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1. INTRODUCTION

In this paper we study the problem of efficient production and allocation of indivisible
objects among a set of consumers. We assume that the agents’ preferences depend on the
bundle of objects and the quantity of money they consume. Furthermore, we assume that
preferences are quasilinear in money, and that agents have a large endowment of money.

With indivisibilities, it is well-known that many familiar properties of the utility
functions fail to ensure existence. In their striking analysis of the matching problem, Kelso
and Crawford [5] introduce the gross substitutes (GS) condition which ensures the non-
emptiness of the core. We propose two new conditions, and show that with quasilinearity
they are equivalent to the (GS) condition of Kelso and Crawford. The simplest example of
(GS) preferences are unit demand preferences. A unit demand preference is such that the
agent can enjoy at most one object. We prove that the set of (GS) preferences is the largest
set containing unit demand preferences for which an existence theorem can be established.
Thus, we prove a “converse” to Kelso and Crawford’s existence result; in a sense, the (GS)
condition is necessary to ensure existence of a Walrasian equilibrium.

With quasilinear preferences, there is a representative consumer whose demand func-
tion coincides with society’s aggregate demand. When the (GS) condition is satisfied, the
smallest Walrasian price and the largest Walrasian price of each object can be interpreted
as shadow prices. The largest Walrasian price of any object o represents the decrease in
total utility of an efficient allocation that would result if this object were removed from
the aggregate endowment. Similarly, the smallest Walrasian price represents the amount
of increase associated with an efficient allocation if a second copy (i.e. a perfect substitute)
of this object were added to the economy. Consequently, we show that the representative
consumer’s utility function satisfies submodularity whenever the utility functions of the
individual agents satisfy the (GS) condition.

In Section 5 we compare Walrasian prices with Vickrey-Clarke-Groves payments.
We prove that for any profile of preferences, the equilibrium payment of any agent in the
VCG mechanism is less than or equal to the value of the allocation he receives at the
smallest Walrasian prices. Therefore, the total revenue raised by the VCG mechanism
is less than or equal to the value of the aggregate endowment at the smallest Walrasian
prices. We show that these inequalities may be strict. However, the two inequalities are
in fact equalities if the initial economy satisfies the (GS) condition and is replicated m + 1
times (where m is the number of objects in the initial economy).

In Section 6 we generalize the model to include production.

Kelso and Crawford’s analysis of the core of a matching problem plays a central role
in our work. Their framework is more general than ours. In particular, they do not impose
quasilinearity. We rely on their paper for existence of a competitive equilibrium and utilize
quasilinearity to prove additional results. We compare our results to theirs throughout the
paper.

A different approach to the existence problem is provided in Bikhchandani and
Mamer [2]. They construct a related economy with quasilinear preferences without indi-
visibilities. The total surplus attainable in this economy is no less than the total surplus
attainable in the economy with indivisibilities. Their main theorem proves that equilib-
rium in the economy with indivisibilites exists if and only if the maximal attainable surplus
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is equal to the maximal attainable surplus in the corresponding economy with no indivis-
ibilities. They use this result to identify various sufficient conditions for existence with
indivisibilities. The necessary and sufficient condition for their main theorem described
above suggests the following alternative approach for proving existence of Walrasian equi-
librium. One could verify directly that an economy satisfying the (GS) condition and its
divisible analog defined in Bickhchandani and Mamer [2] yield the same surplus.

2. PREFERENCES

In this section we study properties of the consumers’ preferences. We confine attention to
preferences that are quasilinear in money (that is, to additively separable utility functions),
and study conditions on the preferences over bundles of objects. Q = {w1,...,w,} is the
set of objects in the economy. A bundle is any subset B of 2; the set of all bundles is

2 .= {B| B cCQ}.

A price vector p € Rl" includes a price for each object in .

DEFINITION: A map u : 22 — R is called a utility function on Q. A utility function
assigns a value to each bundle of 2. With each utility function u we associate the net
utility function v : 22 x R — R, which is defined by

v(A,p) :=u(A) — < p,A>, where <p A>:= Zpa
acA

(and by convention, < p,{) > :=0).

DEFINITION: A utility function v : 22 — R
(i) is monotone if for all A C B C Q, u(A) < u(B).
(i) is submodular if for all A, B C £,

u(A) +u(B) > u(AUB) +u(AN B).
(iii) has decreasing marginal returns if for all A C B C Q and a € A,

u(B) —u(B\{a}) < u(A) — u(A\{a}).

If (@) = 0 and w is monotone, then u(A) > 0 for all A C Q. In what follows,
without loss of generality, we normalize every utility function u so that u(0)) = 0.

Conditions (i) — (iii), as well as the equivalence of conditions (ii) and (iii), are well
known in the literature. Likewise, one can establish the equivalence between supermod-
ularity (or convexity), which is obtained by reversing the inequality in the definition of
submodularity, and increasing marginal returns (which is obtained by reversing the in-
equality in the definition of decreasing marginal returns).
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LEMMA 1: w is submodular iff u has decreasing marginal returns.
The proof of this lemma can be found, for example, in Moulin [10].

DEFINITION: For any utility function u : 2% — R, its demand correspondence D :
R — 29 is defined by

D(p) ={ACQ|v(A,p) >v(B,p)forall BCQ}, peRT.

DEFINITION: Let A, B, and C be any three bundles. Then #(A) denotes the
number of elements in A,

AA B :=[A\B]U[B\A]

is the symmetric difference between A and B, #(A A B) is the Hausdorff distance between
A and B, and
[A,B,C] = (A\B)UC.

If B is a singleton {b}, we write [A,b,C]| instead of [A,{b},C] (and similarly if C' is a
singleton).

It is easy to see that for any utility function v : 2% — R, its demand correspondence
D : R} — Q is upper semicontinuous when 2 is endowed with the Hausdorff metric).
That is, if {px} is a sequence of price vectors converging to p and A € D(py) for all k, then
A€ D(p).

The following definition presents four closely related properties for a utility function:
(GS), (SI), (NC), and (SNC). The first was originally introduced by Kelso and Crawford
[5]; the other three are new.

DEFINITION: A utility function u : 2% — R

(i) satisfies the gross substitutes condition (GS) if for any two price vectors p and ¢ such
that ¢ > p, and any A € D(p), there exists B € D(q) such that {a € A|p, = ¢, } C
B.

(ii) has the single improvement property (SI) if for any price vector p and bundle A ¢
D(p), there exists a bundle B such that v(A,p) < v(B,p), #(A\B) < 1, and
#(B\A) < 1.

(iii) has no complementarities (NC) if for each price vector p, and all bundles A, B € D(p)
and X C A, there exists a bundle Y C B such that [4, X, Y] € D(p).

(iv) satisfies the strong no complementarities condition (SNC) if for all A, B C  and
X C A, there exists Y C B such that

u(A) +u(B) <u([4, X,Y]) +u([B, X,Y]).

REMARK: To check whether u has no complementarities, it is enough to consider
the cases in which X C A\B. And for these cases, we only need to search among bundles
Y C B\A.

Suppose an agent with utility function u wants to consume a bundle A at prices p.
Condition (GS) states that if the prices were increased from p to ¢, then the agent would
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still want to consume the objects in A whose prices did not increase. That is, at ¢ there
is an optimal bundle B that includes all those objects (and possibly others). Condition
(SI) states that any suboptimal bundle A at prices p can be strictly improved by either
removing an object from it, or adding an object to it, or doing both. Suppose A and B are
two optimal bundles at prices p, and an arbitrary part X is removed from A. Condition
(NC) says that a new optimal bundle can be constructed with the objects that are left
and a part Y of the bundle B. Finally, condition (SNC) has the following interpretation.
Suppose that two identical agents have utility function u, and are endowed with bundles
A and B respectively (not necessarily disjoint). Suppose agent 1 hands agent 2 a subset
X of her endowment. If u has no complementarities, agent 2 should be able to return to
agent 1 a subset Y of his initial endowment, so that their total utility after the swap is
preserved or increased.

The following piece of notation is used throughout the paper. In particular, it is
used in the Appendix, where we present the proof of Theorem 1 divided into Lemmas 2 —
4, and in Section 4.

NoTaTION: If A is a bundle, e 6 R™ denotes its characteristic vector, whose
coordinates are e2 = 1 for a E A, and e = 0 otherwise. If A is a singleton {a}, we
sometimes write e® instead of e?

