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Binary Markov Processes

qi1o
do1
P:|:].—CI01 do1 ] 7P = 7 = [mo m]
go 1-—aqwo

X1 ~ Bernoulli(wl), PI’(Xn :j‘Xn_l = i,Xn_z, . ,Xl) = P,'J'

Entropy Rate

For a stationary process {X,} the entropy rate is defined as

H(X) £ lim HX,- - Xa) lim H(X,|X, —1,...,X)

n— o0 n n— oo
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Binary Markov Processes

qi1o
do1
P:|:].—CI01 do1 ] 7P = 7 = [mo m]
go 1-—aqwo

X1 ~ Bernoulli(wl), Pr(Xn :j|Xn_1 = i,Xn_z, . ,Xl) = P,'J'

Entropy Rate
For the Markov process above

H(X) = H(Xn|Xn-1) = moh(qo1) + m1h(q10)

h(a) £ —alogy(a) — (1 — ) logy(1 — a)
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Binary Hidden Markov Processes

qi1o

do1

{Xa}:
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Binary Hidden Markov Processes

(X} q10
1—qo1 ‘G 1_q10
qo1
{Yn}: Z, ~ Bernoulli(a)

X, Q‘) Y, =X, ® Z,

3/13



Binary Hidden Markov Processes

q10
{Xn}:
qo1
{Yn}: Z, ~ Bernoulli(a)
Xn $ Yn=Xn® Zp

Entropy Rate Unknown

H(Y) = f(a, qi0, go1) =777
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Binary Hidden Markov Processes

q10
{Xn}:
qo1
{Yn}: Z, ~ Bernoulli(a)
Xn $ Yn=Xn® Zp

Entropy Rate Unknown

H(Y) = f(e, qi0, qo1) =777

Our contribution: new lower bounds on H(Y)
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Binary Symmetric Hidden Markov Processes

(%) :
q
{Yn}: Z, ~ Bernoulli(a)
X, $ Yo = Xo @ Z,

Entropy Rate Unknown
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Binary Symmetric HMP - Simple Bounds

“Cover-Thomas bounds”:

H(Yal Y1 -, Y1, X0) < A(Y) < H(Yal Yoo1 ..., Yo)

5/13



Binary Symmetric HMP - Simple Bounds

“Cover-Thomas bounds”:
H(Ya|Yn-1..., Y1, X0) < FI(Y) < H(Ya|Yn-1..., Y0)

Accuracy improves exponentially with n [Birch'62]
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Binary Symmetric HMP - Simple Bounds
“Cover-Thomas bounds":
HYo Yoot Y1, X0) S H(Y) < H(Y| Yot ..., Yo)
Accuracy improves exponentially with n [Birch'62]

Simple lower bound by Mrs. Gerber's Lemma:

H(Yi,..., Ya) = nh <a>|<h_1 (M))

axb=a(l—b)+b(l—a), h~1:[0,1] —[0,1/2]
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Binary Symmetric HMP - Simple Bounds
“Cover-Thomas bounds":
HYo Yoot Y1, X0) S H(Y) < H(Y| Yot ..., Yo)
Accuracy improves exponentially with n [Birch'62]

Simple lower bound by Mrs. Gerber's Lemma:

H(Yi,..., Ya) = nh <a>|<h_1 (M))

<Az (oo (i T2 )

Continuity of MGL function ¢(u) = h (o x h™1(u))
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Accuracy improves exponentially with n [Birch'62]

Simple lower bound by Mrs. Gerber's Lemma:

H(Yi,..., Ya) = nh <a*h_1 (M))

S H(Y) > h (a* h <n'L”;o M))

=H(Y)> h(axq)
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Binary Symmetric HMP - Simple Bounds
“Cover-Thomas bounds":
HYo Yoot Y1, X0) S H(Y) < H(Y| Yot ..., Yo)
Accuracy improves exponentially with n [Birch'62]

Simple lower bound by Mrs. Gerber's Lemma:

H(Yi,..., Ya) = nh <a>|<h_1 (M))

SA(Y) > h(a*h‘l <n'L”;o M))
=HA(Y) > h(ax*q)

The same as Cover-Thomas bound of order n =1
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Binary Symmetric HMP - Simple Bounds
“Cover-Thomas bounds":
HYo Yoot Y1, X0) S H(Y) < H(Y| Yot ..., Yo)
Accuracy improves exponentially with n [Birch'62]

Simple lower bound by Mrs. Gerber's Lemma:

H(Yi,..., Ya) = nh <a>|<h_1 (M))

<A 200 (J T2 )

=H(Y)> h(axq)

Standard MGL gives a weak estimate

We will use an improved version of MGL
5/13



Samorodnitsky's MGL

@ X,Y € {0,1}" are the input and output of a BSC(«)
o )= (1-2a)?

