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!$.*24¡L&�&���J*-����,8f�72+!$.*�T8��O-F212I@52I< H*<�@ ��� ` � � <KE.*298�(� "&�J�#���HI#F "��.� �-G ~J���&�6T�*���G�% "&E�C(��
��2+#7�";M0I "#$�% "��&,21-D@L��(�!7 "��2N{TJ	���*2+�C!$�% "&l�5(����	2+#7�";�)1���*-$!$#F "���5!�-D<
KE.*27¡L&�&���J*-F���,8j "&�H3��#$��!$.�� #$(��*-����jJ���&�6T�*���G�% "&r!$���7272+032+�j���i-�(*)�.iJ�#���HI#F "�7-D@tJ�#��D0T�,8�218i!$.� "!� 9o?-�2+J� "#F "!$�,���
��#F �)+&,2Np7�,-:HI��032+�j;O��#�!$.*2_-�2+!��";l)1���*-�!$#F "���C!�-D<~©5(�#$J�#$�,-$����HI&�63@L-�(*)�.� e-�2+J� "#F "!$�,������#F �)+&,2f)D "�j�	27���GJ�&,2+�72+�5!�218
(*-$����H_ G-�����HI&,2�8�2+�_ "�*8~�5(*2+#$6��akl��!$.e��!�2+�µJ�#$�,)121- � !��G2D �)�.w�";n!$.*2����,8�8�2+#�-�<KE.*2_!$#�2D "!$�72+�C!��"; �  32 � k� �-�-����72+kl.� "!� �8TAB.*�T)7!��~!$.*2GJ�#�����&,2+�  "!�.� "�*8 �a!$.*2_)D �-F27�";�-$(��*-$!$��!$(�!�270I "&�(�A
 "!$�,���*- � <q_42+#�2_k�2_HI��032| w-����72+kl.� "!��7��#�2_H32+�*2+#F "&�;v��#$� �";M!$.��,-����GJ	��#$!F "�C!G���*-�2+#$0I "!$�,����<qf�2+!�(*-
)D "&�&E!$.*2
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;v��&�&,�Dkl����H_)+&% �-�-M�";n&����*2D "#�J�#���HI#F "�7-�obH32+�*2+#F "&���uD218TABkl�����*2+#]Ab8�2+!�2+#$�G���� "!$�,����AB#�2+&% ¨{* "!��,��� ���4m�� d � f8hr-$pF�

Maximize

∑

i∈N,S⊆M

wi xi,S vi(S)

s.t.
∑

i∈N, S|j∈S

xi,S ≤ qj ∀j ∈M

∑

S⊆M

xi,S ≤ di ∀i ∈ N

xi,S ≥ 0 ∀i ∈ N,S ⊆M

KE.*2f)D �-�2Gkl.*2+#�2
wi = 1, di = 1, qj = 1

�®;v��#
2+032+#$6
i, j � �,-:!$.*2_(*-$(� "&>&����*2D "#
#�2+&% ¨{� "!$�,�����";l!$.*27kl�����*2+#8�2+!�2+#$�G���� "!$�,���PJ�#�����&,2+�e< � ��#�2�H32+�*2+#F "&�&�63@

wi
�_ 16z�	2�05�,2+k�218w �-l!$.*2:k/2+��HI.C!4HI��032+�e!��G���,8�8�2+#

i s -lk/2+&h;B "#�2I@ qj�_ 16|�	2�0T�,2+k/218P �-�!$.*2��5(� "�C!$��!?6e�";L(�����!�-��";LH3�T�58
j
@V "�*8

di
�_ 16|�	2�0T�,2+k/218w �-�8�(�J�&��,)+��!b6~�";L!$.*2��C(����	2+#��";

���,8�8�2+#�-M�";x!b6TJ	2
i
<

��� �$���.�/��� yM�56��4m��Nd &����*2D "#�J�#���HI#F "���_ 16_��24-���&�03218f���fJ	��&�65�*���G�% "&	!$���72G�a���
n
@
m
@� "�*8f!$.*2��C(��
��2+#l�";