THEOREM 1: If u is monotone, then (GS), (SI), and (NC) are equivalent.

It is easy to verify that (SNC) implies (NC), and therefore, by Theorem 1, (GS)
and (SI) as well. While (SNC) is a stronger condition, it has the advantage of being stated
directly in terms of the utility function rather than the demand correspondence. Kelso
and Crawford [5] use (GS) to prove their main results. However, (SI) turns out to be more
appropriate for our analysis (i.e., in establishing that the set of Walrasian equilibrium
prices is a lattice).

LEMMA 5: If u is monotone and satisfies (GS), then u and v(-,p) are submodular
for any price vector p.

PrOOF: We first show that u is submodular. By Lemma 1, it is enough to show
that u has decreasing marginal returns. Let o € A C B C (). Define the price vector p as
follows: p, = 0 for all a € B and p, = M > u(Q2) otherwise. By monotonicity, B € D(p).
For each € > 0, let ¢(¢) := p + ee®, and define

€:=max{e|B € D(q

)}

(€
Since D is upper semicontinuous, B € D(q(€)). By (G ) for each € > 0, there exists
C € D(q(e)) such that C' D B\{a} Since for each € > €, B ¢ D(q(¢€)), we must have that
B\{a} € D(q(¢)). Again by Lemma 1, B\{a} € D(q(€)). Therefore

u(B) —€=v(B,q(€)) = v(B\{a},q(€)) = u(B\{a}). (1)

Now, define the price vector r as follows: r, := €, r, := 0 for all « € A\{a}, and
rqe := M for all a ¢ A. Clearly, if X is any bundle such that X ¢ A, then X ¢ D(r). Since
A={a€ B|r,=q.(€)}, (GS) implies that A € D(r). Therefore

w(d) —e=v(A,r) > v(A\{a},r) = u(A\{a}). (2)
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Equations (1) and (2) imply that
u(B) —u(B\{a}) =€ < u(A) —u(A\{a}).

Hence, u has decreasing marginal returns. Finally, v(-,p) is submodular because it is the
sum of two submodular functions. |

Kelso and Crawford [5] provide an example showing that submodularity and mono-
tonicity do not imply the (GS) condition. Thus, the converse of Lemma 5 is false.

DEFINITION: A utility function w represents a unit demand preference if u() = 0
and for each nonempty bundle A,

u(A) = max u({a}).

A unit demand utility function u is completely specified by the values it assigns to
singletons and the empty set, and we will sometimes abuse notation and write u(a) instead
of u({a}), for a € Q. Every unit demand utility function satisfies the (SNC) condition.

Koopmans and Beckmann [6] study exchange economies where all consumers have
unit demand preferences. They show that the Walrasian equilibrium problem is equivalent
to the standard (linear programming) assignment problem, and that Walrasian prices
coincide with its dual variables. They note that the dual problem always has a solution, and
thus establish the existence of Walrasian prices. In the same setting, Leonard [8] shows that
Walrasian prices can be interpreted as marginal values of the (society’s) surplus function,
and discusses the incentive compatibility of a generalization of the Vickrey auction (see
Section 5 below).

Two other classes of functions that satisfy the (GS) condition are the set of additively
separable utility functions and the set of additively concave functions. An additively
separable utility function w is also completely specified by the values it assigns to singletons.
Its value for any bundle A is given by

u(A) =) u({a}).

acA

An additively concave utility function partitions {2 into sets of “homogeneous” goods.
Suppose that there are only two distinct objects a and 3, and that 2 contains several
units of each: Q ={ay,...,a,,01,...,0s}. Let N denote the set of nonnegative integers.
Assume that there are two increasing functions uq, ug : N — R such that u(A) = us(x) +
ug(y) whenever A contains x units of o and y units of 8. If u, and ug are “concave” (that
is, have decreasing marginal returns), then u satisfies the (SNC) condition. Conversely, if
u satisfies the (GS) condition, u, and ug must be concave.

Bevia, Quinzii and Silva [1] have introduced a class of preferences that can be
represented by utility functions u satisfying the property

u(d)=> u({a}) —c(#(4) AcCQ,

acA



where ¢ : N — R. Any such a utility function satisfies the (GS) condition if ¢ is “convex”
(that is, has increasing marginal returns).

In addition to these classes of (GS) preferences, there are two operations that allow
us to derive new (GS) preferences from other known (GS) preferences. Suppose that u;
and us are two (GS) functions on  and that there are two bundles A; and As such
that A1 N Ay = 0 and u;(A;) = w; (), ¢ = 1,2. Then, the utility function u, defined by
u(B) = u1(B) + uz(B) for each B C (Q, satisfies the (GS) condition. For any k < m, the
k-satiation of any utility function u is the utility function 4 defined by

u(A) =max u;(B)
st. BCA and #(B)<k.

If u is additively separable or additively concave, 4 satisfies the (GS) condition. The k-
satiation of an additively separable utility function results in a natural extension of a unit
demand preference.

3. WALRASIAN EQUILIBRIA

The economy E = (Q;uq,...,u,) consists of the finite collection of objects 2, and the
set of consumers N := {1,...,n}. Each consumer i has a quasilinear utility function
U; : 2% x R — R; for each bundle A C Q and money amount t+ € R (she has for
consumption of other goods), U;(A,t) = u;(A) + t, where u; : 2 — R. Without loss of
generality, we normalize so that u;()) = 0, and assume that each consumer i is endowed
with a sufficient amount of money M; > u;(£2). We denote by v; consumer i’s corresponding
net utility function. We also assume the economy has free disposal, and let Ny := N U{0}.
Note that our description of the economy does not make any reference to endow-
ments. Due to quasilinearity and our assumption that each agent is endowed with a large
amount of money, the set of Walrasian equilibrium allocations of objects and the associated
prices, as well as the set of efficient allocations of objects, are independent of the initial
endowments of objects. Thus, we choose to ignore the initial endowment and characterize
efficiency only in terms of the allocation of objects. Walrasian equilibria are fully described
by the allocation of objects, the prices of the goods and the implied transfers of money.

DEFINITION: X = (X),...,X,,) is a partition (or allocation) of Q if (1) X;NX,; =0
for all i # j; and (2) U;_, X; = Q. The possibility that X; = () for some ¢ is allowed. For
1 € N, X, represents consumer ¢’s consumption bundle, and X, represents the collection
of objects that are not consumed by anyone.

DEFINITION: The tuple (Xo,..., Xn;t1,...,t,), where (X;,t;) represents the bun-
dle and money amount consumed by i, is an outcome for the economy if it satisfies the
feasibility constraints: (1) > .. nti = > ;en Mi; and (2) (Xo,...,X,,) is a partition of Q
(since each object w € Q can be consumed by at most one consumer).

DEFINITION: A Walrasian Equilibrium for the economy F = (Q;uq,...,u,) is a
tuple (p,X), where p € R is a price vector, and X = (Xo,...,X,,) is a partition of Q
such that (1) < p, Xo > = 0, and (2) for each i € N, v;(X;,p) > v;(A,p) for all bundle
A C Q.



Let (p, X) be a Walrasian equilibrium. Since < p, Xo > = 0, p, = 0 for each a € X,
and if u; is monotone, v (X7 U Xo, p) > v1(X1,p). That is, at prices p, X7 U Xy is also an
optimal bundle for consumer 1. Thus, (p, X), where X, = 0, X; = X; U X,, and Xj =X
for each j > 2, is also a Walrasian equilibrium. Therefore, without loss of generality, we
will sometimes assume that the Walrasian equilibria (p, X) we choose satisfy the additional
requirement that Xy = 0.

Existence of a Walrasian equilibrium in our model is implied by Theorem 3 in Kelso
and Crawford [5], that guarantees the existence of strict core allocations. We restate in

our notation the definition of a strict core allocation.

DEFINITION: (p,X), where p € R’ and X is a partition of €2, is a strict core
allocation if Xy = () and there does not exist an agent 4, a bundle Y;, and a price vector
q > b, such that U’L(}/tMQ) > ’U’L(X“p)

Theorem 3 in Kelso and Crawford [5] shows that if agents’ preferences satisfy the
(GS) and the (MP) condition, then a strict core allocation for E exists. Condition (MP) is
equivalent in our model to the monotonicity of the agents’ utilities. Hence, if each agent’s
utility satisfies (GS), F has a strict core allocation. It is easy to show that (p, X) is a strict
core allocation iff (p, X) is a Walrasian equilibrium with Xy = (). Hence, if all preferences
are monotone and satisfies the (GS) condition, then a Walrasian equilibrium exists.

