A of size n.

1. If A is a safety automaton, the size of an NFW for bad-pref (A) is 2Θ(n).
2. If A is a co-safety automaton, the size of an NFW for good-pref(A) is 2Θ(n).

The lower bound in Theorem 2 for the case A is a safety automaton is not surprising.
Essentially, it follows from the fact that bad-pref (A) refers to words that are not accepted
by A. Hence, it has the flavor of complementation, and complementation of nondetermin-
istic automata involves an exponential blow-up [MF71]. The second blow up, however, in
going from a co-safety automaton to a nondeterministic automaton for its good prefixes
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is surprising. Since its proof in [KV01a] highlights our contribution here, we describe it
below.

For n ≥ 1, let Σn = {1, . . . , n,&}. We define Ln as the language of all words w ∈
Σω
n such that w contains at least one & and the letter after the first & is either & or

it has already appeared somewhere before the first &. The language Ln is a co-safety
language. Indeed, each word in Ln has a good prefix (e.g., the one that contains the first
& and its successor). We can recognize Ln with an NBW with O(n) states (the NBW
guesses the letter that appears after the first &). Obvious good prefixes for Ln are 12&&,
123&2, etc. That is, prefixes that end one letter after the first &, and their last letter is
either & or has already appeared somewhere before the &. We can recognize these prefixes
with an NFW with O(n) states. But Ln also has some less obvious good prefixes, like
1234 · · ·n& (a permutation of 1 . . . n followed by &). These prefixes are indeed good,
as every suffix we concatenate to them would start in either & or a letter in {1, . . . , n},
which has appeared before the &. To recognize these prefixes, an NFW needs to keep
track of subsets of {1, . . . , n}, for which it needs 2n states. Consequently, an NFW for
good-pref (Ln) must have at least 2n states.

As described in the proof, some good prefixes for Ln (the “obvious prefixes”) can be
recognized by a small NFW. What if we give up the non-obvious prefixes and construct
an NFW A′ that accepts only the “obvious subset” of Ln? It is not hard to see that each
word in Ln has an obvious prefix. Thus, while A′ does not accept all the good prefixes,
it accepts at least one prefix of every word in L. This useful property of A′ is formalized
below.

Consider a safety language L. We say that a set X ⊆ bad-pref (L) is a trap for L iff
every word w 6∈ L has at least one bad prefix in X . Thus, while X need not contain all the
bad prefixes for L, it must contain sufficiently many prefixes to “trap” all the words not in
L. Dually, a trap for a co-safety language L is a set X ⊆ good-pref(L) such that every
word w ∈ L has at least one good prefix in X . We denote the set of all the traps, for an
either safety or co-safety language L, by trap(L).

An NFW A is fine for a safety or a co-safety language L iff A accepts a trap for L.
For example, an NFW that accepts 0∗ · 1 · (0 + 1) does not accept all the bad prefixes
of the safety language {0ω}; in particular, it does not accept the minimal bad prefixes in
0∗ · 1. Yet, such an NFW is fine for {0ω}. Indeed, every infinite word that is different from
0ω has a prefix in 0∗ · 1 · (0 + 1). Likewise, the NFW is fine for the co-safety language
0∗ · 1 · (0 + 1)ω. In practice, almost all the benefit that one obtains from an NFW that
accepts all the bad/good prefixes can also be obtained from a fine automaton. It is shown
in [KV01a] that for natural safety formulas ψ, the construction of an NFW fine for ψ is as
easy as the construction of A¬ψ. In more details, if we regard A¬ψ as an NFW, with an
appropriate definition of the set of accepting states, we get an automaton fine for ψ. For
general safety formulas, the problem of constructing small fine automata was left open:

Open question [KV01a]: Are there feasible constructions of fine automata for general
safety and co-safety formulas?

In the rest of the paper, we solve the question and discuss our solution.
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4 Fine Automata for Safety and co-Safety Properties

In this section we study the size of fine automata for safety and co-safety properties. We
start with the case the property is given by means of an NBW and show that then, the
size of a fine automaton is polynomial in the sizes of the NBWs for the property and its
negation. Since for LTL, the sizes of the NBWs for a formula and its negation are both
exponential in the length of the formula, we conclude that LTL formulas have exponential
fine automata.

