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THE BINARY ADDER CHANNEL
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R <1
Ry <1
Ri+Ry <15
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THE BINARY ADDER CHANNEL

My e [20f0] 0 Xy e {0,1}
X1+ Xz €{0,1,2}

My e 2] Xy €01}

@ Codebook€;,Cy C {0,1}™ with |C;| = 2" and|Cy| = 2772
@ Error & c¢; +co =cj +chforey, e} €Cy, ca,ch €Co

Zero-Error Capacity Region

@ No errors allowed (no collisions)

@ All sums are different

o Capacity region unknown

@ Large gap between best inner and outer bounds
@ Inthistalk: Outer bound improved
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BACKGROUND & M OTIVATION

Theoremweldon 78

Let (C1,C2) be a pair of zero-error codebooks for the BAC with cardi-
nalities (2711, 272 |f C; shatters a set of coordinat&swith cardi-
nality |S| = na, then

Ry < (1 —a)log3
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@ Special case: If; is systemati¢e.qg., linear) it shatters a s&tof
cardinalitynR;. Thus in this cas&s < (1 — R;)log3

@ Weldon stopped here, but what can be said in general?
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VC Dimension[Vapnik-Chervonenkis 1971

TheVC dimensiorof a codeboolC C {0,1}" is the cardinality of the
largest set shattered loy

Lemmaj[Sauer-Perles-Shelah 19[72
If the VC dimension of is d, then

|C|<Z<> ~ 2mh ()

o Remark: The Lemma is tight for a Hamming Ball of radilis

@ h(p) = —plogp — (1 —p)log (1 —p)

Corollary

If [C| = 2"(F*+e) then there is a shattered sewith |S| > nh~'(R).
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BACKGROUND & M OTIVATION

@ Plugging this into Weldon’s theorem gives

Corollary
If (R1, R2) is achievable then

Ry < (1—h"!(R1))log3

@ Unfortunately, for anyR; € [0, 1]

Ry +(1—h " (Ry))log3 > 15

o Weaknesses:

o We assumed only ong-complement for each, € Cs
Weak lower bound o## of S-complement pairs2(*/2)

o We disregarded the sumset structure outside
Weak upper bound o of S-complement pairs¥{*®!)
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HIGHER ORDER VC DIMENSION

k-shattering

S C [n] isk-shattered bg C {0,1}",if C(S) contains alR!S! possible
vectors, each with multiplicity at least

¢ = {101100,011101,100110,000111} , S = {2} 1-shattered

kth-order VC dimension

The kth-orderVC dimensiorof a codeboolC C {0,1}" is the cardi-
nality of the largest subsétshattered by’

4
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HIGHER ORDER VC DIMENSION

Lemma (“soft” Sauer-Perles-Shelah lemma)
If the kth-order VC dimension of C {0,1}" isd — 1, then

c| g;(?%(:) Z (<';/‘})

t=t*4+1 \c

1)
wheret* is the smallest integersatisfying (’t’__j) > k if such an inte-

ger exists, and* = n otherwise.

v
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HIGHER ORDER VC DIMENSION

Lemma (“soft” Sauer-Perles-Shelah lemma)
If the kth-order VC dimension of C {0,1}" isd — 1, then

€l < Z () () Z (p

2
>

wheret* is the smallest integersatisfying(’z__j) k if such an inte-

ger exists, and* = n otherwise.

e O(n/d)-tight for a Hamming Ball of radius*
Corollary

If |C| = 27(F+e) then for any0 < a < h~'(R) there existsS with
|S| > na that is2"?-shattered by, where

ﬁ:(l_a).h<W)

l—«o
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OO*****
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NUMBER OF S-COMPLEMENT PAIRS

o We get{CLZ’,Cg,i}?: with |Cl,i| = onB and|C27i| ~~ 2n(R2—a) for
everyi
@ Induces a zero-error scheme for BAC with common message

My e 2] ——— X1 €{0,1}
]\[O c [2777“[)} Xl + X2 S {07 17 2}

e ) —3 X, S0

@ SendC; ng, (M1) andCa ar, (M2)
) =« rn =2 r9 = Ro — «
@ Foreachc;; € C14,c2,; € Ca; We have
(c15+c2:)(S)=(1,...,1)

@ Thena coordinates ir5 can be discarded!
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o We get{Cy ;,Co,;}2", with |C; ;| = 27 and|Cy ;| ~ 27(F2=2) for

everyi

@ Induces a zero-error scheme for BAC with common message

M, € [271] —— X € {0,1}

*\[(J c {2”7’0} < >@—) Xl + X2 S {0, 17 2}

M, € [272] —— 3 X, € {0,1}

@ SendCy ng, (M1) andCs ar, (M2)

a I5; Ry — «

rog = T = 9 =
l—«o l—«o

@ Foreachc;; € Ci;4,c2; € Ca; We have
(c1i+c2:)(S) =(1,...,1)
@ Thena coordinates ir can be discarded!