Theorem 2 below establishes that in a sense (GS) is a “necessary” condition for
existence of Walrasian equilibrium. For any consumer with a monotone utility function
u that fails the (GS) condition, one can find a collection of unit demand consumers such
that the resulting economy has no Walrasian equilibrium. Thus, Theorem 2 shows that
the Kelso and Crawford’s existence theorem is the strongest possible generalization of
Koopmans and Beckmann’s result for unit demand economies. The proof of Theorem 2 is
relegated to the Appendix.

THEOREM 2: Consider a consumer with a utility function uy : 2© _, R that violates
(SI). Then, there exist £ — 1 unit demand consumers with utility functions w;, i = 2,...¥,
such that the economy E = (Q;uq,...,up) does not have a Walrasian equilibrium.

The standard theorems of welfare economics hold for our economy E. However,
for several proofs below we need the following slightly stronger second theorem of welfare
economics.

It is easy to see that an outcome (X,t) is Pareto efficient iff X maximizes total
utility. In several proofs below we use the following lemma.

LEMMA 6: If p is any Walrasian price vector and Y is any efficient allocation, then
(p,Y) is a Walrasian equilibrium.

PROOF: Suppose the allocation X is such that (p, X) is a Walrasian equilibrium.
Then < p, Xo > =0 and v;(X;,p) > v;(Yi,p) for each i € N. And since Y is efficient, we

have
Z%(Yz) —<p,2>=> Zuz(Xz) —<p,l>= Z%’(Xi,p)
iEN ieN ieN
> Z%’(Yz‘,p) = Zuz‘(Yi) —<p, >+ <p Yy >.
iEN iEN



These inequalities imply that < p, Yy > = 0 and v;(Y;,p) = v;(X;, p) for each i € N (that
is, Y; is also an optimal bundle for consumer i at prices p). |

DEFINITION: Let p and ¢ be two price vectors. Their join r = p V ¢ and meet
s = p A q are the price vectors defined by

T :=max{ps, ¢a} and s, :=min{p,,q.} foreach a € Q.

A set of price vectors P is a lattice if for all p,q € P, bothpV g€ P and pAq € P. The
lattice P is complete if for any Q C P, A(Q) € P and \/(Q) € P, where

A, (@) :=inf{q.|qg€ Q} and \/ (Q):=sup{q.|q€Q} foral acQ.

DEFINITION: A price vector p supports a partition X of Q if v;(X;,p) > v;(4,p)
for each bundle A and consumer i. A price vector supports a bundle A if p supports a
partition X of Q such that X, = Q\ A.

Observe that if p supports X, then (p, X) is a Walrasian equilibrium iff < p, Xo >
=0.

The next result, together with Theorems 4 and 5 of Section 4, enables us to interpret
Walrasian prices as shadow prices.

THEOREM 3: Assume u; has the (SI) property for each i € N. Then, the set of
prices that support a partition X of ) is a complete lattice.

PRroOOF: Let P denote the set of all prices that support X. If P is empty, we are
done. Otherwise, let p,q € P and r := p A ¢, and assume that r does not support the
partition X. Then there exists i € N and bundle Z such that v;(X;,r) < v;(Z,r). By (SI),
we can assume that Z = [X;, A, B], where A C X;, BN X; = (), A is either empty or a
singleton {a}, and B is either empty or a singleton {b}. The inequality v;(X;,r) < v;(Z,r)
is equivalent to

w(Z)—ui(X;) > <rZ>—-<rX;,> = <r,B>—<r,/A>. (%)

f<rA>=<pA> < <qgA>and <r,B>=<p,B> < <gq,B >, the above
inequality implies that v;(Z,p) > v;(X;,p), contradicting the fact that p supports X.
Similarly, if <p,A> > <qA>=<r,A>and <p,B> > <q,B>=<rB >,
vi(Z,q) > v;(X;,q), another contradiction. Therefore, both A and B are nonempty and
either [r, = pa < qo and 7, = qp < Pp| OF [ra = Ga < pq and 1, = pp < qp]. Assume the
former. Then

<rnB>—-<rA> = q—pa > @ — qa,

and (x) above implies that v;(Z, q¢) > v;(X;, q), a contradiction. By symmetry, if we assume
the latter, we obtain v;(Z,p) > v;(X;,p), another contradiction. Therefore r = p A ¢
supports X.

The proof that p V ¢ also supports X follows a similar argument, and is omitted.
Hence P is a lattice.



For each a € €2, the projection function ¢(p) := p,, p € R'", is continuous. There-
fore, to prove that P is complete, it is enough to show that P is closed. But p € P iff it
satisfies the linear constraints

<p,X;i>—<p,A> < ui(X;) —ui(A) forall i€ N and A C.

That is, P is a closed simplex in R7". |

COROLLARY 1: Suppose u; has the (SI) property for each i € N. Then, the set P
of Walrasian equilibrium prices is a complete lattice.

PROOF: By Kelso and Crawford [5], P is nonempty. Suppose p,q € P and X is
an efficient allocation. Then, by Lemma 6, (p, X) and (g, X) are Walrasian equilibria, and
both p and ¢ support X. By the previous Theorem, pV q and p A g also support X. Since
<p,Xg>=<¢q,Xg>=0, we have that < pV q,Xg > = <pAq,Xog> = 0. Therefore
(pV ¢, X) and (p A ¢, X) are Walrasian equilibria, and P" is a lattice. Finally, for any
efficient partition X, PV is equal to the set of prices p that support X and satisfy the
additional linear constraint < p, Xg > = 0. Therefore, P is a closed simplex, and thus
it is a complete lattice as well. i

DEFINITION: Let p := A(P") and p := \/(P"), where PV is the set of Walrasian
prices for E.

By Corollary 1 and the existence of Walrasian equilibria, p and p exist and are
themselves Walrasian prices. B

With two additional conditions, (NTW) and (NTF), which are “generically” satis-
fied, Kelso and Crawford [5] establish that their discrete salary adjustment process con-
verges to the best discrete core allocation for the agents (see their Theorem 4). In our
context, the best discrete core allocation for the consumers is equivalent to the smallest
Walrasian prices. However, the (NTW) and (NTF) conditions have no counterparts in our
model since we do not consider discretized economies (i.e., a smallest unit of currency).

4. SOCIAL SURPLUS

In this section we establish that society’s largest and smallest marginal valuations of an
object coincide with the object’s largest and smallest Walrasian prices respectively.

It is necessary here to study situations that involve allocations that are infeasible.
That is, we need to allow for allocations X = (Xy,...,X,) C Q™ with bundles that are
not necessarily pairwise disjoint. Alternatively, we can interpret such an allocation as if
society’s endowment has been increased to include several identical copies of some objects.
We also need to study allocations X where |JX; is a strict subset of Q. We view such
cases as if society’s endowment has been reduced to exclude some objects in 2.

Let £2(n) denote the set that contains n identical copies of each object a € €, and let
Z :={0,1,...,n}"™. We endow Z with the standard partial ordering: for w,z € Z, w < z
iff w, < z, for all a € Q. With this partial ordering, Z is a lattice. Each z € Z represents a
bundle in ©(n) which, for each a € 2, contains z, copies of a. We next extend the notion
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of an indicator vector, defined earlier. For any bundle A € Q(n), let e* € Z denote the
indicator vector, whose coordinate e’ is equal to the number of copies of a contained in
A, for each a € . As before, if A is a singleton {a}, we will write sometimes e® instead
of e. Note that for any z € Z, z A e is a vector whose a-th coordinate is equal to 1 if
zq > 1 and equal to 0 otherwise. We change the domain of the utility function u; from €2
to Z as follows: u}(e?) := u;(A) for each A C 2, and u}(z) := u}(z A e?) for any z € Z.
With the change of domain, we can also extend the domain of the function u; to Q(n):
for any A € Q(n), u;(A) := uf(e?). The interpretation of the extension u} to vectors z
having coordinates greater or equal to 2 is that buyer ¢’s utility does not increase with the
consumption of additional copies of the same object, no matter what other objects she is
already consuming. It is easy to verify that if u; : £ — R satisfies the (GS) condition,
then its extension u; : Q(n) — R satisfies the (GS) condition as well. Similarly, if wu; is
monotone, its extension is monotone.