4.1 Fine automata for safety NBW

We start with fine automata for safety NBWs. It is shown in [KV01a] that the transition
from an NBW to a tight NFW for its bad prefixes is exponential, and that the exponential
blow up follows from the fact that a complementing NBW can be construction from a
tight NFW. When we consider fine automata, things are more complicated, as the fine
NFW need not accept all bad prefixes. As we show below, however, a construction of fine
automata still has the flavor of complementation, and must involve an exponential blow
up.

Theorem 3. Given a safety NBW A of size n, the size of an NFW fine for A is exponential
in n.

Proof: Since every tight NFW is fine, the upper bound follows from Theorem 2.
The lower bound follows from the exponential lower bound for NFW complementation

[SS78]. As detailed below, given an NFW U , one can construct an NBW U ′ of size linear
in the size of U , such that L(U ′) is safety and an NFW fine for U ′ can be turned into
an NFW for comp(L(U)) of the same size. It follows that a sub-exponential construction
of fine automata would lead to a sub-exponential complementation construction, which is
known to be impossible.

For an alphabet Σ with # /∈ Σ and an NFW U for a language L ⊆ Σ∗, we define the
language L′ = {u#ω : u ∈ L} ∪ Σω over the alphabet Σ ′ = Σ ∪ {#}. Note that every
word y ∈ (Σ′)ω that is not in L′ must contain at least one #. Indeed, otherwise y ∈ Σω,
which is contained in L′. Nevertheless, L′ is a safety language, as every word y /∈ L′ is
of the form ht, where t is some string in (Σ ′)ω and h is either v# for v ∈ Σ∗ \ L, or
v#+a for v ∈ (Σ′)ω and a 6= #. In both cases, h is a bad prefix.

Given U , we construct the NBW U ′ for L′ by adding to U two new states, which are
going to be the only accepting states of U ′. The first state (which accepts Σω) has a σ
transition from the initial state and from itself, for every σ ∈ Σ. The second state (which
accepts #ω and is reachable by traversing v# for v ∈ L) has a # transition from every
accepting state of U and from itself. It is not hard to see that L(U ′) = L′.

Let A be an NFW fine for U ′. We now show how an NFW U for comp(L) can be
obtained from A. Given A, we make the following two changes. First, we define the set of
accepting states to be the set of states of A from which we can reach an accepting state by
reading a string t ∈ #+. Then, we delete from A all # transitions.

We prove that U indeed accepts comp(L). Consider a word w ∈ Σ∗. Assume first that
w ∈ comp(L). Then, w /∈ L and w#ω /∈ L′. Therefore, as A is fine, a prefix of w#ω is
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accepted by A. Let h be the minimal prefix of w#ω accepted by A, and let |h| = l. Since
Σω ⊆ L′, the prefix h must contain at least one #. Thus, h = w#k for some k ≥ 1. Let
r0r1 . . . rl be an accepting run of A on h. Since we can reach the accepting state rl from
rl−k by reading #k, then, by the definition of U , the state rl−k is accepting in U , thus
r0r1 . . . rl−k is an accepting run of U on w, and w ∈ L(U). Assume now that w ∈ L(U).
Let |w| = m and let r0r1 . . . rm be an accepting run of U on w. Then, by the definition of
U , there is an accepting run r0r1 . . . rmrm+1 . . . rm+k of A on h = w#k for some k ≥ 1,
which means that h ∈ bad-pref (L′). As stated above, h ∈ bad-pref (L′) if either h = v#t
for v ∈ Σ∗ \ L, or h = v#+at for v ∈ (Σ′)ω and a 6= # (Note that since h need not
be a minimal bad prefix, t may be a finite string over Σ ′). Since h consists of w, which
contains only letters from Σ, followed by #k, no letter a 6= # appears after the first # in
h. Thus, h must have the form v#t for v /∈ L. As the part of h preceding the first # is w,
we have that w /∈ L, and we are done.

The proof of Theorem 3 shows that constructing a fine NFW for a safety NBW has
the flavor of complementation. In Theorem 5, we show that the size of the complementary
automaton is indeed the bottleneck in the construction of fine NFW for safety NBW, and
that a fine automaton can be constructed with a blow up that depends on the size of the
complementary automaton.

4.2 Fine automata for co-safety NBW

We now move on to consider co-safety NBWs. We start with bad news and show that a
fine NFW for a co-safety NBW cannot, in general, have the same structure as the co-safety
NBW. We then present our main result and show that a fine NFW for a co-safety property
can be constructed from the NBWs for the property and its negation. Note that by dualizing
this result, we get a similar bound also for safety NBWs.