����!�-��";xJ�#�21)+�,-$�,���
t � (*-$����H_����&�6z8�2+�_ "�*8~�5(*2+#$�,21-lkl��!$.e��!�2+� J�#$�,)121-D<��

� �������=�%�m�=�-���%�	�0
��;�	��
���

KE.*2_�*2N{T!��C(*21-$!$�,����!$.� "!�k�29 �-$���,-
.*�Dk k/2+&�&�)D "�� |)1���GJ�(�!F "!$�,���� "&�&�65Ab2N�_)+�,2+�C!9 "(*)+!$�,����!$.� "!�(*-�21-�����&�6

8�2+�_ "�*89�C(*2+#$�,21-4¢Z«3«V¤$[�
�^ac7¢I`bX>!$.*2M��J�!$���_ "&} "&�&,�5)D "!$�,���V²~K�k��
-�2+J� "#F "!�24���*-$!F �)+&,21-E "#�2��T�*�Dkl���x=?� �  32 � @� �&,�Dk�2+#
�	��(��*8w�";

min(n,m1/2−ε)
@�;v��#� "�56|g�{�218

ε > 0
@VkE �-�-$.*�Dkl�P;v��#�!$.*2� "J�J�#��1{����_ "!$�,���d;B �)+!���#4����!F "���*218�(*-�����H

 "�C6wJ���&�6T�*���G�% "&r "�7��(��C!��";�)1���G��(����,)D "!$�,����<�y�)1���GJ�(�!F "!$�,���� "&>�	��(��*8Pkl��!$.�!$.*2�-Z "�72
0I "&�(*2G "J�J�&��,21-:2+032+�
;v��#G!$.*2~)D �-�2|�";:-$����HI&,2NAB�G���*8�218 ���,8�8�2+#�-D@���(�!7(��*8�2+#_!$.*2w �-�-$(��GJ�!$�,��� �";

NP 6= ZPP
�  I� � <�y4-G�*��!�218����

�  32 � @r!$.*2z)1���GJ�(�!F "!$�,���� "&�&�65Ab2N�_)+�,2+�C!zHI#�21218�6� "&�H3��#$��!$.�� �"; ��� � � )D "����2| �8* "J�!�218±!��P�	21)1���72e wJ���&�6T�*���G�% "&hA
!$���72���!�2+#F "!$��032_ "(*)+!$�,���d!$.� "!� �)�.��,2+0321-
 _�*2D "#$&�6w�_ "!�)�.�����Hw "J�J�#��D{T���_ "!$�,���j;v �)+!���#��";

min(n,O(
√

m))
<�KE.��,-

��!�2+#F "!$��0327 "(*)+!$�,���d�_ 16P�	2
���GJ�&,2+�72+�5!�218ikl��!$.���(��*8�&,2NABJ�#$�,)1278�2+�_ "�*8i�5(*2+#$�,21-���(�!D@� �-4;B "#� �-�k�2G-�212I@	�*��!: �-
���*24kl��!$.|��!�2+�³J�#$�,)121-D<>©5���*)12����e 
-�����HI&,2���(��*8�&,2NABJ�#$�,)12�8�2+�_ "�*8|�C(*2+#$6z "�z2N{�J	���*2+�C!$�% "&}�C(��
��2+#��";'J�#$�,)121-�)D "�
�	2�J�#�21-�2+�C!�218}@�!$.��,-� "&�H3��#$��!$.�� )D "�w.� 1032� "�w2N{�J����*2+�5!$�% "&n)1���G�
(����,)D "!$�,���i)1�I-$!D<l=?�P©T21)+!$�,��� � @Vk/2
8�21-�)+#$���	2
 