Q(n) endowed with the set inclusion ordering (A < B iff A C B) is also a lattice. It
is interesting to compare the lattices Z and Q(n). In general, there are bundles A # B for
which e? = e®. Thus, A C B implies e < B, but e < e? does not imply that A C B.

We now consider exchange economies E* = (z;uj,...,u}) with total endowment
z € Z. Alternatively, we consider economies E' = (A;uq,...,u,), with total endowment
A C Q(n). By the previous comment, if u; : & — R has no complementarities for each
i € N, then all the results of Section 3 (especially, Lemma 6 and Theorem 3) apply to the
economy E’' = (A;uq,...,u,), for any A C Q(n).

DEFINITION: The surplus function S : Z — R assigns to each m-dimensional re-
source vector z (with nonnegative integer coordinates) the value

S(z) = max{Zuf(zi) | (z1,...,2n) € Z" and Zzi <z}

ieN ieN

S(z) is the total society value that can be achieved with a resource vector z € Z.

Prices for €2(n) are of dimension nm, while prices for Z are of dimension m. Thus,
when working with the domain Z, we are implicitly assuming that all copies of an object
have the same price. However, since different copies of an object are indistinguishable for
the consumers, it is intuitive that even when prices for different copies are allowed to differ,
in equilibrium these must coincide. But, this result is not used until Section 5, where we
formally state it and prove it in Lemma 8.

THEOREM 4: Suppose u; is monotone and has the (SI) property for eachi € N. Let
p be the smallest prices that support A C Q. Then, for eacha ¢ A, p, = S(e?4e%)—S(e?).
In particular, the smallest Walrasian prices are p = St +e2) — S(ef), a € Q.

PROOF: Pick any a ¢ A and let g, := S(e? + %) — S(e). Consider the economy
E' = (AU{a};uq,...,up,us), where u, denotes the unit demand preference defined by

_Jp itb=a
ua(b) = {O otherwise,

and p is a parameter to be specified.
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Consider first the choice = g, — € for some € > 0. Let X be an efficient allocation
for E’. Since 1 < qo, we must have that X, = (). Thus p (restricted to AU {a}) together
with X is a Walrasian equilibrium for E’. Therefore p, > 1 = ¢, — €, and since this holds
for any € > 0, we conclude that p, > q,.

Now consider the choice u = g, + € for some € > 0. Again, let (r, X) be a Walrasian
equilibrium of E’. By efficiency, X, = {a}, and therefore r, < pu. Let M > u;(Q2) for all
i € N, and define 7, := M for each b ¢ AU {a}, to construct a price vector for € (which,
with abuse of notation, we denote by the same symbol ). Then r supports A. Therefore
Pa < Ta < qq + € for all € > 0. Hence p, < qq. |

THEOREM 5: Suppose u; is monotone and has the (SI) property for each i € N.
Then, p, = S(e%) — S(e? — e) for every a € Q.

PROOF: Pick any a € © and define q, := S(e®) — S(e® — e%). For u, and p as
defined in the proof of Theorem 4, let B/ := (Q;uq, ..., un,uy). We first show that p, < q,
by contradiction. Suppose that p, > ¢, and let p := (¢, +p,)/2. Let (p, X) be a Walrasian
equilibrium of F, and X" := (X, X, ), where X, := (). Since p, > u, (p, X’) is a Walrasian
equilibrium of E’. By the first theorem of welfare economics, the maximal social surplus
in E’ is equal to that of E (that is, equal to S(ef?)). But if instead we allocate optimally
O\ {a} among the first n consumers and give a to the last consumer, then the total surplus
is S(e? —e?) +pu > S(e? —e?) + g4 = S(e*), which is a contradiction.

Now make p := q,. Let X be an efficient allocation in E’ such that X, = (). By
Lemma 6, p supports X. Therefore p, > p = qq- |

Theorems 4 and 5 generalize Leonard’s [8] results for unit demand economies.

THEOREM 6: Suppose each u; is monotone and has the (SI) property. Then, S :
Z — R has decreasing marginal returns.

PRrROOF: It is easy to show that S is submodular iff for any z € Z such that for two
elements a,b € Q, z,, 2z, < n,

S(z+e) + S(z+¢€”) > S(2) + S(z + e* + €).

Suppose z € Z and a,b € (Q satisfy the above conditions. Let A, B C Q(n) be such
that e = z and e? = z+e?+¢€b. Define p, := S(z+€%) —S(2) and py, := S(z+¢€b) —S(2).
Consider the economy E’ := (Bjuq,...,U,, Uqg, up), where the last two consumers have
unit demand preferences and only care about objects a and b respectively. Allocate A
efficiently among consumers ¢ € N, and give a to consumer a and b to consumer b; call
this allocation X. If p denotes the smallest prices that supports A (in the economy E™ :=
(Qn);uq,...,u,)), then (p,X) is a Walrasian equilibrium of E’. By the definition of p,,
another efficient allocation in E’ can be constructed by allocating AU{a}! efficiently among
consumers ¢ € N, give nothing to consumer a and b to consumer b. By Lemma 6, p together
with this new allocation is also a Walrasian equilibrium of E’. This implies that p also

L Here AU {a} denotes the bundle in ©(n) that contains one more copy of a than A, and the same
number of copies of x for any other xz € Q.
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supports AU{a} (in E™) and that p, < p1p. By Theorem 4, p, > S(e?+e%+eb)—S(e +e2).
Thus S(e? +eb) — S(e?) > S(e? + e + €°) — S(e? + e?), as was to be shown. i

Suppose u; : 2 — R is monotone and has the (SI) property for each i € N. Lemma
1 then implies that S : Z — R is submodular. It can be shown, however, that if each u; is
only submodular (and monotone), S may fail to be submodular.

The following comparative static result is reminiscent of Topkis’ monotonicity the-
orem [11]. View the Walrasian equilibrium problem as parametrized by the set of ob-
jects available in the economy, and endow 2% (the set of parameters) with the partial
order A < B iff A C B. As in Topkis’ theorem, for each parameter A, the set of so-
lutions P4 (Walrasian prices) associated with A is a complete lattice, and if A < B,
then A P4 > A\ PP and \/ P4 > \/ PE. A similar result holds if we view the Walrasian
equilibrium problem as parametrized by the set of consumers.

THEOREM 7: Suppose each u; is monotone and has the (SI) property. For each
bundle A C Q and consumer i define the economies E4 := (A;uy,...,u,) and E~% =
(Qu_;). Let QA and p denote respectively the smallest and largest equilibrium price
vector for E#. Define p~* and p~* similarly for E~*. Then (i) if AC B C Q, BZ‘ > ]_of and
Pt > P8 for all a € A; and (ii) ]_)_i < p and Pt <P

PRrROOF: (i) follows directly from Theorems 4, 5, and 6.

Next we show that p~* < p. Denote by S; the surplus function associated with E~".
Let (p~%, X_;) be a Walrasian equilibrium for £~%, and suppose the bundle X; maximizes
vi(B,] p~") over all B C Q. Then, (p~%, X) is a Walrasian equilibrium for the economy
E' = (A;uy,...,uy), where A C (2) is the bundle that contains two copies of each object
in X; and one copy of all other objects in Q\X;. By part (i), for each a € €,

]_9;i = SZ(GQ + e“) - SZ(GQ) = 51(69 + €a) + UZ(Xz) - [SZ(€Q> + uz(XZ)]
= S;(e? + ) +ui(X;) — S(e + eX)
< S + M 4et) =S +eX) <p .

The second inequality in (ii) is proved analogously. i

With the two additional conditions (NTW) and (NTF) discussed earlier, Kelso and
Crawford’s [5] Theorem 5 establishes for their discretized economy results similar to our
Theorem 7.