NBWs are not fine-type The notion of typeness arises in the context of translations be-
tween different types of automata on infinite words [KPB94,KMM04]. For an acceptance
condition γ (say, Büchi), an automaton A is said to be γ-type if whenever there is a γ-
automaton equivalent to A, there is also a γ-automaton A′ equivalent to A with the same
structure as A. Thus, A′ is obtained from A by redefining its acceptance condition. It
is shown, for example, in [KPB94] that deterministic Rabin automata are Büchi type: if
a deterministic Rabin automaton A recognizes a language that can be recognized by a
deterministic Büchi automaton, then A has an equivalent deterministic Büchi automaton
on the same structure. On the other hand, Streett automata are not Büchi type: there is a
deterministic Streett automaton A that recognizes a language that can be recognized by
a deterministic Büchi automaton, but all the possibilities of defining a Büchi acceptance
condition on the structure of A result in an automaton recognizing a different language.

For a co-safety NBW A, we say that A is fine-type if a fine automaton for A can be de-
fined on the structure of A. It is shown in [KV01a] that the NBWs for many co-safety LTL
formulas are fine-type: by taking the NBW Aψ for ψ and defining only accepting sinks to
be accepting2, one gets an NFW fine for ψ. Intuitively, each state of Aψ is associated with

2 The details in [KV01a] are for alternating automata, and the argument refers to the NBW obtained
by translating these automata to nondeterministic ones via the construction of [MH84].
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a set S of subformulas of ψ. A wordw is accepted by Aψ from state S iffw satisfies all the
formulas in S. For natural LTL formulas and for constructions of Aψ (c.f., [GPVW95])
that keep in S only formulas that are essential for the satisfaction, the set S would become
empty after reading some prefix of a word that satisfies ψ. Unfortunately, this is not true
for all formulas. The reason for this is the fact that known constructions for LTL proceed
according to the syntax of the formulas, and the co-safetyness of a formula may hide. We
demonstrate this in the examples below, which also show that NBWs are not fine type.

The NBW Aϕ in Figure 1 is the union of two NBWs. The NBW on the left accepts
all words over the alphabet {a, b} that satisfy Fa ∧ GFb (“eventually a and infinitely
many b’s”). The NBW on the right accepts all words satisfying Fb ∧ GFa. While each
of these languages is neither safe nor co-safe, their union is the co-safety language of all
words satisfying Fa ∧ Fb (“eventually a and eventually b”). The formula ϕ = (Fa ∧
GFb) ∨ (Fb ∧ GFa) is pathologically co-safe [KV01a], which means intuitively that it
is hard to tell that it is co-safe just from its syntax: a computation that satisfies ϕ has
no informative prefix [KV01a] — a prefix in which all the syntactic eventualities in the
formulas are satisfied. Indeed, only the combination of the two NBWs in the union reveals
the co-safetyness of ϕ.

b

a b

a,b a,bb a

a

Fig. 1. An NBW for ϕ = (Fa ∧ GFb) ∨ (Fb ∧GFa).

The above analysis is reflected in the fact that the NBW Aϕ is not fine type; i.e., there
is no way to define a fine NFW on its structure, by just redefining the accepting states.
To see this, observe that every state in Aϕ can be reached after reading a prefix of length
at most 1. Since every such prefix can be extended to one of the infinite words aω or bω,
which do not satisfy Fa∧Fb, an NFW with the structure of Aϕ is either empty or accepts
words that are not good prefixes for ϕ.

The above example refers to general co-safety NBWs. In Appendix A, we describe two
stronger examples, in the sense that they show the non-fine-typeness of restricted classes
of NBWs — classes that correspond to the NBWs obtained by translating LTL formulas
to NBWs. The first class of NBWs we consider is single run NBWs; i.e., every word that
is accepted by the NBW has a single accepting run. The NBWs whose construction is
described in [VW94] are single run. The second class we consider is of NBWs obtained
by applying the Miyano-Hayashi procedure for alternation removal [MH84] on top of the
alternating Büchi automaton obtained from the LTL formula [KVW00].