8��h�}2+#�2+�C!4��!�2+��ABJ�#$�,)12� "(*)+!$�,���w!$.� "!� �)F.��,2+0321-M!$.*2
-F "�72
 "J�J�#��D{T���_ "!$�,���P;B �)+!���#Mkl��!$.P 7J���&�6T�*���G�% "&'�5(����	2+#4�";
�5(*2+#$�,21-��v "�*8|!$.C(*-MJ���&�6T�*���G�% "&')1���G�
(����,)D "!$�,��� � <
��� �$���.�/��� KE.*2+#�2f2N{��,-$!�-
 ~)1���GJ�(�!F "!$�,���� "&�&�6CAb2N�_)+�,2+�5!7��!�2+#F "!$��032z "(*)+!$�,����kl��!$.���!�2+��ABJ�#$�,)12PU5XNc7¢�SVUd£+R*XN¤N^vXZY
!$.� "!�g*�*8�-: "�� "&�&,�T)D "!$�,����!$.� "!� "J�J�#��D{T���_ "!�21-:!$.*2
��J�!$���_ "&xk/2+&h;B "#�2���2+!?k/212+�j "#$����!$#F "#$6w0� "&�(� "!$�,���*-�!��fkl��!$.����
 
;B �)+!���#M�";

min(n,O(
√

m))
<

¯��*2E�_ D6
!$.*2+�_ "!$!�2+�GJ�!r����!F "��������H�-�(*)�._ "�_ "J�J�#��1{����_ "!$�,���7;B �)+!���#x(*-$����H���!�2+#F "!$��032M "(*)+!$�,���*-L!$.� "!L(*-F2�����&�6
!$.*2�k/2D "�32+#�0� "&�(*2��C(*2+#$�,21-D< _4�Dk�2+032+#D@*k�2�-$.*��k�!$.� "!�!$.��,-��,-l���GJ	�I-�-$����&,2I�
��� �$���.�/��� yM�567��!�2+#F "!$��032: "(*)+!$�,���|!$.� "!E(*-�21-l 
J���&�6T�*���G�% "&r�a���

n
 "�*8

m � �5(����	2+#��"; �¨¢�W­R*X�£+R*XN¤N^vXNY�)D "�z�*��! �)�.��,2+032� "�~ "J�J�#��1{����_ "!$�,���~;B �)+!���#l!$.� "!��,-l�	2+!$!�2+#�!$.� "�
O( m

log m)
<
�

´ ��!�2E.*�Dk�2+032+#r!$.� "!/ "(*)+!$�,���*-Lkl��!$.7����&�6�0� "&�(*2l�5(*2+#$�,21-> "#�2E�*��!r)1���GJ�&,2+!�2+&�6�!$#$��0T�% "&����GJ���k/2+#D�n!$.*2E��(��*8�&�����H
 "(*)+!$�,���*-l�"; ��� 2 � )D "�|2D �-$��&�67�	2M���GJ�&,2+�72+�5!�218|�C6z :J	��&�6T�*���G�% "&}�C(����	2+#��";'0I "&�(*2��C(*2+#$�,21-l "�*8z)D "�e �)�.��,2+032: "�
 "J�J�#��1{����_ "!$�,���|;B �)+!���#��";

O( m√
log m

)
�56f(*-$����H

O(log m)
21�C(��hAb-$��uD218z��(��*8�&,21-�<Lmi2�8����*��!l�5�*��k�.*�Dk�!��G)+&,�I-�2

!$.*27�a!$���C6 � HC "J|�	2+!bk�212+�~!$.��,-M(�J�J�2+#l�	��(��*8~ "�*8e��(�#l&,��k/2+#M�	��(��*8}< G ��HI(�#�2� G-�(��G�_ "#$��uD21-� "&�&}!$.*21-�2�#�21-�(�&�!�-D<
",�$�-�.��59��
 ��
�
 �;�-�-
�!-���Y�-�%
�&'��5

mi2M!$.*2+�f8�2D "&�kl��!$.z :)+#$��!$�,)D "&V�,-�-$(*2�kl��!$.f��(��*8�&,2NABJ�#$�,)124 "(*)+!$�,���*-�!$.� "!/k� �-�-$�,8�2NAb-$!�2+J�J	2187�C67��(�#/�7�58�2+&B@T �-
k/2+&�&� �-��56� "&�&CJ�#�2+0T�,��(*-nk/��#$��-'!$.� "!t(*-�218:��(��*8�&,2NABJ�#$�,)12l "(*)+!$�,���*-D�'.*�Dk± "#�2r!$.*2r��(��*8�&,2/J�#$�,)121-t#�2+J�#�21-�2+�C!�218�² G ��#
��!�2+��ABJ�#$�,)12� "(*)+!$�,���*-�!$.��,-/�,-/�*��!l "�_�,-�-$(*2�-$���*)12� ��5(*2+#$6G�*21218�-E����&�6G!��
-$J	21)+�h;O6_ :-$�_ "&�&��C(��
��2+#D@