5. VICKREY AUCTIONS

In this section we compare the outcomes of strategy-proof mechanisms studied by Vickrey
[12], Clarke [3] and Groves [4] with Walrasian outcomes. In particular, we show that the
Vickrey-Clarke-Groves (VCG) payment for a bundle is never greater than the value of that
bundle at the smallest Walrasian prices. Moreover, we show that the gap between these
two values disappears if the economy is replicated at least m + 1 times, where m is the
number of different objects. Throughout this section we assume that agent 0 (the seller)
initially owns all the objects and has no utility for them.

12



In discussing mechanism design issues, we need to consider the possibility that agents
do not report truthfully, and thus, temporarily, we make explicit the dependence of the
surplus function on the profile of utilities.

DEFINITION: For a given profile of preferences u = (uq, ..., u,) over Q, z € Z, and
consumer i, let

S(z;u) := max { Zuj(XjH Z eXi <z}

JEN JEN
Si(zu_;) ==max{ > u;(X;)| Y ¥ <z},
J#i JEN

VICKREY AUCTION: Each buyer i submits a complete utility function u; : 2% — R
(this is equivalent to reporting a vector of dimension 2™ — 1). The seller then finds
an efficient allocation X with respect to the reported profile of preferences (u, ..., uy,).
Consumer i € N receives the bundle X; and pays the Vickrey payment ¢;(X;;u_;), where

ql(XZ,u_Z) = Si(eQ; U_i) — SZ(GQ - €Xi;’UJ_Z').

Note that the Vickrey payments depend on the efficient allocation chosen, and that
there might be several efficient allocations associated with the same utility profile uv =
(u1,...,uy). It is well known that the buyers and the seller are indifferent about which
efficient allocation is chosen when every buyer reports his true preferences (see, for example,
Krishna and Perry [7]), and that the VCG mechanism is strategy-proof. For the rest of
this section, we assume that the agents report truthfully their preferences, and drop the
profile u from the list of arguments in the functions S, S;, and ¢;, i € N.

Consider the case where all consumers have unit demand preferences. We only
need to consider allocations that assign at most one object to each consumer. Thus, the
Vickrey payments are defined for objects. Leonard [8] has shown that in this case, the
Vickrey payments coincide with the smallest Walrasian prices. It is easy to extend this
result to the case in which each consumer ¢ has “linear preferences” of the form

ui(4) =Y u;({a}), AcQ.

acA

However, the following example shows that with more general utility functions that have
the (SI) property, this result typically does not hold. There are three identical objects and
two consumers with the same preferences. For i = 1,2, u;(A) is equal to 0 if #(A) = 0,
to 10 if #(A) = 1, to 18 if #(A) = 2, and to 20 if #(A) = 3. Since the objects are
indistinguishable, in any equilibrium their prices must coincide. All efficient allocations
assign one object to one consumer and two objects to the other. Therefore, (8,8, 8) is the
unique Walrasian price vector. The Vickrey payment for the consumer getting one object
is 20 — 18 = 2 < 8, and for the consumer getting two objects is 20 — 10 = 10 < 8 + 8 = 16.
Thus, each consumer is paying strictly less in the Vickrey auction than in (any) Walrasian
equilibrium. Although the equality is not attained in general, the next theorem establishes
that even without the (GS) condition, a consumer’s Vickrey payment for her bundle is
never more than the value of that bundle at the smallest Walrasian prices.
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THEOREM 8: Let (p, X) be a Walrasian equilibrium of E = (Q;u1,...,uy). Suppose
each w; is monotone. Then, < p, X; > > q;(X;) for each i € N.

ProOF: Consider the economy E' = (Q;uq,...,uj—1,u;, wiy1,...,u,), where con-
sumer 1 is replaced by a consumer with linear preferences, given by

S e

It is easy to see that (p,X) is also a Walrasian equilibrium of E’, with associated total

surplus
S =< p, X; >+ Si(e — ).

Now consider the economy E”, where consumer i is replaced by a consumer with
utility function u//(A) = 0 for all A. Its total surplus is S” = S;(e®). Obviously S’ > S”,
and by definition, S;(e®) = ¢;(X;) + S;(e? — e¥X¢). Hence, < p, X; > > ¢;(X;). i

Makowski and Ostroy [9] prove that in a quasilinear economy the private marginal
product of each agent is no greater than his social marginal product. Straightforward
manipulations of their definitions of private and social marginal product reveal this result
to be equivalent to Theorem 8 above.

The next results deal with replica economies. For any £ € N, the k-replica of
economy E = (Q;uy,...,u,) is the economy F with set of objects Q(k) containing k
identical copies of each object in €2, and k& “copies” i1,...,ik of each consumer i. The
utility function of a consumer ij is defined as follows. For any bundle A C Q(k), let
uij(A) == uf(e? A ef) (as defined in the previous section).?

If X is an allocation for E, then X* denotes the allocation for F in which each
consumer type ¢ receives the same bundle X;. If p is a price vector in E, then p =
(p*,...,p"), where p’ represents the prices for the j-th copy of each object.

LEMMA 7: Suppose u; is monotone and has no complementarities for each i € N. If
X is an efficient allocation for E, then X* is an efficient allocation for its k-replica economy
E, and if p is a Walrasian price vector for E, then p = (p,...,p) is a Walrasian price vector
for E. Conversely, if p is a Walrasian price vector for E, there exists a price vector p in E
such that p = (p,...,p).

PrOOF: Let X be an efficient allocation for E. By Lemma 6, if p is any Wal-
rasian price vector for F, then (p,X) is a Walrasian equilibrium. It is easy to see that
((p,...,p),XF)isa Walrasmn equilibrium for E. Therefore, by the first theorem of welfare
economics, X* is an efficient allocation for F.

Now, suppose (p, X) is a Walrasian equilibrium for £. Then, by the definition of
the preferences of the consumers in E , we can assume wlog that for each ij, Xij contains
at most one copy of a, for every a € €. Therefore, for any two copies a’ and a” of the
same object a, p,s = Pqarr, for otherwise the individual consuming the most expensive copy
would rather consume the cheapest copy instead. |

2 Although in Section 4 we only required the case k = n, it is clear that the preferences’ extensions
and the notation defined there apply to any k > 2.
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Since we will only consider Walrasian prices p for B, by Lemma 7 and with abuse
of notation we will view p as an m-dimensional vector only.

COROLLARY 2: PW = pW,

We have proven above that the smallest Walrasian prices p are always an upper
bound for the set of Vickrey payments, in the sense that the value of consumer 4’s bundle
at prices p is never less than its corresponding Vickrey payment. The next theorem shows
that if the economy is replicated at least k = m + 1 times, then the Walrasian prices
“coincide” with the Vickrey payments. For each consumer ij of E, we denote by S and S’ij
the surplus functions of £, and for any bundle A C Q, let §;;(A) := S;;(ke?)—Si;(ke® —e?)
(note that e®*(k) = ke?). As before, we omit the profile of preferences because it is assumed
to be fixed at the true profile.

THEOREM 9: Suppose that u; is monotone and has no complementarities for each
i € N. Let k > m+ 1 and E be the k-replica economy. If X is any efficient allocation of
E (not necessarily of the form X* for some efficient allocation X of E), then §;;(X;;) =

<p, X’ij > for each replica ij of consumer ¢, and each 1 € N.

PROOF: Let Y be any efficient allocation in F, and pick any consumer in E ; without
loss of generality, and to simplify the notation, assume this is a consumer rk in the last
cohort. By Lemma 7, we have

k- S(e?) = S(e?®)) = G (2R — Xy b (X)) (1)
One possible allocation of Q(k) among the consumers excluding rk is obtained as follows.
Suppose Y, = {a1,...,a;}. For each j =1,... 1, distribute QU {a;} efficiently among the
consumers in the j-th cohort. For each j =1+ 1,...,k — 1, give each consumer ij, i € N,
the bundle Y;. Finally, for the last cohort, give each consumer ik, excluding consumer rk,
the bundle Y;. This allocation has total surplus

l
ZS e+ e¥) + (k—1-1)S(e?) + [S(e?) — ur(V;)] = kS(e?) + < p, Yy > — u, (V).

