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This work:

@ New upper bound /(f(X);Y) < g(«) that holds for all
balanced functions
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Main Result

Theorem
For any balanced function f : {0,1}" — {—1,1} and any
(1 = %) <a<i 5, we have that

1F(X);Y) < 28208 (1 _o0y2 g (1 - '°g2(e)> (1 - 2a)*.

-2 2
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Simple Attempts: MGL
For simplicity assume f is balanced (Pr(f(X) =1) =1/2)
I(f(X):Y) = H(Y) — H(Y[f(X))

= n— H(Y[F(X) = —1) = FH(Y|f(X) = 1)
—n—1HU_1©2)-1HU, 0 2)
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"I (1 - 20)?

Mrs. Gerber's Lemma [WZ73]

H(W @ Z) > nh <a « bl <M>)

n

Weakness: MGL not tight for W uniform on subsets
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Simple Attempts: SDPI

Let

T]KL(PYX Q)é sup D(’DY\XOPHPY‘XOQ)
‘7 P:0<D(P||Q)<1 D(P||Q)

o 7kL(Py|x; Q) tensorizes: nkiL(Py|x, @") = nkL(Py|x; Q)

o 7kL(Py|x, @) = sup u-—x-v:
Pxy=QxPy|x

Conclusion
For all f:{0,1}" — {-1,1}

% < kL (BSC(a), Bernoulli(3)) = (1 - 20)?
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I(F(X):Y) = H(f(X)) = H(F(X)]Y) < E(E(f(X)|Y))?

Conclusion
For all balanced f : {0,1}" — {—1,1}
1(F(X):;Y) < E (E(f(X)|Y))?
(FXRY)< | max - E(E(FX)Y))
Ef(X)=0,Ef?(X)=1

E(E(f(X1)| Y1))?
X (E(f(X1)Y1))
Ef(X1)=0,Ef2(X;)=1

= (1-2a)?

Weakness: the approximation h(p) > 4p(1 — p) is loose
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Our Approach
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for t = 1 this gives h(p) > 4p(1 — p)
Larger t, better bounds
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Our Approach

t

I(F(X):Y) < ) oFR [E” (f(x)\Y)} + (1 -3 ck> E [E* (f(X)]Y)]
k=1
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Our Approach

t t
) < 3l T B+ (1 —zck) ITuf12:
k=1 k=1

For channel w(x|y) and function g : X — R define

(Twg)(Y) ZE(g(X)|Y =y) = > _ w(xly)g(x)
xeX

and for Y ~ @ we can further define
| Twellp 2 (E[EP (g(X)Y)D*
For us: Y ~ Bernoulli"(%), w = BSC"(«)
Need to upper bound || T, f|2, for k =1,... ¢t
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Tensorization: Sp(w”, Q") = Sp(w, Q) [AG'76 and others]

= Sp(w", Q") admits a single-letter expression

Theorem: Bonami-Beckner
Let p > 2, Y ~ Bernoulli"(3) and w(x|y) = BSC"(9). If

52§<1—\/:) then for any g : {0,1}" — R

ITs6(Y)llp < le(X)]l2

Quite useless for g : {—1,1}" — {—1,1} as ||g||lg = 1,Yq
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= llg(X)ll2 = [ (Tar ) (X)]12

definition of g
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New Bounds on || T, f|

pr P =2

If6>1 (1—,/%), then for any g : {0,1}" — R
1(Tsg) (V)lp < llg(X)]l2
@ Set o = % (1 — ./ﬁ); and assuming a > o/

1—+/p—1I(1 - 20)) such that a = o/ * o
(Tarf)(2) such that (Taf) (y) = (Twrg) (v)

(Taf) (V)llp = [[(Targ) (Vll» < llg(2)]l2
= llg(X)ll2 = 1 (Tar f) (X)||2 < (1 — 2a")?

maximal correlation (recall: f balanced)
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pr P =2

If6>1 (1—,/%), then for any g : {0,1}" — R
1(Tsg) (V)lp < llg(X)]l2
@ Set o = % (1 — ./ﬁ); and assuming a > o/

1—+/p—1I(1 - 20)) such that a = o/ * o
(Tarf)(2) such that (Taf) (y) = (Twrg) (v)

(Taf) (V)llp = [[(Targ) (Vll» < llg(2)]l2
= llg(X)ll2 = 1 (Tar f) (X)||2 < (1 — 2a")?