m
@T�";�J�#$�,)121-D<

� ÈH½/Ã=Æ/Äg·)´�¾QºwÃ�´�·KÆ�Çg®ª¬�­^¯b»Î·K¯°¾/Çg®°·K¶uË�®°¯°¯A½Q­�ÍVÃ¥Æm·K¯ÏÐ�¶Q·O¬'®ª­O¯b»Î¾QÆ/Æm·OÄÎÇ�­O¶Q´�Çg½)¾Q» º�­^¶uÊmÃ¥¯°®°»?ÇgÃ�´.Á�¾Q¯°¯ÏÐ`¼
� ÈH½/®°»�ËH­O»�­O¯°»Î·'Æ/Äg·�ÍVÃi¶.®°¶�´�ÃwÆmÃw¶Q´/Ãw¶`Çg¯ÏÐ�Ê`ÐuÀ)½�­^½�­^Ä��|·KÊ��i®ª¶/»v¹)®A­^¶�´��D®°º�½�­^Ãw¯SÀ)ºp½Q­OÆQ®ÏÄ�­)¼
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�! "#�������.�/
0&'� ()�/* �$�,��� ��
�! ",�$�����.�/
0&$�
�MXNS�XN¤$¢�W��L[Ic�c�RTS*^v¬�¢I`O^v[�S

min(n,O(m1/2))
��� � �

min(n,m1/2−ε)
�  32 �

�
XNc7¢�S�U��ER*XN¤N^vXZY
min(n,O(m1/2))


��'*
min(n,m1/2−ε)

�  32 �
|�¢�W­R�X��ER*XN¤N^vXZY

O( m√
log m

)
��� 2 � � O( m

log m)

��'*

G ��HI(�#�2� �� M=qwobx�d^�`v)�b{�d�v�tbtb~irV��x�s�v`fixyr/z&�§v�q�fir�~weS��r/~�fiobd|eprmq�x�v){/}�dO{ª�§v�~pd�hke�x�zb�4tTr/{yl�zbr/sDx�v){�{�l4s�v)z�l&�`v){�hbd��QhbdO~px�dOeO�`jmd^s�v�zkj�Qhbd^~ix�dOe&��}=xyfpo�xyfpdOs�tb~ix�q^dOew���bv�zkjY�/d^zbdO~iv�{S�/hkd^~ixydKe'�§q�r/sus�hbzbx�q^v)fpx�r�zT���

=?�7��(��*8�&,2NABJ�#$�,)124 "(*)+!$�,���*-�!$.� "!�-$��!$(� "!$�,���_�,->�7��#�2�8��h�_)+(�&�!�-$���*)12�!$.*2+#�24 "#�2M2N{�J����*2+�5!$�% "&�&�67�_ "�C6G��(��*8�&,21-�!$.� "!
#�21�5(���#�2EJ�#$�,)+����H*<L¯�(�#L�� �-��,)E�7�58�2+&��a&����32� "&�&�J�#�2+0T�,��(*-Lk/��#$��!$.� "!L(*-�218���(��*8�&,2lJ�#$�,)121-D@32I< H*<�@ �   � @3  � @ �N� � @I��HI�*��#�21-!$.��,-��,-�-$(*2I@t "�*8d����&�6w#�21�5(���#�21-�!$.� "!�!$.*2�J�#$�,)121-��	2�8�2+!�2+#$�G���*218}@rY1[�c_XZ�T[ �r@}�56w!$.*2�J�#���!��T)1��&B<�y g*�*2+#:�7�T8�2+&
k/��(�&,8Gg�{� �-$J	21)+�hg�)4Wh¢�S/O�R�¢�OCXx;v��#L8�2+�*��!$����H:��(��*8�&,2EJ�#$�,)121-D@3;O��#�)12�!$.*2EJ�#���!��T)1��&*!���#�2+J�#�21-�2+�C!>!$.*2/��(��*8�&,2NABJ�#$�,)121-
���|!$.��,-l&% "��HI(� "H32I@� "�*8|#�21�C(���#�2:!$.� "!�!$.*2�¤$X?«V¤$XNY1XNS�`B¢3`O^O[�S*Y�[]\:`a��X�QNRTSVU�W,XNª�«�¤Z^v¬FXZYM "&,-��G�	2�J	��&�65�*���G�% "&B<