Therefore,

A

Sre(QUK)) > kS(e?) + < p, Yy > —u (), (2)

and

A

qu( k) = grk(eg(k)) — Sri(e k) — Tk)

> [kS(e?) + < p, Y, > —u, (Y;)] — [kS(e?) — Ut (X )]

= urp(Xo) — ur (V) + < p, Yy >,
where the last inequality follows from (1) and £2) Since X is efficient, wlog we can assume
that X, C Q, and therefore u,j(Xr%) = up(Xrx). Again by Lemma 7, (p,Y) and (p, X)
are respectively Walrasian equilibria of £ and E. Thus

ur (V) = < p Yy > = upn(Xpp) — < p, Xpip >
Substituting this equality in the previous inequality, we get (ka(er) > < p, X, >. The-
orem 8 then implies that Gy (X,%) = < P, X >. |
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6. PRODUCTION

In this section we introduce a production technology that satisfies a condition, No Com-
plementarities in Production (NCP), analogous to the (NC) condition. We show how a
production economy endowed with this technology can be identified with an exchange
economy satisfying the (GS) condition. We then use this construction to extend results
from preceding sections to economies with production. Suppose that there are ¢ firms in
the economy, and define L := {1,...,¢}. Let Q denote the maximal collection of objects
(including multiple units or copies) that the agents would ever consume collectively. With-
out any assumptions, the set 2 may be infinite. We will assume below that production
costs are “convex”, and that there exists a set ) sufficiently large so that the marginal
surplus for the consumers (when they consume §2) of any additional (unit of an) object is
less than the marginal cost of producing that object (when the firms are already producing
Q efficiently). As before, m := #(Q2).

Firm k is totally characterized by its cost function c, : 2% — R_. We will require
that each ¢, be monotone and have no production complementarities (as defined below).

DEFINITION: Firm k’s profit function m, : 22 x R’ — R and supply correspondence
YR — 2 are defined by
(A, p) == <p,A>—c,(A) ACQ, peRY,
Yr(p) = {A|m(A,p) > m(B,p) forall BCQ} peRT.
DEFINITION: The cost function ¢y, : 2 — Ry is monotone if ¢ (A) > ¢ (B) for all

A D B, and has no production complementarities (NPC) if for every A, B € Xi(p) and
X C A\B, there exists Y C B\A4 such that [4, X,Y] € Zk(p).

DEFINITION: (p; X1,...,X,;Y7,...,Yy) is a Walrasian equilibrium for the produc-
tion economy EY = (Q;uy,...,up;c1,...,cp) if

(1) vi(X;,p) > v;(A,p) forall AC Q and i € N.
(2) m(Yi,p) > mx(A,p) for all A C Q and k € L.

(3) Ysen€™ < Ypere™ (the difference of these two vectors represents the set of
objects that are produced and not consumed).

A firm that produces A° = Q\A can be viewed as “consuming” the bundle A.
To construct a Walrasian equilibrium, we will transform every firm into a consumer and
expand the set of objects in the economy to Q(¢).

DEFINITION: Firm k’s utility function ul , net utility function vt , and demand cor-

respondence DY are defined as follows:
ut (A) := c(Q) — cp(A°) ACQ,
v (A,p) == uf (A) — < p, A>=c(Q) — cx(A°) —<p,A> ACQ, peRT,
D (p):=={A|v)(Ap) > v (B,p) foral BC Q} peRT.
Clearly, m(A¢, p) — m,(Q,p) = v (A, p). Thus, A maximizes firm k’s net utility at
prices p iff A maximizes firm k’s profits at prices p. That is, A € DF (p) iff A € Zi(p).
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LEMMA 8: If ¢ has no production complementarities then ul has no complemen-

tarities, and if c; is monotone then ukp is monotone.

PROOF: Suppose ¢ is monotone and A D B. Then A¢ C B¢ and ul (A) = cx(Q) —
cr(A°) > cx(Q) — cx(B¢) = ul (B). Hence ul is monotone.

Now, suppose A4, B € DE(p) and X C A\B. Then A¢, B¢ € 3x(p) and X C B¢\ A°.
Let X := AN B°NX¢; clearly X ¢ B°\A°. By (NPC), there exists Y € A°\B¢ = B\A
such that [B¢, X,Y] € Zx(p). But,

(B, X,Y]°=[(B°NX°)UY]°=(BUX)NY*®
= [BUANB*NXY)NY*=[(AUB\X]NY*°=[A, X, (B\Y)]

Let Y := B\Y C B; then [4, X, Y] = [B%, X,Y]° € DE(p). |

View Q(¢) as |J2;, where each € is a different copy of €. € represents the
production set of firm k. Let II : Q(¢) — Q be the projection map that to any k and
“copy” aj, € Qf of a € Q, assigns its “original” object a. Then, for any A C Q(¢) and
k, let Ay := ANQf and Ay = II(A4}) C Q. We extend the consumers’ utilities as in
Section 4. For each A C Q(¢) and i € N, u;(A) := u;(II(A)). The producers’ utilities
on Q(¢), however, are defined in a different way: ul (A) := ul (Ay) for any A C Q(¢) and
k € L. If the original u!  is monotone and/or has no complementarities, the new u! just
defined has the same properties. We are abusing notation here, since we denote by the
same symbol the utilities on © and on Q(¢). Notice that the producers utilities on 2(¥)
are not “extensions” of their utilities on 2: producer k£ has positive utility only for copies

in Q.

To study the existence and properties of Walrasian equilibria of the production
economy, we consider the erchange economy E = (Q(€);u1,...,up,ul’, ... ul). In this
exchange economy we refer to agent ¢ (i = 1,...,n) as consumer i, and to agent n + k

(k=1,...,¢) as producer k.

THEOREM 10: Assume each u; and each ¢, in the economy ET is monotone and
has no (production) complementarities. Then E¥ has a Walrasian equilibrium. Moreover,
the set of Walrasian equilibrium prices for ET is a complete lattice.

Proor: By Kelso and Crawford [5], the exchange economy E has a Walrasian
equilibrium ((pt,...,p%); X§, ..., X, X, ..., X[). Since each producer k assigns no value
to objects outside QF, we can assume without loss of generality that X/ C Q; for each
k. Let Yy := I(QI\XF), k € L. Then, e'* = e — eX (recall that for any B C Q(¢)
and a € Q, €5 is the number of copies of a contained in B). Similarly, let X; := II(X}),
i € N. By the way the consumers’ preferences are extended to §2(¢), we can assume that
eXi = X for each i € N (that is, each consumer does not get more than a copy of each
object). Now, since (X¢,..., X}, X7 ,..., X[) is a partition of Q(¢),

lett = Z eXi —|—Z:<3X’f — X0 +ZeXi —|—Z[eQ—eY’“].

1€ N keL i€EN kel
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That is,

Zey’“ = ¢%o +ZeXi > ZeXi.

keL ieN ieN

The price vector p* denotes the prices of objects in Q. (charged by producer k).
Since consumers ¢ € N find the objects in €} equivalent to the objects in Q7 for any
j # k, we must have p¥ = p/. Suppose to the contrary that for some j # k and object
a, p¥ > pJ > 0. Then object aj is consumed by some consumer ¢ (because its price is
positive). But i is indifferent between a; and ay, and aj is cheaper; this is a contradiction.
Therefore p* = p' for all k > 1.

Since X is optimal for i in Q(¢) at prices (p!,...,p'), X; is optimal for i in Q at
prices p!. Similarly, X7 is optimal for k in Q(¢) at prices (p!,...,p") iff Y} is profit max-
imizing in € for firm k at prices p'. Therefore, (p'; X1,..., X,;Y1,...,Ys) is a Walrasian
equilibrium of the production economy E”.

It is straightforward to extend to production economies Theorem 3 and Corollary

1. |
7. CONCLUSION

In this paper we have studied the problem of efficient production and allocation when the
commodity space consists of m indivisible goods and one divisible good (money). The key
assumptions are the quasilinearity in the divisible good, the (GS) condition, and that each
consumer is endowed with a sufficient amount money.