Note: derivation only used Ef(X) = 0 and Ef2(X) = 1
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New Bounds on || T, f|

pr P =2

If&z%(l—dﬁ),then for any g : {0,1}" — R

1(Ts58) (Y)llp < llg(X)[l2

1 ). -
@ Seta' =3 (1— ”ﬁ)’ and assuming a > o/

1—+/p—1I(1 - 20)) such that a = o/ * o
(Tarf)(z) such that (Taf) (y) = (Twg) (v)

Theorem

Let X ~ Bernoulli”(%), p > 2 and % (1 — L) <a< 5. For

p—1
any f:{0,1}" — R with Ef(X) = 0 and Ef?(X) =1

NI

H(Taf) X < (p = 1)1 — 20)°.
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We have found:

o I(F(X):Y) < S cll Tuf 2 + (1 — 30y i) || Tuf |12
o [[(Taf) (X)|lp < (p—1)(1—2a)2 for p>2

Theorem
For any balanced function f: {0 1}" — {—1,1},any integer t > 1
and any % (1 — ) <« < , we have that

m
) = log,(e) k(1 2k
I(F(X);Y) < 272k(2k— 52k~ V(- 20)

= log,(€)
2 t 2t
-1 (1-2 .
( 2k 2k—1) 2t =1)'(1 = 2q)

HM
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We have found:
o I(F(X):Y) < Yhoq cll Tafl35 + (1= iy o) I Taf I3
o [[(Taf)(X)p < (p—1)(1 —2a)? for p > 2

Theorem

For any balanced function f : {0,1}" — {—1,1} and any
0<a< % we have that

I(F(X);Y) < (1 —2a)2
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Main result

We have found:
o I(F(X):Y) < S cll Tuf 2 + (1 — 30y i) || Tuf |12
o [(Taf)(X)llp < (p—1)(1 —2a)? for p>2

Theorem
For any balanced function f : {0,1}" — {—1,1} and any

%(1_%> <a< %,we have that

I(F(X);Y) < '°g§(e) (1-20)2+9 (1 - %) (1 - 20,
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Main result

0.6 T T T T T

051 3
1-h(a)
------------- Theorem 1
04F === (1-20)2 i

Bounds on the Mutual Information
o o
) w

=3
=
T

0.2 0.25 0.3 0.35 0.4 0.45 0.5
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Properties of the Bound

Our bound (with t = 2) has the optimal slope at & = 1/2 and
approaches 1 — h(«) from above
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Properties of the Bound
Our bound (with t = 2) has the optimal slope at & = 1/2 and
approaches 1 — h(«) from above

For balanced boolean functions || T, f||3 = (1 — 2a)? for
dictatorship and || Tof |3 < (1 — 2a)?(1 — cp.q) otherwise
For « close enough to 1/2 our bound is less than 1 — h(«) for any

function that is not dictatorship

Corollary

For all (1 — 2-(M2)) <o < % and all balanced functions
f:{0,1}" — {-1,1}

I(F(X);Y) <1—h(a) (%)

It is now known that (*) holds for all boolean functions and
2(1-0) <a <3 (5> 0andindep. of n) [Samorodnitsky'15]
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Our bound is based on bounding || T, |2 for all k =1,2,...

In particular, we upper bounded

2k, a) & Tof
p(2k; @) Sl,J,pf:{o,l]T —{— 11}|| l2x

To prove the conjecture using this approach, we must show that
p(2k,a) = (1 —2a)%k

In other words, that for any k dictatorship maximizes || T, f |2«
provided that n is large enough

It is easy to verify that for fixed n and k — oo we can find g (e.g.,
majority) with || Togll2x > (1 — 2a)%k

Less plausible to believe that p(2k, a) = (1 — 2a)?* for all k...
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Summary

(]

We have studied the most informative boolean function
conjecture

(]

Derived a new upper bound on /(f(X);Y)) for balanced f

Bound becomes tight as channel becomes noisier

(]

Main ingredient was to bound high moments of T,f

This was done by

o Markov operator for degraded channels
@ hypercontractivity
@ maximal correlation
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