1l -«

10/16



THE BAC WITH A COMMON MESSAGE

A reduction lemma

If (Ry,R2) are in the BAC zero-error capacity region, then for any
0<a<h Y(R)

« Ba, Ry) Ry — o
) r = ) ro =
11—« 11—«

1—«a

is in the zero-error capacity region of the BAC with commorssage.
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THE BAC WITH A COMMON MESSAGE

A reduction lemma

If (Ry,R2) are in the BAC zero-error capacity region, then for any
0<a<h Y(R)

o« _ Bla, Ry) _ Ro+ B(a, Ry)
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is in the zero-error capacity region of the BAC with commorssage.
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@ New goal: Upper bound-s, under the above constraints an 1
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0<a<h Y(R)

o« _ Bla, Ry) _ Ro+ B(a, Ry)
rn=——, r=——=-, Ig=————"

l—«o 11—«

is in the zero-error capacity region of the BAC with commorssage.

Ry < (1 —a)log3 — B(a, Ry)

@ New goal: Upper bound-s, under the above constraints an 1
o Trivial bound:ry. < log3
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THE BAC WITH A COMMON MESSAGE

A reduction lemma

If (Ry,R2) are in the BAC zero-error capacity region, then for any
0<a<h Y(R)

o« _ Bla, Ry) _ Ro+ B(a, Ry)
rn=——, r=——=-, Ig=————"

l—«o 11—«

is in the zero-error capacity region of the BAC with common message.

Ry <(1=a)rs = (o, Ra)

@ New goal: Upper bound-s, under the above constraints an 1
o Trivial bound:ry. < log3
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THE BINARY ADDERWITH A COMMON MESSAGE

Theorenmslepian-Wolf 1978 [Willems 198

The Shannon capacity region of the BAC with a common messs

the closure of the union of all rate triplets satisfying

X1|0)
Xo|U)
X1+ X5|U)
X1+ Xo)

rm < H

ro < H

r+ro < H
re=ro+r1+ry < H

\U
\U

A~~~ I/~ N

for somePy Px, v Px, v, Where|U| < 4.

Je,
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THE BINARY ADDERWITH A COMMON MESSAGE

Theorenmslepian-Wolf 1978 [Willems 198

The Shannon capacity region of the BAC with a common message,
the closure of the union of all rate triplets satisfying

r1 < H(X1|U)
ro < HEGGS1U)
r1+ro < H(Xy + X2|U)
re=10+7r +re < HX; + Xo)

for somePy Px, v Px, v, Where|U| < 3.

o Still difficult - 7 parameters to optimize...
o Need to upper bound(rg, 1) analytically!
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THE BINARY ADDERWITH A COMMON MESSAGE

Lemma (Sum-Rate Bound)

If (ro,71,72) is achievable then there is some= [0, 3] s.t.

rs <  max min (L(p), J(h~1(r),m) + )
where

2h (3 (1-vT=20)) —n n=px*p

T(pm) €1 2n (4 (1 - \}—:’2—(_1;—*';)))

S 2
1 (1 _ (117772(5:5)) ) n<pxp

13/16



THE BINARY ADDERWITH A COMMON MESSAGE
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TYING THE LOOSEENDS

Theorem (Outer bound for the Zero-error Capacity Region)
Let

re(rg,m1) 2 max  min{L(n), J(h (r),n) + o}

h=1(r1)<n<y

Then any zero-error achievable rate fd , R2) satisfies

Rp< _ min  (1-a) <7~E (% F(Rl,a)> - I‘(Rl,a))

0<a<h~1(R; -«

where

T'(Ry,0) 2 h (W)

1l -«
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TYING THE LOOSEENDS

1.005 8
1 -
" 0.995 8
0.99 8
Best inner bound
Shannon capacity region
0.985 | Urbanke and Li UB
New UB
0.98 L L L L L L L L

0.48 0485 049 049 05 0505 051 0.515 0.52

R,
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SUMMARY AND DISCUSSION

@ New outer bound on BAC zero-error capacity region
o We introduced the notion dfth order VC-dimension and proved
an analog of Sauer’'s Lemma

@ Our bounding technique combined this combinatorial notidth
network information theoretic arguments

@ Weaknesses of our bound
@ The lower bound ot of S-complement pairs is valid for any pair
(C1,Cs) (not just zero-error pairs)
@ We lower bounded the number Sfcomplement pairs foany
k-shattered set ifi;, but there arenany such sets

@ Our technigue may be applicable to other zero-error problem
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