Within this setting, we were able to provide an analysis of Walrasian equilibrium.
We also established a relationship between Walrasian equilibrium and strategy-proof mech-
anisms. Two of the three main assumptions of the model that have been developed in this
paper are familiar from auction theory. Quasilinearity in money and the fact that agents
are endowed with a significant amount of money are standard assumptions in the liter-
ature. In a companion paper we build on this connection to auction theory, and study
a dynamic auction/tatonnement process when preferences and cost functions satisfy the

(GS) condition.
8. APPENDIX

The next three lemmas show that if « is monotone, then the three conditions (GS), (NC),
and (SI) are equivalent.
LEMMA 2: Ifu is monotone, (GS) implies (SI).
PRrROOF: Pick a price vector p, and let A ¢ D(p). For any price vector ¢ define
H(q) = { B C Q| v(B,q) > v(A,
Hy(q) :={B € H(q)[#(B\A) <
Hay(q) :={ B € H(q) [#(A\B) <
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H(q) are the bundles that have strictly higher net utility than A at prices ¢. Since A ¢
D(p), D(p) C H(p), and therefore Hy(p) is nonempty. We first show that for any B €
Hy(p), #(B\A) < 1.
Let B € Hi(p) and p be the price vector such that p, = p, for all a € AU B and
Pa = M > u(Q) otherwise. Observe that () # D(p) C H(p) C H(p). Pick any C € H(p).
Then C' C AU B, and therefore C\A C B\ A. That is, C' € Hy(p). Hence H(p) = H1(p) C
Hy(p). To conclude, it is enough to show that #(C\A) < 1. By contradiction, suppose
#(C\A) > 2. Pick {z,y} € C\A, and for each € > 0, let g(¢) := p + eel®¥}. Let

A:={e>0|A¢ D(q(e)) and C € D(q(e)) }.

Since ¢(0) = p, 0 € A. Let € := sup A. Since D is upper semicontinuous, C' € D(q(€)).

There are two possibilities at €: either A ¢ D(q(€)) or A € D(q(€)). Assume first
the former. Then, there exists ¢ > € such that A,C ¢ D(q(¢é)). Pick any X € D(q(¢€));
then X C AU B, and either x ¢ X or y ¢ X (or both). Moreover, v(X,p) > v(X, q(€)) >
v(A,q(€)) = v(A,p). Therefore, X € H(p) and #(X\A) < #(C\A) — 1, which contradicts
the fact that C € H;p(p). Alternatively, now assume that A € D(q(€)). Let r(e) :=
q(€) + ee®. Note that for all e > 0, A € D(r(¢)) and C ¢ D(r(e)). By (GS), there exists
X such that C\{z} C X € D(r(e)) for all ¢ > 0. Moreover, since C ¢ D(r(e)) for all
e >0, x ¢ X. Pick any ¢ > 0; then v(A,p) = v(A,r(e)) = v(X,r(¢)), and since y € X,
v(X,r(e)) < v(X,p). Consequently, X € H(p) and #(X\A) < #(C\A)—1, which is again
a contradiction. We have thus shown that #(B\A) < 1 for all B € Hy(p).

For the rest of the proof, fix B € H;(p) and define p as follows: p, = p, for all
a € AU B and p, = M > u(Q) otherwise.

Pick E € H(p) and define p° as follows: p) = 0 for a € AN E, and p’ = p,
otherwise. Recall that H(p) = H;(p) C Hi(p). Therefore, Ho(p) C Hi(p), and thus
E € H(p) as well. Hence, F\A = B\ A. To finish the proof, we show that #(A\FE) < 1.
More specifically, assume that #(A\E) > 1; we then show that there exists G € Hi(p)
such that #(A\G) < #(A\E), which is a contradiction.

Observe that if X € H(p"), then 0 < v(X,p°) — v(A,p°) < v(X,p) — v(4,p). So
X € H(p) = H1(p), and therefore H(p°) = Hy(p°) C Hy(p). Thus, X\A = E\A = B\A.
Also, E € Hy(p°) and A ¢ D(p°).

We now show that E € D(p%). By contradiction, suppose that v(X,p%) > v(E, p°);
let X* := X U(ANE). Then, v(X*,p°) > v(E,p"). Hence, X* # E, X* C AUE,
and ANE C X*. Thus, #(A\X™) < #(A\E) contradicting the fact that E € Ho(p°).
Therefore, E € D(p°).

For € > 0, let q(e) = p° — ee\F. Define

A:={e=0][q(e) 20,4 ¢ D(q(e), and E € D(q(e)) }-

Since E € Hy(pY), p2 > 0 for all a € A\E. Also, since A ¢ D(p®), A ¢ D(q(e)) for all
e > 0 sufficiently small. Let € := sup A. We show that € > 0. If not, E ¢ D(q(e)) for all
e > 0, and therefore there exists F' such that v(F, q(€)) > v(E, q(¢)) for all € > 0 sufficiently
small. Let F* := FU (AN E). Then, v(F* q(e)) > U(E q(€)) for all small € > 0. By
continuity, since E € D(p°) and ¢q(0) = p°, F* € D(p") c H(p). Also F* # E, and by
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earlier remark, F*\ A = E\ A. Therefore, #(A\F*) < #(A\F), which contradicts the fact
that £ € Hy(p°). Hence, € > 0.

At € one of three things happen: (i) ¢;(€) = 0 for some x € A\FE; (ii) A ¢ D(q(e))
and E ¢ D(q(e)) for all € > € (iii) A € D(q(€)). In case (i), make G := E U {z}.
In case (ii), there exists G € D(q(€)) such that AN E C G C AUB and G # E.
In these two cases v(G, ¢(€)) = v(E,q(€)) > v(A,q(€)) and #(A\G) < #(A\FE). But,
v(G,q(€)) —v(A, q(€) = v(G,p°) —v(A,p°), so G € H(p®), which contradicts the fact that
E e H2(p0)

Finally, in case (iii), A € D(q(€)). Since by assumption #(A\E) > 1, there exist
x # y such that {x,y} C A\E. Define the price vector r by: r, = p2 and r, = q,(€) for
a # x. By (GS), there exists G € D(r) such that A\{z} C G C AUE. Now, A ¢ D(r)
because otherwise A € D(q(e)) for some e < €, contradicting the definition of €. Hence,
v(G,r) > v(A,r). But, v(G,r)—v(A,r) = v(G,p°)—v(A4,p"), so G € H(p°), contradicting
the fact that £ € Ha(p). i

LEMMA 3: Ifu is monotone, then (SI) implies (NC).
PRrOOF: Fix a price vector p, and let A, B € D(p) and X C A\B. Define

F:={FeD(p)|FCAUBand A\X C F'}.

Note that A € F,s0 F # (. Let E € argmin{#(FNX)|FeF}. If ENX =0, we are
done: define Y := E'N B and note that £ = [4, X, Y.

Otherwise, suppose EN X # (); we show that this leads to a contradiction. For each
€ > 0, define the price vector ¢(¢€) as follows: q,(e) = M > u(Q2) for a ¢ AUB, q,(¢) = p, for
a € (AUB)\X, and g, (€) = po+e€ for a € X. Observe that v(F, q(€)) = v(F,p)—#(FNX)-€
for all ¥ C AU B. Thus, for all e > 0, B € D(q(e)) and v(B, g(€)) > v(FE, q(e)). Hence,
there exists I’ C AUB such that #(E\F') < 1l and #(F\FE) < 1, and v(F, q(¢)) > v(F, q(¢))
for all € > 0 sufficiently small. Since D is upper semicontinuous, F' € D(p). Now,

v(E,p) = #(F N X) e =v(F q(e)) > v(E,q(c)) = v(E,p) —=#(ENX) -,

and v(F,p) = v(E,p) imply that #(F NX) < #(E N X). Since #(E\F) <1, E\X C F
and A\X C F. Thus, F € F and #(FNX) < #(ENX), which contradicts the definition
of E. i

LEMMA 4: If u is monotone, then (NC) implies (GS).
PRrROOF: Let p and g be two price vectors such that ¢ > p, and define

C:={a€Q|qa>pa}

The proof is by induction on the cardinality of C.
Suppose #(C') = 1. Hence, C' = {a} for some o € Q, and ¢ = p+ (go — pa)e®. Pick
any A € D(p), and define
€:=sup{e|A e D(p+ee)}.