@ The projection of X onto a subset of coordinates S C [n] is
Xs={X; :ieS}

@ Let V be a random subset of [n] generated by independently
sampling each element / with probability A

Theorem [Samorodnitsky'15]

H(Y) > nh <a s« b1 (W»
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Samorodnitsky's MGL

@ X,Y € {0,1}" are the input and output of a BSC(«)
o )= (1-2a)?

@ The projection of X onto a subset of coordinates S C [n] is
Xs={X; :ieS}

@ Let V be a random subset of [n] generated by independently
sampling each element / with probability A

Theorem [Samorodnitsky'15]

H(Y) > nh <a s« b1 (W»

(I)

By Han's inequality is nonincreasing™ in A
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Samorodnitsky's MGL

@ X,Y € {0,1}" are the input and output of a BSC(«)
o )= (1-2a)?

@ The projection of X onto a subset of coordinates S C [n] is
Xs={X; :ieS}

@ Let V be a random subset of [n] generated by independently
sampling each element / with probability A

Theorem [Samorodnitsky'15]

H(Y) > nh <a s« b1 (W»

= The new bound is stronger than MGL
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Samorodnitsky's MGL - Proof Outline

H(Y) = z”: H(YilY{™)
> Zso (XilYi™)

_ Z:SO (H(X,-) — I(X;; Y{‘l))
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Samorodnitsky's MGL - Proof Outline
H(Y) = ZH(WIY{_I)
>Zs0 (XilYi™)

_ Z © ( X Y/ 1))
Need to upper bound

I(X:; Y{™)
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Samorodnitsky's MGL - Proof Outline
H(Y) = Z H(YilY{™)
>Z¢ (XilYi™)

_ Z o (HOG) — 10X Y{)
Need to upper bound

106 V() = 106G Y72) 106G Vit Y{7%)
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Need to upper bound
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Samorodnitsky's MGL - Proof Outline

H(Y) = z”: H(YilY{™)
> Zs@ (XilYi™)

_Z¢( 10X Y{ )
Need to upper bound
10X YE7h) = (X3 Y] 2) + 10X Yiea| Y 2)
(SDPI) < 1(X;; Yi72) + M(Xi; Xi—1]Yi2)
= (1= MI0G V{2 + A (106 Y{72) 4+ 106 X, Vi)
(Chain Rule) = (1 — A)/(X;; Y{™2) 4+ M(Xi; Xi—1, Y{ 2)
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Samorodnitsky's MGL - Proof Outline
H(Y) = ZH(WIY{_I)
>Zs0 (XilYi™)

—Zw( 1(X;; Vi~ 1))

We have I(X;; Y{™%) < (1 — NI(Xi; Y{72) 4+ M(Xi; Xi1, Yi2)
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Samorodnitsky's MGL - Proof Outline

HOY) = 30 O
> Y eHOY )

_Z¢( 10X Y{ )

We have 1(X;; Y{71) < (1= M\)I(Xi; Yi72) + M (Xi; Xi_1, V{72

Using this to form and solve a suitable linear program
[Samorodnitsky'15], or using induction [Polyanskiy-Wu'16], gives
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Samorodnitsky's MGL - Proof Outline

H(Y) = Z H(YiY{ ™)
i=1
> iso(H(x,-w{—l))
- Z@( 106 Y{™)
We have /(X;; Y{ ™) < (1= A)I(X;; Y{ %) + M(Xi; Xio1, V{2

Using this to form and solve a suitable linear program
[Samorodnitsky'15], or using induction [Polyanskiy-Wu'16], gives

10X Y{1) < 1(X; Yeec,a—n) )
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Samorodnitsky's MGL - Proof Outline

HOY) = 3" HOY )
> Y eHOY )