m�.� "!l)1��(�&,8e-$(*)�.~ 
&% "��HI(� "H32�;v��#l8�2+�*��!$����H7J�#$�,)121-�;v��#M "&�&���(��*8�&,21-�&,�5���f&����32�² G ��#�-$!l�*��!�2�!$.� "!�-$J	21)+�h;O65����H
 �J�#$�,)12P;v��#e2D �)�. ��(��*8�&,2d�,-~21�C(���0I "&,2+�C!e!��±-�J�21)+�h;O65����H� �"¢�W R�¢I`O^v[�S�<µ©T21)1���*8}@� �-|�*��!�218���� �  I  � @M�7�I-$!e�";
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∑

j∈S pj
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·! ×/·OÄ Ã �/­^¬'ÆQ¯°ÃKµ)ºw·O¶Q»Î®ª´/ÃiÄ ­4ÊQ®ª´/´/ÃiÄ¡Ë�®°Çg½�ÍO­O¯°¾QÃw»[·OÁ Å µ ( µ %%Á�·^Ä Çg½QÃ�­^Çg·O¬'®ªº�ÊQ¾/¶�´/¯°Ãw» abcd, ac, b µ)ÄgÃw»ÎÆmÃwºiÇg®°ÍVÃw¯ÏÐ`¼�×Q·^ÄHÇg½Q®°»HÍO­O¯°¾Q­^Çg®°·K¶kµ
v(ac) = 3 µ v(dcb) = 4 Ê/¾/Ç v(abcd) = 5 ¼·v· ÈH½/Ã¥Äg¾Q¶/¶Q®°¶QÂ9Çg®ª¬'Ã�ÄgÃ�­O¯°¯ÏÐD¬'Ãw­O»Î¾/ÄgÃi» ºw·K¬'¬4¾Q¶Q®°º�­�Çg®°·K¶Dºi·K»?Çg»�­O¶Q´D¶Q·^Ç�ºw·K¬'Æ/¾/Ç�­^Çg®°·O¶�­O¯bÄg¾Q¶/¶Q®°¶QÂ9Çg®°¬'ÃK¼
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m
c7¢�¤uO�^aSV¢�W­ª �¨¢IW R*X_£1R�XN¤N^BXZY�� � c7¢�¤uO�^aSV¢�W­ª �¨¢IW R*X_£1R�XN¤N¥w¬�¢IS

Q�X:YZ^ac�R5W�¢I`bX$U|QN¥9` �>[ �"¢�W R*X�£+R*XN¤N^vXZY��
(��/�w�w��� ��� �"¢�W R*Xz£+R*XN¤N¥P¬�¢�S�Q�X_YN^®c�RTWh¢I`bX�UPQN¥

mt
U5XNc7¢�SVUP£+R�X+¤Z^BXZY �	�x��XN¤$X

t = log L
^®Y�`a��XGS*RTc_Q�XN¤z[]\

QN^O`aY�S�X�X$UCX�U|`B[7¤�Xb«V¤�XZYDXNS�`l¢_YZ^aS�O�W,X
QNRTSVU�W,X �¨¢�W­R*X�
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mt + 1
UCXNc7¢�SVUz£+R*XN¤N^vXZY�� � UCXNc7¢�SVU9£+R*XN¤Z¥|¬�¢�S

Q�X:YZ^ac�R5W�¢I`bX$U|QN¥
m + 1

^aSVU�^a¤$X�¬1`OªbR�`O^®W­^O`O¥9£+R*XN¤N^vXZY��
��2+�_ "�*8e�5(*2+#$�,21-�)D "�w "&,-��_-$����(�&% "!�2�#�2+&% "!$��032NAb8�2+�_ "�*8P�5(*2+#$�,21-D�­¶ �

(��/�w�w�'& � ��XNW�¢I`O^ �"XNª]UCXNc7¢�SVU|£+R*XN¤N^vXNY�¬�¢�SjQ�X�YN^®c�RTWh¢I`bX�UzQ+¥f¢:«�[�W­¥"S�[�c�^O¢�W}S�R5c_Q�XN¤�[]\�UCXNc7¢�SVUz£+R*XN¤N^vXNY��
yl)1)1��#�8�����H±!�����(�#e8�2Ng*����!$�,��� �";
#�2+&% "!$��032NAb8�2+�_ "�*8 �C(*2+#$�,21-D@�!$.*2+6 )+&,2D "#$&�6�)D "���*��!e-$����(�&% "!�2d2+032+��0I "&�(*2

�5(*2+#$�,21-D< G ��HI(�#�2 2G-$(��G�_ "#$��uD21-M!$.*2�#�2+&% "!$�,���*-M�	2+!bk�212+�~!$.*21-�2��5(*2+#$6f!?65J	21-D<
·7}$# ·OÇgÃ&Çg½Q­^Ç t (*)�+�,.-0/*1024365876/ ´�Ãw¬�­O¶Q´�º`¾QÃpÄg®ªÃi»9ºw­O¶�Ã�­^»Î®°¯°Ð�»Î®°¬%¾Q¯ª­�ÇgÃ�­uÍK­^¯ª¾/Ã�º`¾QÃiÄÎÐYÊ`ÐY»ÎÃiÇÎÇg®°¶QÂuÇg½QÃ%Æ/Äg®°ºwÃw»9·OÁ�­^¯ª¯�Çg½QÃ'Ê/¾Q¶�´�¯°Ãw»Ã ��ºwÃwÆ�Ç S ¾�Çg½QÃ=ÊQ¾/¶�´�¯ªÃ�Ë�®ÏÇg½DÇg½QÃ¥¾/¶"¹)¶Q·�Ë�¶.ÍK­^¯ª¾/Ã�À¡Çg·&ÊmÃ L µm­^¶�´�ÆmÃiÄÎÁ�·^Äg¬'®ª¶/Â'­%Ê/®ª¶Q­^ÄÎÐ�»ÎÃ�­�Ägºp½u·O¶DÇg½QÃ|Æ/Äg®°ºwÃ=·^Á S ¼· � # ·OÇgÃK±�­^¯ÏÇg½Q·K¾/ÂK½�®°¶.·O¾/Ä ¬'·)´�Ãw¯mÍK­^¯°¾QÃw» ­�ÄgÃ¥®°¶`ÇgÃwÂOÄ�­^¯�µ)Ë[Ã=­O¯°¯°·�Ë�Çg½/Ãnº`¾/ÃiÄÎÐ'Æ/Äg®°ºwÃi»HÇg·4ÊmÃ|­^ÄgÊQ®ÏÇÎÄ�­�ÄÎÐ�ÄgÃw­O¯b¶)¾Q¬%ÊmÃpÄg»wµVÇg½)¾Q»¡Ë[Ã¥¬�­wÐ½�­�ÍVÃ9ÊQ¾/¶�´�¯ªÃi»|Ë�®ÏÇg½�­�ÄgÊQ®ÏÇÎÄ�­^Äg®°¯ÏÐYºw¯°·K»ÎÃ&ÄgÃw¯ª­^Çg®°ÍVÃ%´/Ãw¬�­^¶�´�»w¼ Ò ¶:Çg½Q®°»¥»ÎÃw¶/»ÎÃ4Çg½QÃ4»Î®°¬%¾Q¯ª­�Çg®ª·O¶�­^Êm·�ÍVÃ%®°»=·K¶/¯ÏÐ:¾QÆ:Çg·D­^¶)Ð:ÂO®°ÍVÃw¶ ε ¾�­O¶�´Çg½QÃ¤¶)¾Q¬4ÊmÃiÄ�·OÁVº`¾QÃpÄg®ªÃi»�®°» O(log L + log 1