Since D is upper semicontinuous, A € D(p+ee®) for all € € [0,€|. Thus, if € > ¢, —p,, then
A € D(q), and we can choose B = A. (In particular, note that if « ¢ A, then € = +00.)
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Suppose now that € < g, — p, (so a € A). Note that if ¢ > € and E € D(p + ee®),
then o ¢ E, for otherwise

0<wv(A,p)—v(E,p)=v(A,p+ee®)—v(E,p+ee®) <0,

which contradicts the definition of €. Since €2 is finite, there exists E C 2 and a monotone
sequence {¢€x } of positive numbers converging to 0 such that £ € D(p+ (€+¢x)e®) for all k.
Again, the upper semicontinuity of D implies that E € D(p+€e®). Since A € D(p + €e)
as well, there exists Y C E such that [A,C,Y] € D(p + €e®). Since o ¢ [A,C,Y] =: B,
B € D(p + ee®) for all € > €. In particular, B € D(q), and clearly B D A\C, as desired.
Suppose now that the result holds whenever #(C) < k, and assume that #(C) =
k 4+ 1. Pick any a € C' and define the price vector ¢ as follows: ¢, = p, and ¢, = qq
for all @ # . Let C' := C\{a}, and pick any A € D(p). Since #(C) = k, by inductive
hypothesis, there exists B € D(§) such that B > A\C. By inductive hypothesis again,
there exists B € D(q) such that B D B\{a} D A\C. i

THEOREM 2: Consider a consumer with a utility function uy : {2 — R that violates
SI. Then, there exist { — 1 unit demand consumers with utility functions u;, ¢ = 2,...¥,
such that the economy E = (£;uq,...,uy) does not have a Walrasian equilibrium.

PROOF: By assumption, there exist a price vector p and a set A ¢ D;(p) such
that for all C' C Q with #(A\C) < 1 and #(C\A) < 1 we have that v;(A4,p) > v1(C,p).
That is, A is not optimal (at prices p), but no single switch can improve A. Consider the
optimization problem

argmin #(A A C)

s.t. v1(C,p) > v1(A,p).

Since A ¢ D(p), its feasible set is nonempty; let B be an optimal solution. Then, by
assumption, either (i) #B\A > 1 or (ii) #A\B > 1.

Assume (i). Let k = #B\A and € = [v1(B,p) — v1(A4,p)]/2k > 0.

We now introduce a collection of unit demand consumers. There is a special con-
sumer, indexed by 2, and one consumer for each a ¢ ANB. Thus, N = {1,2} U[Q\(ANB)]
will be the set of consumers in the economy E. Their utility functions are defined as follows.
For each a € Q\(AN B), let

s, ifaecC
ua(C) = {0 otherwise,
where
Da if a € A\B

Sq = <& Pat+€ if a € B\A
u(Q)+1 ifae Q\(AUB).

For consumer 2, define r, = p, + u1(2) + 1 for each a € B\ A, and

w(©) = { B {ral €CO (B} HCN (B £

0 otherwise.

21



Assume that a Walrasian equilibrium (¢,Y") exists for the economy E. Since con-
sumer 2 only values objects in B\ A, we can assume wlog that Yo C B\ A. Define ¢ as
follows: q, = t, for a ¢ A, g, = 0 for a € AN B, and q, = p, for a € A\B. For each
a € A\B, either a € Y; or a € Y,. If a € Y3, then t, > p, (since a ¢ Y,), and if ¢,
were decreased to p,, Y7 and Y, would remain optimal for consumers 1 and a respectively.
Similarly, if a € Y,, then t, < p,, and if ¢, were increased to p,, Y1 and Y, would remain
optimal for consumers 1 and a respectively. Moreover, all consumers, except (possibly)
consumer 1, give zero value to objects in A N B. Therefore, (¢,Y) is also a Walrasian
equilibrium of E. And, if we define the allocation X such that X; = Y; U (AN B) and
X; =Y,\(ANB) for i # 1, (¢, X) is also a Walrasian equilibrium of E.

Clearly each agent a € Q\(A U B) must consume a in equilibrium, that is a € X,
for all a € Q\(A U B). Therefore

ANBC X; Cc AUB.

Agent 2 must be consuming some a € B\ A, otherwise g, > p, + u1(€2) + 1 for all
a € B\A. But at those prices, nobody else wants to consume any a € B\A. Therefore,
B\X, # 0.

Suppose (B\A)NX; # (). Since ANB C X3, we have that #(AA X;) < #(AA B),
and by the minimality of B, it follows that vy (X7, p) < v1(A,p). For each a € (B\A)N X7,
a ¢ X, and therefore ¢, > p, + €. Hence, v1(X1,q) < v1(A4, q), which is a contradiction.
Therefore, X1 C A.

We finally show that X; C A also leads to a contradiction. Assume that X; C A.
Then each a € B\A is either consumed by agent 2 or agent a, and agent 2 consumes at
most one object. We first show that ¢, < p, + € for all a € B\ A. Note that if a € B\A
is consumed by agent a, then g, < p, + €. Hence, if Xo =0, ¢, < p, + € for all a € B\ A.
If X9 = {b}, since k > 2 by assumption, there exists a € B\A such that a # b. The
optimality of X5 implies that

o F+u(QQ)+1—q=rv—q >74— ¢ = pa +u1(Q) + 1 — qa,

and since g, < p, + €, we must have that ¢, < p, + €, as desired. Now, X; C A and
ANB C X; imply that #(AA X1) < #(AA B), and by the minimality of B, we must have
that v1(X1,p) < vi1(4,p). But g, =0 for a € AN B and ¢, = p, for a € A\B. Therefore,
v1(X1,q9) < v1(A4,q). Also ¢, < p, + € for all a € B\ A implies that v1(A4,q) < v1(B,q).
Thus, v1(X1,q) < v1(B,q), a contradiction.

We have shown that (i) contradicts the existence of equilibrium. Next, assume (ii)
#(A\B) > 1 and #(B\A) < 1.

Now we let the set of consumers be N = {1,2} U [Q\(AU B)] if B\A = () and
N = {1,2,3}U[Q\(AUB)] if B\ A is a singleton. Note that in the former case, ANBNN = (),
while in case (i) before we defined N so that ANB C N. The utility functions of consumers
a € [Q\(AU B)] are defined as before. Consumer 2 now has utility function

(0 if C'N(A\B) =0
uz(C) = { max {p, + u1(Q) +1|a € CN(A\B)} otherwise.
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When B\ A is a singleton {b}, we define

wa(c) = [0 ifCN(AAB) =0
ST max {pg + w1 (Q) +1la € CN(AA B)} otherwise.

Again by contradiction, assume that (¢, X) is a Walrasian equilibrium for the econ-
omy with consumers N. As argued above, we can assume wlog that ANB C X; C AUB,
and g, = 0 for all a € AN B. Finally, if #(X5) > 0, then the marginal utility of at most
one object in Xs is strictly positive for player 2. Hence all remaining objects must have
0 price and can be given to any player without upsetting the equilibrium. When agent 3
exits, the same argument can be applied to him. So, we will assume wlog that #(X5) <1
and #(X3) < 1.

We now show that #(X3) = 1, and if agent 3 exists, then X35 = {b} as well. To see
this note that #(Xs) = 0 implies ¢, > u1(Q2) for all a € A\B, so agent 1 is not consuming
any a € A\B either, which is a contradiction. If 3 exists and does not consume b, then a
similar argument yields a contradiction.

Since AN B C X; and b ¢ Xy, we have that v1(X1,p) < v1(4,p) < v1(B,p). By
assumption, #(A\B) > 1, so #(X3) = 1 implies that X; N (A\B) # 0. Let

e =min{q, —ps|a € X7 N (A\B)},

and ¢ be any optimal solution of this problem. If a € (AU B)\ X7, that is, if a is consumed
by player 2 (or 3), then

Pa+ui(Q)+1—qq >pc+ur1(2)+1—qe.
Hence, ¢, < pa —Pe +qec < pa +e€. So qq < p, for some a € X1 N(A\B) (i.e., € < 0) implies
Ga < pq for all a € (AUB)\X;. But then vy (X7, p) < vy (A, p) implies v1(X71,q) < v1(4,q),
a contradition. Therefore, ¢, > p, for all a € X; N (A\B) and € > 0. If B\A = {b}, the
optimality of X3 = {b} implies that

po+ur(Q) +1—qgp > pe+ur(Q) +1—ge.

Thus, g < py+e, and v1(B, q) > v1(B, p) —e whether B\ A is the empty set or the singleton
{b}. Since X7 N (A\B) # 0, v1(X1,q) <v1(X1,p) — ¢, and therefore

v1(X1,q) < vi(X1,p) — e <vi(B,p) — e <vi(B,q),

which contradicts the optimality of X7. i
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