A construction of fine NFWs While general co-safety NBWs are not fine-type, we can
still construct an NFW fine for a co-safety NBW A and whose size depends on the sizes
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of A and comp(A). The idea is that it is possible to bound the number of times that a run
of A visits the set of accepting states, when it runs on a word not in L(A). Formally, we
have the following:

Lemma 1. Consider a co-safety NBW A. Let F be the set of accepting states of A and let
A be an NBW with n states such that L(A) = comp(L(A)). If a run of A on a finite word
h ∈ Σ∗ visits F more than |F | · n times, then h is a good prefix for L(A).

Proof: Since A is a co-safety NBW, A is a safety NBW. Recall that no state of A is
empty. Therefore, by [Sis94], every infinite run of A is accepting3. Let r = r0r1 . . . rl be a
run of A on h that visits F more than |F | · n times. Assume, by way of contradiction, that
h is not a good prefix. Then, h can be extended to a word accepted by A, and thus, there
is a (finite) run r′ = r′0r

′
1 . . . r

′
l of A on h. Since r visits F more than |F | · n times, there

exist 0 ≤ i < j ≤ l such that rj = ri ∈ F and r′j = r′i. Let w = h1 . . . hi(hi+1 . . . hj)
ω .

Since rj = ri ∈ F , the run r0r1 . . . ri(ri+1 . . . rj)
ω is an accepting run of A on w. On the

other hand, r′0r
′
1 . . . r

′
i(r

′
i+1 . . . r

′
j)
ω is an accepting run of A on w. Hence, w is accepted

by both A and A, and we have reached a contradiction.

Theorem 4. Consider a co-safety NBW with n states, m of them accepting. Let A be
an NBW with n states such that L(A) = comp(L(A)). There exists an NFW A′ with
n · (m · n+ 1) states such that A′ is fine for L(A).

Proof: Let t = m ·n. The NFW A′ consists of t+ 1 copies of A. The transition function
is such that when a run of A′ visits F in the j-th copy of A, it moves to the (j+1)-th copy.
The accepting states of A′ are the states of F in the (t+ 1)-th copy. Thus, there is a run of
A on an infinite word w ∈ Σω that has t + 1 visits in F iff there is a run of A′ on w that
reaches an accepting state in the t+ 1-th copy of A.

Formally, given A = 〈Σ,Q, δ,Q0, F 〉, we define A′ = 〈Σ,Q′, δ′, Q′
0, F

′〉 as follows.

– Q′ = Q× {0, 1, . . . , t}.
– For every q ∈ Q, a ∈ Σ, and 0 ≤ i ≤ t the transition function δ′ is defined as follows.

δ′(〈q, i〉, a) =

{

δ(q, a) × {i+ 1} if q ∈ F and i < t,
δ(q, a) × {i} if q /∈ F .

– Q′
0 = Q0 × {0}.

– F ′ = F × {t}. Note that there are no transitions from states in F ′.

Clearly, the number of states in A′ is n · (t+ 1).
For every run r = r0r1 . . . of A on an infinite word w ∈ Σω we define a single

(possibly finite) corresponding run s = s0s1 . . . of A′ on w such that for all i ≥ 0, we
have that si = 〈ri, ji〉 for some 0 ≤ ji ≤ t, and in addition, the following hold.

1. j0 = 0.
2. If ri ∈ F , then ji+1 = ji + 1; otherwise, ji+1 = ji.

3 Note that A is equivalent to the nondeterministic word automaton obtained by making all its states
accepting. Such automata are termed looping.
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3. If si = 〈ri, t〉 and ri ∈ F , then the run s ends at si.

In order to prove that A′ is fine for L(A), we first prove the following proposition, relating
the runs r and s.

Proposition 1. For every i ≥ 0 and state si = 〈ri, ji〉 in s, the prefix r0 . . . ri−1 of r has
ji visits in F .

Proof: The proof proceeds by an induction on i. For i = 0, the prefix r0 . . . r0−1 is empty,
so it does not visit F at all, and indeed, by Condition 1 in the definition of s, we have that
j0 = 0. For i > 0, the induction hypothesis for i−1 implies that r0 . . . ri−2 has ji−1 visits
in F . If ri−1 ∈ F , then, by Condition 2 of the definition of s, we have that ji = ji−1 + 1,
and indeed r0 . . . ri−1 has ji−1 + 1 visits in F . Otherwise, ri−1 /∈ F , and, by Condition 2
of the definition of s, we have that ji = ji−1, and indeed r0 . . . ri−1 has ji−1 visits in F .