_Z¢< 10X Y{ )

We have 1(X;; Y{71) < (1= M\)I(Xi; Yi72) + M (Xi; Xi_1, V{72

Using this to form and solve a suitable linear program
[Samorodnitsky'15], or using induction [Polyanskiy-Wu'16], gives

10X Y{1) < 1(X; Yeec,a—n) )

From here, standard arguments give the theorem
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Back to HMPs

q
{Xn}:
Yn:Xn@Zn q

Theorem [Samorodnitsky'15]

G )
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Back to HMPs

{Xn}:
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Theorem [Samorodnitsky'15]

G )

Need to find lim,_ o W

8/13



Back to HMPs

q
{Xn}:
SSONODE
Y, =X, ® Z, q9
Proposition
lim M = EH(XG_H_’Xl)
n—o0 n

where G ~ Geometric(A).
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Back to HMPs

q
{Xn}:
SSONODE
Y, =X, ® Z, q9
Proposition
lim w = EH(XG+1|X1)
n—o0 n

where G ~ Geometric(A).

Define:

*k A

g =qgrqgx---xq
|

k times 8 /13



Back to HMPs

q
{Xn}:
NeONOSE
Y, =X, ® Z, q
Proposition
74
jim HXVIV) _ EH(Xc41|X1)
n—o0 n

where G ~ Geometric(A).

Define:

xk A :1_(1_2q)k

g =gxgx--xgq 5
—_———
k times 8 /13



Back to HMPs

q
{Xn}:
(o) (D
Y, =X, ® Z, q
Proposition
n||—>n;o )\n a Eh (q )

where G ~ Geometric(A).

Define:

xk A :1_(1_2q)k

g =gxgx--xgq 5
—_———
k times 8 /13



Back to HMPs

{Xa}:

Y, =X,® Z, q
Theorem

AY) = h(axn (Bh(q€))),

where G ~ Geometric((1 — 2a)?).
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Back to HMPs

{Xa}:

Y, =X,® Z, q
Theorem

AY) = h(axn (Bh(q€))),

where G ~ Geometric((1 — 2a)?).

@ For small a (high-SNR) bound approaches MGL
@ For large o (low-SNR) much better than MGL
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New Bound - Behavior with «

0.95
0.9
0.85
08
= 0.75

0.7

g=0.11
T T T T T T T T T
A Lower Bound from Theorem 2 | |
a = = = Approximated Value
1 1 1 1 1 1 1 1 1
0 005 01 015 02 025 03 035 04 045
«@

0.5

9/13



New Bound - Behavior with «

Theorem (low-SNR)
Let g be fixed and o = % — €. Then

r e~ _log(e) (1—29)* 4
A(Y)>1— 16¢ ;2“2!(_1)1_(1_2(’)% + o(e*)

9/13



New Bound - Behavior with «

Theorem (low-SNR)
Let g be fixed and o = % — €. Then

4 log(e 1 —2q)% 4
H(Y) 21~ 16e Z2k2gk—)1)1£(1—q2)q)2’<+0(6)

Our result shows that

: = log(e) (1 —2q)%k
| <1
'Tj:;p 62 2k(2k —1)1— (1 — 29)*
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New Bound - Behavior with «

Theorem (low-SNR)
Let g be fixed and o = % — €. Then

4 log(e 1 —2q)% 4
A(Y) 21 - 16e 22k2g1<—)1)1£(1—q2)q)2k+°(6)

Our result shows that

: = log(e) (1 —2q)%k
| <1
'Tj(‘;p 62 2k(2k —1)1— (1 — 29)*

Best previously known bound [E. Ordentlich-Weissman'11]:

1—H(Y 21 1—29)%(1 — 4g + 1692 — 32¢3 + 32q¢*
lim sup 4( )§ og(e)( q)( q2+ q q° + 32q¢*)
e—0 € q
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New Bound - Behavior with g
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New Bound - Behavior with g

Theorem (fast transitions)

Let « be fixed and g = % — €. Then

1— H(Y) < 2log(e)(1 — 2a)*e® + O(e*)
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New Bound - Behavior with g

Theorem (fast transitions)

Let « be fixed and g = % — €. Then

1— H(Y) < 2log(e)(1 — 2a)*e® + O(*)