ε
) Àp¼ ¸ ½QÃi¶DÇg½QÃ=ÄgÃw¯ª­^Çg®°ÍVÃpÕ ´�Ãw¬�­O¶Q´�º`¾QÃiÄÎÐ.Æ/Äg®°ºwÃi»¥­^ÄgÃ9ÂK®°ÍVÃi¶:­O»�Ä�­�Çg®°·K¶�­^¯M¶)¾Q¬4ÊmÃiÄg»wµQÃ �Q­^ºiÇ»Î®°¬%¾/¯y­�Çg®°·K¶D®°»�®°¬'ÆQ¯°®°Ã�´�Ë�½/Ãw¶ log ε ®ª»�¯°®°¶QÃ�­�Ä�®ª¶.Çg½QÃ¥®°¶QÆ/¾/Ç�¯°Ãw¶/ÂOÇg½T¼
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���e)1���������� "!���#$�% "&L "(*)+!$�,���*-
�a!$.*2�obJ�#$���_ "&hp�J�#���HI#F "� � �

Maximize

∑

i∈N,S⊆M

wi xi,S vi(S)

s.t.
∑

i∈N, S|j∈S

xi,S ≤ qj ∀j ∈M

∑

S⊆M

xi,S ≤ di ∀i ∈ N

xi,S ≥ 0 ∀i ∈ N,S ⊆M

´ ��!�24!$.� "!�!$.*2�J�#$���_ "&}J�#���HI#F "��.� �-� "�|2N{�J����*2+�5!$�% "&}�C(��
��2+#M�";t0� "#$�% "��&,21-D< �>2+!D@5k�2�kl��&�&}��2� "��&,2�!���-���&�032
��!:���iJ	��&�6T�*���G�% "&r!$���727(*-$����Hw8�2+�_ "�*8j�5(*2+#$�,21-:!��|!$.*2G���,8�8�2+#�-�<fKE.*2f-���&�(�!$�,���ikl��&�&>.� D032f zJ	��&�6T�*���G�% "&>-$��uD2
-$(�J�J	��#$!��a�*����ABuD2+#��70I "&�(*21-E;v��#

xi,S � @* "�*8|!$.5(*-�k/2:kl��&�&���2: "��&,2�!��_8�21-�)+#$����2:��!l���|J���&�6T�*���G�% "&�!$���72I<_42+#�2��,-l��!�-�8�(� "&B�

Minimize

∑

j∈M

qjpj +
∑

i∈N

diui

s.t. ui +
∑

j∈S

pj ≥ wivi(S) ∀i ∈ N, S ⊆M

pi ≥ 0, uj ≥ 0 ∀i ∈M, j ∈ N

´ ��!$�,)12M!$.� "!/!$.*2�8�(� "&�J�#�����&,2+� .� �-�2N{* �)+!$&�6
n+m
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2D �)F.
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(u, p)
;v��#>!$.*2�8�(� "&VJ�#���HI#F "�e<xmi2M)D "�f#�2NABkl#$��!�2�!$.*2M)1���*-�!$#F "���C!�-

�";x!$.*2�8�(� "&�J�#���HI#F "�  �-D�
ui/wi ≥ vi(S)−

∑

j∈S

pj/wi

´ �Dk  _8�2+�_ "�*8��5(*2+#$6e!��_���,8�8�2+#
i
kl��!$.�J�#$�,)121-

pj/wi
#�2+032D "&,-�2N{* �)+!$&�6e!$.*2�-�2+!

S
!$.� "!��_ ¨{T���G��uD21-4!$.*2id _�©
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(u, p)
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i
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Di
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pj/wi § �v  � )�.*21)F�d����&�6w!$.*2 n
)1���*-$!$#F "���C!�-

ui +
∑

j∈Di
pj ≥

wivi(Di)
�akl.*2+#�2

vi(Di)
)D "�P�	2�-$����(�&% "!�218�(*-�����H~ _J	��&�6T�*���G�% "&r-�21�C(*2+�*)12��";E8�2+�_ "�*8d�C(*2+#$�,21-: �-�-$.*��kl�d���

f�2+�G�_ e  � <G=b;/�*���*2_�";�!$.*21-�2��,-:05�,��&% "!�218d!$.*2+�dk�2_ "#�2_ �-�-�(�#�218�!$.� "! (u, p)
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