We can now prove that A′ is fine for L(A). That is, we prove that for every w ∈ Σω,
it holds that w ∈ L(A) if and only if A′ accepts some prefix of w.

Assume first thatw ∈ L(A). Then, there exists a run r ofA onw that visits F infinitely
many times. By Proposition 1, when r makes its (t + 1)-th visit to F , the corresponding
run of A′ on w visits a state in F ′. Thus, A′ accepts a prefix of w, and we are done.

For the other direction, assume that there is an accepting run s = s0s1 . . . sk of A′

on a prefix of w. The run s ends in some state in F ′. Therefore, by Proposition 1, since
sk ∈ F × {t}, the run s corresponds to a prefix r0 . . . rk of a run r of A on w such that
r0 . . . rk−1 has t visits in F . In addition, since rk ∈ F , we have that r0 . . . rk has t + 1
visits in F . Thus, by Lemma 1, w ∈ L(A), and we are done.

Given a safety NBW, its complement NBW is co-safety. Thus, dualizing Theorem 4,
we get the following.

Theorem 5. Consider a safety NBW with n states. Let A be an NBW with n states, m̄ of
them accepting, such thatL(A) = comp(L(A)). There exists an NFW A′ with n̄·(m̄·n+1)
states such that A′ is fine for L(A).

4.3 Fine automata for safety and co-safety LTL formulas

By Theorem 1, given an LTL formula ψ, we can construct NBWs Aψ and A¬ψ for ψ and
¬ψ, respectively. The number of states in each of the NBWs is at most 2O(|ψ|). Hence, by
Theorem 4, we can conclude:

Theorem 6. Consider a safety LTL formula ϕ of length n. There exists an NFW fine for ϕ
with at most 2O(n) states.
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5 Discussion

We have answered to the positive the question about the existence of exponential fine
automata for general safety LTL formulas. This improves the doubly-exponential con-
struction in [KV01a]. Essentially, our construction adds a counter on top of the NBW for
the formula. The counter is increased whenever the NBW visits an accepting state, and a
computation is accepted after the counter reaches a bound that depends on the size of the
formula.

Our results give a better understanding of the relationship between safety and bounded
properties. A property ψ is bounded if there is a bound k ≥ 0 such that every word of
length k is either a good or a bad prefix for ψ. Thus, satisfaction of ψ can be determined
after reading a prefix of length k of the computation. It is known that a property ψ is
bounded iff ψ is both safety and co-safety [KV01b]. For a bounded property with bound
k, we know that if a word of length k is not a bad prefix, then it must be a good prefix.
Accordingly, if the NBW Aψ does not get stuck during its run on a prefix of a computation
of length k, the computation satisfies ψ. Moreover, k depends on the size of the NBW
for ψ [KV01b]. This enables simple application of bounded model-checking procedures
[CBRZ01] for the verification of bounded properties. For a co-safety property, there is no
such bound k: while we know that a computation that satisfies ψ has a good prefix, we
cannot point to a k such that if the NBW Aψ does not get stuck during its run on the prefix
of a computation of length k, then the computation satisfies ψ. Our results here show that
co-safety properties (and hence, also reasoning about safety properties) do have a bounded
nature, only that the bound depends not only on the length of the prefix, but also on the
number of visits to the set of accepting states that the NBW Aψ makes on its run on the
prefix. Indeed, there is a bound k such that if the NBW Aψ has a run on a computation
and the run visits the set of accepting states k times, then the computation satisfies ψ.
Interestingly, the bound on k is similar to the one known for bounded properties [KV01b].

This result is helpful in the context of run-time verification and bounded model check-
ing. Run-time verification does not store the entire state space of the system. Instead, it
observes finite executions. In [GH01], the authors describe a semantics for LTL formula
with respect to finite words. In this semantics, eventualities have to be satisfied within the
finite prefix. Thus, as with the “informative prefixes” of [KV01a], a prefix never satisfies
a pathologically safe formula ψ, even if it is a good prefix. By counting visits to the set
F of accepting state of the NBW for ¬ψ, the semantics can be made tighter, and a prefix
accepted by the fine automaton can be declared as violating ψ.