Recovers the expression found in [E. Ordentlich-Weissman'11]

10 /13



New Bound - Behavior with g

Theorem (fast transitions)

Let « be fixed and g = % — €. Then

1— H(Y) < 2log(e)(1 — 2a)*e® + O(*)

Recovers the expression found in [E. Ordentlich-Weissman'11]

Bound is tight [E. Ordentlich-Weissman'11]
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Nonsymmetric HMPs

qi0

1 —qo1 ‘° 1—qlo

Yn - Xn ©® Zn do1

{Xn}:

Theorem [Samorodnitsky'15]

G )
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Nonsymmetric HMPs

q10
{Xn}:
Y,=X,® Z, do1
Proposition
%4
lim M = EH(XG_H_’Xl)
n—o0 n

where G ~ Geometric(A).
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Nonsymmetric HMPs

q10
{Xn}:
Y,=X,® Z, do1
Proposition
%4
lim M = EH(XG+1|X1)
n—o0 n

where G ~ Geometric(A).

Define:

pP_ 1-go1 qo1
go 1-—quwo
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Nonsymmetric HMPs

dio
{Xn}:
Y,=X,® Z, do1
Proposition
H(Xy |V
jim HXVIV) _ EH(Xc41|X1)
n—o0 n

where G ~ Geometric(A).

Define:

1-go1 qo1 ] 4k A ( k) , ,
P — s o = P g Pr X e Xn_ =/
g0 1—aqwo i ij (X = JXn-sc=1)
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Nonsymmetric HMPs

(X} qio
1 — qo1 ‘° 1—q10
Y, =X, @ Z, qo1
Proposition

lim w = moEh (q(’ﬁc) +mEh (qﬁc)

n—o0

where G ~ Geometric(A).

Define:

1-go1 qo1 ] 4k A ( k) , ,
P — s o = P g Pr X e Xn_ =/
g0 1—quo i ij (X = X1 = 1)
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Nonsymmetric HMPs

q10
{Xn} :
Y, =X, Z, qo1
Theorem

AY) = h(ax b (moEh (i) + mEh (af7))) .

where G ~ Geometric((1 — 2a)?).
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Nonsymmetric HMPs

q10
{Xn} :
Y, =X, Z, qo1
Theorem

AY) = h(ax b (moEh (i) + mEh (af7))) .

where G ~ Geometric((1 — 2a)?).

@ For small a (high-SNR) bound approaches MGL
@ For large o (low-SNR) much better than MGL
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Special Case - (1, 00)-RLL Constraint

1

lq

Y,=X,® Z, q

{Xa}:
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Special Case - (1, 00)-RLL Constraint

Y,=X,® Z, q

{Xa}:

Theorem

AY) = h(ax b (moBh (a8i) + mEh (af°)) ),

where G ~ Geometric((1 — 2a)?).
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Special Case - (1, 00)-RLL Constraint

Y,=X,® Z, q

{Xa}:

Theorem

AY) = h(ax b (moBh (a8i) + mEh (af°)) ),

where G ~ Geometric((1 — 2a)?).

1-q ¢ 1 q
P= - S
[ 1 0]’ T e M T 11g
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Special Case - (1, 00)-RLL Constraint

Y,=X,® Z, q

{Xa}:

Theorem

AY) = h(ax b (moBh (a8i) + mEh (af°)) ),

where G ~ Geometric((1 — 2a)?).

1-(=@)" q+(=q)**! 1 q
Pk — 1+q 1+qg ) P — , T = _
[ 1—1(;3)k q+1(;7)k T 14 g T 14g
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Special Case - (1, 00)-RLL Constraint

{Xa}:

Yo=Xn® Z,

Theorem
AY) = h(ax b (moBh (a8i) + mEh (af°)) ),

where G ~ Geometric((1 — 2a)?).

1 1 — (—g)G+1 1—(—aq\C
g2 Eh( (-9) >+ q Eh( ( q))
1+gq 1+gq 14+¢q 1+¢q
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Special Case - (1, 00)-RLL Constraint

1

w

Y,=X,® Z, q

{Xa}:

Theorem

A(Y) > h(axh (),

where G ~ Geometric((1 — 2a)?).

