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Summary

•Our new Communication-Avoiding Parallel Strassen (CAPS) algorithm is
communication optimal [1]
– matches the communication lower bounds [3]
– moves asymptotically less data than all existing algorithms
•Our implementation is faster in practice [5]

– than any classical algorithm can be
– than any Strassen-based algorithm we are aware of
– on multiple supercomputers and on a projected exascale machine
•We use a performance model to identify possible improvements
•Diagonal scaling can be used to improve Strassen’s stability

CAPS Algorithm

• Key parallelization decision is to choose how to compute 7 subproblems
– breadth first search (BFS) ordering or depth first search (DFS) ordering
• Independent decision can be made at each level of recursion tree

A BFS level of the recursion tree A DFS level of the recursion tree

Comparison to Previous Strassen Approaches

Asymptotic Analysis
Theoretical asymptotic performance of CAPS and previous Strassen ap-
proaches compared with the lower bounds
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n = Matrix dimension P = Number of processors
M = Local memory size ω = log2 7 ≈ 2.81

` = Number of Strassen steps taken

Performance Comparison
Measured performance for a fixed problem size (n = 21952) and number of
processors (P = 49) on Intrepid, varying the number of Strassen steps taken

0.2

0.4

0.6

0.8

1.0

1.2

2
D

-S
tr

S
tr

-2
D

2
D

-S
tr

S
tr

-2
D

C
A

P
S

2
D

-S
tr

S
tr

-2
D

C
A

P
S

2
D

-S
tr

S
tr

-2
D

C
A

P
S

2
D

-S
tr

S
tr

-2
D

C
A

P
S

2
D

-S
tr

S
tr

-2
D

C
A

P
S

2
D

-S
tr

S
tr

-2
D

P
e
rf

o
rm

a
n
c
e
, 
F

ra
c
ti
o

n
 o

f 
P

e
a

k

Number of Strassen Steps
0 1 2 3 4 5 6

Effective Performance
Actual Performance

Strong Scaling Results

Strong scaling results for large and small problems on three machines
• Left column: effective performance on large matrices

– Effective performance is measured as

Effective flop/s =
2n3

Execution time in seconds
•Right column: execution time on small matrices
• Legend:

CAPS

2.5D-Strassen
2D-Strassen

Strassen-2D

2.5D

2D

Hopper (Cray XE6)
NERSC machine with nodes consisting of 4 NUMA regions each with 6 cores
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Strong-Scaling Range

n = 131712
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n = 4704

Intrepid (IBM BG/P)
ALCF machine with nodes consisting of 4 cores

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

5e2 1e3 5e3 1e4 5e4

E
ff

e
c
ti
v
e

 P
e

rf
o

rm
a

n
c
e

, 
F

ra
c
ti
o

n
 o

f 
P

e
a

k

Number of Cores

Strong-Scaling Range

n = 65856
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Franklin (Cray XT4)
NERSC machine with nodes consisting of 4 cores (retired)

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

2e2 5e2 1e3 2e3 5e3 1e4 2e4

E
ff

e
c
ti
v
e

 P
e

rf
o

rm
a

n
c
e

, 
F

ra
c
ti
o

n
 o

f 
P

e
a

k

Number of Cores

Strong-Scaling Range

n = 94080
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Exascale Predictions

Given projected parameters for an exascale machine, our model predicts the
following speedups relative to classical algorithms
• Left: speedup relative to 2D classical algorithm [8]
•Right: speedup relative to 2.5D classical algorithm [7]
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Performance Model

Performance model based on network parameters α and β and a sequential
model which is based on measured GEMM and AXPY performance
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Theoretical Strong Scaling Range

Theoretical strong scaling ranges are

Pmin ≤ P ≤ P
ω0/2
min for CAPS

Pmin ≤ P ≤ P
3/2
min for 2.5D

where Pmin ≈ 3n2

M , the minimum num-
ber of processors required to store the
problem [2]
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Diagonal Scaling for Stability

While Strassen does not have the same stability guarantees as classical ma-
trix multiplication, we can choose diagonal matrices D, DA, DB and compute

DACDB = (DAAD) · (D−1BDB)

and obtain tighter error bounds

Hierarchy of bounds with scaling techniques

|Cij − Ĉij| ≤ O(ε)f (n) · . . .

Classical:
(|A|·|B|)ij

Outside-Inside:
‖A(i,:)‖‖B(:,j)‖‖|DAA|·|BDB |‖

Inside-Outside:
‖(AD)(i,:)‖‖(D−1B)(:,j)‖

Outside:
‖A(i,:)‖‖B(:,j)‖

Inside:
‖|A|·|B|‖

No Scaling:
‖A‖‖B‖

X → Y means that bound X is stronger than bound Y

Example of well-scaled matrix:
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Example of poorly-scaled matrix:
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