Counting visits to F can help also in SAT-based bounded model checking. Recall that
SAT-based model checking of a safety property ψ tries to find a path that satisfies ¬ψ and
uses a bounded semantics for LTL: the formula ¬ψ is checked with respect to prefixes
of some bounded length k, possibly with a loop back. The method is complete in the
sense that if some computation satisfies ¬ψ, then there is some prefix as above, where k
depends on both the size of the checked system and ψ [CBRZ01]. The need to specify
the fact that the prefix may have a loop back makes the formula whose satisfaction we
check much more complex, and complicates the verification procedure. Our results imply
an alternative approach, which prevents the need to consider loops and suggests, instead,
to count sufficiently many visits to the set F of accepting state of the NBW for ¬ψ. We
note that for many co-safety formulas, the states in F are accepting sinks, thus while k is
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a bound for the number of transitions needed to reach F for the first time, we can expect
successive visits to be made within a single transition.

Finally, while we solved the problem of constructing exponential fine automata for LTL
formulas, the problem of constructing polynomial fine automata for co-safety NBW is still
open. The challenge here is similar to other challenges in automata-theoretic constructions
in which one needs both the NBW and its complementing NBW — something that is easy
to have in the context of LTL, but difficult in the context of NBW. For a discussion of
more problems in this status, see [KV05b]. From a practical point of view, however, the
problem of going from a co-safety automaton to a fine NFW is of less interest, as users
that use automata as their specification formalism are likely to start with an automaton for
the bad or the good prefixes anyway. Thus, the problem about the size of fine automata is
interesting mainly for the specification formalism of LTL, which we did solve.

Acknowledgment We thank Moshe Vardi for helpful discussions.
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A NBWs for LTL formulas are not fine-type

The NBW Aθ in Figure 2 consists of two NBWs too. The left one accepts all words
satisfying Fa∧FGb and the right one accepts words satisfying Fb∧GFa. Thus, Aθ, their
union, accepts all words satisfying θ = (Fa∧FGb)∨(Fb∧GFa). It is not hard to see that
Aθ is a single-run automaton (in particular, it is the union of two disjoint languages) that
accepts exactly the words satisfying the formulaFa∧Fb. Also, by the same considerations
we had in Section 4.2 for Aϕ, for ϕ = (Fa ∧GFb) ∨ (Fb ∧GFa), it is not fine-type.

We note that the single-run NBW obtained forϕ by following the translation procedure
in [VW94] is not fine-type either.

a, b

a

b a

a

b

b

a

a

Fig. 2. A single run NBW for θ = (Fa ∧ FGb) ∨ (Fb ∧GFa).

In Figure 3, we describe the NBW Aξ obtained for the formula ξ = (GFa ∧ F (b ∧
XFb))∨ (GFb∧F (a∧XFa)). The formula ξ is equivalent to the formula F (b∧XFb)∧
F (a∧XFa). Thus, the language of Aξ is the co-safety language of all infinite words that
contain at least two a’s and at least two b’s. The NBW Aξ is obtained from ξ by translating
ξ to an alternating Büchi word automaton (ABW) and translating this automaton to a
nondeterministic one [MH84]. As such, each state in Aξ corresponds to a pair 〈S,O〉 of
sets of subformulas of ξ. The set S is obtained by following the subset construction on the
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{ξ}, ∅

a

a ba

a b
b a

a
b b

bb a

{F (b ∧ XFb)}
{GFa, F (b ∧ XFb)}, {GFa, Fa,Fb},

{Fa,Fb}
{GFb,Fb, Fa},
{Fb,Fa}

{GFb, F (a ∧ XFa)},
{F (a ∧ XFa)}

{GFa,Fa},
{Fa}

{GFa,Fb},
{Fb}

{GFa, Fa,Fb},
{Fb}

∅
{GFa, Fa}, {GFa},

∅∅

a b b

{GFb, Fb},
{Fb}

{GFb,Fa},
{Fa}

{GFb,Fb, Fa},
{Fa}

aaa
bba

∅
{GFb}, {GFb,Fb},

b

aa
b

ab b

a b

Fig. 3. An NBW for ξ = (GFa ∧ F (b ∧XFb)) ∨ (GFb ∧ F (a ∧XFa)).

ABW, and the set O is a subset of S describing these formulas that have not yet fulfilled
their eventualities (in Figure 3, we describe S at the top andO at the bottom of each state).

In order to see that the NBW Aξ is not fine-type, observe that each one of its states
can be reached after reading a prefix of length at most 3. Since every such prefix can be
extended to an infinite word in which a or b appear at most once, and thus does not satisfy
ξ, an NFW with the structure of Aξ is either empty or accepts words that are not good
prefixes for ξ.
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