_(_g\G+1 _(_\G
. Eh<1 (=9) >+ q Eh<1 (—9) >
1+gq 1+gq 14+¢q 1+gq
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Special Case - (1, 00)-RLL Constraint

1
{Xn}:
(o) (1)
Y,=X,® Z, q

Theorem

A(Y) > h(axh (),

where G ~ Geometric((1 — 2a)?).

B =EH(Xc+1]X1)
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Special Case - (1, 00)-RLL Constraint

1
{Xn}:
(o) (1)
Y,=X,® Z, q

Theorem

A(Y) > h(axh (),

where G ~ Geometric((1 — 2a)?).

Proposition

5> h(m) - =20 (2h(7r1) —h <1 - q))

(14 q)(1 - 4a(l — @)q) 1+gq

v
12 /13



Special Case - (1, 00)-RLL Constraint

Y,=X,® Z, q

{Xn}

Theorem

A(Y) > h(axh (),

where G ~ Geometric((1 — 2a)?).

Proposition

1
B > h(my) — cé?, forozzi—e,c>0
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Special Case - (1, 00)-RLL Constraint

Y,=X,® Z, q

{Xn}:

Theorem: Low-SNR (o = % —¢,0<qg<1) Lower Bound

1

A(Y) > h ((5 _ e) « bt (h(my) — cez))

Proposition

1
B > h(my) — cé?, forozzi—e,c>0
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Special Case - (1, 00)-RLL Constraint

1
{Xn}:
(o) (1)
Y,=X,® Z, q

Theorem: Low-SNR (o = % —¢,0<qg < 1) Lower Bound

ez n((5-9) (7 5
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Special Case - (1, 00)-RLL Constraint

Y,=X,® Z, q

{Xa}:

Theorem: Low-SNR (o = % —¢,0<qg < 1) Lower Bound

H(Y) > 1—2log(e)(1 — 2m1)%€? + O(e*)
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Special Case - (1, 00)-RLL Constraint

Y,=X,® Z, q

{Xn}

Theorem: Low-SNR (o = % —¢,0<qg<1) Lower Bound

H(Y) > 1—2log(e)(1 — 2m1)%€? + O(e*)

Proposition: Low-SNR (a =1 —¢,0 < g < 1) Upper Bound

H(Y) < H(Y,)

12 /13



Special Case - (1, 00)-RLL Constraint

Y,=X,® Z, q

{Xn}

Theorem: Low-SNR (o = % —¢,0<qg<1) Lower Bound

H(Y) > 1—2log(e)(1 — 2m1)%€? + O(e*)

Proposition: Low-SNR (a =1 —¢,0 < g < 1) Upper Bound

H(Y) < h(a * )
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Special Case - (1, 00)-RLL Constraint

Y,=X,® Z, q

{Xn}

Theorem: Low-SNR (o = % —¢,0<qg<1) Lower Bound
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Proposition: Low-SNR (a =1 —¢,0 < g < 1) Upper Bound

Hquh((%—Q*wO
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Special Case - (1, 00)-RLL Constraint

Y,=X,® Z, q

{Xn}

Theorem: Low-SNR (o = % —¢,0<qg<1) Lower Bound

H(Y) > 1—2log(e)(1 — 2m1)%€? + O(e*)

Proposition: Low-SNR (a =1 —¢,0 < g < 1) Upper Bound
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Special Case - (1, 00)-RLL Constraint

Y,=X,® Z, q

{Xa}:

Theorem: Low-SNR

Fora:l—eand0§q<1,wehave

2
. 1-A(Y) 1-q\?
fim —— — = 2log(e) (m)
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Special Case - (1, 00)-RLL Constraint

1
{Xn}:

Y, =X, ® Z, q
Theorem: Low-SNR
Fora:%—eand0§q<1,wehave

. 1-A(Y) 1-q\?
fim —— — = 2log(e) <m>

Recovers result from Han-Marcus'07 and Pfister'11
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We derived a new lower bound for the entropy rate of binary
hidden Markov processes
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Summary and Conclusions

We derived a new lower bound for the entropy rate of binary
hidden Markov processes

The bound relies on a strengthened version of MGL, due to
Samorodnitsky

We improved the best known bound for symmetric processes in
low-SNR, and recovered the best known results in some other
regimes

Our technique can be generalized to hidden Markov processes over
larger alphabets
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